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This book provides an accessible introduction to the mathematical methods of
quantum optics. Starting from first principles, it reveals how a given system of atoms
and a field is mathematically modelled. The method of eigenfunction expansion and the
Lie algebraic method for solving equations are outlined. Analytically exactly solvable
classes of equations are identified. The text also discusses consequences of Lie
algebraic properties of Hamiltonians, such as the classification of their states as
coherent, classical or non-classical based on the generalized uncertainty relation and the
concept of quasiprobability distributions. A unified approach is developed for
determining the dynamics of two-level and a three- level atom in combinations of
quantized fields under certain conditions. Simple methods for solving a variety of linear
and nonlinear dissipative master equations are given.
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Preface

This book is intended to provide a much needed systematic exposition of the
mathematical methods of guantum optics, something that is not found in
existing books. It is primarily addressed to researchers who are new to the
field. The emphasis, therefore, is on a simple and self-contained, yet concise,
presentation. It provides a unified view of the concepts and the methods of
quantum optics and aims to prepare a reader to handle specific situations.
A number of formulae scattered throughout the scientific literature are also
brought together in a natural manner.

The broad plan of the book is to introduce first the basic physics and
mathematical concepts, then to apply them to construct the model hamilto-
nians of the atom—field interaction and the master equation for an atom-field
system interacting with the environment, and to analyze the equations so
obtained. A brief description of the contents of the chapters is as follows.

The first chapter introduces the basic postulates of quantum mechanics,
brings out their implications and develops the associated operational tech-
niques. It discusses the measurement problem, the paradoxes of quantum
mechanics and the local hidden variables theory, since quantum optics pro-
vides experimental means of examining these issues. Chapter 2 outlines the
algebra of the exponential operator, which plays a prominent role in mathe-
matical physics. The concept of Lie algebra is introduced and the standard
hamiltonians of quantum optics are treated as elements of one or the other
finite-dimensional Lie algebra. The question of representations of Lie algebras
is addressed in Chap. 3. The notion of coherent states emerges as a continuous
representation of a Lie algebra. The concept of quasiprobabilities is developed
in Chap. 4. Their usefulness as operational tools and as entities for identify-
ing purely quantum effects is demonstrated. Chapter 5 presents the essential
elements of the theory of stochastic processes. The theory of classical and
quantized electromagnetic (e.m.) fields is outlined in Chap.6. It describes
the characterization of the e.m. field in terms of its correlation functions and
also their role in identifying the signatures of field quantization.

By starting with the hamiltonian for an atom interacting with the e.m.
field in the dipole approximation, Chap.7 describes ways of reducing it to
simpler, mathematically tractable forms commensurate with given physical
conditions. The standard models of quantum optics are thereby derived. The
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effects of the environment on an atom-field system are the subject of the
quantum theory of damping outlined in Chap.8. Here the master equation
for the evolution of a system in contact with a reservoir is constructed and
methods of solving it are discussed.

Chapter 9 analyzes the perturbative solution of the master equation of an
atomic system in an external field. This leads to the notions of susceptibility,
multiwave mixing and the absorption spectrum.

The method of solving a set of linear equations with time-independent
coefficients in terms of generalized eigenvectors is outlined in Chap. 10. That
chapter presents the solution of a two-term recurrence relation and identifies
and solves exactly solvable quadratic three-term recurrence relations. These
recurrence relations encompass many well-known quantum optical situations.

Chapters 11-14 deal with the solution of some standard model systems.
Chapter 11 identifies the class of analytically exactly solvable models of an ef-
fective two-level atom and that of an effective three-level atom in a quantized
field. It provides a unified treatment of the exactly solvable hamiltonians of
quantum optics.

The problem of an externally driven two-level atomic system dissipating
into a squeezed reservoir is addressed in Chap. 12. The exactly solvable cases
of an arbitrary time-dependent drive are identified. The exact dynamics in
a monochromatic drive is investigated and the collective effects in a driven
two-level atomic system are highlighted. Chapter 12 also briefly discusses
the dynamical behaviour of a three-level atom dissipating into a reservoir at
absolute zero temperature and reveals the effects of almost equally spaced
pairs of energy levels.

The dynamics of a field dissipating into a linear or two-photon non-linear
reservoir is the subject of Chap.13. The evolution of an atomic system in-
teracting with a single damped quantized cavity mode is investigated in
Chap. 14. This chapter also outlines the theory of the micromaser.

I am indebted to Girish Agarwal for teaching me the subject of quantum
optics. Valuable contributions to my understanding have been gained through
my association with Robert (Robin) Bullough, Joseph Eberly, Fritz Haake,
Shoukry Hassan, Rajiah Simon, Subhash Chaturvedi, V. Srinivasan, Subha-
sish Dattagupta, Surya Tiwari, Dinkar Khandekar and Suresh Lawande. I am
grateful to Debabrata Biswas and Aditi Ray for their valuable suggestions
and help in preparing the manuscript. I am thankful to Dinesh Sahni for his
support and encouragement. Angela Lahee of Springer-Verlag deserves a big
thank you for her careful editing.

Mumbai, Ravinder Puri
January 2001 -



1. Basic Quantum Mechanics

Quantum optics is the quantum theory of interaction of the electromagnetic
field with matter. In this chapter we recapitulate basic concepts and opera-
tional methods of the quantum theory essential for developing the theory of
quantum optics. We delve also in to the controversial issue of interpretation of
the quantum theory as a classical statistical theory. Quantum optics provides
means for subjecting these conceptually controversial issues to experimental
tests.

1.1 Postulates of Quantum Mechanics

In this section we state five basic postulates of Quantum Mechanics and
discuss some of their important implications.

1.1.1 Postulate 1

An isolated quantum system is described by a vector in a Hilbert space. Two
vectors differing only by a multiplying constant represent the same physical
state.

Following the notation introduced by Dirac [1], we represent a vector by
a ket, | ).

A Hilbert space is a complex linear vector space equipped with the def-
inition of a scalar product and spanned by a complete set of vectors [2].
The meaning and implications of these properties of the Hilbert space are
explained below. They are crucial for relating the theory with experimental
observations.

Linear Vector Space. A Hilbert space is a complex linear vector space. We
assume familiarity with the notion of a linear vector space over the field of
complex numbers (c-numbers) [2]. We recall that if |¢;) and |¢2) are vectors
in a complex linear vector space then a linear combination o) + as|v2)
for arbitrary complex numbers a;, oy is also a vector in the same space. A
set of vectors |11}, - -, |¥n) is said to be linearly independent if

Zaiw)i) =0, (1.1)

i=1
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implies a; = 0 for all 4 = 1,...,n. The maximum number of linearly inde-
pendent vectors in a linear vector space is called its dimension.

Scalar Product. To say that the Hilbert space is a Fuclidean or scalar
product space means that it is possible to associate with every pair of vectors
|¢) and |¢) in it a complex number, denoted by ($|), such that

1. {¢|y) = {(1|p)*, where * denotes the operation of complex conjugation;
2. If [¢) = c1|1) + coltpa) then (@[Y)) = c1{P|v1) + c2(Plvh2);

3. (Yl) > 0;
4. (|} = 0 if and only if (iff) |4) = 0.

In the following we list some consequences of these axioms.

e The scalar product associates with a vector | ) its dual { | called a bra [1].

e The non-zero positive number ||[1)|| = v/(1[¢)) is called the norm or the
length of the vector. Since two vectors differing only by a multiplication
factor represent the same physical state, we can represent a physical state
by a vector of a fixed, say unit, norm if the norm is finite. Hence, |¢) is
physically an acceptable vector if its norm is finite i.e. if

($[¢) < oo. (1.2)

e The vector |¢){¢|y) is the projection of a vector |) along the vector |¢@).
The scalar product {¢|i) is a measure of the overlap between the vectors
[1) and |¢). If {¢]¢)) = 0 then |¢) and |p) are said to be orthogonal to each
other.

e Two sets of vectors |1p1), -« -, [¢n) and |@1), - - -, [Pn) are said to be orthonor-
mal to each other if
(Dilj) = by dyi=1,...,n. (1.3)
o A set |e1),---len) of vectors is said to be orthonormal if
<61;'6j> :(51‘]‘, i,j = 1,...,n. (14)

e An important consequence of the axioms defining the scalar product is the
Schwarz inequality

(@loY(Wlp) = (dl¥)(¥l9), (1.5)

where the equality holds if and only if the two vectors in question are
linearly dependent i.e. if

[¥) = ulé), (1.6)

1 being a complex number. In order to establish this, show that the min-
imum value of (¥(u)l¥(u)), where |¥) = |¢0) — pul¢), as a function of p is
(W) — |(¥]¢)|?/(#|$). The requirement that this value, due to axiom 3
of the scalar product, be positive leads to the Schwarz inequality in (1.5).
Also, according to the axiom 4 above, (¥(u)|¥(p)) = 0 iff |¥(n)) =0 ie.
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iff (1.6) holds. It may be verified easily that (1.5) then holds with equality.
In a similar way we can derive the generalized Schwarz inequality

det((vplyr)) 2 0, (1.7)

where det({1,]1,)) is the determinant of the matrix constituted by the
elements (Y,|¥,), p,v = 1,...,n. Invoking the fact that the determinant
of a matrix is zero if its rows (or columns) are linearly dependent, it follows
that the equality in (1.7) holds iff |¢,,) are linearly dependent.

Completeness. In a scalar product vector space of finite dimension n, there
always exists a set of n linearly independent vectors {|¢;)}, called the basis
vectors, such that any vector |4} can be expressed as a linear combination {2],

) = Zdi|¢i>~ (1.8)
=1

The complex numbers {d;} in a scalar product space may be determined
by taking the scalar product of (1.8) with the vectors {|¢;)} orthonormal to

{l:)} to give d; = (¢:]¢) so that
W) =) i) (dal)- (1.9)
i=1

The vector 1) in an n-dimensional space is thus characterized by n complex
numbers {{¢;|¥}}. The column of these numbers constitutes a representation
of the vector in the given basis. The dual (¥ of [} is then represented by the
row constituted by the numbers {{|¢;}} = {(¢:|¥)*}. Thus the representa-
tion of (1| is obtained by the process of hermitian conjugation (interchanging
of rows and columns along with the operation of complex conjugation), de-
noted by 1, of [¥): (6] = ().

The expansion (1.9) in a scalar product space is guaranteed if the space
is finite-dimensional. However, such an expansion need not exist if the space
is infinite-dimensional. In quantum mechanics, we are concerned only with
those scalar product linear vector spaces in which every vector is expressible
in terms of a basis. Such a space is called a Hilbert space.

Now, on invoking the fact that (1.9} is to be valid for an arbitrary |y),
follows the completeness relation

Dl =1, (1.10)

where I is the identity operator defined below. If {|i;)} is orthonormal, i.e.
if {|#:)} = {|vs)} = {|es)}, then (1.10) reduces to

> e el = 1. (1.11)
i=1
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In our discussion so far we have assumed that the basis vectors are de-
numerable. There are, however, occasions which require us to work with a’
basis labeled by a continuous parameter. Consider an orthonormal set of ba-
sis vectors |€) labeled by a real continuous parameter £. The condition of
orthonormality then reads

(') = (¢ -¢), (1.12)

&(z) being the Dirac delta function. If a < £ < b then the analog of the
expansion of a vector in terms of the basis vectors is

b
) = / (€lv) 1€) de. (113)

A vector |¢) in a continuous basis is thus represented by the function ¢(§) =
{&|¢) of a real variable £.

Operators. The action of a force transforms the state of a system. A trans-
formation of a state of a system may be described by a rule, called an operator,
that associates with a vector in the space another vector in the same space.
If, for example, an action transforms |¢) to |¢) then we write

Alp) = |¢) (1.14)

where the operator A defines the rule of transformation. We distinguish an
operator from a c-number variable by a caret on the former. An operator A
is linear if, for any complex numbers ¢; and co,

A(cl|¢> i cz|¢)) - <01A|1/1) ¥ czAw))). (1.15)

We shall be concerned only with linear operators.

If Ajyp) = |¢) for all [)) then A is called the unit or identity operator,
often denoted by I. Since I acts like the scalar unity, we do not dress it with
a caret and even denote it by 1.

In order to obtain a c-number representation of an operator A, consider
an orthonormal basis {|e;)}. Rewrite A as TAI where I is the unit operator
and express [ in terms the completeness relation (1.11) to get

A=) (eilAles) lei)esl- (1.16)

ij=1

The operator A may be represented by an n x n matrix constituted by the
complex numbers (e;|Ale;) (3, = 1,...,n). On operating (1.16) on an ar-
bitrary vector [¢), it follows that /Al|1,/)) is represented by the product of the
matrix (e;|Ale;) representing A with the column (e;|1)) representing |¢). It is
straightforward also to show that a product AB is represented by the prod-
uct of the matrices representing them. Thus, the correspondence between
vectors as columns and operators as matrices is not only notational but also
operational.
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The analog of (1.16) in the continuous representation is evidently

~ b b ~
A= / / ELAIE) (€6)(€'] de ag. (117)

The function a(€, &) = (£|A|€’) of two real variables £ and & now serves as a
representation of A. The rules of addition and multiplication of operators and
those for the action of an operator on a vector are same as the corresponding
ones for the discrete case with summations replaced by integrals.

Next, we enumerate some definitions and algebraic operations involving

linear operators. The treatment, though may lack rigor at times, is adequate
for our purpose. For details, see, e.g., [3].

1.

The product AB denotes the action of B on a state followed by that of
A on the resulting state. This result need not be the same as that due to
the operation BA. The operator defined by

[A,B]= AB - BA (1.18)
is called the commutator of A and B. If [A, B] = 0 then A and B are said
to commute.

. If m is a positive integer then A™ denotes A multiplied with itself m

times.

. A function F (/1) of an operator A may be defined by its expansion in

terms of the powers of A. Of particular interest is the ezponential operator
defined by the expansion

. =1 ..
exp(A) = %A . (1.19)
m=0
Using this definition, the reader should verify that if [A, B] = 0 then
exp[A + B] = exp(A) exp(B) = exp(B) exp(A). (1.20)

The problem of disentangling the exponential of a suin of non-commuting
operators is addressed in Chap. 2. A
Check that we can write B(AB)™ = (BA)B(AB)™ ! = ... = (BA)™B.
As a consequence of this it follows that if F(AB ) is a function expandable
as a power series of its argument then

BF(AB) = F(BA)B. (1.21)

If there exists a nonnegative real number C such that /|(|A]y)] <

C+/ (@) for all |4} then A is called a bounded operator. The minimum

of the numbers C, denoted by “AH, is called the norm of A.
The adjoint of A, denoted by A!, is defined by the relation

(Bl Al) = (p|AT|g)*. (1.22)
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for all |¢) and |¢) in the given Hilbert space. Combine this with (1.16)
to show that the matrix representing the adjoint of an operator is the
adjoint of the matrix representing that operator. Verify also that

(ABC)t = CTBYAT. (1.23)

. If, corresponding to an operator A, there exists an operator B such that

BA = AB = I then B is called the inverse of A. The inverse of A is
denoted by A71:

ATTA=AA' =1 (1.24)

An operator is called singular if it does not admit an inverse. It can be
shown that AB = I implies BA = I in a finite dimensional Hilbert space
but not if the space is infinite dimensional [3]. In an infinite dimensional
space, an operator A may be singular but corresponding to it there may
still exist an operator Azl called the left inverse of A such that flzlfi =17
or an operator /1}_31 called its right inverse such that AAZ =1 Clearly,
an operator which is the right as well the left inverse of A is the inverse
A1 1t is straightforward to show that

(ABO) "' =C1B1A™, (1.25)

provided that A, B, and C are non-singular. Since an operator commutes
with itself, it follows from (1.20) that the inverse of exp(A) is exp(—A).

Notice also that
—1 N N

[exp(fil) c-exp(Am)| = exp(—Apm)---exp(—A;). (1.26)

An operator H is called hermitian if H = H?.
An operator U is called unitary if UUT = UU = I. This shows that
(¥il;) = (:|UTU ;). Hence the set of states {U1;)} obtained by a
unitary transformation of the set {|i;)} preserves the scalar product.
Hence, the set of vectors obtained as a result of unitary transformation
of an orthonormal set of vectors is also orthonormal. If the orthonormal
set is complete then so is the set obtained by its unitary transformation.
Verify that U can be represented as U = exp(iH) where H is hermitian.
If an operator A commutes with its adjoint i.e. if [4, AT] = 0 then it is
called a normal operator. Note that hermitian and unitary operators are
examples of a normal operator. .
If (1/1|A|1/;) > 0 for all [¢)) then A is said to be positive. Let |¢) = Bly).
Then (¢|BtB|y) = (¢|¢) > 0. Hence BT B > 0 for all B.
The sum of the diagonal elements of a matrix representing an operator
A is called the trace of A. It is often denoted by Tr(A). If {|e;)} 1s an
orthonormal basis then, by definition,
n
Tf(f‘i) = Z(eiViIei)- (1.27)

i=1
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The value of the trace of an operator is independent of the basis. Some
consequences of the definition of trace are:
e The complex conjugate of (1.27), read with (1.22), shows that

Tr(Ah) = [Tr(A)]* (1.28)
e Invoke the definition of trace and completeness of {|e;)} to show that
Tr [[9)(8l] = D (esli)(dles) = (0¥), (1.29)
i=1

and .
E[WMMA}:Ej@WMmAw»:<mAw» (1.30)

i=1
e Verify that the trace of a product of operators possesses the cyclic

property: o

Tr(ABC) = Tr(CBA). o (1.31)
o If U is unitary then, due to (1.31), Tr[UTAU] = Tx[UUTA] = Tx[A].

This shows that the trace of A and that of UTAU are equal.

. If |¢) is such that

Aly) = Al¥), (1.32)

where ) is a constant then [¢)) is called an eigenvector or an eigenstate
and X the corresponding eigenvalue of A. Expand F(A) in powers of A
and use (1.32) repeatedly to show that

F(A)lp) = FN)|4). (1.33)

The problem of solving an eigenvalue equation is addressed in Chap. 10.

We recall from that chapter that

e The eigenvalues of a hermitian operator are real.

e Any normal operator in an n-dimensional space possesses n eigenvec-
tors which are orthonormal. Hence, if A is a normal operator and {|a;)}
the set of its orthonormal eigenvectors then (aj|A|ai> = @aid;;. On com-
bining this with (1.16) follows the expansion

A= Zaz|a (ag]. (1.34)
of a normal operator in its eigenbasis. Apply (1.33) to show that
F(A)=§:me@xmL (1.35)
Now, let |a, b) bé:; simultaneous eigenvector of A and B such that
Ala,b) = ala,b),  Bla,b) = bla,b). (1.36)

Operate first (second) of the equations above by B (A) and subtract the
resulting equations to obtain

[A, Bla,b) =0. (1.37)
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This equation is trivially solved if [4, B] = 0 showing that non-
commuting operators may possess common eigenvectors. If A and B
do not commute, then no general conclusion can be drawn about the
solvability of (1.37) except for special cases. For example, if [A, ]3’] is
a non-zero constant then (1.37) evidently does not admit a non-trivial
solution. This is the case for the pair of position and momentum op-
erators ¢ and p. Hence, ¢ and p do not have any common eigenvector.
Same result can be shown to hold for angular momentum operators. It
is generally accepted that non-commuting observables of common inter-
est do not possess common eigenvectors. However, it can be proved that
if A and B do not commute then they do not admit a common set of
eigenvectors [3].

If a state |¢(t)) or an operator A(t) is a function of a scalar ¢ then its
derivative with respect to ¢ has the usual meaning of the calculus of c-
number functions. The rules for differentiation of a product of states or of
operators with respect to a parameter are also same as for the c-number
functions provided that in applying those rules the order of states and
operators is retained. Thus, for example,

VO] = (o)) @1+ D e
FOEN0) = (5160)) W) + GOIFH0O); (138

d

g A= (dt

Al) A4+ A — A, (1.39)

Hence, verify that

( ) ZA’“( >A" kol (1.40)

Consider the differential equation
(o)) = Ao)ho(e) (1.41)
Its solution may be written in the form
= Texp /t arA(n)] [w(to) (1.42)
where the tz'me—ordered0 exponential integration is defined by

‘Texp [ d'TA( )] =1+ /t dr A(T)

to
+/ ,de/ d’TlA(Tz)A(Tl) +
to to
t Tn T2 " "
drm, drp_1--- drA(r)--- A(m) +---. (1.43)

to to to
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Here 7T is the so called time-ordering operator. It arranges operators in
a chronological order with time increasing from right to left. Verify by
term-by-term differentiation of (1.43) that

—‘fexp [/ drA(r } ‘fexp [/ drA(r )] (1.44)

On using this it follows that (1.42) indeed satisfies (1.41). In the following
we list some properties of the time-ordered exponential operation.

e Take the hermitian conjugate of (1.43) to show that
{‘Texp [/ drA(r ]} ?exp [/ drAt(r )] (1.45)

The operator ? in the equation above arranges operator in a chrono-
loglcal order with time increasing from left to right. Verify that

—?exp [/ drA(r ] ?exp [/tt dTA(T)]A(t). (1.46)

o If [A( ), Alt; )] = 0 for all ¢;,%; then the operators under the integral

in (1.43) may be shuffled at will like the c-numbers. This property leads
to thet relation

/dTn/ndTn_l"'/ dTlA(Tn)“-A(Tl)
to to to

t n
- ni[ /t ari(r)]". (1.47)
Substitution of this in (1.43) yields
‘fexp [ t dTA(T)j| = exp [/t dTA(T)j|. (1.48)
In particulE:rO, if A is independeli(é of £ then
T exp { /t t dTA] — exp[A(t — to)]. (1.49)

o If A(t) does not commute at different times then the commutator of
A(t;) and A(t ;) would contribute to the integral if A(t;) and A(t ;) are
interchanged. Hence, on shuffling the operators as in (1.47), we can
express the n*® term in the time-ordered integral in the form

/dTn/ drn_y - /to drA(ry) - A(m)

~ ol {/to dr(r )] +Ca(t), (1.50)

the C,,(t) being the contribution from commutators of A( ) at defferent
times. This reduces to (1.47) if the commutator of A(t) at different
times vanishes.

o If A is time-independent but B(t) a function of time then

T exp [/t:dr{A+B(T)}]
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t ~
= exp[A(t — to)]‘T exp [/ dTB(T)], (1.51)-
to
B(t) = exp[—A(t — to)]| Bexp[A(t — to)]. (1.52)
The relation (1.51) may be established by showing that the terms on
its two sides have the same derivative with respect to t.

The problem of evaluating a time-ordered expomnential integral is ad-
dressed in Chap. 2.
Superoperators. We have so far considered the operation of linear trans-
formation of vectors in a Hilbert space. Another important class of operations
consists of transformation of operators. A superoperator defines a rule that as-
sociates an operator with another operator acting in the same Hilbert space.
The operation of transformation of an operator f to another operator § may
be expressed as

Li=g. (1.53)

Here the superoperator L, distinguished from operators by a double caret,
defines the rule of the transformation. We restrict our attention to linear
superoperators acting on linear operators in a given Hilbert space.

Recall from the theory of vector spaces that linear operators acting in a
vector space constitute a vector space. The relation (1.53) may then be viewed
as defining a transformation in a vector space and a superoperator may be
identified as an operator in the vector space of the operators. Furthermore,
the vector space of operators may be made a scalar product space by defining
a suitable scalar product. A useful definition of scalar product is

(4, B) = Te[4B). (1.54)
It may be verified that this definition is in accordance with the axioms of the
scalar product. In analogy with operators, the definition (1.54) of the scalar

product leads to the following definition of the adjoint f/T of L:

.t 2 7%

ﬁ[fTL g] :Tr[gTLf] .

In order to obtain a c-number representation of superoperators, let {|e;)}

be a complete set of orthonormal vectors spanning an N-dimensional Hilbert
space. The transformation (1.53) in this basis may be written as

(1.55)

N
9ij = Z Lij ki fur- (1.56)
k=1

The superoperator L is thus represented by a tensor {Lijx} acting on a
matrix. If N x N matrices {fi;} and {gi;} are represented as column vec-
tors having N2 elements then L;;x is represented as an N2 x N? matrix.
This provides a means of converting equations involving superoperators in to
matrix equations.
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1.1.2 Postulate 2

To each dynamical variable there corresponds a unique hermitian operator.
The reason for associating a hermitian operator with a dynamical variable
will become clear after the statement of the postulate 4.

1.1.3 Postulate 3

If A and B are hermitian operators corresponding to classical dynamical vari-
ables a and b then the commutator of A and B is given by

[A, B] = AB — BA = ih{a,b}, (1.57)

where {a,b} is the classical Poisson bracket of a and b and h = h/27 where
h is the Planck’s constant. See [1] for the rationale behind this postulate.

1.1.4 Postulate 4

Each act of measurement of an observable A of a system in state |) collapses
the system to an eigenstate |a;) of A with probability |(a;|¢)|*. The average
or the expectation value of A is given by

(A) =3 aillaly)l® = (lAp), (1.58)
the a; being the eigenvalue offl corresponding to the eigenstate |a;).

The complex number {a;|¢) is called the probability amplitude. The last
equality in (1.58) can be derived by (i) rewriting |{a;|¥)|? as (¥|a;){a;|¥),
and (ii) by invoking (1.34) to write the summation over i of a;]a;){a;| as A.

An operationally useful way of evaluating the probability |{a;|¥)|? is to
use the expression (10.11) to write

el = [ (0 — )] s (o — A). (1.59)

This assumes that ai,...,a, are distinct. As a consequence, the prqbability
of observing the eigenvalue a; as an outcome of a measurement of A on [¢)
is given by

Kask)? = (15 (05— )] (|13 (0 — A) ) (1.60)

In the discussion above, it is tacitly assumed that the eigenvalues are denu-
merable. Let the eigenvalues £ of the operator associated with the observable
be continuous with |¢) as the corresponding eigenvectors. Then, |{£[¢)]? is
identified as the probability density so that |{(£]1)|? d¢ is the probability that
the act of measurement results in a value in the range d¢ around £. Invoke
(A.1) to show that

KW = o€~ D) = 5= [ dawlexplite ~ Dally).  (161)
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Since, according to the postulate 2, the observables are represented by
linear hermitian operators whose eigenvalues are necessarily real, it follows '
that the act of measurement would give a real number as its result as any
act of measurement does. This also explains the rationale behind associating
a hermitian operator with an observable.

In the following we list some implications of this postulate.

e As a consequence of this postulate, quantum theory predicts only the av-
erage of the results of measurements on a large number of identically pre-
pared systems. The results of all such measurements are identical only if
the observed state is an eigenstate of the measured observable. Only in
that case does the observable possess a definite value, that value being
the corresponding eigenvalue. Also, as mentioned before, non-commuting
observables do not admit common eigenvectors. Hence, non-commuting ob-
servables can not have definite values simultaneously. Simultaneous mea-
surement of non-commuting observables to an arbitrary degree of accuracy
is thus incompatible. Non-commuting observables are complementary in the
sense that precise knowledge of one excludes that of the other.

e Since quantum predictions are probabilistic, it is important to know the
extent of the spread in the outcomes of measurements. A measure of the
spread in the values of the results of measurements of an observables A of
a system in state |¢) is the variance defined by

A? = WIIA = (AP |g) = WIA ) — (Y] Aj). (1.62)

In order to determine the relationship between variances of two observables
A and B due to measurements on a system in state |¢), let

1) = [A = (A][), [¥2) = [B— (B)][y). (1.63)

Invoke the Schwarz inequality (1.5) to arrive at the relation )
- ~ 171, - N

ARAB > [<F>2 + <c>2] (1.64)
called the uncertainty relation. Here

[A, B|=iC, F=AB+ BA-2(A)(B). (1.65)
Note that, as a result of assumed hermiticity of A and B, the operators
C and F are also hermitian. The operator F is a measure of correlations
between A and B. The uncertainty product is minimum i.e. the equality

in (1.64) holds iff, following (1.6), |¢1) = —iA|i2), where A is a complex
number, i.e. iff

[A+iABlw) = [(4) + MBI} = 2w, (1.66)

The state |1} satisfying (1.66) is called a minimum uncertainty state.
We may derive useful general results about the solvability of (1.66) and
the expressions for AA2 and AB? in the minimum uncertainty state. To
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that end, verify that A + iAB is a normal operator if Re(A) = 0. Recall
that the eigenstates of only a normal operator are orthonormal. Hence
it follows that the minimum uncertainty states (1.66) for a given A are
non-orthogonal if Re(\) # 0.

Next, rewrite (1.66) in the form

[A = (A)ll) = —INB — (B)]|¢). (1.67)
Operate this on the left with A — (A) and take the scalar product of the
resulting vector with |1). Repeat this procedure by operating (1.67) now
with B — (B). On using (1.65), the two equations so obtained read

o iAT, ~ N N i N ~
AZ:J—[F i 2:—[ —i(&]. .
A () + 1<c>], AB? = = [(F) 1<c>} (1.68)
Set A = A; + iA;. Compare the real and imaginary parts of each of the
equations above to get

A T . o1
AA :i[xi<F>+,\,<c>], AB* =
M(CY = A (F) =0. (1.69)

These relations imply that

1. If |A| = 1 then AA%2 = AB? . The corresponding states may then be
referred to as equal variance minimum uncertainty states .

2. If |A| = 1 along with )\; = 0 then AA? = AB? and (F) = 0. Since F’
is a measure of correlations between A and B, the corresponding states
may be referred to as uncorrelated equal variance minimum uncertainty

AA?,

states.
3. If \; # 0 then
By = ey, anz= Pl apo Lig (1.70)
A ’ T2 ’ T2 ‘ '

The variances and the correlations in the measurement of two observables
in this case is expressible in terms of the average of their commutator C.
Clearly, those quantities are completely determined without an explicit
construction of the said state if C is a constant multiple of the identity
operator. Also, since AA2 AB? are positive, it follows that A; should
have the same sign as <é> Hence, if C is a positive operator then admis-
sible solutions of (1.66) are obtained only if A; > 0. As an example, recall
that C = hI > 0 for the pair (§,p). Hence, the minimum uncertainty
states for the pair (§,p) exist only if A, > 0. This is borne out also by
an explicit solution of (1.66) carried in Sect. 3.2.

1.1.5 Postulate 5

The time evolution of a state |1)) is governed by the Schridinger equation

in S ()= A (E) (o), (1.71)
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where H(t) is the Hamiltonian which is a hermitian operator associated with
the total energy of the system.

This postulate provides the means for determmmg the dynamical evolu-
tion of a system. The Schrodinger equation (1.71) is of the form (1.41). Its
solution is, therefore, given by

= Towp (- [ arlio)) ooy = Ustetolte). (172

Invoke (1.45) to show that

o) = woiT e (5 [ arim) = w00, (1.73)
If H is time-independent then, on using (1.49), (1.72) reads

[(8)) = exp (=i(t — to) H/h ) [¥(t0)). (1.74)
Expand [¢)(to)) in the basis of the eigenstates |E;) of H and apply (1.33) to
reduce (1.74) to

(1) =D _ exp (—iE(t — to)t/n) (Bl (to)) | :). (1.75)

Now, the quantities of physical interest are the expectation values of opera-
tors. Using (1.72), the expectation value (¢(t)|A|(t)) of A at time ¢ may be
expressed as

(W) Alp(t)) = (Y(to)| A1 (), (1.76)
where
A(t) = ﬁ;(tatO)AUS(tatO)a (177)

now carries the time dependence. It is straightforward to see that A(t) evolves
according to the Heisenberg equation

1h§tA( t) = [A, ﬁr(t)]. (1.78)

The time evolution of the expectation value of an operator can thus be pic-
tured either in the framework of the time evolution of the state, called the
Schridinger picture or in that of the operator, called the Heisenberg picture.

Next, consider a system described by |¢(t)} evolving under the action of
a hamiltonian H decomposable as

H = Hy + Hy(2) (1.79)
where ﬁo is time-independent. Define R
2(8)) = exp (iot/B) [p(8))- (1.80)

It is then straightforward to see that |¢;(¢)) evolves according to
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ih-S e (1)) = Hr () i), (1.81)
Hi(t) = exp (iﬁot/h) Hy(t) exp (—iﬁot/h) . (1.82)

The evolution (1.81) is said to be in the interaction picture generated by Hy.

In many situations, it is required to know the multi time joint probability
p({l¢:), t:}) that a system in a state |po(to)) at o is found in the state {¢;) at
t=t; (¢=1,...,n). To find that probability, note from (1.72) that the state
of the system at time t; is given by Ug(tl,to)|¢0(t0)> and its projection on
[¢1) is |@1(t1)) = |¢1)(#1{Us(t1,t0)l¢0(to)). The state |$1(t1)) then evolves
till time to to Ug(ta,t1)|¢1(t1)) whose projection along |p2) is |p2(te)) =
|pa) (2] Us(t2,t1)|¢1(£1)). On continuing this argument till time ¢, it follows
that

p({lg:), t:}) = 'H<¢iIUS(tiati—1)l¢i—l> ! (1.83)

Consider now a time-independent hamiltonian so that, by virtue of (1.74),
Us(ti, t;) = exp(—iH (t;—t;)/h). Also, let the observations be spaced at equal
time intervals t; —t;_; = t/n. The probability that at each time ¢; the system
is observed in its initial state |¢p) then reads

p({I60), t:}) = |(gol exp ( — ifit/nh) o)

Let t/n < 1. Expand the exponential in (1.84) and retain terms up to ¢2 to
arrive at

2n
| (1.84)

N 2 t\2
’(¢0|exp<~th/nh)|¢0>| ~1— (_h) AH?, (1.85)
n
where AH? = (¢o| H2|¢o) — (¢o|H|do)2. The joint probability that the sys-
tem is observed in its initial state at the time of each of n equally spaced
observations on it in time ¢ is then given, on substituting (1.85) in (1.84),
by [4]

p({lgo) 1) = [1- () aB?]" (136)

Compare this with the probability p(|¢o), ) that the system is found in the
initial state at time ¢ if it is left unobserved in between. That probability is
evidently (1.86) corresponding to n =1, i.e.

o), t) =1— t2AI§r2/h2_. (1.87)

This shows that the probability of finding the system in its initial state at a
given time is increased if it is observed repeatedly at intermediate times com-
pared with that probability when the system is left unobserved during its evo-
lution to that time. In fact, for n > 1, (1.86) approaches exp(—t2AH?/nh?).
Hence, the probability of finding the system in its initial state tends to unity
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as the number n of observations tends to infinity. In other words, a system
continuously under observation does not evolve! This is the gquantum Zeno
effect or the watchdog effect. This effect was invoked to predict the inhibi-
tion of decay of an unstable system [5]. An experimental demonstration of
this effect in the context of quantum optics has been reported in [6]. For a
discussion of various interpretations of the experimental results, see [7].

1.2 Geometric Phase

Yet another characteristic which exhibits distinctly quantum nature of evo-
lution is the phase of a state. The observable effects of phase obviously can
not be exhibited by the expectation value (1| Al¢)) of an observable A as it is
independent of the phase of |¢)). Effects of phase may be manifested, as we
will see in Sect. 1.7, in interference between two non-orthogonal states.

Now, consider a state |)(t)) evolving under the action of a Hamiltonian
H (t) according to the Schrédinger equation. The state is assumed to be
normalized to unity. The phase difference between the states at two times ¢,
and to, called the total phase, is given by

¢y = arg(P(t1)|¥(t2))- (1.88)

The phase is defined modulo 27. It turns out to be useful to introduce another
phase, called dynamic phase , defined by
1 [t A ta ]

do =3 [ W@EEOBE) dr =t [CwEREN (159)
The last equality above is the result of the assumption that |¢(t)) evolves
according to the Schrédinger equation and that (y|H|v) is real. If H is time-
independent, and if the initial state is an eigenstate of H with eigenvalue E,,
then, invoke (1.72) to show that ¢y = ¢q = FE,(t1 — t2)/h i.e. the dynamic
phase in this case is the same as the total phase. In general, the difference

b = b — da = arg((t)(t2)) — Im / dr ((r) (7)) (1.90)

is called, for the reason elaborated below, the geometric phase. We note first
that the definition (1.90) holds even for the states which do not satisfy the
Schrédinger equation. In order to see that, consider the Gauge transformation

[9(t)) = exp(if())19(1)) (1.91)

where f(t) is a real smooth function of ¢. On substituting this for |¢(t)) in
(1.90) we obtain

6 = arg ((t)d(t2)) — Im / " dr (@ ((r))- (1.92)

1
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This shows that ¢, remains invariant under the transformation (1.91). Note
that, if |¢) satisfies the Schrédinger equation, |1,[~1) need not. Now, the trans-
formation (1.91) defines an equivalence class of vectors. Let P be the space
obtained by projecting to the same point the states related by (1.91). With
the passage of time, any state |1(t)) traverses a curve C under the action of
H. Let Cy be the image of that curve in the projective space P. Let C’ be
another trajectory traversed by the state vector under the action of A 1c
projects on to the same Cy in the projective space then its geometric phase is
clearly the same as that for the motion on C. It can also be verified that ¢,
is reparameterization invariant, i.e. it is unchanged under the transformation
t — t' where t’ is a smooth function of ¢ [8]. The phase ¢ is thus a geometric
property of unparameterized Cy in the projective space.

The freedom in the choice of f(t) may be used to cast ¢, in different
instructive forms. To that end, use (1.91) in the first term on the right hand
side of (1.92) so that

b = arglW(E)lw(t2) + F(t2) ~ f(0) ~ T [ Al (199
If f(¢) is chosen such that f(¢;)— f(t2) = arg({(¢1)]1(t2)) then the geometric
phase is the same as the dynamic phase:

ta N ~
g = —Tm [ dr (G} = —a. (1.94)

£
Alternatively, use (1.91) in the second term on the right hand side of (1.92)
to get

bs = arg(D(t)D(t2)) + F(t2) — f(tz) — Im / dr(m) (). (195)

1

If f(¢) is such that

t2

Ftr) = f(t2) =Im [ dr(y(r)[s(r)) (1.96)

t1

then the geometric phase is the same as the total phase:

g = arg(P(t1)|P(t2)). (1.97)

The geometric phase signifies interesting differential-geometric properties of
evolution. For a detailed discussion of its differential geometric interpretation,
its generalization to non-hamiltonian evolution and references to experiments
on its observation, see [8, 9|.

For the sake of illustration, we evaluate next the geometric phase for the
evolution generated by the hamiltonian of a harmonic oscillator and that of
a two-level system.
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1.2.1 Geometric Phase of a Harmonic Oscillator

Recall that the eigenstates of the hamiltonian of a harmonic oscillator of fre-
quency w are |n) with E, = (n+1/2)hw, (n = 0,1, ...) as the corresponding
eigenvalues. On invoking (1.75), its state at time ¢ is given by

|b(t)) = i Crm exp (—iwt(m + %)) [m). (1.98)
m=0

Consider the evolution over the period 27 /w. On substituting (1.98) in (1.90)
and on using the orthonormality of the states {|m)} follows the well-known
result

by =27 Z m|Cpm|* = 2m(m). (1.99)
m=0

1.2.2 Geometric Phase of a Two-Level System

Consider a system having two states |4) in an external field. The state of such
a system at any time is a linear combination of |4) and hence is expressible
as
o(t . il
[(t)) = cos (—(2—2) [+) + exp(ip(t)) sin (%) [—) (1.100)
where the functional form of 8(t), ¢(#) is unimportant for the present. For

the sake of simplicity, assume that 8 is independent of time. On substituting
(1.100) in (1.90) and after a little algebra it may be shown that [8]

g = % cos (8) Agp — tan™! [cos (6) tan (%)] (1~1‘01)
with Ag = ¢(t2) — ¢(t1).

1.2.3 Geometric Phase in Adiabatic Evolution

The recent surge in interest in the geometric phase owes its origin to the
paper by Berry on the geometric phase in adiabatic evolution [10]. Consider
a system evolving under the action of a time-dependent hamiltonian H(t).
Let the system be initially in an eigenstate |n(0)) of H(0). The assumption
of adiabadicity means that the state of the system at any time ¢ is

vy =1 [ arEun)] ) (1.102)

where |n(t)) is the eigenstate of H(t) and E,(t) the corresponding eigenvalue.
Assume also that after a time T the hamiltonian returns to its form at ¢ = 0.
On substituting (1.102) in (1.90) with ¢; = 0, t; = T and |n(0)) = |n(t)) it
follows that
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T
o = —Im [ (nle)face)e (1.103)

Now, if it is assumed that the time-dependence of the hamiltonian, and con-
sequently of the states |n(t)), is due to that of the parameters {R;} then
(1.103) reduces to the form

() = I / Hivn(RE).R() (1.104)

which is familiar since its introduction in [10].

1.3 Time-Dependent Approximation Method

We have seen that the problem of studying the time-evolution of a quantum
hamiltonian system reduces to solving the Schrédinger equation. However,
more often than not, the Schrodinger equation is not exactly solvable. That
necessitates use of approximation methods for its solution. The approxima-
tion methods are many a times useful to unveil the salient features of even
an exactly solvable problem. The approximation method to be employed de-
pends, of course, on the nature of the problem. Here we outline a method of
frequent use in quantum optics.

Consider a system whose hamiltonian is expressible as in (1.79) where Hy
is time-independent whereas Hi(t) is time-dependent. Assume that no part
of H1( ) commutes with Hy. In the interaction picture generated by ro, the
system is described by the state vector |i;(t)) related to the state vector
[¥(t)) in the Schrédinger picture by (1.80). The formal solution of (1.81)
governing its evolution is

[or(t)) = Ur(®)w(0)), Ur(t) = ?exp (—i/o dTH](T)/h) , (1.105)

where H;(t) is defined in (1.82). Let Hy and Hi(t) be such that

N
At =1 [Fk exp (—if2 ) + F exp (12 t)] . (1.106)
k=1

Substitute this in Uy(t) of (1.105). Expand U;(t) as in (1.43) and express its
ntt term as in (1.50). It follows that if

BN/ 2 <1 (1.107)

then the time-ordered expansion of U; (t) is a perturbative expansion in the
smallness parameter ||F||/f2. It may be terminated at a desired order.

A more instructive form of perturbation expansion is obtained by sep-
arating the contribution from commutators of Hj(t) at different times.
To that end, (i) express the time-ordered expansion of U(t) in the form
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Ur(t) = 14 & = exp(In(1 +&)), (ii) expand (1 +) in powers of £, (iii) group
together the terms having the same number of H;(t)'s to get |

t) = exp [i Mk(t)] , (1.108)
k=1

!
Ma(t) = (-%)2[ dry / dry Fy () 1 () — %Mf(t) (1.109)

and so on. Comparison of (1.108) and (1.50) shows that if H;(t) commutes
at any two times then M (t) = 0 for k > 2. Hence, My(t) for k > 2 contain
contribution from the commutators of H 1(t) at different times.

1.4 Quantum Mechanics of a Composite System

The state vector provides a quantum theoretic description of an isolated
system. At times we need to describe the state of a system in terms of its
constituents known as its subsystems. Here we outline the approach for the
quantum theoretic description of a system in terms of its subsystems.

For the sake of simplicity, consider a system made up of two subsystems:
A and B. The state vector |¥4,p) of the combined system may then be
expressed in terms of orthonormal basis vectors {|a;)} and {|b;)} respectively
for the subsystems A and B as

|WA+B> = Zaiﬂai,bj), Q;5 = (ai,bj|!PA+B). (1110)

where {|a;,b;)} = {|a:)} ® {|b;)} is the direct product of the sets of vectors
{la;)} and {]b;)}. Let |¥4,p) be normalized to unity so that

> el =1. (1.111)
i,j=1

Now, if a;; = a( ) ( ) then (1.110) shows that
Wasrn) = [ZO‘M)W ] {Zag%bﬁ] = [Ya)|¥B), (1.112)
J :

where |Y4) (|¢¥B)) is the state vector only of the subsystem A (B). In this
case the state vector of the combined system factorizes in to those of its
subsystems. The state of a composite system which can not be factorized'in
to a product of the states of its subsystems is called an entangled state. The
entangled states play a crucial role in understanding purely quantum effects.
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1.5 Quantum Mechanics of a Subsystem
and Density Operator

Consider a system composed of subsystems A and B. Let it be that we are
interested in the behaviour of only one of the subsystems, say, the subsystem
A. That behaviour is determined by the expectation values of the operators
{X 4} which act on the states of the subsystem A alone. On using (1.110) for
the state vector of the composite system, the expectation value of X 4 is seen
to be given by

(Xa) = WarB|XalParn) =D > oiya;(ak X alai) (bilb;)

kJd i,
=Y opjai(alXala;) = cinlar|Xalai), (1.113)
1,5,k ik
Cik = Z aija;;j = C;;i' (1114)
J

In writing the first line in (1.113) we have made use of the fact that X
does not act on the vectors representing the subsystem B, and in writing the
second line we have invoked the orthonormality of the basis {|b;)}. Use of
(1.111) in (1.114) yields

dei=1 (1.115)
i=1

Now, on invoking (1.30), (1.113) may be written as
(Xa) = TY[XAﬁA] (1.116)
where

pa =Y cilai){ax), (1.117)
i,k

is called the density operator of the system A. On taking the matrix element
of (1.117) it follows that

cik = (ailpalar). (1.118)

The elements {(a;|pala;)} constitute a matrix representation of the density
operator p4. Since it is the expectation values of operators which are the
quantities of physical interest and since all such expectation values for a
subsystem can be found by using the density operator by means of the relation
(1.116), it follows that a density operator describes the state of a system
interacting with other systems in the same way as a state vector describes
the state of an isolated system.
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In the following we enumerate some properties of the density operator.

1. The expectation value of an operator X of an isolated system in state |¥)

may be written, using (1.30), as (¥|X|¥) = Tr[X|¥)(¥]]. On comparing
this with (1.116) we see that the density operator of a system in the
state |¥) is given by p = |¥)(?|. If the density operator j of a system is
expressible as p = |¥)(¥| then it is said to be in a pure state. Else it is
said to be in a mized state.

. Let Trp denote the operation of trace only over the subsystem B. Check,

using (1.29), that
Tep |[as,by) (o, bil| = Jag) (axl Trs [1b,) (il = laid(apld.  (1119)

Using this to carry the operation of trace over B in |W4, g){¥ap| with
[@ap) given by (1.110) and on invoking (1.114) it follows that

Trp |1Pa+8)(@arsl] = Trs (pars] = pa- (1.120)

If the evolution of the system A is governed by the hamiltonian Hyu (t)
then the kets and bras of A evolve according to (1.72) and (1.73). Hence,
the density operator (1.117) of A at time ¢ is given by

pa(t)

= T exp [_5/t0 drHa(r } ?exp[ /t:dfﬁ,q(r)} (1.121)

Tt is straightforward to verify that the equation of evolution of p4(t) is

S palt) = [Aa(t), pa(t)]. (1.122)

. On combining (1.114) and (1.117) we infer that j4 = p i.e. pis hefmi—
t’Il‘?llé'operation of trace over (1.117) combined with (1.115) leads to

Tr(pa) Zc” = 1. (1.123)

The probability that a system is in state |1p4) is given by the expecta-
tion value of |94){a| which, by virtue of (1.116), is (¢4|pl1b4). Since
measurable probability should be a positive number, it follows that
(Walpala) = 0. Hence j4 is a positive operator.

As a consequence of (4), we note that the eigenvalues of p4 are real. If
{|Xi)} are the eigenstates of p4 corresponding to eigenvalues {A;} then,
on applying (1.34), p4 can be represented as

pa= ZA"'A’M"I‘ (1.1'24)
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Since g4 > 0, it follows that A; > 0. The equation (1.124) also shows that
the trace of g4 is sum of its eigenvalues. This, along with the condition
(1.123) imply that A; < 1. If one of the A}s, say, Ay = 1 then A; = 0 for all
i # 1. Then, g4 = |A1){ 1| which is the density operator for the system
in pure state [A1). On squaring (1.124) and by using the orthonormality
of the states {|A;}}, it follows that

pa = Z’\?|/\i></\i| < pa. (1.125)

The equality in this holds, as discussed above, only if p4 describes a
pure state. Since Tr[pa] = 1, we note that Tr[p%] = 1 if the state is
pure and that Tr[p%] < 1 if the state is mixed. Recall from the list of
properties of the trace that if U is unitary then Tr[A] = Tr[UAUT] for
any A. Hence, if j obeys the inequalty Tr[p%] < 1 then so does UpU?
if U is unitary. A mixed state thus remains mixed and a pure state
remains pure under a unitary transformation. Note in particular that the
transformation generated by the Schrédinger evolution is unitary. Hence,
under the Schrodinger evolution, a mixed state evolves to a mixed state
and a pure state to a pure one.

Next we discuss the quantum mechanics of one and two two-state systems
which are of interest in the discussion to follow.

1.6 Systems of One and Two Spin-1/2s

Assuming familiarity with the concept of spin in quantum mechanics, we let
the vector operator S represent spin in the ordinary three-dimensional space.
Its components Sz, Sy, S, in three orthogonal directions, say, the directions
z,y, z, obey the commutation relation (letting f = 1 for convenience)

o e A N (1.126)

It would turn out to be useful to introduce the spin raising and lowering
operators

S: =8, +iS,, S, =51. (1.127)
On applying (1.126}, it is straightforward to verify that
[§+, S_] =25, [S Si] _— (1.128)

It is a spin-1/2 if measurement on any of its components yields one of the
two values, +1/2. In addition to the commutation relations (1.126), the or-
thogonal components of a spin-1/2 obey also the anticommutation relations

S’,,S’u + 5’,,5'# =0, pftv=az,y,z. (1.129)
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The anticommutation relation between the components of spins in two arbi-
trary directions is obtained by expressing them in terms of the z,y, 2 com-
ponents. Verify that

5.8+ 5,8, = "'T” (1.130)

the S, and S, being the spin components along the directions @ and b.

By combining the commutation and anti-commutation relations, any
product of spin-1/2 operators may be expressed in terms of a single spin-
1/2 operator. Thus, for example,

3,8, = %S‘z, 3,8, = S 5,8, = =8, (1.131)
Express Sy in terms of S, and S'y, (see (1.127)), apply the anticommutation
relation (1.129) to show that

S8 +8.8,=1. (1.132)
By combining (1.132) and (1.128) we find that, for spin-1/2,

1 N N 1
S+Sf - 5 + Sz, S_S+ = 5 — Jz. (1133)

Now, if |+) are the eigenstates of S, corresponding to the eigenvalues +1/2
then verify that

Se=I0-h S =1,
8. = 5 (1IN =191, (1.1342)

Sil=y=14), S-1h) =1-),

Si+)=0, S |-)=0,82=0

5,8, = -%S;, S,8, = %S; (1.134b)

Next, let S, = e.8 be the operator corresponding to the spin component in
direction e. Let p(4, e) be the probability that the outcome of measurement
of the component in the direction e of a spin-1/2 in state |¢) is £1/2. On
applying (1.60) it is straightforward to show that

plek.) = (0 = (w3 £ 5efw ). (1.135)

Consider next a system consisting of two spin-1/2 subsystems. Let the eigen-
vectors | +a, 1) of the component S5 M of spin 1 in direction a be the basis for
the Hilbert space of that spin and let the eigenvectors | = b, 2) of the compo-
nent S( ) of the second spin in direction b constitute the basis vectors for the
states of the second spin. A state of a system consisting of these two spins is
then a linear combination of the states | + @, +b) = |+ a,1) ® | + b, 2). This
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linear combination can be decomposed to express any state of two spin-1/2s
in the form

|W(a)) = cos(a)|ar, —az) — sin(a)| — a1,as), 0<a< T (1.136)
This is known as the Schmidt decomposition [12] . This state reduces to a
product of the states for the two spins for & = 0 but is an entangled state for
a # 0. The extent of entanglement may be measured by the absolute value
of the correlation function

=)

C(a1,az) = (SMSE) — (S (S, (1.137)
For the state (1.136), it can be verified that
|C(ay,as)| = sin®(2a) /4. (1.138)

This shows that the maximal entanglement is achieved for oo = 7/4. In what
follows, we consider the maximally entangled singlet state corresponding to
a; = ay =z (say) and a = 7/4 in (1.136):

0) = \/g[lJr, —) - l—,+>] (1.139)

where |+, +) is the eigenstate of S,.EU and S 9). The expectation value of S*;E’)

in this state is straightforwardly zero. By expressing SA'S%, in terms of Sy using
(1.127) and on applying (1.134b), we find that

(39) = (84") = <S“‘>> -0,

<S(1)S(J)> <S 1)S(J)>
1
(S8 = 5 iF] (1.140)

Express the vectors in terms of their Cartesian components and use these
results to show that, in the state (1.139),

<0’S§1>!0> = <0‘S,§2)‘0> -0, <0’§(§1>S,§2)’0> - —%lf. (1.141)
We now find the probability p, b(efz ), € )) that the outcomes of measurements
on the component of spin 1 in the direction @ and that of 2 in the direction
b are, respectively, the eigenvalues eV /2 and € (2) /2 (ele),e,() = +1). Note
that those two measurements are compatible as the corresponding operators,
being the operators acting on two different spins, commute. On using (1.60),
that probability may be shown to be given by

Pab (e( ); e )) <0‘(2 e(”S(l))( + (2)5(2))‘> (1.142)

Apply (1.141) to get

1
Pap(e;e ))_Z[ —ee”a-b|. (1.143)
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From this we infer that the probability of finding two spins in the same
direction is zero, i.e. if @-b =1 then p, s(+,+) = pap(—,—) =0.

From the point of view of the discussion to follow, we consider the prob-
abilities for the pairs of directions from a set of three directions a,b and c.
Use (1.143), to shown that

Pab(+,+) + (4, +) — Pac(+,+)

_1 .2 0ab .2 0bc 2 0ac
_§[sm ( 5 )+51n 5 sin Y J, (1.144)

where 045, 0bc, 0, are the angles between the directions identified by the
respective subscripts.

With this we conclude the discussion of the methods of quantum me-
chanics relevant to us. Next we turn our attention to the important issue of
identifying the characteristic non-classical features of the quantum theory.

1.7 Wave—Particle Duality

Classical mechanics deals with two types of dynamical systems, particles and
fields. A particle is an entity localized in space and time. A field, on the other
hand, is described by a function E(z,t), called the field amplitude defined at
a continuum of points in space. An important property of the fields is that
the resultant amplitude due to two fields at a space-time point is the sum of
their amplitudes:

E(z,t) = E\(z,t) + Ex(z,1). (1.145)

This is the principle of superposition of the field amplitudes. The field am-
plitude may be expressed as a Fourier series in time. Consider a field whose
amplitude has the Fourier expansion

E(z,t) = [A(z) exp(~iwt) + A*(z) exp(iwt)J , (1.146)

1
V2
involving only one frequency. This describes a wave of frequency w. A quantity
of experimental interest is the intensity of the field. The intensity of the wave
of a given frequency is the average of the modulus square of its amplitude
over a period. The intensity of the wave described by (1.146) is thus I(z,t) =
|A(z)|?. Consider the superposition of two waves of the same frequency. On
expressing each of the amplitudes Fi(z,t) and E3(z,t) as in (1.146), the
intensity of the superposed waves is seen to be given by

I = Il + I2 + 2\/ I1I2 COS(¢(.’E)), (1147)

where I; = |A4;(z)|?, Ai(z) = |Ai(z)| exp(ig;(z)) is the intensity and ampli-
tude of the individual waves, and ¢(z) = ¢1(x) — d2(z) is the phase difference
between them. This shows that the intensity I due to superposition of two
waves is not a simple sum of the intensities I and I, of the superposed waves;
it is modified by the addition of an interference term which is the last term in
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(1.147). There is no interference of this kind in the classical formalism if the
entities involved are particles. The phenomenon of interference in classical
mechanics is a characteristic of waves.

Now, recall that the quantum theory describes the state of motion of a
particle in terms of a state vector and, like waves, the quantities of experi-
mental interest in quantum mechanics, the expectation values, are quadratic
in the state vector. Also, like the wave amplitudes, the state resulting from
combination of states is a linear superposition of the corresponding state vec-
tors. Hence, like waves, the expectation values of the observables in a state
which is a linear superposition of two states may exhibit the phenomenon of
interference. In other words, in quantum theory, a system can exhibit dual
character: the particle-like character of space-time localization and the wave-
like character of interference. The wave-particle duality, however, turns out
to be complementary. It means that in an experiment a system would exhibit
either the particle-like or the wave-like character but not both. We elaborate
on these issues in the following.

For the sake of simplicity, consider a system described by the state vector
|¢)) which is a superposition of the states |¢;) (i = 1,2) i.e.

[) = [¢1) + [2). (1.148)

The expectation value of an observable A in this state is given by

(AY = (W|AJY) = (1| A1) + (ol Aly2) + 2/ (1) )| cos(¢),  (1.149)

where ¢ is the phase of the complex number (11| A|i)2). This shows that the
expectation value of an observable A in a state [), which is formed by a
linear superposition of the states |¢y1) and |¢2) is not a simple sum of its
expectation values in the states |¢) and |¢2) alone but is modified by the
addition of an interference term (which is the last term in (1.149)). Clearly,
the interference effects may be exhibited if the observable has non-zero matrix
element between the two states. The observable may, for example, be |a)(a]
where |a) is an eigenstate of A with eigenvalue a. The expectation values in
(1.149) are then the probabilities of observing the system in state |a).

The probability amplitudes in quantum mechanics thus exhibit the inter-
ference phenomenon of waves. In order to understand the origin of quantum
interference, note that the fact that the state |4} is a superposition of two
states means that the system can exist in one or the other state. We will see
that interference is due to the lack of information about the state in which
the system existed at the time of observation. In order to see that, let the
system, before it is observed, pass through a detector whose state is changed
differently on interaction with the two superposed states. Let |dg) be the
state of the detector before interaction and let |d;) (i = 1,2) be its state
after interaction with the state labeled . The combined state of the observed
system (hereafter called system S) and the detector after the interaction may
be expressed as

@) = [h1)ld1)} + 2} |da), (1.150)
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We are, however, interested in the results of measurements on the system S
alone. As explained in Sect. 1.5, those results are determined by the density
operator p; = Trq[|¥)(¥|] where Trq denotes trace over the detector states.
Verify that

Ps = [90) (1| + [2) (ol + [901) (W2l (daldr) + [¥2) (¥ [{dildz),  (1.151)

The expectation value of a system observable A alone is then given by

<A> = <¢1|A|¢1> + <¢2|1‘i‘7f}2> + 2R6(<7,[11|A|1[12><d1|d2>). (1.152)

The interference tern in this case has an additional factor {d;|d;). This fac-
tor determines the overlap between the states in which the detector is left
as a result of its interaction with the two superposed states of the system.
Since |{d;]d2)| < 1, the process of detection reduces the contribution of the
interference term. The two superposed states are evidently distinguishable
unambiguously if the states in which they leave the detector on interaction
with it are orthogonal, i.e. if (d;1|d2) = 0. The interference term in (1.152)
then vanishes. This shows that there is no interference if the superposed state
in which the system existed before the time of observation is known. In other
words, the interference is lost if we know by which path (welcher weg in Ger-
man) the system arrived at the detector. Now, in the classical mechanical
description, a particle follows a definite trajectory or path. Hence, knowing
unambiguously the path of an object is a particle-like property. From this
it may, therefore, be inferred that the interference, which is a wave-like phe-
nomenon, is lost if the path, which is a particle-like characteristic, is known.
Hence, though what is perceived as a particle in classical mechanics, may
exhibit wave-like interference phenomenon, the wave-particle duality is com-
plementary. We will see in Chap. 5 that even what are perceived as waves in
classical mechanics may exhibit particle-like dual character.

The loss of interference due to the process of detection may at times be
attributed to a change in the observed part of the superposed states brought
about by their interaction with the detector. The details of the changes so
brought about depend upon the particular situation at hand. However, it is
at times possible to conceive detectors which reveal which-path information
by interacting with that operator of the system which commutes with the
one under observation. Such detectors, therefore, do not alter the observed
part of the state of the system. The loss of interference in that case can
not be attributed to any detector influenced state alteration mechanism. An
example of such a detector in the context of quantum optics may be found
in [13].

In the following, we refer to the states |d;) of the detector resulting from
its interaction with the superposed states of the system under observation as
the which-path states.

We have seen above how the process of detection may reduce the effect
of interference exhibited by observations made on a system in a superposed
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state. Let us now examine the possibility of observing interference in a joint
measurement of a system observable A and a detector observable D. In the
combined state of the system and the detector, given by (1.150), the expec-
tation value in question is evidently

2
(@[DAD) = > (sl Al P|(di| DId)

1=1

+2Re | (1] Alyz) (1| DId)] - (1.153)

This implies that the joint observation of the system observable A and the
detector observable D) would exhibit interference effects between the super-
posed states |1p1) and |1y) if (¢1|Alpa) # 0 ie. if A exhibits interference in
the absence of detection, and if (di|D|dy) # 0 i.e. if D has a non-vanishing
matrix element between which-path detector states. Recall from (1.152) that
if the which-path detector states are orthogonal to each other then the system
observable A alone would not exhibit interference effects. However, its joint
observation with a detector observable D may exhibit such an effect even if
(d1]d2) = 0 but if (di|D|dy) # 0. Since the condition (d;|d2) = 0 provides
which-path information, the condition (d;|D|d2) # 0 means that the detec-
tor observable D is an eraser, called the guantum eraser, of the which-path
information [14]. It should be emphasized that the interference in this case
is not in A but in joint observation of A with the detector observable D. For
examples of the possibility of realization of quantum eraser in the context of
quantum optics, see [14, 15].

1.8 Measurement Postulate
and Paradoxes of Quantum Theory

The validity of a postulate of a physical theory is judged, of course, by its
ability to describe the observed physical phenomena. However, in spite of its |
success on this count, the postulate (postulate 4) which relates the theoretical
predictions with experimental observations, has been at the centre of contro-
versy right since its conception. The controversy revolves mainly around the
questions involving (a) that postulate’s consistency with other postulates, and
(b) its denial of the objective reality. Those issues are brought out forcefully
in the thought experiment ( Gedankenexperiment in German) of Schrédinger
and that of Einstein, Podolsky and Rosen (EPR). In the following we outline
briefly first the issue of consistency of the process of measurement envisaged
by the postulate in question with other postulates of the quantum theory
and follow it up with a discussion of the two paradoxes: the Schridinger’s
Cat Paradoz and the EPR Paradoz.
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1.8.1 The Measurement Problem

A measurement is an outcome of interaction between the system under ob-
servation (hereafter called the object) and an apparatus designed to measure
an observable. Since there is no restriction in the postulates of the quantum
theory on the kind of physical systems that it seeks to describe, it is expected
to describe an apparatus as well as it describes the object. If that be so, the
process of measurement envisaged by the quantum theory should be consis-
tent with its other postulates applied to the interacting system of the object
and the apparatus. In order to examine whether or not it is so, consider the
act, of measurement of an observable B. Let {|b;)} be the set of orthonormal
cigenvectors of B corresponding to the eigenvalues {b;} (i = 1,...,n) where,
for the sake of simplicity, we assume that those eigenvectors are denumerable
and the eigenvalues non degenerate (see Chap. 10}. Any state of the object is
then expressible as

) = aulbi). (1.154)
i=1

Similarly, let the state space of the apparatus be spanned by the orthonor-
mal set {|a;)} and let the apparatus be initially in a pure state. Recall that,
according to the measurement postulate, the state of the object on interac-
tion with the apparatus is reduced to one of the eigenstates, say |bg), of the
observable being measured with probability |[(¥]bx)|? = |ax|? and that the
outcome of the measurement is the corresponding eigenvalue bg. This implies
that the state of the combined system of the object and the apparatus after
the interaction be described by the density operator

p=>_loul*la:, bi){as, bil. (1.155)
i=1

For details see the papers in [11]. The density operator {1.155) characterizes
a mixture of states {|a;, b;)} with probability {|a;|?}. However, recall from
Sect. 1.5 that a pure state remains pure under a unitary transformation. Since
the initial state of the combined system is a pure state whose evolution is
governed by unitary Schrodinger evolution operator, the state of the com-
bined system at any time will be pure. Note also that the state reduction
is an irreversible process whereas a unitary evolution is reversible. The mea-
surement postulate thus seems to be out of tune with other postulates. The
non-unitary, irreversible, evolution may, however, arise in the limit of non-
denumerably infinite number of degrees of freedom of the environment with
which a system interacts (see Chap. 8).

Quantum theory thus seems to have different laws depending upon
whether a particular process is a measurement or not. What, then, distin-
guishes an appa,rzitus from any other quantum mechanical system? Although
the quantum theory does not provide an answer to it, it is generally ac-
cepted that an apparatus is a macroscopic system. Each macroscopically dis-
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tinguishable state is a statistical mixture of several microscopic states. Hence
a macroscopic state should be described, not by a state vector, but by a den-
sity operator. However, even if it is assumed that the apparatus is initially
in a mixed state, the Schrédinger evolution still does not lead to the form
(1.155) expected of a process of measurement [11].

The cause of the measurement paradox thus seems to be rooted in linear-
ity (resulting from superposition principle) and the unitarity of the quantum
evolution. It would thus appear that by postulating a different kind of evo-
lution when a quantum system interacts with an apparatus may resolve the
paradox. Indeed, a non-linear time-evolution for object-apparatus has been
advocated by some authors [11]. However, a theory whose laws depend upon
whether or not a system is an apparatus can not be regarded as satisfactory.

Finally, it may be argued that the state reduction is not a physical pro-
cess, that the quantum theory predicts only the statistical average of many
observations and that state reduction postulate is needed to make statistical
predictions about the outcome of individual experiments. The state vector
provides just a means of calculating the statistical outcomes of the process
of measurement made on identically prepared systems. It describes an en-
semble of identically prepared systems and not any individual system. The
paradoxes discussed below indeed bring out emphatically the inadequacy of
the state vector in describing the outcome of individual measurements.

1.8.2 Schrédinger’s Cat Paradox

Following Schrédinger [16], assume that a cat is pinned up in a steel chamber.
Let there be a mechanism (details of which are unimportant for the present)
which releases a poisonous gas in the chamber when hit by a spin pointing
in the +z-direction but not if the spin points in the -z-direction. The release
of the poisonous gas is assumed to kill the cat. Let the said mechanism be
hit by a spin-1/2 whose states in the +z-directions are denoted by |+). Let
|d) denote the state of the dead cat and |I) that of the living cat. If a spin
in state |+) hits the triggering mechanism then quantum mechanics predicts
that the state of the combined system of the cat and the spin is |+, d). In any
subsequent experiment, the cat will be found dead with certainty. Similarly,
if that mechanism is hit by a spin in state |—) then the quantum mechanical
state of the combined system of the cat and the spin would be |—,{), and
in any subsequent experiment the cat will be found alive with certainty.
Those predictions agree with what is the common perception of reality or
the objective reality.

The situation is, however, different if the triggering mechanism is hit with
a spin in a superposition state, say, in the state 1/1/2(]+) — |—)). According
to quantum mechanics, the state of the combined system of the cat and the
spin would be

9= 2 (1) - 1-0). (1.156)
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This state is a superposition of the states in one of which the cat is dead and
in the other in which the cat is alive with equal probability. According to the
measurement postulate, the cat in a process of measurement will be found
dead or alive with equal probability and that no statement can be made about
the state of the cat until a measurement is performed, i.e. the state of the cat
is decided by the act of measurement. The act of measurement could be the act
of looking at the cat after the event is over. Till then, the cat remains in a state
of suspended animation! This is contrary to the objective reality according
to which the state of the cat is decided according to how the spin hits the
triggering mechanism and not by any subsequent act of measurement. The
subsequent act of measurement only ascertains that state. It would, therefore,
seem that a macroscopic object, like a cat, may not exist in a superposition
state. A state that is a superposition of macroscopic states is often referred
to as a cat state. Which quantum states should we accept as macroscopic
though may be a matter of debate. However, the coherent states (introduced
in Chap. 3) of a harmonic oscillator and those of spins are widely recognized
to be macroscopic. It is because those states are most classical; in fact the
only pure states of respective systems possessing classical properties (in the
sense explained in Chap.4). A number of models for generating coherent
superposition of field coherent states [17] and those of spin states [18] in the
context of quantum optics have been proposed.

1.8.3 EPR Paradox

Here we present experimentally important Bohm’s [19] version of the EPR
paradox [20]. It considers a maximally entangled state (1.139) of two spin-
1/2s. Now, let the two spins fly apart and let the z-component of spin 1 be
determined experimentally after it ceases to interact with the spin 2. Accord-
ing to the measurement postulate, spin 1 then collapses to an eigenstate of
its z-component. Since the combined state of the spins is given by (1.139), it
follows that if the state of spin 1 is found to be |+) (]-)) then that of spin 2
is certainly |—) ([+)). According to the measurement postulate, the state of
spin 2 in this case is reduced to an eigenstate of its z-component.

However, we can, instead, measure some other component, say, the z-
component of 1. The eigenstates |+, z) of the z-component of a spin-1/2 are
related with those of its z-component by the relation

1+, z) = \g[m + l—>]~ (1.157)

The reader may verify by expressing S, in terms of S that these are indeed
the eigenstates of S;. Invert this relation to express |4) in terms of |+, z).
Substitute the resulting expression in (1.139) to show that the state of the
spins assumes the form

0) = \/%l]—,—l—,.’l:) =+ _72:>] . ; (1.158)
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Hence, if the outcome of a measurement of the z-component of spin 1 is 1/2
(—1/2) then it follows that the spin 2 is certainly in the state |—, z) (|+, z)).
According to the measurement postulate, the state of spin 2 in this case is
reduced to an eigenstate of its z-component.

Observe that the state reduction of spin 2 in the example above is caused,
not by a measurement performed on it, but by the one performed on another
spin not interacting with it at the time of the measurement. This shows that
the process of state reduction of a spin may be controlled by the process of
measurement performed on another spin with which it interacted in the past
but with which it has no interaction at the time of measurement. Since none
of the spins knows while it interacts with the other, which of its component
is going to be measured by a subsequent act of measurement, the said con-
trolling influence by the process of measurement envisaged by the quantum
theory is non-local.

Moreover, an experiment can be performed to determine simultaneously
one component of spin 1 and the same or the other component of the spin
2. This is permissible because all the operators corresponding to one spin
commute with all the operators corresponding to the other and, according
to the quantum theory, the value of the observables whose corresponding
operators commmute can be determined simultaneously with certainty. Let
then the z-component of spin 1 and the z-component of spin 2 be measured
simultaneously. As discussed above, the knowledge of the z-component of spin
1 provides precise information about the state of that component of spin 2 as
well. However, the z-component of spin 2 is also known precisely by virtue of
the measurement performed on it. We thus know simultaneously the precise
values of two non-commuting observables. That is in contradiction with the
quantum theoretical dictum that two non-commuting observables can not
possess precise values simultaneously.

This thought experiment exemplifies a situations wherein, it is possible,
in principle, to determine with certainty the values of two non-commuting
operators simultaneously. As mentioned above, this is incompatible with the
description of a system in terms of a state vector. Therefore, EPR, [20] argue
that, the description in terms of a state vector is incomplete. According to
them, a necessary requirement for the description given by a theory to be
complete is that every element of the physical reality must have a counterpart
in the physical theory. Their criterion for determining the elements of physi-
cal reality is that if, without in any way disturbing a system, we can predict
with certainty (i.e. with probability unity) the value of a physical quantity,
then there exists an element of physical reality corresponding to this phys-
ical quantity. Since, in the example above, it is possible to determine with
certainty the values of two non-commuting components of a spin without dis-
turbing it, there is an element of physical reality corresponding to those spin
components. However, according to the description of the spin in terms of a
state vector, the values of non-commuting operators can not be determined



34 1. Basic Quantum Mechanics

simultaneously with certainty. Hence, the said elements of the physical reality
have no counterpart in the description in terms of a state vector. Such a de-
scription is, therefore, incomplete. They left open the question of whether or
not a complete description exists but concluded by saying that they believe
that it does.

An attempt in the direction of providing a complete description of a phys-
ical system is in terms of the hidden variables theory discussed next.

1.9 Local Hidden Variables Theory

The paradoxes discussed above may be resolved by assuming that in each re-
alization the system carries definitive value of all its observables distributed
among different realizations with the probability assigned by the measure-
ment postulate. This is the basic premise of the hidden variables theory. It
attributes the quantum indeterminism to some ‘hidden’ influence analogous
to that due to microscopic constituents in a macroscopic classical statistical
system. It assumes that, with a complete knowledge of those hidden variables,
the outcome of the observations can be predicted with certainty and that the
probabilistic nature of the quantum predictions is a result of our ignorance
of such variables. If it is also assumed that the measuring devices at two
different places are neither correlated with each other nor with the object
under observation then the hidden variables theory is called a local hidden
variables theory (LHVT). We do not discuss the hidden variables theory in
all its details (for a survey, see [21]) and restrict ourselves to highlighting the
implications of the LHVT only.

The incompatibility of the LHVT with the quantum theory can be seen at
the outset. For, it implies that in each realization of an experiment the system
carries definitive information about every observable whether commuting or
not. According to quantum mechanics, a definitive information about non-
commuting observables is precluded. Thus, in the hidden variables theory,
we can define joint probability distributions involving even non-commuting
observables. In the quantum theory, there is no concept of a joint probabil-
ity distribution involving non-commuting observables. Let us, nevertheless,
investigate some observable consequences of the LHVT and compare them
with the predictions of the quantum theory.

The simplest and the most widely studied system, as regards the verifiable
consequences of the LHVT are concerned, is a system of two spin-1/2 particles
in a maximally entangled state such as (1.139). For the two spins in that state,
we have in (1.144) the quantum theoretic relationship between pgs(+, +),
Db,c(+, +) and pg o(+, +) where p, b(€q, €3) is the probability that the outcome
of measurement on the component of spin 1 in the direction @ and that of
spin 2 in the direction b are, respectively, the eigenvalues €,/2 and e;/2
(€a,€s = F1). Here we derive that relationship following the local hidden
variables theory.
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To that end, let P (e,(ll),e(l),egl);egz),el()z), (2)) be the joint probability

that the spin 1 has the components measuring e M /2, el()l) /2, etV /2 along the

directions a, b, ¢ and that e; )/2 6(2)/2, ecz)/2 are the components of the spin

2 along the same directions where each of the € assumes values +1. Now, the
probability of finding two spins in the same direction, say the direction a,
may be expressed in terms of the joint probability introduced above as

Pa (€area) = Y P(ea,eb e e, el <2>), (1.159)

where the summation is over all the ¢(1)’s and the ¢®’s. If the spins are in
the state (1.139) then, by virtue of (1.143), pso(€qa;€0) = 0. Since classical
probabilities are non-negative, it follows that pa,(€q;€,) = 0 can hold only
if each of the joint probability under the summation in (1.159) is zero. On
using the same argument for the probabilities in the other two directions, it
follows that the P’s with the same sign at the same place on the two sides
of the semicolon is zero i.e.

P (e eél), e(l); €, 61()2), €£2)) =P (efll), €, egl); ef), €, ef))
=P (efll), eél), e, 65)2), e) =0. (1.160)

(1), ())

Now, note that p, »(€a ’; M ( ) el ), 1(,2),69))

is obtained from P (e L€ ;€

by summing over all the ¢’s other than e( ) and eg)

Db.c (egl), e )) and pg . (ele), 2 )) along with the use of (1.160) yields

). Similar argument for

Pap(+;+) = P(+,—,+—,+ —) + P(+ — — — ++),
Po.c(+;+) = P(+, +, — = = +)+P(—,+, =+, —+),
Pae(+;+) = P(+,+, =5 — = +) + P(+,— == +,+). (1.161)

These lead to the relation

Pab(+5+) + Do,c(+5+) — Pac(+;+)
:P(+a_a+;_a+7_)+P(_7+’_;+7_’+)' (1162)

Again, positivity of the probabilities on the right hand side of (1.162) implies
the inequality

Pap(+5+) F 0o+ +) — Dae(+;+) >0 (1.163)

known as Bell’s inequality [22]. Tts derivation given here is due to Wigner [23].
Recall that the corresponding quantum theoretic result is the equality (1.144).
That equality need not respect the inequality (1.163). A violation of (1.163)
for any choice of directions would constitute a rebuttal of LHVT.

It is not difficult to see that if, for example, the three vectors are coplanar
and g = Ope = /3, 0o = 27/3, then the value of (1.144) is —1/4 which
violates (1.163).
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It has been shown that any pure entangled state of two spin-1/2s violates
corresponding Bell’s inequality [12, 24, 25]. Similar inequalities involving four
directions have also been derived [26]. A more powerful criterion for compar-
ing the predictions of the two theories in the form of an equality is obtained
for a system of three spin-1/2s (27, 28].

Violations of Bell-type inequalities have been observed experimentally
(see the papers reprinted in [11]}. They thus establish that the LHVT can
not account for quantum correlations. In other words, the nature of quantum
indeterminism is not the same as that of a classical statistical mechanical
system.

Note that the assumptions involved in deriving the results of hidden vari-
ables theory above are locality and the positivity of the probabilities. By
lifting any one of those restrictions we can make the hidden variables theory
agree with the quantum theoretic predictions. However, relaxing the require-
ment of locality would mean that the states of the measuring devices are
correlated with the states of the object and with each other. It has the ques-
tionable feature of denying a description of isolated systems. The negative
probabilities [29] are, of course, unphysical. However, as discussed in Chap. 4,
they can be useful as calculational tools and in identifying signatures of quan-
tum effects.



2. Algebra of the Exponential Operator

The exponential operator, i.e. the exponential function of an operator, defined
in (1.19) by way of a series expansion, is of paramount interest in mathemat-
ical physics. In view of its importance, we discuss in this chapter some useful
algebraic operations involving an expounential operator. The operations dis-
cussed here are (i) the parametric differentiation of an exponential operator,
(ii) its reduction to a polynomial when the exponent is finite-dimensional, (ii)
similarity transformation, defined below, by an exponential operator, (iii) the
operation of disentangling an exponential, and (iv) evaluation of time-ordered
exponential integral.

2.1 Parametric Differentiation of the Exponential

Consider the exponential function exp(A(t)) of an operator which is a func-
tion of a scalar £. In this section we evaluate its derivative with respect to
t. To that end, use the series expansion (1.19) of the exponential and the
formula (1.40) for the derivative of A™(t) with respect to ¢ to get

%expfl 22 n+1 di()A" k(). (2.1)

nOkO

Now, (i) interchange the n and k summations in (2.1) using

n

22 nk—Eank—Zan+kk, (2.2)

k=0 k=0n=k k=0n=0

(ii) multiply and divide the resulting summand by n!k!, (iii) rewrite n!k!/(n+
k+1)! in terms of an integral using (A.18), and finally (iv) carry the sum-
mations over 1 and k to arrive at the Sneddon’s formula

4 exp[A(t)] = /0 exp[ufi]% exp[(1 — u) A]du. (2.3)

If A(t) = At then this yields the familiar c-number result

% exp(At) = Aexp(At) = exp(At)A. (2.4)
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2.2 Exponential of a Finite-Dimensional Operator

In this section we show that the exponential of an n-dimensional operator X
may be expressed as a polynomial of degree at most n—1 in X. To that end,
we recall eq.(10.24) which states that an n-dimensional operator satisfies the
equation

f[ (X - /\i) =0, (2.5)

=1

A; being the eigenvalues of X. This is a polynomial of degree n in X. Recall
also that the equation (2.5) is not necessarily the minimum polynomial equa-
tion of X. Let N < n be the degree of the minimum polynomial equation of
X. We may rewrite such an equation in the form

N-1
= Z ame. (2'6)
m=0
Here ., are known in terms of the A’s. Using (2.6), we can express the n'P

and higher powers of X as linear combinations of its powers up to N — 1.
Consequently, we may write

exp(8X) Z Cnm (2.7)
Note that
Cr(0) = dyo- (2.8)

To detrmine the unknown functions C,,(#), differentiate (2.7) with respect
to 6 to obtain

N N-1
Crn1(X™ =" C()X™. (2.9)

The dot over a quantity denotes derivative with respect to 6. Now, use (2.6)
for X and compare equal powers of X in (2.9) to arrive at the equation

Ci(8) = akCn-1(0) + Cr—1(8), C_1(6) =0, (2.10)

The set of equations generated by (2.10) for k =0,..., N — 1 determine C.
Their solution, with (2.8) as the initial condition, on substitution in (2.7)
gives the desired expression of the exponential as a polynomial.

As an example, consider a spin-1/2. Any of its component S, along a
direction a is a two-dimensional operator {n = 2) which can assume the
values £1/2. The equation (2.5) in this case reads

S8 =—. (2.11)
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It is also the minimum polynomial equation for S,. On comparing this with
(2.6) we note that ag = 1/4 and oy = 0. Since N = n = 2, the equations
(2.10) reduce to

Col6) = ;C1(6),  C1(0) = Co(0). (212

The solution of these, with the condition (2.8), on substitution in (2.7) yields
A @ g\ -
exp(#S,) = cosh (§> + 2sinh <§> Se. (2.13)

We leave it as an excersise for the reader to show that if J, is a component
of a spin-1 then

exp(8J,) = 1 + sinh(0)J, + (cosh(6) — 1)J2. (2.14)

This may be established by noting that the eigenvalues of J, are 0, +1 and
that the equation (2.5) in this case assumes the form J,(J2 — 1) = 0.

2.3 Lie Algebraic Similarity Transformations

Let S be a non-singular operator. The transformation defined by
S1AS =B (2.15)

is called the similarity transformation of A by S. By invoking the definition
of the power of an operator we see that, for a positive integer m,

[S*Aﬁ]m — §1AmS. (2.16)

As a consequence of this we note that if F' (A) is a function expandable in a
power series of A then

5P (4)§=F ($748). (217)

As an application of the similarity transform, note that if S—1 exists then
we can shuffle S to the right (left) in the product SA (AS) by means of the
relations

=(SAS™1HS5,  AS=25(5'AS) (2.18)
involving a similarity transformation.
_ Of particular interest to us is the similarity transformation (2.15) when
S = exp(P). As an important example, recall from (1.77) that if a sys-
tem is described by a time-independent hamiltonian H then the time-
evolution of an operator A is determined by the similarity transformation

A(t) = exp(iHt/h)A exp(—iHt/h). The similarity transformation by an ex-
ponential operator may be expressed as
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A(6) = exp (—013> Aexp (013>

~d-o[p, A+ [P, [P.4]) +

= i ni = exp [—Gip} A, (2.19)
~0 o .
LpA=A, LpA= [P, A},--., pA =L VP, AL (2.20)

To prove (2.19), show that A(6) obeys the differential equation (d/d8)A(8) =

—LpA(6) whose solution is evidently (2.19).

The evaluation of (2.19) is generally a formidable task unless the series
terminates at a low order. A systematic approach for its evaluation may be
developed when A and P are the elements of a Lie algebra: A linear vector
space of operators is said to constitute a Lie algebra if it is closed under the
operation of commutation, i.e. if the commutator of any two operators in the
space also lies in that space. Consider a vector space spanned by a complete
set of operators X1, - - -, X,,. This space would constitute a Lie algebra if

[X Xj} - icijkf(k, (2.21)

¢ijk being c-numbers called the structure constants of the algebra An algebra
is characterized by its structure constants. The operators X,,---, X, are
called the generators of the algebra.

Now, consider the similarity transformation

X (0) = exp (—02) X, exp (02) . (2.22)
Differentiation of this equation with respect to 8 yields

d -~ h N N N

5% (®) =exp (—92) [Xi, z] exp (92) . (2.23)

Let Z be an element of the given algebra expressible as
n
Z=>3 aX (2.24)
i=1

a; being c-numbers. Substitution of (2.24) in (2.23) and use of the commu-
tation relation (2.21) leads to a set of first order coupled ordinary linear

differential equations for {XZ(O)}

- n

420 =3 |3 csmas| % (0). (2.25)

do k=1 | j=1
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Solution of (2.25) gives X; (9) in terms of a linear combination of Xl(O), ey
X, (0)=Xy,---, X,.

In the next section we solve (2.25) explicitly for some algebras which en-
compass a number of hamiltonians of frequent occurrence in quantum optics.

2.3.1 Harmonic Oscillator Algebra

The set of operators (aT, a, N =ata, I ) obeying the commutation relations
4, '] =1, [N, a} = _a, [N, aq —af (2.26)

generates the harmonic oscillator algebra. It is so called because the hamil-
tonian of a harmonic oscillator (h.o.) coupled linearly to a driving force is
expressible as a linear combination of the elements of this algebra. The last
two commutation relations in {2.26) are consequences of the first relation
called the canonical or bosonic commutation relation. The operators a, a'
are also called boson operators. An element Zp, in this algebra is expressible
as

Zno = a18 + azd’ + asata, (2.27)
the a's being c-numbers. Consider the similarity transformation

a{f) = exp (—GZhO) dexp (92}10) . (2.28)
It is straightforward to show that

%a(e) — asa(8) + as. (2.29)
This is solved by

a(8) = exp(asf)a + Z—z [exp (as0) — 1} . (2.30)

Next we derive results for some frequently encountered special cases of (2.30).
1. Set a3 =0, 6 =1 to reduce (2.30) to
exp {— (alé + ang)} aexp { (ald + ang)} = a4+ as. (2.31)
Rearrange this to arrive at the commutation relation
[d, exp (alé + asz)] = ap exXp (alé + asz) . (2.32)

Set a; = 0 and differentiate this m times with respect to as at as = 0
to get

[a, a'™] = mai™~1. (2.33)
2. On setting a1 = az =0, as =1, (2.30) yields
exp (—0a'a) aexp (fa'a) = exp(6)a. (2.34)

The system of interest in quantum optics described by the harmonic oscillator
algebra is the electromagnetic field (see Chap. 6).
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2.3.2 The SU(2) Algebra

The Lie algebra generated by the spin operators Sy, S’y, S, obeying the com-
mutation relations (1.126) is called the SU(2) algebra. SU stands for special
unitary. This nomenclature has its origin in the group theory. However, the
group theoretic aspects of the algebras are of no relevance to us here. Follow-
ing the notation of Sect. 1.6., we denote by Sa =a-8= a,S; + ayS + azSz
the spin operator along the dlrectlon a. Use this decomposition and (1.126) to
show that the commutation relation between the components in two arbitrary
directions a and b is

[S‘a, S‘b] —i(axb) S (2.35)

Now, consider the similarity transformation

S.(0) = exp (—i9n . S) a-Sexp (i9n . S') , m-n=1. (2.36)

Differentiate this with respect to § and use (2.35) to show that

d - «
35 5(0) = (nx a)- 5(6). (2.37)

The equation satisfied by (n x a) - §(8), can similarly be found to read

% (n xa) gS(G)zeXp (—iGn-S) [n x (n x a)]-Sexp (i9n-$‘) . (2.38)

Now, use the relation a x (b x ¢) = (a - ¢)b — (a - b)c to rewrite (2.38) as

5 S5(0) = —-5.(0) + (a-n)(n- 8). (2.39)
In writing this we have made use of the fact that
exp (—i0n . S) n-Sexp (i9n . S) =n-5 (2.40)

is independent of 8. Solution of the coupled set (2.37) and (2.39) yields
exp ( —ifn - S)a - Sexp (19n . S)
= cos(f)a- 8+ (n x a)-8sin(0) + [1 — cos(d)] (n : s)(n : a). (2.41)
If n- @ = 0 then, also on invoking (2.35), the expression above reduces to
exp ( —ifn - S)a - Sexp (i0n . S)
=cos(@)a-8 —i[n-S,a-5]sin (). (2.42)
Some special cases of this are enumerated below.
1.Ifn-8§=38,,a-8=25, then
exp ( - iBS'z) 8, exp (105;) =cos(8) S, + §ysin(9). (2.43)
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S.(6) = exp (——iGS’Z) S, exp (iGS’Z) = exp(Fif)Ss. (2.44)
This may be derived by noting that dSy (8)/d8 = FiS4 ().

S.(0) = exp (—195’+) S, exp (i05’+) =3, +i05,. (2.45)

This may be derived by noting that d3,(6)/dé = iS5, . Multiply (2.45) on
the left by exp(195’+), differentiate it m times with respect to 8 at § = 0
and show that

[S.,5™] = mST .

S_(8) = exp (—105‘+) S_exp (195‘+) = 5. —2i05, +625,. (2.46)

This may be derived by showing that dS_(9)/df = —2Ai5'z (9) where S, ()
is as in (2.45). Multiply (2.46) on the left by exp(i05.), differentiate it
m times with respect to 8 at § = 0 and show that

[S_,87 = —2m87718, — m(m —1)S™7! .

The system of interest in quantum optics that is an element of SU(2) is
that of a collection of two-level atoms (see Chap. 7).

2.3.3 The SU(1,1) Algebra

The SU(1,1) algebra is generated by hermitian operators K, Ky, and K,
obeying the commutation relations

[f(z, Ky} ~ ik, [f(y, f(z} —iR,, [f(z, Kz} =iK,. (2.47)

Note that the difference between the commutation relations for SU(1,1) and
the relations (1.126) for SU(2) is in the sign of the commutator of the z
and y components. Like the case of SU(2) operators, the SU(1,1) operators
can also be thought of as components of a vector in a three dimensional
space. The space for SU(1,1) operators, however, is not the Euclidean space
of SU(2) operators. It is the so called (2+1)-dimensional Minkowski space in
which the dot and the cross products between vectors a and b are defined
by

a-b=azb; +a,b, —ab,, (2.48a)
(@xb)yi=— Y ejeab, i # 2
7. k=z,y,z
(@xb).= Y erazbi (2.48b)

Jk=z,y,z
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Here €y, is +1 (—1) for even (odd) permutation of x,y, 2; €, = 0 if any
two of the i, j, k are same. Note that the scalar product so defined does not
have the properties of the Euclidean scalar product as the "norm" a - a of
a vector @ according to (2.48a) need not be positive. Keeping in mind the
definitions (2.48a) and (2.48b) of the dot and the cross products, show that

[a-K, b K| =iaxb) K. (2.49)
By following the steps outlined above for the case of SU(2), establish also
that

exp (—i@n . K) a- Kexp (i@n . K)

= cosh(f)a - K + (n x a)sinh(8) — [cosh(8) — 1](n - a)n - K. (2.50)

It would turn out to be useful to introduce the operators

K:=K,+iK, K,=K'. (2.51)
Apply (2.47) to see that

[f{z, f{i] = +K,, [fg, f{A] = —2K,. (2.52)
Some similarity transforms involving SU (1, 1) of frequent occurrence are enu-
merated below.

1.

K(0) =exp <~19R'Z) Kiexp (iﬁkz) = exp(Fif)K+. (2.53)
This may be derived by noting that dK. (8)/df = FiK.(8).

K,(8) = exp (—iek+) K, exp (iﬁk+) — K, +i0K,. (2.54)
This may be derived by checking that dK,(8)/df = iK,.

K_(8) :exp(—iem) K_ exp(i@k+) —K_ + 20K, — 0?°K,. (2.55)
This may be derived by verifying that dK_ (8)/d6 = 2iK,(8) where K ,(8)
is as in (2.54).

The hamiltonian of interest in quantum optics that is an element of

SU(1,1) is the one that describes the process of two-photon down-conversion
(see Chap. 7).
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2.3.4 The SU(m) Algebra

The algebra SU(2) introduced above is a special case of the SU(m) algebra.
It is generated by a set of m? operators {A;;}, i,j = 1,---,m obeying the
commutation relations

[Aija Akl:\ = 5jk/iil ~8udry, i,j=1,2,---,m. (2.56)

Verify that the operator
N=>"Ay; (2.57)
i=1

commutes with all A” Hence the number of independent generators of
SU(m) is m? — 1. A similarity transformation of a generator by an arbi-
trary element of the algebra would involve solving a set of up to m? — 1
coupled equations. However, it will be seen in the next subsection that, by
using the so called bosonic representation, the number of coupled equations
required to be solved for an arbitrary similarity transformation in SU(m) is
m. As a simple example, we consider the similarity transformation generated
by a linear combination of the diagonal operators Ay

Aij (6) = exp (‘9201‘1‘11‘2‘) Ayjexp (ezaiAii> . (2.58)
=1 i=1

It is easy to verify that dA;;(8)/df = (0 — ;) A;(8) so that
Aij () = exp {8 (a; — )} Ays. (2.59)

The hamiltonian of an m-level atom interacting with classical e.m. field and
a class of optical parametric processes constitute realizations of SU(m) [30].

2.3.5 The SU(m,n) Algebra

The SU(2), SU(1,1) and SU(m) algebras introduced above are special cases
of the SU(m,n) algebra with SU(m) = SU(m,0). The group theoretic as-
pects of SU(m,n) are of no relevance to us here. For us, it is adequate to
introduce SU(m,n) in terms of what is known as its bosonic representation.
The SU(m, n) operators in this representation are bilinear combinations of

the boson operators {dk,d};;i)p,i)}:} (k=1,...,m;p=1,...,n) obeying

« [ak, a}] = b, [13,,, Bg] = by, [ak, BPJ =0, [ak, 13},] —0. (2.60)
The set of (m + n)? bilinear combinations of the form
Xjk =alae, Yoo =0ib,, Zj, = asb, (2.61)

along with their hermitjan conjugates generate SU(m,n). These operators
commute with the effective number operator
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N = i a:-rai - Zn: b;r,bp. (2.62) -
i=1 p=1

Hence the number of independent generators of SU(m,n) is (m+n)? — 1. It

should be emphasized that the representation of SU(m,n) in terms of bilinear

combinations of bosonic operators does not encompass all its representations.
Consider the similarity transformation

A(f) = exp (—HZmn> Aexp (HZmn> . (2.63)

Let Zmn be an element of SU(m,n) expressed as

= > aala;+ Y Bagblby + iji%'(;)dii’v

1,j=1 pg=1 i=1p=1
227(2) 11, (2.64)
1=1 p=1

Verify invoking the commutation relations that
S @
2
=3 ous (0~ 300
j=1
== Baby(6 Zv(” (6 (2.65)
q=1

These constitute a set of m-+n linear coupled equations. Since any element of
SU(m,n) is a bilinear combination of {&;}, {b,} and their hermitian conju-
gates, any SU(m,n) similarity transformation is determined by the solution
of m + n coupled linear equations (2.65) and the property (2.17). For a dis-
cussion of solution of (2.65) see [30]. In the following we consider its special
cases:

1. Verify that

A . N 1 .

Sy =alay, S_=alay, S, = §(a1a1 — aldy) (2.66)
obey the commutation relations (1.128) of SU(2). Consider the similarity
transformation

d:(8) = exp (1922) i exp (—1922) , (2.67)

Zy =wiala, + waddds + Erdlay + €_ala (2.68)

On differentiating (2.67) with respect to 6 we find that a@,(0) and a»(6)
obey the coupled equations
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lémwymmmw+@@@,
1 282(0) = wain(6) + £-2(6). (2.69)

These are easily solvable. Their solution may be used in conjunction with
(2.66) and (2.17) to find similarity transformation of any SU(2) operator.
In particular, for w; = we = 0, (2.69) are solved by

0) = cos (\/@9) a; — i\/ism (\/QLTB) as,
#) = cos (\/@9) as — i\/é—zsin (\/@9) ai. (2.70)

. Verify that
N R N - n 1 N
K+:JN,K_:M,5;:§mM+Nb+U (2.71)

obey the commutation relations (2.52) of SU(1,1). Consider the similar-
ity transformation

A(B) = exp (19211) Aexp (*19211) s (272)
Z11 = wadla + wpbTh + £.atbT + £_ba. (2.73)
It is straightforward to show that
d
i35 (0) = waa(® )+ £,.61(6),
l%mwz—%ww—gaw (2.74)

These are easily solvable. Their solution may be used in conjunction
with (2.71) and (2.17) to find similarity transformation of any SU(1,1)
operator. In particular, for w, = wy = 0, (2.74) are solved by .

#) = cosh (\/@9) a— i\/giisinh (\/§_+§—_—9) b,
b1 (8) = cosh (\/@9) b+ i\/gsinh (\/@9) a. (2.75)

. Verify that the SU(1,1) commutation relations (2.52) are obeyed also by
the bilinear combinations’
2 22
. a - a - 1, ..
K+ = -, K_ :?, Kz=§(afa+1/2) (276)
of a boson operator with itself. Consider the similarity transformation
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A(B) = exp (iGZ) Aexp (-192) , (2.77)
7 =wpata + 5; f2 4 52 a2, (2.78)
It then follows that
i93(0) = wa0) + £,1(6),
de
id%af(a) — —waa(8) — £_a(6). (2.79)

These are easily solvable. Their solution for w, = 0 reads

8) = cosh (@6) a— i\/giisinh <\/§T+£—_6) al. (2.80)

The hamiltonians of a variety of important optical parametric processes
are realizations of the elements of SU(m,n) [30].

2.4 Disentangling an Exponential

By disentangling an exponential we mean expressing the exponeuntial of a
sum of operators in terms of a product of the exponentials of operators. If A
and B are given operators then the problem of disentanglement consists in
finding operators Cy,Cy, - - - such that

exp [A n B} = exp (A) exp (B) exp (Cl) exp (@) o (2.81)

The C,, are combinations of repeated commutator of A and B (see [31] for
details). The expansion (2.81) in general involves an infinite number of C?,s.
Finding analytical expression for the CA';LS is generally a formidable task. How-
ever, as elaborated below, the number of C?,s is finite if A and B are elements
of a finite-dimensional Lie algebra.

Consider a Lie algebra generated by X1, Xp. Let

exp lOZain} = exp {fl (O)Xl] -+ exp [fn(G)Xn] . (2.82)
Note that
£40) = 0. (2.83)

Now, differentiate (2.82) with respect to § and multiply the resulting ex-
pression on the right with the inverse of (2.82) (constructed using (1.26)) to
get
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E:cn o= 10X+ f0)exp [£1(0) %] Koexp [~ O] + -

+ fn(G){ exp [ fl(e))”(l] . exp [ fn_l(e)f(n_l] X,
X exp [— fn_l(e)f(n_l} - exp [- fl(G)f(l] } (2.84)

On carrying the similarity transformations, the right hand side of this equa-
tion reduces to a linear combination of the X/s. A comparison of the coeffi-
cients of the )A(l’ s in the resulting equation then leads to differential equations
for the {fi(8)}. The equations so obtained are, in general, non-linear. Their
solution determines {f;(9)}.

We follow the general procedure outlined here to the algebras introduced
in previous sections.

2.4.1 The Harmonic Oscillator Algebra

Let @, a' be the boson operators and let
exp [0 {a1a + azd’a + ag&T}]
= exp [f1(0)a'] exp [f2(8)a'a] exp [£2(6)a] exp [fa] - (2.85)
The procedure outlined above alongwith the results of Sect.2.3.1 yield
f1 - f1f:2 = a3, fo=az fz=o1exp(fs)
fi— fifsexp(—f2) = 0. (2.86)

The solution of these equations reads

ﬁ=%®m@ﬁfﬂ, f2 = asf,
fs= sl (ash) =), fa= Tt fexp(anf) —enf~ 1] (287)
s

In particular, for as = 0, 8 = 1, it follows by substituting (2.87) in (2.85)
that

exp [ald + agéf] = exp [ang] exp [a1a] exp Balag]

1
= exp [@18] exp [agéT] exp [—ialag] . (2.88)

The last line above is obtained by invoking (2.18), (2.17) and (2.31).

In many applications, we need to expand a function F(a!,a) in powers of
a and a' such that all the & operators lie on the right of all the a' operators.
Such an expansion is called normally ordered expansion. The expansion of
F(al,a) is said to be antinormally ordered if all the & operators appear on
the right of all the @ operators. Note that the first line of (2.88) is in normal
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ordered form whereas the second line there is its antinormally ordered form.
Next we derive those forms for the exponential of ata. To that end, let

exp [fa'a] = > %@zﬂmam, (2.89)
m=0 ’

where () is an unknown function. To find that function, differentiate (2.89)
with respect to 6 to get

dx(G) - xm(a)ATm+1Am+1
¥ > —atm (2.90)

a'aexp [faa] =

Now, (i) rewrite the exponential on the left hand side using the series expan-
sion (2.89), (ii) use (2.33) to write aa'™ = a'™a+maf™ =1, and (iii) compare
the coefficients of a1 *1a™+1 to arrive at

dz(6)

= 1. .
a0 z(0) + (2.91)
Its solution for z(0) = 0 reads
z(0) = exp(d) — 1. (2.92)
On substituting this in (2.89) we get
& (exp(®) = VT
exp [fa'a] = ZO - a'mam. (2.93)

The antinormal form of the exponential of a'a may be derived by starting
with the expansion

exp [faa'] Z Y (9 amal™. (2.94)

Follow the steps outlined above for determining the normal ordered form of
the exponential of a'a and show that

exp [Ode] = exp(—0) Z g——-e—)?;s_—o)ﬁdmﬁm. (2.95)
m=0 ’

2.4.2 The SU(2) Algebra
Let the exponential of an element of SU(2) be disentangled in the form
exp [19 {a+S+ Y a8 +a b }]
= exp (f1 ()84 ) exp (£:(0 ) p(£-©)3-)
exp (6-(6)5-) exp (~#:(6)8: ) exp (64 0)Ss) - (2.96)
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We outline below a derivation of the first equation above. The second equation
follows by noting that the disentangling relation is a consequence of only the
commutation relations and that if Si — S;F then the commutation relations
of (S5,—S.) are the same as those of (54, S,). Hence ¢1 ,(ay,a_,a;) =
f:li,z(a—va+7 )

By following the procedure outlined in the beginning of this section we
obtain non-linear differential equations

Fr = frfe = fif-expl-f.] = iay, (2.97a)
o+ 2f1f-exp[-f.] = ia, (2.97b)
f_exp[-f.] =ia_. (2.97¢)
Substitution of (2.97c) in (2.97a) and (2.97b) gives

fr—fef—ifio_ =iay, (2.982)
fo+2ifra. = ia,. (2.98b)

Elimination of f, between these equations leads to the Riccati equation
ify +a.fr —a_fi+a.=0. (2.99)

Follow the standard method for solving a Riccati equation or verify by direct
substitution that (2.99), with f,(0) = 0, is solved by

iy sin(110)

= O+ 2.100
I+ I cos(I'6) — io, sin(I0) /2T, (2.100)

a2
I’ =oa,0_+ = (2.101)

The function f, can now be determined by combining (2.100) and (2.98b).
The solution of the resulting equation yields

fo = —21n |cos(I16) — i~ sin(I10)] . (2.102)
o

The expression for f_, obtained by combining (2.102) and (2.97¢), reads

i sin{I16)
= . 2.103
f I cos(I0) —ia, sin{I10)/21 ( )

2.4.3 SU(1,1) Algebra
Let the exponential of an element of SU(1,1) be disentangled in the form
exp [0{a+ﬁ'+ + oK, + a_f{w}]
= expl¢+ (0)K 4] exp[. (0) K] exp[p_ (0)K_]. (2.104)

The procedure outlined in the beginning of this section leads to following
non-linear differential equations for unknown functions ¢ (6), ¢.(6):
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b1 — ¢10: + O5 G exp[—¢
¢ “2¢+¢ exp[ ¢z]—a7.7
¢

b exp[—¢,] = a_. (2.105)
Following the method outlined in the last subsection we find that
(].54, - qﬁia_ — ¢+a2 — Q4 = 0. (2106)

The solution of this equation and its use in solving the equations for ¢, and
¢ yields
by = oy sinh(I26)
T cosh(Ib0) — a, sinh(I0)/21%°

¢, = —2In |cosh(I28) - —= sinh(I30)]
20
b = a- sinh(1»0) (2.107)

I cosh(I%0) — «, sinh(I%0)/215’

o2
3= 741 —aga_. (2.108)

2.5 Time-Ordered Exponential Integral

We have seen in the last chapter that the study of the motion of a quantum
system governed by a time-dependent hamiltonian requires evaluation of a
time-ordered exponential integral. If X1, X, generate a Lie algebra then
we may write

T exp l/o dr ; ai(T)fQ}
= exp (fl(t)X1> -+ -exp (fn(t)Xn> . (2.109)

On differentiating this with respect to ¢t and on multiplying the resulting
expression on the right by the inverse of (2.109) (constructed using (1.26)) we
arrive essentially at the equation (2.84) (with 8 there identified for the present
as t) except that whereas the the «fs appearing there are independent of the
differentiation parameter 6, they are now dependent on the differentiation
parameter t. Explicit results for some algebras of interest are derived below.

2.5.1 Harmonic Oscillator Algebra

In this case, let
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‘Texpl:/ dr {a1(r)a + az(r)ala + as(r)al}

=exp [f1(t)a'] exp [fa(t)ala] exp [f3(t)a] exp[fa(t)]. (2.110)

As argued above, the f;(¢)’s are determined by solving (2.86) but the a;(t)’s
appearing there are now time-dependent. The solution of those equations is,
therefore, no longer given by (2.87). It may be shown that the solution of
(2.86) for time-dependent «;(t)’s is

Alt) = /0 th/exp[ / tag(f)dT]ag(T'), Falt) = /0 t as(r)dr,

1

fd(t):/o al(T)exp[fg( dT f4 /fl (11 (2111)

These may be evaluated for the a(t)’s for the problem at hand. The expres-
sions (2.111), of course, reduce to (2.87) if the als are time-independent.

2.5.2 SU(2) Algebra

Let the time-ordered integral involving an element of SU(2) be expressed as

‘Texp {i/t dT{a+(T)§+ + o, (1)8, + a,(T)S’_H

= exp [f+ S+] exp [ ] exp [f_( )S’-] . (2.112)
(t

The equations obeyed by fu(¢) and f,(t) are the same as (2.97a)-(2.97¢) but
with time-dependent a;(t)'s. However, note that the steps leading to (2.99)
are not influenced by the time-dependence of the a’s. Hence fi even in the
present circumstance obeys (2.99) but now with time-dependent coefficients.
That equation can not be solved in general. It can be handled analytically or
numerically depending on the a(t)'s for the problem at hand.

2.5.3 The SU(1,1) Algebra

Let the time-ordered integral of the exponential of an element of SU(1,1) be
expressed as

‘Texp [i /t dT{a+(T)K'+ +a, (1)K, + a_(t)R',}]

= exp |9+ (VK| exp [: (K| exp [p- (DK _]. (2.113)

The ¢4 (t),¢.(t) obey (2.105) but the o;(t)’s are now time-dependent. The
¢4, however, still obeys (2.106) which can not be solved analytically for
general time-dependence of the a;(t)’s. It can be handled analytically or
numerically depending on the a(t)’s for the problem at hand.






3. Representations of Some Lie Algebras

Comparison of the quantum theory with experiments is made by evaluating
expectation values of observables. Evaluation of expectation values is carried
in a c-number representation of the vector space of the states of the system
by choosing a suitable basis. A basis that immediately suggests itself for in-
vestigating time-evolution of a system is the one spanned by the eigenvectors
of the hamiltonian governing its motion. As has been pointed out in the last
chapter, hamiltonians encountered frequently in quantum optics can be clas-
sified as elements of the Lie algebras or of their direct products. Hence, the
problem of representation of a quantum optical system in terms of the eigen-
vectors of its hamiltonian reduces to that of finding eigenvectors of hermitian
elements of the Lie algebras introduced in the last chapter. However, it will
be seen that there are other bases which prove to be of not only mathematical
interest but also of importance in understanding various physics aspects.

In this chapter we address the question of constructing representations of
some Lie algebras of interest in quantum optics.

3.1 Representation by Eigenvectors
and Group Parameters

The bases of a Lie algebra may be classified as (i) the bases constituted by
the eigenvectors of the elements of the algebra, (ii) the bases labeled by the
parameters characterizing the associated group to be defined in the sequel.

3.1.1 Bases Constituted by Eigenvectors

The most convenient bases are, of course, the ones formed by complete sets of
orthonormal vectors. Since the eigenvectors of a hermitian operator constitute
a complete orthonormal set of vectors, a way of constructing an orthonormal
basis of an algebra is in terms of the eigenvectors of a hermitian generator of
the algebra. Consider the eigenvalue equation

XAy =AY, X =Xt (3.1)

for a hermitian element X in the algebra. The set of its eigenvectors {IA)}
constitutes an orthonormal basis. We can construct different eigenbases by
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solving (3.1} for different X in the algebra. However, not all the sets so
obtained are inequivalent in the sense discussed below.
On operating (3.1) with a unitary operator U it follows that

(UXUT) U = AT|A). (3.2)

From this we infer that U|A) is an eigenvector of the hermitian operator
UXUT with the same eigenvalue A. Now, let U be given by

U ({a}) = exp Za] , f(j:f(}, (3.3)

where {a} = (a1, ...,a,) is a set of real constants and {X;} are the genera-
tors of the given algebra. It is not difficult to show that the set of all U7 ({a}),
parameterized by the set of real numbers {«}, constitute a group. It is called
the Lie group associated with the given Lie algebra. In particular, we note
the group property

U({a})U({a'}) - U({a” (a, a')}) (3.4)

where o (@, @) is a function of & and o’. The relation (3.4) states that the
product of two group elements is also an element of the group.

Let us now reexamine (3.1) and (3.2). The operator U ({a}) XUt ({a})
n (3.2), being a similarity transform of X belongs, as discussed in Chap. 2,
to the algebra of X. The operators X and U ({a}) XUT ({a}), related by
a unitary transformation in the associated group, are said to be wunitarily
equivalent. Their corresponding eigenstates {|A)} and {U|)\)} constitute uni-
tarily equivalent representations. Unitarily inequivalent bases are constructed
by solving the eigenvalue problem for unitarily inequivalent generators of the
algebra.

Another instructive way of representing an algebra, discussed next, is in
terms of the bases labeled by the group parameters {a}.

3.1.2 Bases Labeled by Group Parameters

Let |t0) be a vector in the space in which the elements of the Lie algebra
generated by {X;} act. We show that the states

o ({a})) = exp Zag i| o) = U ({a}) Io), X5 = X], (3.5)

j=1
constitute a complete set as a function of {«}. To that end, consider the
operator '

A= / du({a}lpo ({a}))(vo ({a}) | (3.6)
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Here du({a}) is an invariant measure on the parameter space of the group [32].
Now, (i) rewrite |1 ({@})) in (3.6) as in (3.5), (ii) carry the similarity trans-
formation of the resulting expression by U({«'}), and (iii) use (3.4) to arrive
at

0((a'}) a0 (o)) = [ utten (1" ab o))
xO) O ({o" ({ah{a'D)]. 6D

Next, transform the variables {a} of integration in this to new variables
{a”’}. On using the fact that the measure is an invariant of the group, i.e.
dp({a}) = du({a’'}), the integral in (3.7) reduces to the one in (3.6), so that

U({a}) AU ({a}) = 4, (3.8)
ie. [U {e}), A} = 0. Since U({a}) is an arbitrary element of an irreducible

representation of the group, it follows from the Schur’s Lemma that A must
be a constant multiple of unity, i.e. A = cI where ¢ is a constant to be
determined. This constant is fixed by taking the expectation value of (3.6)
(with A = ¢I) in a state |#) so that

c= /dp({a})\@iwo{aw\

On redefining the measure by suitably scaling it by the constant ¢, emerges
the completeness relation

/ du({a})ola}) (Wola}| = I, (3.10)

for the states [Yo{a}) parameterized by {«a}.

However, not all the o’s need be essential for characterizing the state
lo{a}). For, if the fiducial state |1} is an eigenstate of some of the genera-
tors, say, Xm, Xm+ 1,- - - then those generators must commute and thus form
a subalgebra, say, h. The group generated by the operators in h is called
the stability group or stationary group of |1p). The transformation U ({a})
can then be written as a product of the stability transformation and the
transformation generated by the elements not belonging to h. The stability
transformation, acting on i), gives rise to only a phase factor. Hence the
variables q,,, Gm41.. associated with those transformations do not play any
essential role. The states (3.5), without those operators in U({a}) of which
o) is an eigenstate, are called the Perelomouv coherent states or the gen-
eralized coherent states [33]. Note also that, by virtue of the group property
(3.4), the action of a group element on the coherent state results in another
coherent state.

Using the resolution of identity, (3.10), any state |¥) can be expanded in
terms of the generalized coherent states as

2

(3.9)
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) = /du({a})lwo ({eh) o ({a}) [@). (3.11)

The function (¢ ({@}) |&) provides a representation of the state |&) in terms
of the generalized coherent states. The set of generalized coherent states is,
in fact, overcomplete in the sense that it contains subsets which are complete
(see |34] for details).

Perelomov’s definition generalizes the concept of coherent states. The con-
cept that it seeks to generalize is, in fact, of the Glauber coherent states (see
Sect. 3.2) introduced by Glauber [35] as those states of the electromagnetic
field which give maximum contrast in a two-slit interference pattern (see
Chap. 6). These states and their generalizations have since played a signifi-
cant role in diverse fields [34, 36]. The guiding characteristics for identifying
similar states of other systems are that (i) the Glauber coherent state |a) is
labeled by a continuously varying parameter «, (ii) the scalar product (3|a)
is continuous as a function of the labels of the states, (iii) the set of states
|} is complete, (iv) {a) is an eigenstate of the harmonic oscillator (h.o.) an-
nihilation operator (see (3.24)), (v) it is generated by the h.o. unitary group
transformation on the vacuum state (see (3.27)) and, (vi) it is an uncorre-
lated equal variance minimum uncertainty state (UEVMUS)(as defined circa
(1.69)) of (. ).

The features (i)-(iii) characterize a coherent state of any system. Accord-
ingly, minimum requirements for a state |{z}) of any system to be called
a coherent state are that {z} be a set of continuously varying parameter;
{{z'}|{z}) be continuous as a function of the labels of the states and; the
set, of states |{z}) as a function of {2z} should be complete. While there may
be more than one set of states with these features, the tag ’coherent’ can be
pinned only to a set possessing some specified properties. For example, as we
will see in Sect. 3.2, there are more than one complete sets of continuously
labeled h.o. states but the name coherent is given to the set of states in which
the two-slit interference pattern exhibits maximum contrast. However, in the
absence of a knowledge of any similar property for other systems, the prop-
erties defining the coherent states has been a debatable issue. In the case of
systems describable by the hamiltonians belonging to one or the other Lie
algebra, the definition of coherent states is extended by generalizing to other
systems one or the other methods (iv)-(vi) of construction of the Glauber
coherent states. Those methods, though equivalent for constructing h.o. co-
herent states, are not so for other systems. For an extension of the concept
of coherent states to a general one-dimensional potential, see [37]. In the
following we restrict our attention to the coherent states of the Lie groups.

The generalization based on (iv) consists in defining a coherent state as an
eigenstate of an annihilation operator of the algebra. This approach, however,
is restrictive as not all the algebras contain an operator whose eigenvalue
problem is solved by continuously labeled states. As an example, note that
the only solution of the eigenvalue equation S_[¢) = 0 of the SU(2) algebra is
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) = |8, —S) (see Sect. 3.3 for the notation). On the other hand, as we will see
in Sect. 3.4, the SU(1,1) annihilation operator K_ does admit continuously
labeled eigenstates. However, as discussed in that section, those solutions do
not possess analog of the group property (v).

Perelomov’s definition of a coherent state, as given above, is clearly a
generalization of the property (v). It holds for any algebra but ignores (vi).

The property (vi) contains in it the essential physics of the coherent states.
For, the notion of minimum uncertainty states is associated with the states
in which a system behaves closest to its classical counterpart. Search for such
states dates back to the early days of quantum mechanics. Schrodinger [38]
labeled the states whose wave-packets do not spread in time under the h.o.
potential as the most classical states of the h.o. Those are nothing but the
Glauber coherent states. The coherent states of the systems described by the
Lie algebras and possessing the property analogous to (vi) may be constructed
by restricting the choice of the fiducial state in Perelomov’s definition to
minimum uncertainty states of the operators in the algebra in a way described
below (see also [39]-[41]). This approach unifies the properties (iv)-(vi) of the
h.o. coherent states.

In view of preceding delibrationns, let 1) in (3.5) be a minimum uncer-
tainty state of a pair of non-commuting hermitian generators, say, X1, X5 in
the given algebra. Recall from (1.66) that a minimum uncertainty state 1o}
of Xl, Xg solves

|:X1 + i)\X2] |%o) = z[to).- (3-12;

It is straightforward to verify by operating (3.12) by U ({a}) that the gen-
eralized coherent state (3.5) is a minimum uncertainty state of the pair
U ({a}) X101 ({a}), U ({a}) X2Ut ({a}). The coherent states (3.5) obtained
with |1o) as a solution of (3.12) may, therefore, be called minimum uncer-
tainty coherent states (MUCS). Recall from discussion circa (1.69) that if
A= =41 then X’l, Xg are uncorrelated and their variances AXl2 and AX22 are
equal. The MUCS corresponding to A = +1 may, therefore, be named uncor-
related equal variance minimum uncertainty coherent states (UEVMUCS).
We can thus construct different sets of MUCS by choosing the minimum
uncertainty states corresponding to different pairs of non-commuting gen-
erators as the fiducial states. However, not all such sets are unitarily in-
equivalent. For, as remarked above, if |1o) is a minimum uncertainty state
of the pair gX’l, X’z) then Ulyo) is a minimum uncertainty state of the
pair (f]X'J? , 0X2Uf). Thus the set of MUCS obtained by choosing the
minimum uncertainty states of a pair of generators (X' 1 Xg) as the fiducial

state is unitarily equivalent to that constructed by choosing the minimum un-
certainty states of the pair of generators (UX,UT, UX,U f) as the fiducial

state. Hence, a pair of generators (X' 1, X2) is said to be unitarily equivalent
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to another pair ()AQ, X j) if there exists a unitary transformation U in the
associated group such that (Xl, Xg) = (ﬁf(ﬂﬁ, U)Zﬂﬁ), ie. if X; and
X ; are unitarily equivalent, respectively, to X; and X, by the same unitary
transformation in the associated group. A complete set of MUCS of a given
algebra consists of all unitarily inequivalent MUCS.

In the following we construct inequivalent representations of some algebras
of interest in quantum optics.

3.2 Representations of Harmonic Oscillator Algebra

Recall from Chap. 2 that the harmonic oscillator algebra is generated by the
operators {a,af,ata, It obeying the commutation relations (2.26). Let

Q:%(&%—éﬂ), p:%(a*-a), [4,p] = i. (3.13)
The set (4, p, a'a, I) constitutes hermitian generators of the h.o. algebra. Now,
by inspecting (2.30) it may be verified that there does not exist any h.o. group
transformation that can transform any linear combination of (¢, p) to é'a. The
set (4,p) and the operator a'a are therefore unitarily inequivalent. Bearing
this in mind we construct below the orthonormal bases and the MUCS of the
harmonic oscillator algebra.

3.2.1 Orthonormal Bases

As a consequence of the observation above, this algebra admits two sets of
unitarily inequivalent bases: one formed by the eigenstates of a'a and the
other by the eigenstates of § or of p.

Eigenstates of afa. Recall that the eigenstates |n) of 474, called the number
or Fock states, are such that

ataln)y =nln), n=0,12,... (3.14)

The completeness and orthonormality relations for these states are
dolnynl=1,  (mln) = bmn- (3.15)
n=0

Using the commutation relations, it is straightforward to show that
djn) = v/njn — 1), afln) = vVn+ 1jn + 1). (3.16)

These, on repeated application, yield

{(m+n)!
n!

!
i) = 4| ———ln—m),  &"™n) =

=) In+m). (3.17)
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The operator @ (a') thus lowers (raises) the number state and is, therefore,
called lowering or annihilation (raising or creation) operator. Note that

aj0) = 0. (3.18)

The state |0) is called the vacuum state.

In applications, it is at times useful to know the expression of the product
|m)(n| in terms of the h.o. operators. We derive the desired expression first
for |0)(0|. To that end, invoke (1.35) to note that

Jim exp (~gala) = Jim Zexp —Bm) ) (m|

= yo><0|. (3.19)

Now, express the exponential operator above in the normal ordered form
using (2.93) so that

- ( )m m ~tmm

[0){0] = 61;[1;0 — (1—-exp(—B))"a'"a
=0
= i (;n),m atma™. (3.20)

This expresses |0) (0] in terms of normally-ordered h.o. operators. Now, (3.17)
implies that )

1 ~tm ~n
[m)(n| = maT |0Y{0]a™. (3.21)

Combination of this with (3.20) expresses |m){(n| in terms of normally ordered
product of the h.o. operators.

Eigenstates of §. The other set of unitarily inequivalent orthonormal basis
is fornied, as stated above, by the eigenstates of ¢ or of . The eigenstates of
g follow as a special case of the eigenvalue equation (3.42) solved in the next
subsection.

3.2.2 Minimum Uncertainty Coherent States

The inequivalent pairs of generators of inequivalent sets of minimum un-
certainty states of harmonic oscillator are evidently (4,p), and (§,aa) (or
(p,ata)). The corresponding minimum uncertainty states are constructed as
follows.

MUCS for the Pair (g,p). The MUCS for the pair (¢,p) are given by
substituting for [¢) in

[{B}) = exp [—i{Brata + Bza + B2a' }] [¥), (Bi real) (3.22)
the solution |A, ) of the equation for the MUS of §, p:
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[G+ 1)) |A, ) = aV2|), @) (3.23)

and by dropping from the exponent in (3.22) the operators of which |\, @)
is an eigenstate. We construct first the UEVMUS corresponding to A = 1.
On invoking the definition (3.13), (3.23) for A = 1 reduces to the eigenvalue
equation (Ja) = |1, a))

ala) = ala) (3.24)
for the h.o. annihilation operator. Using (2.31), this may be rewritten as

D(a)aD(a)]a) = 0. (3.25)
where the unitary displacement operator D(a) is defined by

D(a) = exp(ad! — a*a). (3.26)
On comparing (3.25) with (3.18), it follows that DT(a)]a) = |0) i.e.

la) = D(a)[0). (3.27)

Note that |a) has the structure of a Perelomov coherent state, for, it is ex-
pressible as a result of transforination of a state, in this case the vacuum state
|0), by the operator D(a) which is a unitary group element, not containing
the generator a'a of which |0) is an eigenstate. The substitution of (3.27) in
(3.22) leads to, by virtue of the group property, the state of the same form.

The UEVMUCS (3.27) is the so called Glauber or h.o. coherent state.
On disentangling the exponential in the normal ordered form by employing
(2.88), and on using (3.17), (3.27) leads to the expansion

|a) = exp (~[a[2/2) 7; ﬁ[m), (3.28)

of the coherent state in terms of the number states. The expression (3.10) for

the resolution of unity in this case assumes the form
1
= /d2a|a>(a| =1 (3.29)
™

Here the integration extends over the whole complex plane. This result may
be verified (i) by using in its left hand side the expansion (3.28), (ii) on
carrying the integration using (A.25), and (iii) on invoking the completeness
of the number states. A useful expression for the trace of an operator A is
obtained by operating (3.29) with A and carrying the operation of trace. On
applying (1.30), we find that

Tr(A) = / a2a(a|Ala). (3.30)

Note that, by virtue of the definition (3.24),
(ala!™a"|a) = a*™a™. (3.31)

Hence, if it is given that
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(aldla) =) empa™™a™ (3.32)

m,mn
then the operator form of A would read

A= Z Cmna!™a". (3.33)
m,n

Now, as a consequence of (3.29), any state [¢) in the space of the h.o.
may be expressed as

9) =1 / o) (aly). (3.34)

The complex number (x|t} represents |1) in the basis of the coherent states.
On using (3.28) for |a), we see that

(@) = exp (~|af*/2) Z \/— (mly) = exp (—|af?/2) ¥(a*).  (3.35)

The factor exp (—|a|?/2) is only a normalization factor. The state |¢) may
thus be represented by the function ¥(a*):

P(a®) = (al), lo)= ﬁhﬂ)- (3.36)

This implies that

1 4am

(m|y) = \/—dzmw( z) (3.37)

2z=0

Now, on taking the matrix element of (3.29) in the states |¢) and |¢), the
scalar product between the states may be expressed as

0l0) = = [ Ealdlaaly) = - [ daexp(~lal) oloila’). (339

This shows that })) is normalizable if

1

;/ Lo exp (—|af?) () < oo. (3.39)
By using the definition (3.36) of |a), show that

(ala! = a*(al, (oa = d (af. (3.40)

do*
Accordingly, if @ (dT, d) is a function of the h.o. operators then
MK DV
(al (a1, 8) [4) = (a o) @) (3.41)

Note that this requires the existence of all derivatives of ¢/(a*). That is en-
sured by the requirement that 1»(a*) be an entire function. Thus, in the basis
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of the coherent states, a state vector is represented by an entire function,
normalizable in the sense of (3.39). The action of an operator on a vector is
represented as a differential operator on the corresponding function. This is
known as the function-space or Bargmann representation [42].

We have thus constructed the UEVMUCS by using the solution of (3.23)
for A = 1. We will see that the UEVMUCS corresponding to A = —1 do not
exist.

Next, we construct the minimuin uncertainty coherent states of a har-
monic oscillator corresponding to the solution of (3.23) for A # 1. That
equation, rewritten in terms of a, a' (by suitably redefining 3) reads

[(L+Na + (1 - Xal] 1A 8) = V281, 8). (3.42)
On applying (3.41), (3.42) assumes the form

(1+ /\)% +(1-— /\)z] (2*|\, 8) = V28(2*|A, B). (3.43)

This is evidently solved by

1A fﬁ

2(1+ /\) 1+ r° (3.44)

(2"|A, B) = Dexp [
with D as the normalization constant. Now, apply (A.29) to show that
(2*|A, B) would satisfy the normalizability condition (3.39) if

Re()) > 0. (3.45)

This implies in particular that (3.42) does not admit normalizabte solution
if A = —1, ie. &' does not admit normalizable right eigenvectors. If (3.45)
holds then an application of (A.29) shows that

1= [ oo

Eo s e 187/ 37)

xexp [(=8%(1 — A")/{2(1+ (A +A")}) +ecl. (3.46)

This determines the constant D. Now, by using (A.33), (3.44) may be ex-
pressed in terms of the Hermite polynomials as

Z*|\, B) = Z il ( H’\/\))m/z Hpn, (ﬁ%) (3.47)

On combining this with (3.37) it follows that the MUCS satisfying (3.42) is
given in the number state representation by

= |DJ?
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This is normalizable, of course, only if (3.45) holds.

Let us now examine the case Re(A) = 0 which separates the admissible
and inadmissible regions. For the sake of illustration, we let A = i and evaluate
(AF'|A, B) using (3.38). Write the integration variable « as z + iy and carry
out the integration over x to obtain

0GB ~ [ ayexp [Vas - 5], (3.49)

Now, if the 3’s are complex then (3.49) diverges whereas it reduces to a delta
function if the 8’s are real. Hence, the solution of (3.42) is (delta-function)
normalizable for Re(A) = 0 if 3 is real. That is, of course, as it should be
because for Re(A) = 0, the eigenvalue equation (3.42) becomes an equation
for a hermitian operator whose eigenvalues ought to be real.

An instructive form of the solution of (3.42) is obtained by rewriting it as

a(§)l&; ) = al, o), &= exp(ig)[], (3.50)

a(¢) = cosh(|¢))a + exp(ig) sinh(|¢])a’. (3.51)
On comparing the forms (3.50) and (3.42) we note that

1+MA+ M)

cosh(|¢|) = 20 F %)
exp(ig) sinh(|¢]) = (1 — /\)\/2(1 il/\ﬁ(:\\z A*)’
w3 (14 A%) (3.52)

(14+ M)A+ A1)
By employing (2.80), (3.50) may be rewritten as

a8'(€)l¢. o) = aST ()¢, @) (3.53)
where 5’({), called the squeezing operator, is defined by

S(¢) = exp B (€*a® - {aﬁ)] . (3.54)
Comparison of (3.53) and (3.24) implies that
€, @) = 8(&)la) = 5(¢) D(w)|0). (3.55)

Note that $(€) is an element, not of the h.o., but of the SU(1,1) group. The
meaning of the term squeezing is clarified below. For a detailed discussion
of the properties of these states and the quantum optical processes for their
generation, see [43, 44].

It is instructive to examine the probability p,, that the state |¢,a) has
excitation number m:
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Pm = |(ml€, @)%, (3.56)

This may be evaluated by using (3.48) and the relations (3.52) between (A, 8)
and (§,a). In Fig.3.1 we have plotted p,, as a function of m for @ = 6,
sinh(]¢]) = 3.5. Notice the oscillatory behaviour of p,,. We compare it with

0.1 .

0.08
0.06 |-
0.04 |

0.02|

0 5040 60 m 80 100" 3140

Fig. 3.1. Plot of pm as a function of m for the oscillator in the squeezed state (3.55)
with sinh(J¢€]) = 3.5, & = 6 (solid curve). Long dashed curve is for the coherent state
with a = 6. Short dashed curve is for the thermal state with 7 = 36.

Pm = |(m|a)|? in the coherent state and with p,, = (m|pw|m) in the state of
the oscillator in equilibrium with a bath at temperature T' described by

pon = exp(—pata)/Trlexp(—Bata)], B = hwo/knT, (3.57)

kg being the Boltzmann constant and wp the frequency of the oscillator. We
also define
. n

exp(—0) Arl

Long dashes in the Fig. 3.1 are for the coherent state |a) with c = 6 whereas
small dashes are for the thermal state corresponding to # = 36. The p,, for
the coherent state is a Poissonian centered at |a|? = 36. The p,, is a mono-
tonically decreasing function for the thermal state. The oscillatory behaviour
of p,, for the squeezed state is a signature of its non-classicality [45] in the
sense explained in Chap. 4.

The operator averages in state |£, @) may be found by noting that

(&, a|F(a,a")¢, @) = (elST(€)F(a,a")3(¢)|a)
= (a|F(a(¢), ! (©))la), (3.59)

(3.58)
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the a(¢) being given by (3.51) with £ — —£. The matrix element in the last
line above may be evaluated by expressing F' in normal-ordered form in &, at.
For example, the average occupation number in the state |£, a) is

(a'a) = (a] {cosh(|¢|)a’ — exp(—i¢) sinh(|¢|)a}
x {cosh(|¢])a — exp(ip) sinh(|§])df} |a)
= |a|? {cosh®(|¢]) + sinh®(|¢])} + sinh®(|¢])
— cosh(|¢]) sinh(|£]) {exp(—i¢)a2 + c.c.} . (3.60)

Squeezed States of Harmonic Oscillator. Let

X(0) = % [exp(i6)a + exp(—i6)a'] (3.61)

Then [X (6 + 7/2), X(6)] = i. Using (3.59), verify that
AX?(0) = 3 cosh(Je) + sink2(€])
—2cosh([¢|) sinh(|€]) cos(¢ + 20)]. (3.62)

A coherent state corresponds to ¢ = 0. Hence, in a coherent state, AX?%(8) =
1/2. A state in which AX?(8) < 1/2 for some 8 is called a squeezed state. We
will see in Chap. 4 that a squeezed state is non-classical in the sense explained
there. On examining (3.62) we note that it is posible to have AX?2(6) < 1/2
in the MUS |¢, a). For example, if 20 + ¢ = 0 then AX?(8) = exp(—2[£])/2 <
1/2.

The concept of squeezing introduced above is based on an application
of the uncertainty relation. This concept, however, arises in the context of
search for minimizing error in a process of measurement imposed by the
quantum theory. For, the quantum theory assigns, through the uncertainty
relation, an inherent error to the measured value of an observable. This error
is independent of the one contributed by external factors like those due to
the limitations of the apparatus and the environment. It is, therefore, im-
perative to know how to minimize the intrinsic quantum imprecision in a
process of measurement. By analyzing some simple measurement processes
it has been shown that if a process of measurement by means of a h.o. is
carried by finding average of an observable X () defined in (3.61) then the
fundamental quantum-theoretic error in the measurement of that average is
related directly with AX?(6) [43, 46]. Hence, smaller the AX?(6), better is
the sensitivity of measurement. Since AX?(#) in a squeezed state is smaller
than that in a coherent state, the squeezed state provides better precision
in measurement than that in a coherent state. For detailed examples and
comparative estimates of errors in various states, see [46].

MUS for the Pair (p,a'ta). Next we construct the minimum uncertainty
states for the pair (p,a'a) which is equivalent to the pair (¢, a'a). The equa-
tion (3.12) then reads
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[aTa +iMp] [¥) = aly). (3.63)
By using (2.31) this may be rewritten as

exp () [+ % | exp (-30) 9} = o), (3.649)

which is solved by

[tm) = exp (AG) [m). (3.65)

We leave it to the reader to check that substitution of this for |¢) in (3.22)
results in [{3}) in the form D(3,A)|m) where D(3,)) is an exponent of a
linear combination of @, a'. The operator exp (A§) in (3.65), aud consequently
D(B, \), are unitary if A = +i. The state |1f,,) is then of the form D(8)|m).
These states were investigated in [47] as a generalization of the Glauber
coherent states.

We have thus constructed all the unitarily inequivalent MUCS of the
harmonic oscillator algebra. Next, we construct such states for the SU(2)
algebra.

3.3 Representations of SU (2)

Recall from chapter 2 that the SU(2) algebra is generated by the operators
(S’z,gy,gz) = S which obey the commutation relations (1.126). It may

be verified by inspecting (2.41) that these operators can be transformed to
each other by an SU(2) unitary group element. Hence all the geuerators of
this algebra are unitarily equivalent. In this case, therefore, the orthonormal
representations corresponding to the eigenstates of any of the three operators
are equivalent and so are the continuous bhases generated by any pair of
generators.

3.3.1 Orthonormal Representation

An SU(n) algebra admits n—1 operators, called the Casimir operators, which
commute with all the operators of that algebra. For the SU(2) there is one
Casimir operator. It is the total spin operator

S*=82+52+ 82 (3.66)
The vector space of the algebra is, therefore, reducible to a sum of the sub-
spaces each characterized by an eigenvalue of S2. The eigenvalues of S? are
known to be given by S(S+1) where S = 1/2,1,3/2,... and the eigenvalues

of any hermitian SU(2) operator, say S, are given by m = —5,-S+1,..., 5.
Hence, simultaneous eigenstates |S,m) of $? and S, defined by
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S%1S,m) = S(S+1)|S,m), S=1/2,1,...
5.1S,m) =m|S,m), m=-5-S+1,...,S (3.67)

constitute a basis for the 25 + 1 dimensional space of the spin states. The set
of states |S, m) is complete and orthonormal:

S
> IS, m)(S,m|=1, (S,m|S,n) = bmn. (3.68)

m=—35

Consider now the operators Sy defined in (1.127). By expressing S.. S'y in
terms of Sy and, by using (3.67) to write $2 = S(S + 1), (3.66) reads

11~ =« A A ~ PO ~ ~
S(S+1) =3 [s+54 +8.8.]+82-8,8 -8, +52 (3.69)

Next, using the commutation relations (1.128) of S, with S,, verify that

5,18,m) = /(S —m)(S+m+1)[S,m + 1),
S_1S,m) = /(S +m)(S —m+1)|S,m - 1). (3.70)

The operators S'i thus act as raising and lowering operators of the eigenstates
of S,. By repeated application of (3.70), we find that

e
(

$* 1S, m) = \/(S+m)(5 mt kg m 1. (3.71)

S+m-— kIS —m)!

The action of S'J, S'y on |S,m) is determined by expressing them in terms of
S+ . Note, in particular, that

8,15,8)=0, S_|S,-8)=0, 8§25t =o. (3.72)

As stated before, there is no other unitarily inequivalent set of orthonormal
states in this algebra. The eigenstates of any hermitian operator in the algebra
can be found by constructing the transformation coupling it with S,.

We have already encountered in Chap.1 the case of a spin-1/2, i.e. of a
spin of total spin quantum number S = 1/2. We will have occasions to deal
also with a collection of N spin-1/2s. Such a collection is described by the
collective spin operators

N
=350 4 (3.73)
i=1

where S',(f) is the p*® component of the spin-1/2 labeled i. It is straight-
forward to verify that (3.73) obey the commutation relations (1.126). The
state space of such a system is evidently spanned by |mi,ms,...,mny),
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mi,Ma,...,my = 21/2. The set of these states is reducible to a sum of
sets of states such that the states in each set transform amongst each other.
Each such set is characterized by a total spin quantum number S capable of
assuming the values S = N/2,N/2—1,...,0 or 1/2 depending on whether N
is even or odd. The states in a set, characterized by S, may thus be labeled
by |S,m) (m=-5,-5+1,...,95).

Next we construct the minimum uncertainty states of SU(2).

3.3.2 Minimum Uncertainty Coherent States

As mentioned above, there is only one pair-class in this case which is gener-
ated by any two, say (Sz,Sy), of the three generators. Its minimum uncer-
tainty coherent states are constructed by substituting for |¢) in

) = exp [i {aSe + Sy + 8. ] 1), (3.74)

the solution |\, z) of the equation
[S; + iAS*y] A z) = 2\, 2) (3.75)

and by dropping from the exponent in (3.74) the operators of which |\, z)
is an eigenstate. The equation (3.75) determines the minimum uncertainty
states of the pair S, S'y

Congider first the case of UEVMUS corresponding to A = £1. In this
case, (3.75) assumes the form

Syl z) = 2|4, 2). (3.76)

By virtue of {3.70) and (3.72), it is solvable only if z = 0 with |+, 0) = |5, £5).
By substituting this solution in (3.74) and by dropping from the exponent
the operator S, of which |S,+S) is an eigenstate gives the UEVMUCS of
SU(2) called the SU(2) or spin coherent state. For the sake of definiteness,
we let |9, .5) be the fiducial state and rewrite (3.74) as

6,6) = TU(8,9)\S,5), (3.77)

016.6) = exp |3 (x5 - exp(-i0)51) |
= exp [iH(sin(qS)Sz - cos(¢).§’y)], (3.78)

0<6 <m 0< ¢ < 2w Similar results follow if the fiducial state is chosen
instead to be the state |S, —S). On disentangling the exponential according
to {2.96) and on applying (3 71), (3.77) leads to

(25
9= ) = G m

m—O

— 16,5 —m) (3.79)

where
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1 = exp(i¢) tan (g) . (3.80)

The scalar product between the spin coherent states is given by

b = e 0 e (381

In the following we enumerate some properties of the spin coherent states.

1. The spin coherent state is an eigenstate of the spin component in the
direction (6, ¢). To see this, operarte the eigenvalue equation (3.67) of S,
corresponding to m = § by U and rewtrite it as

[06.9)5.01(6,6)] 0(6,9)15,9) = 50(6,4)S.5)- (3.82)

Evaluate the similarity transformation above by using (2.42) and invoke
the definition (3.77) to get

5(0,4)10,¢) = S10,4), (3.83)
5(6,¢) = U(6,9)5.01(8,6) A
= sin(0) cos(¢)S, + sin(8) sin(¢)S, + cos(8)S.. (3.84)

This is, of course, the component of the spin in the direction (6, ¢). The
equation (3.83) shows that the spin coherent state is an eigenstate cor-
responding to the eigenvalue S of the spin component in the direction
(0, 9).

2. Expectation values of operators in a spin coherent state may be evaluated
by noting that

0,61 ({8.3) 16 8) = (5,5107(0,9)F ({8,)}) U9, )1S.5)
= (S,SIF ({8,}(=6,9)) IS.5), (3.85)

S,.(0,¢) =U(8,$)S.U1 (6, 9). (3.86)

The similarity transformation above may be carried using the results of
Sect. 2.3.2.

3. Consider a spin component 5+ = e, S'z+ey5’y, (ei—{-eg = 1), in a direction
orthogonal to the z direction. Note that

By virtue of the fact that S1(6,¢) is obtained as a result of a unitary
transformation of the spin component perpandicular to S, it follows that
S+(8, ¢) is perpandicular to 5(f, ¢), i.e. in a direction orthogonal to the
direction of the spin coherent state. The expression (3.87) shows that the
average of a spin component in a direction orthogonal to the direction
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of a spin coherent state is zero in that state. We evaluate fluctuations in
the said orthogonal components by starting with the equation

(S, S1(ex5s + €y5,)%15, 9)
=(S,8|5,5 +5_5,|5,8)/4=5/2. (3.88)
In writing this we have made use of (3.69). This implies that

(S.S|U7(6,$)54%(6,9)U(8,9)|5, S) = (8, ¢15+7(6,9)]6, ¢)
S
= —. 3.89
; (3.89)
This, together with (3.87) shows that the variance AS*? in any compo-
nent orthogonal to the direction of the spin coherent state has the same

value S/2.
4. The expression for the resolution of identity in the present case reads
25 +1 d?p 28 +1
=—— [dR || =1 3.90
= [ e = 2 [aei@ei -1 (90

d§2 = sin(8)dfd¢. Using this relation, a state |tf) is represented by {u|v)
or by the function ¥/(p*) = (ul¢) of u* where |u) is unnormalized spin
coherent state:

(25)!
——|5,5 — 91
V() = (ulb), |w) Z 25 )i 15,5 —m). (3.91)
On invoking (3.67) and (3.70), it may also be verified that
o d o * *2 d
(1l = (el (I3 = 250" — du*](ul,
R . d
(ulS. = (Sw - *>(ul- (3.92)
"

Thus, in the spin coherent states representation, vectors are represented
by a complex valued function and operators on a vector by the differential
operators. Since S35 = 0, the expressions (3.92) imply that ¥ (u*) is a
polynomial of degree 2S5 in u*.

We have thus constructed the UEVMUCS corresponding to the solution
of (3.75) for A = +1. Its solution for A # +1 my be derived by writing it as

[exp(—H)S'_ + exp(9)5’+] 16, z) = 2|8, z). (3.93)
Use (2.44) and (2.42) to reexpress this as

5,710, z) =§T|9,z>, (3.94)
where

T = exp ( gS' ) exp (—05';) . (3.95)
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The equation (3.94) shows that T8, z) is an eigenstate of S,. Hence z = 2n
(-S<n< S) and, with |0, z) — 10, n),

10,7) = T7|S,n) = exp (S,) exp (—15 ) |S,n). (3.96)

This is a squeezed spin state. The meaning of squeezing of a spin state is
discussed below. This state will turn out to be non-classical in the sense
explained in Chap.4. The properties of these states are studied in details
in [48].

Next, we derive the expression for |#,n) in terms of the eigenststes of S, .
To that end, let

25
6, n) Z Crml|S;m) =" Crs_p|S, S — p) (3.97)
m=—5 p=0

The Cp,, may be determined by substituting this in (3.93) to construct the
recursion relation for C,,,. It is straightforward to verify that (N = 25)

exp(—0)v/p(N — p+1)Crs—p+1 + exp(0)v/ (p + 1)(N — p)Crs—p-1
= 2nCn5_p. (3'98)
Define
fup = Cus—p! VA . (399
On substituting this in (3.98) we obtain
p(~O)(N — p+ 1) faps +exp(O)(p + Dfupst = 20fupe  (3.100)

This is the same as the recursion relation (10.66) solved in Chap. 10. The
exact solution (10.69) of (10.66) in the present case assumes the form

frp = (=)P An exp(-pb)

(—)*
XZ Rk N2 V= pr k| 1OV

The constant A, is to be found by the normalization condition. We leave it
to the reader to derive this result directly by using (3.96). Note that p,, =
|Cnim|? gives the probability of finding the spin in the state |m). We substitute
(3.101) in (3.99) and evaluate p,,. The numerical results for p,, as a function
of m for a system of N = 20 spins in the state |6,0) with exp(20) =
are presented by a solid line in Fig. 3.2. We notice that, much like p,, as a
function of m in Fig. 3.1 for a harmonic oscillator in its squeezed state, p,, in
Fig. 3.2 for the squeezed spin state exhibits an oscillatory behaviour. We will
see in Chap. 12 that |8,0) is the steady state of a system of even number of
two-level atoms in contact with a squeezed reservoir. We compare this with
the equilibrium state of N spins in contact with a thermal reservoir. Such a
spin state is characterized by
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Fig. 3.2. Plot of p,, as a function of m for the spins in the squeezed state (3.96)
with exp(20) = 5, n = 0, N = 20 (solid curve). The dashed curve is for the thermal
state with n = 5.

pen = exp(—BS,)/Tr[exp(—0BS.)], (3.102)

the 3 being as in (3.57). The corresponding probability of occupation of the
state |S,m) is

Pm = (mpen|m) = exp(—Bm)/Trlexp(~BS.)], (3.103)

N
Tr(exp(—3S.) = exp(~BS) > _ exp(Sp)
p=0
exp{(N+1)8} -1
exp() — 1
The behaviour of p,, as a function of m given by (3.103) is displayed by a
dashed line in Fig.3.2 for 7 = 5 (A defined as in (3.58)) and N = 20. The
oscillatory behaviour of p,, is a signature of non-classicality of the state in
question.

= exp(—03S5) (3.104)

Spin Squeezing. Recall from the discussion of Sect.3.2 that a squeezed
state of the h.o. is defined as the state in which the variance in a linear
combination of § and p is less than its value in the coherent state. Extension
of this definition to a spin, however, requires more careful considerations
because, whereas the variance of a linear combination of ¢ and p in a h.o.
coherent |a) state is independent of c, the variance in the generators of spin
in a spin coherent state |6, ¢) depends on (8, ¢).

In order to extend the concept of squeezing to a system of spins, we note
from (3.89) that the variance in a spin component in any direction orthogonal
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to the average direction (6, ¢) of a spin in its coherent state |8, ¢) is 5/2. A
squeezed spin state may then be defined as a state in which the variance AS jQ
in a spin component in some direction orthogonal to the average direction

(8) in that state is less than |(S)]/2 [49]:

(ASH)? < |<2i>| (SQ(I)). (3.105)

The concept of spin squeezing may also be based on the problem of sensitivity
of measurement. Some simple processes of measurement using a spin have
been analyzed [39, 50, 51]. For an experiment on measuring the quantum
noise in a spin system, see [52]. In those processes, the measurement of a
quantity « is carried by coupling it with linear spin operators. The value
of a is related with the averages of an observable S, associated with the
component of spin in direction a. It is then shown that the error in the
measurement of « is given by

Aa = AS,/|(S5)] (3.106)

where S'j- is the observable corresponding to the spin component in a di-
rection orthogonal to a. The actual direction depends on the details of the
interaction. It can be verified that the minimum value of (Aa)? in the spin
coherent state is 1/2S5. Hence the parameter

€ = 25(AS,)?/|(SH) 12 (3.107)

is defined as a measure of sensitivity of measurements involving a spin. As
remarked before, its minimum value in a spin coherent state is &min,con = 1.
A squeezed spin state may be defined as the one in which £ is less than unity,
i.e. a state in which

£ = 2S(ASa)2/)<5‘j>‘2 <1 (SQQI). (3.108)

This criterion of squeezing is not the same as the criterion SQ(I) of (3.105).
However, since the average of any spin component is less than S, it follows
that SQ(IT) implies SQ(I). The criterion SQ(II) is also referred to as spec-
troscopic squeezing. The squeezed spin state (3.96) satisfies SQ(I) as well as
SQI) [53].

Note that U in the definition (3.77) of the spin coherent state is expressible
as a product of N spin operators. The state |.5,.5) therein is also a product
of N spin-1/2 states. Hence the spins in the state |6, ¢) are uncorrelated.
However, although the operator T defined in (3.95) is a product of individual
spins but not the state |s,n) if n # +s. Hence, spins in MUS (3.96) are
correlated if n # +s. In general, the spins in states which satisfy SQ(I)
or SQ(IT) are correlated. For details of evaluation of ¢ and the spin-spin
correlation function for various states, see [53].
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3.4 Representations of SU(1,1)

Recall from Chap. 2 that the SU(1,1) algebra is generated by K = (K.,
K K, ) which obey the commutation relations (2.47). Note from Sect.2.3.3
that the norm of vectors in a direction which is a linear combination of z and
y directions is positive but the one in the direction z is negative. Hence, linear
combinations of directions z and y are equivalent to each other but not to
z. Accordingly, the compnents R'I,R' are equivalent to each other but not
with K.. A third inequivalent class is formed by combination of K, with
K, or K which gives zero norm. There are thus three classes of orthogonal
bases generated by the hermitian operators of the algebra: one equivalent to
the eigenbasis of K -, second equivalent to that of K, and third equivalent to
K, + K.. The Casimir invariant for SU(1,1) is

Q=K2+K?-K!=K,K -K!+K,. (3.109)
The vector space of SU(1,1) is, therefore, reducible to a sum of invariant
subspaces each labeled by an eigenvalue of Q). Here we are concerned only with
one-mode and two-mode bosonic realizations of SU(1,1) defined in (2.71)

and (2.76). Verify that the Casimir operator (3.109) in the two-mode bosonic
representation assumes the form

R N N <1 .

Q=K1-K), K= 5(&Té—bTb+ 1), (3.110)
whereas for one-mode realization it reads

- 3

Q=—. (3.111)

The operator K in (3.110) is related with the difference in the occupation
number of the two modes which, as a consequence of the fact that K is an
invariant, remains unchanged in an SU(1, 1) process.

3.4.1 Orthonormal Bases

As stated before, in this case there are three inequivalent representations:
one equivalent to the eigenbasis of Kz, second to that of K, and third to
K.+ K,. A
Consider the eigenvectors of K. The expressions (2.71) and (2.76) for K,
in the bosonic representations and the corresponding expressions (3.110) and
(3.111) for Q suggest that the eigenstates |x(m, K)) of K, are such that

Qlx(m, K)) = K(1 - K)|x(m, K)),
K.|x(m, K)) = (m+ K)|x(m,K)), m=0,1,2,... (3.112)
where, for the two-mode realization,

Ix(m, K)) = |m + 2K - 1,m), (3.113)
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the |, n) being a simultaneous eigenstate of the operators a'a and b'b with
m and n as respective eigenvalues. For one-mode realization,

Ix(m, K)) = |2m),|2m + 1). ; (3.114)

Also, by comparing (3.112) with (3.111), check that K = 1/4,3/4 for one-
mode realization. It may also be verified by invoking the definitions (2.71)
and (2.76) that

K|XmK = vm(m+2K —1)|x(m — 1, K))

K. |x(m,K)) = /(m+1)(m + 2K)|x(m + 1,K)>. (3.115)
Note that
K_|x(0,K)) =0. (3.116)

Repeated application of (3.115) yields

K™ |x(m, K)) = \/ = _’Z;ﬂﬁxnﬁﬁ{) — (=7, ),

K"|x(m,K)) = \/(m +TZ!)I!“];£ZL++QQI§) ") Ix(m + n, K)). (3.117)

Note that, in the single-mode case, Ky couple |m) with |m + 2). Hence
the space of states in this case reduces to a sum of odd and even number
states. Also, from the relationship (2.76) between K, and ata, we see that
K.12m) = (m +1/4)|2m), K,|2m + 1) = (m + 3/4)|2m + 1). On comparing
these results with (3.112) we infer that K = 1/4 (K = 3/4) for even (odd)
number states leading to the correspondence

Ix(m,1/4)) — |2m), |x(m,3/4)) = [2m + 1). (3.118)

The eigenstates of K, in terms of the eigenstates of K, introduced above
are obtained as the special case A = 0 of (3.119) below.

3.4.2 Minimum Uncertainty Coherent States

The classes of minimum uncertainty states of SU(1, 1) are: One corresponding
to the pair (K, K,,) and another to the pair class (Kg, K>).

MUS of the Pair (K., K,). The MUS in this case are the solutions of
[f{z - i)\f{y] I\ z) = 2|\, 2). (3.119)

Consider first the case of the UEVMUS corresponding to A = 1. The equation
(3.119) in this case reduces to the eigenvalue equation (with |1,2) = |z))
K_|2) = z|z) (3.120)

for the lowering operator. Let
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2y =Y Cumlx(m,K)). (3.121)

m=0

Substitute this in (3.120) and use (3.115) to arrive at the recursion relation

V(m+1)(m+2K)Cryy = 2Cnm,. (3.122)

This is easily solvable. Its solution, on substitution in (3.121) yields

m

) =42 JT(m + DI(m + 2K) Ix(

m=0

m, K)), (3.123)

A being the normalization constant. The state
|€,m,2) = exp [§K+ —OK_+ inkz} |2}, n real (3.124)

generated by the SU(1, 1) group transformation is, by definition, the SU(1,1)
UEVMUCS. A special case of (3.124) of particular interest is the state |£, 7, 0)
corresponding to |z = 0) = |x(0, K)). The [x(0,K)) is an eigenstate of K.
The relevant part of the coherent state (3.124) then is

€)= exp [eRs — € K| 1x(0,K)) (3.125)

Note that for single-mode realization of SU(1,1) this is the same as the
MUS (£, 0) of the harmonic osciilator defined in (3.55). Now, disentangle the
exponential above using (2.104) and expand the resulting exponentials. Next,
use (3.116), (3.112) and (3.117) to obtain (with p = exp(if) tanh(|€]})

I'(2K +m)
(1 |pl?) - K)). 12
oy = (1 lul?) Z o T X ) (3.126)
The expression (3.10) for the resolution of unity in this case assumes the form
1 d?u
=1 3.127
rar—T | q (3127)

Here the integration is over the unit disc |u|? < 1. This relation may be
verified by expanding the states as in (3.126) and on carrying the integration.

The resolution of unity is also admitted by the states |z) of (3.123) [54].
The states |z) thus fulfill minimum requirements listed in Sect. 3.1 for labeling
a state as a coherent state. Note that this is an eigenstate of the annihilation
operator of SU(1,1) like the Glauber coherent state is an eigenstate of the
annihilation operator of the h.o. The states |z) of (3.123) have, therefore,
been recognized as the SU(1,1) coherent states parameterized by z [54]. The
properties of their two-mode realization and quantum optical processes for
their generation have been identified by Agarwal [55] who named them pair
coherent states. Note, however, that the states |z) are not coherent in the
sense of Perelomov because the variable z is not a group parameter. That is
in contrast with the fact that the parameter a defining the h.o. coherent state
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|a) is the h.o. group parameter. Recall also that the action of a h.o. group
transformation on a h.o. coherent state |a) results in another h.o. coherent
state. However, the state |z) of (3.123) does not transform to another |z)
under the action of an SU(1,1) transformation. The state |z) is, therefore,
not a group parameter related coherent state.

We reserve the name SU(1, 1) coherent states for the UEVMUCS (3.125).

The completeness relation (3.127) shows that any SU(1,1) state ) may
be represented by {u|) or by the function (u*) = (uly) of u* where |u) is
the unnormalized SU(1, 1) coherent state:

Yu") = (uly), |u)= mX::ou mb((ma K)). (3.128)

On using (3.127), the scalar product of two states in this representation turns
out to be given by

1 - *
0 = = | oWt o w v, (3.129)
This shows that |¢) is normalizable if
1 -
T(2K — 1) / A2 (1 2™ 2y () 2 < o0, (3.130)

On using (3.115) and (3.128), it is easy to show that

) d . , 0
_ = = (p?—— +2Ku*
(u| K 8u,,(ul, (ul K+ [u o T 2Kk (ul

(uIK = [u*i

These relations are useful in converting the SU(1,1) operator equations in
to differential equations by means of the correspondence

(e (Ko KR 1)

=¢ ( 0 T 0 + 2K,u*,,ui + K) P(p*). (3.132)
8/1* 8/1* 8/1*

This, along with (3.130), demands () to be analytic in the disc [u? < 1 if

it is to be an admissible function.

The representation (3.132) along with the analyticity requirement pro-
vides a simple means for solving SU(1,1) equations. This method has been
used in [40, 41] to solve (3.119) for A # 1 and to find the MUS of the other
pair class, namely, the pair (K, K,). We conclude by mentioning that (3.119)
admits normalizable solutions only if Re(\) > 0 and that its solution is delta-
function normalizable if Re(A) = 0. Hence (3.119) does not admit acceptable
solution for A = —1. Consequently, the states (3.125) corresponding to A = 1
are the only UEVMUCS of SU(1, 1) for the pair (K, K,). We refer to [40, 41]
for details.

+ K]l (3.131)







4. Quasiprobabilities and Non-classical States

Recall that a classical dynamical systemn may be described by a phase space
probability distribution function f({q},{p}), ({a} = @1, %, -, an; {p} =
p1,p2,--,pn) which is such that f({q}, {p})d™~qd"™p gives the probability
that the system is in a volume element d~ qd™p centered around ({q}, {p})-
In the quantum mechanical description of a dynamical system, however, the
phase space coordinates ¢; and p; can not be ascribed definite values simulta-
neously . Hence the concept of phase space distribution function does not ex-
ist for a quantum system. It is, however, possible to coustruct for a quantum
system functions, called quasiprobability distributions (QPDs), resembling
the classical phase space distribution functions. A QPD provides insight into
quantum-classical correspondence as well as useful means of calculations.

4.1 Phase Space Distribution Functions

For the sake of simplicity, consider a one dimensional dynamical system de-
scribed classically by a phase space distribution function f(q,p,t). It deter-
mines the average of any function A(g,p) by means of the relation

<A@m»d=/hmmm%Mﬂ%nw. (4.1)

The quantum mechanical description of a system, on the other hand, is con-
tained in its density operator p which determines the average of any function

A{d,p) by the relation

(A(d,5))am = Tr[pA(4,5)] - (42)

Now, assume that A is a function of § alone and carry the operation of trace
in the equation above in the basis of the eigenstates |¢) of § to get

<mmm=/@mmmm. (4.3)

This is of the form (4.1) of the classical phase space average. Similar result
follows by working in the basis of the eigenstates |p) of p in case A is a
function only of p. However, as argued in Sect. 1.1, there is no state which
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is simultaneously an eigenstate of § and p. Hence the foregoing procedure
can not yield an analog of the classical phase space distribution function in
quantum mechanics.

However, through (4.2), the density operator determines the average of
any function of the operators ¢, p. Note also that the classical distribution
function may be expressed in terms of the averages of a complete set of func-
tions of ¢ and p. This suggests that we may be able to construct a quantum
analog of the classical distribution function by expressing the latter in terms
of the average of a suitably chosen complete set of functions and by identify-
ing those classical averages as quantum mechanical ones. In order to explore
this possibility we rewrite a classical distribution as

flg,p,t) = /dq’dp’é(q -¢)o(p—p")f(d,p 1)

= i [ Akl ek~ o)+ 1~ NI )

ﬁ dkdl exp(ikq) exp(ilp){exp(—ikq) exp(—ilp))er.  (4.4)
This expresses the distribution function f(g,p,t) in terms of the average of a
complete set of functions of ¢ and p. Now, to construct the quantum analog
of f(q,p,t), (i) express the exponential under the average in (4.4) as a sum of
products of the form ¢™p", (ii) replace the c-numbers ¢, p by the operators
4, P, and (iii) replace the classical average by the quantum average defined as
in (4.2). The basic difficulty in administering this prescription lies, however,
in the fact that, due to non-commutivity of §,p, there are several different
operator forms of a c-number product ¢™p" if m,n # 0. Those different
forms correspond to different ways of ordering ¢ and p. For example, ¢%p
may be represented by any of the forms: ¢%p, §pd, PG> or by their linear
combination z1§?p + z2Gpg + 3pG* where z; are arbitrary subject to the
condition x1+2x5+x3 = 1. This condition ensures that the linear combination
in question reduces to ¢*p when the operators are replaced by c-numbers. In
general, we formally represent a c-number product as an operator as

qmp" = 2(¢"p") (4.5)

where 2(§"p™) defines a linear combination of m §’s and n p’s. Use the cor-
respondence (4.5) to replace the exponential of c-numbers under the average
in (4.4) and follow the step (iii) above to get

I

(g, p,t) = ﬁ / dkdl exp(ikq) exp(ilp)
x <Q[exp(-ikq) exp(—ilﬁ)] >qm. (4.6)

This is a quantrum analog of the classical phase space distribution function.
Different choices of the correspondence 2 lead to different f9)(q,p,t), each
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called a quasiprobability distribution (QPD). It is designated a quasiprobabil-
ity to emphasize the fact that it is a mathematical construct and not a true
phase space distribution function as no such function exists for a quantum
system. Let us now examine the results of different ordering prescriptions.

In order to investigate various operator orderings, it is convenient to ex-
press ¢,p in terms of the creation and annihilation operators a,a! and to
transform suitably to complex variables so as to rewrite (4.6) as

f(m(a,a*) = % /dzfexp [i(af + a*€¥))
X Tr [Q{ exp(—iaé) exp(-iafg*)} ﬁ] (4.7)
Now, let

2 {exp(i&a) exp(i¢*al)} = I}, [exp(ia;éa) exp(iB;€™a")], (4.8)

where o, 8; are complex numbers such that a1 +---+ay = 1+ +08~8 = 1.
This condition ensures that (4.8) reduces to an identity when ¢ — «, a
c-number. By applying (2.88) repeatedly, we may combine the product of
the exponentials in (4.8) in to a single exponential. We note that each such
combination would contribute a c-number exponential whose exponent is
proportional to |£]2. As a result, we may rewrite (4.8) as

I, [exp(io;€a) exp(if;€"at)] = exp | =2 |¢| exp {i(¢a + €a")} . (4.9)

Here s is a complex number related with products of the o's and the §’s.
Although the exact expression of s in terms of the o's and the 5’s may be
derived, it is inessential. The ordering for s = 0 is called the Weyl ordering.
For the reason mentioned after (4.12), it is also called the symmetric order-
ing. In applications, it is often useful to know the form of operators in the
normal or antinormal ordering introduced in Sect.2.4. By applying (2.88),
the exponential operator in (4.9) may be put in the antinormal or the normal
ordering as

exp {i(ga + €a7)} — exp (1) explica) explic’a')

= exp (-%m?) exp(i¢*at) exp(ia). (4.10)

The ordering corresponding to different choices of the o’s and the 3's in
(4.8) thus reduces to the one defined in terms of just a complex number s. It
is referred to as the s-ordering [56]. The operator ordering corresponding to
a c-number form a™a*™ in the s-ordering may be derived by noting that

ama*n - Qs (dm&‘tn)
am m

= _a(if)m (e exp (_§|£|2> exp {i({& + 5*&1)} ’E:E*ZO. (4.11)
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As an example, the s-ordering of the powers of the operators in terms of the
normal ordering is obtained by expressing the exponential operator in (4.11)
in the normal-ordered form using (4.10) and then carrying the operation of
differentiation. We leave it to the reader to show that

s+ 1\ mn! ek . )
e A N 12
o _>kZ:0 < 2 ) (m—k)in— k)W ¢ (4.12)

It may be shown that if s = 0 then the operator on the right hand side above
may be expressed as a syminetric combination (see [57| for a proof). In the
syminetric ordering, a product z,z5 . . . ., of variables is replaced by the sum
of all possible permutations of the product divided by the total number of
such permutations.

The QPD in the s-ordering, obtained by substituting (4.9), read with
(4.8), in (4.7) reads

O (o, 0*) = % /dzf[exp {i(a€ + a*€")}
X exp (—%’{F) Tr [exp {—i(a¢ + de*)} Al ] (4.13)

This relation may be inverted by using (A.10) and (A.11) to express p in
terms of the QPD as

Tr [exp {—i(a€ +a'¢")} 5] = G (6,€") exp (51€P2), (4.14)

G (£ €)= /dZQ f(s)(a,a*)exp {~i(af +a")}. (4.15)

Now, disentangle the exponential under the trace in (4.14) into the antinormal
form using (4.10). Use the relation

Tr [exp(—ifa) exp(—i¢*a')p] = Tr [exp(—iéa’)pexp(~i€*a)) (4.16)

to carry the operation of trace in the resulting expression by applying (3.30).
It will be found that

%/dZBexp {—i(BE + 5*€7)} (Blp16)

. 1—-5
-Gl {15 e} (117)
This, on applying (A.10) and (A.11), leads to the expression

B191) = - [ ¢ G le.¢)exp (86 + 5°€))
X exp {—1 - 5|g|2} (4.18)

2

for the density matrix in the coherent state representation. On invoking (3.32)
and (3.33), the operator form of (4.18) is found to read
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=1 [@eate)en [—I—;ﬂsﬂ exp(ial€") exp(iac)

©
Il

Il

» [ @ oeeyexp (FleR) explita + a'e)

Il

~ / %€ G (€,€") exp [f—}lm?] exp(iag) exp(ia’e”). (4.19)

This determines the relationship between the density operator and its various
phase space representations through G (£,£*) defined in (4.15).

The relationship between different phase space representatives f(*) and
f® may be derived by substituting (4.14) and (4.15), with s replaced by ¢, in
(4.13) and on carrying the ¢-integration we find that, provided Re(s) > Re(t),

oot = — 2 [ d28exn |21 5| )
Foaa) = 2 [@gen |20 foge). )

This is the desired relation between two phase space distributions.

In practical applications, we need to convert equations involviug products
of p with a™a!™ in to c-number equations (see Chaps.13,14). The c-number
equivalent of @™p is obtained by replacing p in (4.13) by @™p. On applying
(4.10) and using the cyclic property of the trace, we note that

Tr [exp { —i(ag + a'e")} a7 |

— exp(—|¢|*/2)Tr [exp(—iag)a™ pexp(—iale*)]
= exp(—|€[? /2)5 e ;) Tr [exp(—iag)pexp(—ia’e)] . (4.21)
Substitute this in (4.13) to obtain

amp — % /d2§ [a—{-is —; 1{*] [exp {i(af + a* ¢}

o {316 o (i 1€ |

[ s+1 0
= |a+

5 8(1*] & (a, a*y, (4.22)

the f(*)(a, a*) being the QPD of 5. The phase space equivalent of 4! p may
be derived in a similar manner but by starting with the anti-normal form of
the exponential operator under the trace in (4.13). Verify that

atmp — [a* + 3;—] 9 (a,at). (4.23)
The relations (4.22), (4.23) and their hermitian conjugates may be used to

find the phase space equivalent of any combination f1(&,a')pf2(a,at) in terms
of a differential operator on the phase space representative of p.
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Operator Averages. The foregoing considerations for a density operator
p may be extended to construct the phase space representation A)(a, a*)’
of any operator A by way of the correspondence p— A and O (a,a*) =
A®) (@, o) in (4.13) so that

40 (a,0") = / d%[exp {i(ag +a’¢")}

X exp {—g|§|2} Tr [exp {—i(d{ + dTE*)} fq ) (4.24)

The expression for A in terms of its phase space representative, obtained
similarly using (4.19), reads

A= [ @ Gateeyemn (516P) exp [itag + ') (425)
with
A(66) = / a6 AW(a, a®) exp {—i(af + a*€")}. (4.26)

The average of A may now be expressed in terms of a phase space integral
similar in appearance to the classical expression (4.1). To that end, multiply
(4.19) by A, substitute for G (£,£*) from (4.15) and take its trace to obtain

T [49] = = [ @ea fo (o) exp [i(ag + o€ ex (516
xTr [A exp {i(d{ +ater }]]
= w/d2a F (a,a*) AT (o, a%). (4.27)

In writing the last line above, we have used the definition (4.24). The expres-
sion (4.27) is evidently of the form (4.1) of a classical average. The function
A9 (a,a*) is said to be conjugate to A® (a, *). We thus see that the
expectation value of an operator is the phase space integral of the product
of any of its phase space function with its conjugate representative of the
density operator.

Next, we list some properties of the phase space representation for some
particular values of s of special interest.

1. Let
b= / &8 P (8,67 18)(8]- (4.28)

This is known as the P-function representation of a density operator.
Substitute this in (4.13) and express the exponential operator under the
trace there in the normal-ordering. Let s = —1. Use the cyclic property
of the trace to obtain
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Y (o, a%)
:—/dzf/d2

XTr | exp(~ia€)|8)(4] exp(—ia*s*)]}

)exp {i(af + a”£")}

= & [ @ [P .5 exp e - D+ 0" - 5)€
= P(a,a"). (4.29)

The phase space representative for s = —1 is thus the P-function. The
P-function representation for an antinormally ordered product can be
found easily by using the completeness relation (3.29). For, on operating
that relation with @™ on the left and a'™ on the right we find that

1
anatm = 1 / Ao a”a*™a) (al. (4.30)
™

On comparing this with (4.28) we see that the P-function for a"a!™ is
oo™ 7.
. Next, set s =1 in (4.17) and compare it with (4.15) to note that

L{81016) = 78,8 = Q(6,6%). (431)

Thus f(*)(3,3*) for s = 1 is simply the matrix element of the operator
in the coherent states representation. It is also known as the Q-function
or the Husimi function. The Q-function of a'™a" is clearly o*™a™ /7. -
As a consequence of (4.29), (4.31) and (4.27), it follows that the trace of
a product of two operators is the phase space integral of the P-function
of one with the Q-function of the other. Thus, if the density operator is
represented by its P-function then

/ EBP (8,57 6" = (@mam), (432)

This shows that the phase space average of 3*™ 3™ with the P-function of
the density operator gives the average of normally ordered operators. On
the other hand, if the density operator is represented by its Q-function
then

/ 26Q (B, 0°) " = (@"at™). (4.33)

This shows that the phase space average of 8*™ 3" with the Q-function of
the density operator gives the average of antinormally ordered operators.
. The phase space distribution function f(*)(3, 8*) corresponding to s = 0
is called the Wigner function. It is usually denoted by W(g8,8*) =
FO(8,3*). We infer from (4.27) that the trace of a product of two oper-
ators is the phase space integral of the product of their Wigner functions.
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Hence, if the density operator is represented in terms of its Wigner func-
tion then

/ PW (0,6°) p = - ((@a),), (4.34)

S

the suffix s denotes symmeterized operator product, i.e. the sum of all
products formed by permutation of m a!’s and n a@’s and Ny is the number
of such permutations.

The relation (4.9) for an operator representation of a c-number function
may be generalized by replacing @ by a linear combination b = 1,4 + npal:

02 {exp(i¢a) exp(i€*a')} = I}¥, [exp(ia;€b) exp(if;£*bT)). (4.35)

The phase space distribution functions for such a generalized rule can be
constructed by following the procedure outlined above for the special case
m = 1,7m3 = 0. The theory of quasi-distributions of the canonical operators
is developed in its generality in [58].

4.2 Phase Space Representation of Spins

Consider a system of spins. The spin observables obey non canonical com-
mutation relations. As shown in Chap. 2, we can represent spin operators as
bilinear combinations of two canonical operators and thus extend the con-
siderations of the Sect. 4.1 to construct the QPD for a spin [59]. However, a
direct approach is to exploit the fact that a spin-S traverses the surface of a
sphere. Heuce, a spin may be described classically by a distribution function
(6, ¢) of the polar and the azimuthal angles. In order to construct its quan-
tum analog, f(8,¢) is expressed in terms of the averages of a complete set
of functions. A convenient set in this case is the set of spherical harmonics
Yium(9,¢), (L=0,1,...), (M=-L-L+1,...,L) so that

f(6,9) = /sin(@’)d@’dgb’&(gb — ¢")d(cos(8) — cos(8")) F(0', ¢')

— [ sin(@yaras > Z Yias(0,6)Y70 (0,0 (0, 9)

L=0M=

-y Z Y1a1(0,0) (Vig (60, 6)) (4.36)

L=0M=

In writing the second line above we have invoked the completeness relation
(A.37) of the spherical harmonics. The QPD for a system of spins is obtained
by replacing the classical average of the spherical harmonics in this equation
by the quantum mechanical expectation value of appropriate operators. The
operators appropriate for this purpose evidently are the ones which transform
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under rotation in the same way as do the spherical harmonics. Now, recall
that the operators corresponding to an integral spin may be represented by
differential operators in 8, ¢ on the functions of 8, . We know the commuta-
tion relations between integral spin operators in the (8, ¢) representation and
the Yrar (0, @) [60]. The defining property of the operators we are looking for
corresponding to Yz (6, ¢) in (4.36) is that their commutation relations with
the spin operators be the same as the those between the spherical harmonics
and the spin operators in the (8, ¢) representation. Hence, the desired opera-
tors should have the form TKQ with K =0,1,...and Q@ = -K,—-K+1,..., K
and they should be such that

{S'z, TKQ:| = QTxq,
[S‘i, TAKQ} = VKFQ(K =0+ Dksio. (4.37)
These are the commutation relations of Yx (6, ¢) with the spin operators in

the (0, ¢) representation. We recall that, for a system of total spin quantum
number S [60],
S .
Tka= Y ()5 "(=Y"Colm, S)(n, S, (4.38)
m,n=—3S
K=0,1,...,25,Q = —K,~K +1,..., K. Substitution of (4.38) in (4.37)
shows that C;ZS; ‘ZQ obey the recursion relation of Wigner or Clebsch-Gordan

coefficients[60]. The operators TKQ, called state multipole operators, consti-
tute a complete set. Their orthonormality relation is {60]

Tr [T;MTKQ} = S Ldnrg. (4.39)
We note also the property
Tho = (-)%Tk o (4.40)

Hence, any spin operator, for example, a density operator, may be expressed
as

28 K
p=> > (The) Tra (4.41)
K=0Q=—K

Now, the QPD of spins is obtained by /identifying the classical average of
Yir(6, ) over (6,¢) as an average of Trps in the state described by p by
means of the relation

(Yir(8,8) = QunTr [Tuasd| = Qoar (Tun ), (4.42)

210 being a free constant. Substitution of this in (4.36) results in different
quasiprobability distribution functions
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s
F90,)=>" > Yim(8,0)20mTr [TzMﬁ} : (4.43)
L=0M=-L

for different choices of the value of {21 5s. By using the orthogonality relation
(A.36) of the spherical harmonics, (4.43) may be inverted to obtain

T [T],8] = 223 / sin(6)d0de D) (6, $) Y7 a1 (6, ). (4.44)

Substitution of this in (4.41) expresses p in terms of the f(2)(6, ¢).
The phase space distribution (4.43) is not normalized. We normalize it by
noting that

4
25 +1

/ sin(6)d0de f (6, ) — oo (4.45)

In arriving at this result, we have inserted (4.43) for f(2)(#,$) and carried
the integration using (A.36) by setting K = @ = 0 in it, and used (A.35) for
Yoo(8, ¢) along with the relation

1
V25 +1°

Now, in analogy with (4.43), we may define the phase space representation
AU (G, ¢) of any spin operator A as

Too = (4.46)

A (g Z Z Yiur(6,6)20aTr [T, A (4.47)
L=0M=-L

The function A(?) (6, ¢) determines A through the relations

Z Z T&[TJEM }TLM, (4.482)
L=0M=
Tr [TzMA} =07l / sin(6)ddde A8, )Y (0, 8. (4.48D)

Next, we express the trace of a product of two operators in terms of their
phase space representation. To that end, multiply (4.48a) by B and take the
trace to get

Tr {AB] - Z Tr [Ty A T [Ton B

Z(—)M’I‘r [T,{MA] Tr 7]y B . (4.49)
LM

We have applied (4.40) in writing the second line above. Use (4.48b) and the
property (A.34) to reduce (4.49) to the form
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e . . 7 12 / 1
Tr [AB] - / sin(9)dfde / sin(6')d6’d¢b LZA; T
X [YLM(O, )Y, (0, ¢V AD (@', ¢)BE) (8, ¢)} . (4.50)

If 21382, _,; = 1 then an application of the completeness relation (A.37)
to (4.50) leads to

™ [4B] = / sin(6)d0dp A (6, 6) B (6, ¢), (4.51)

where BY? is the phase space functions corresponding to 23 = 1/020 .
The fuuctions B and BY? are said to be conjugate to each other. The
equation (4.51) shows that the trace of the product of two operators is the
phase space integral of the phase space representation of one with the con-
jugate representation of the other. In particular, if one of the operators, say,
A is the density operator then (4.51) determines the quantum expectation
value of B in terms of the phase space integral. Now, in analogy with the
considerations of the last section, let

p= [ sin(@)d0a9P(6, )6, 66,91, (4.52)
be the P-function representation. It implies that

(T = [ sin(0)d8d6P6.8)(0,91T]16. ). (4.53)
It is known that [61]

(0,817 1110,8) = FLaY7n (6, 9) (4.54)
where

(25)!
VS -LI2S+ L+ 1)

Substitute (4.54) in (4.53) and insert the resulting expression in (4.43). Set

Quu = 28) with

o) = 1k (450

The summation over L, M then is simply the completeness relation (A.37).
It then follows that

99 = P(6,9). (4.57)

Thus, the QPD corresponding to the {275, given by (4.56) is the P-function.
Verify that the normalization factor (4.45) in this case is unity.

fom = (=)""MVarn (4.55)
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Next, take the matrix element of (4.41) in the spin coherent state to obtain

o0 =S 3 (Thq) (6 8/Tkql6, 8

K=0Q=—K

28 K
-y % [9;{5 Ko / sin(6')d'd¢’

K=0Q=—K
X [0 Yieglt, ) Yo (0, ))- (4.58)

In writing the second line above we have invoked (4.44) and (4.54). Now, if
we let 2y = 209) with

29— £ (4.59)

then the summation in (4.58) reduces to the completeness relation (A.37)
leading to the identification

FD(8,6) = (6, 61516, ). (4.60)

Thus, the QPD for the 27 corresponding to (4.59) is the diagonal matrix
element of the density operator. The corresponding normalization factor may
be evaluated by using (4.45). The normalized form of (4.60), called the Q-
function is then defined by

25+1 .
Q(6,6) = =6, 81016, 4). (461)
Next, the Wigner function for spins is defined, following the deliberations
of the last section, as the function which is its own conjugate i.e. the one
corresponding to {2y = 1:

w
o) = 1. (4.62)

Let f(1)(6,¢) be the corresponding QPD. Its normalization factor may be
found using (4.45). The normalized form of the QPD corresponding to (4.62)
reading

25; : 1, ) (4.63)

is called the Wigner function for spins.

As an example, we give explicit expressions for the @), P and the Wigner
function W for a spin-1/2. Using the expressions for the Clebsch-Gordan
coeflicients [60], (4.38) yields

W6, )=

~ 1 - ~
Too = 7 Tio = V25,, |
Ty=-8, Ti=85-. (4.64)

Use of these and relevant expressions for Yy (6, ¢) and 2., give [61]
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Q(6,9) = 1= 11— 2(8)n(-0,9)],
P(0,9) = 5[~ 6(S).n(~0,9)],
W0, 4) = i [1+2v3(8)m(6,9)] (4.65)

the n(8, ¢) = (sin(#) cos(¢), sin(f) sin(¢), cos(f)) being the unit vector in the
direction (8, ¢).

For a spin, it is possible to define, besides the phase space distributions
introduced above, another class of quasiprobabilities. It is the distribution of
the eigenvalues of its non-commuting components discussed next.

4.3 Quasiprobabilitiy Distributions for Eigenvalues
of Spin Components

Any component of a spin-1/2 can assume two values, namely, £1/2. Hence,
we can construct a classical analog of a spin-1/2 by treating a spin com-
ponent S, = S.a in any direction a as a two-state random variable ca-
pable of assuming the values +1/2. The classical statistical description of
such a system is provided by the probability p.,(€q, €b; - - - ; €m) that the spin
components in the directions a, b, ..., m assume values €,/2,€,/2,...,€m /2
where €g4,€p,...,€n = 1. The probability distribution of the spin compo-
nents Sg, Sp, ..., Sm is then given by

Jn(Sar o Sm) = 0 ( 5 = 8a) -0 (5 = Sm) Pml{e}),  (2:66)
5

where {€¢} = ¢,,...,€n. In the spirit of the approach developed in the last
section, the quantum quasiprobabilities may be constructed from the classical
distributions expressed in terms of the averages of the spin variables. To
derive the expression for the classical distributions in terms of the averages
of the spin variables, multiply (4.66) by (Saaq +1/2) - (Smam +1/2), where

Qg, Qp, . .., @y = 11, and integrate over S,, S, ..., Sy, to obtain
1 1 1
((5+sien) (5 +sim) (5 + nam))
1
= o me({e})(l + €00 ) (1 + €pp)...(1 + €ptm). (4.67)
{e}

The angular brackets denote the average with respect to f,,(Sa, Sp, ", Sm)-
Now, on noting that the possible values of €;c; are £1, it follows that the
right hand side of (4.67) is non-zero only when €;a; = 1 for all i so that

pm({eD) = ( (% + s,,.e,,) (% + sbeb) (% + s,,,e,,,) ) (4.68)
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This is the desired expression for the probability distribution in terms of the
averages.

The quantum analog of (4.68), constructed by replacing the c-number
variables Sg, Sy, ..., S, by the operators S'G, 5’1,, R S'm, may be written for-
mally as

plle) = {5+ 80 ) (3500 ) - (5 + 80 ) } oo
= ({ (% + Saea> <% n Sbe,,) (% + Smem> b))

where the suffix CO stands for ’chosen ordering’ of the product of the oper-
ators and p is the quantum density operator of the spin. The p?,({¢}) is the
joint quasiprobability distribution for the eigenvalues of the components of
spin-1/2 in the directions a,b. .., m.

The operator ordering problem, of course, does not arise if the distribution
is sought only for one component, say, the component along a direction a.
The equation (4.69) then reads

Pi(ea) = Tr[ <% + 9aea> /3]. (4.70)

Now, take the trace in this equation in the eigenstates |a,+1/2) of S, to
show that

() = (a3

)

a, %> (4.71)

Since |a, %) is a spin coherent state (see Sect.3.3), (4.71) is proportional to
the @ function.

The quasiprobability for more than one component would depend upon
the chosen ordering. Here we discuss only the completely symmetric ordering
defined after (4.12). It turns out to be useful in formulating a criterion for
a spin system to be labeled as classical or non classical. On using the anti
commutation relation (1.130), the correspondence between some c-number
and the operator products in symmetric ordering reads

1,. - PN -b
SaSh = (58 + aSh) = ==
1 A A oa ~ A A PPN
SaSsSe = 13 | (5a(SsSc + 8o80) + (Sb5e + Sc8h)Sa
+(a—>b,b—>c,c—>a)+(a—>c,c—)b,b—)a)]
- %[a-b§c+c-a§b+b-c§a]. (4.72)

Of particular interest is the quasiprobability for three orthogonal components.
On using (4.72), the QPD (4.69) for three orthogonal components in the
symmetric ordering reads
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Pi(€ar €, €0) = -213 Tr [{% + Sueq + Spep + S}ec)}ﬁ}. (4.73)

The preceding considerations can be generalized to a system of N spin-

1/2s. The quasiprobability pm({eff(g), éfj))) 6(1‘2]) ) that the components

(3 o)

of the spins, labeled 1,2..., N, assume values {e (J)’eb(-‘i>”" €71} along
the directions {a’,¥’,... ,mJ } is given, on a straightforward generalization
of (4.69), by
pm ({ea(a)’ ;,{])w T g}w})
a )
() ( .
= TrH H ( +S]J> a]m) : (2 S,(T]g)nfiizn) }co}p
j=1
O )
= <H{ < S({a))f((z]m) ( Sfi?n 221)) }co>' (4.74)
i=1

The QPD for three orthogonal components in the symmetric ordering, ob-
tained by generalizing (4.73), reads

Pa({fi](3>a b]u))v %})

N
_ QZLNTr IT] ( + 8,669+ Geld) 4 Sc(g)ec](]))> |- ()
j=1
By following the steps leading from (4.70) to (4.71) and by invoking the fact
that a spin coherent state for a system of N spin-1/2s is the product of
the spin coherent state for each of the spins, it can be established that the
Q-function for a system of N spin-1/2s is the same as p% ({+}n).
We will see below that the QPDs introduced in this section play an im-
portant role in the scheme for identifying non classical states.

4.4 Classical and Non-classical States

In Chap. 1 we discussed the merits of the suggestion that the quantum inde-
terminism may be regarded as a classical statistical one arising from a lack
of any knowledge about the dynamics of some hidden variables. States ex-
hibiting properties not attributable to any classical statistical description are
termed non-classical. Here we outline an approach for classifying the states as
classical or non-classical based on the concept of quasiprobability distribution
functions introduced earlier in this chapter.

4.4.1 Non-classical States of Electromagnetic Field

We showed in Sect.4.1 that each QPD in phase space determines operator
averages in certain order unique to it. We found that the QPD (%) ({q,p})
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in s-ordering acts as a phase space distribution function for determining the
averages of operators in the ordering —s conjugate to s. If () ({q,p}) for
a state is a classical distribution function, i.e. if it is normalizable and non-
negative everywhere then the corresponding state is classical with respect to
the measurement of operator averages in —s ordering. This means that the
moments of operators in —s ordering in the said state will exhibit all the
properties of the moments of a classical distribution. If () ({g,p}) assumes
negative values or is non-normalizable then it is non-classical. The moments
of operators in —s ordering in that case may exhibit purely quantum char-
acteristics, i.e. the properties not expected from the moments of a classical
distribution. Such non classical characteristic are exhibited in the form of
violation of some inequalities between the moments expected of a classical
distribution.

Note that the @-function, being the diagonal element of the density ma-
trix, is always positive and normalizable. That function corresponds to s = 1
which characterizes the normal ordering. Hence every state is classical with
respect to measurements of anti-normally ordered products corresponding
to s = —1. The functions f®) ({g, p}) for other orderings may become non-
classical. What value of s should one choose to classify the states? The answer
to this question is provided by the mechanism by which experimental mea-
surements are made. Here we confine our attention to the issue of characteri-
zation of the states of the electromagnetic (e.m.) field. We will see in Chap. 6
that the e.m. field is described by the harmonic oscillator operators and that
the experimental measurements on it consist in measuring the expectation
values of those operators in normal ordering. Since the normal order corre-
sponds to s = 1, the QPD appropriate for classifying the states the e.m. field
as classical or non-classical is the one corresponding to s = —1. As shown in
(4.29), the QPD corresponding to s = —1 is the P-function. A state of the
e.n. field is accordingly called classical if its P-function is classical. Else it is
labeled non-classical.

In terms of this criterion, it can be proved that the coherent state is
the only pure state of the e.n. field that is classical [62]. To that end, let
p be the density operator of a pure state of the fleld and let P(a,a*) be
the corresponding P-function. Since p describes a pure state, p = p2. The
normalizability demands that

Tr [p°] = Tr [4] = /dZa Pla,0”) = 1. (4.76)
Now, the expression (4.28) of p in terms of P(a, a*) yields
T[] = [ e ds o[l 87 Pla,a)P@8). @

If P(z,z*) is a classical distribution function then it must be non-negative
and normalizable as in (4.76). However, if that be so then the right hand side
in (4.77) is always less than one unless
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P(a,a*) = §(a — a')é(a* — a¥). (4.78)

Since, by virtue of (4.76), the left hand side of (4.77) is required to be always
unity, it follows that (4.76) and (4.77) are consistent only if (4.78) holds which
is the expression for the P-function of the coherent state [a).

The MUS may be shown to be the only pure states of the e.m. field whose
Wigner function is non-negative [63].

The experinientally measurable quantities are, of course, the moments.
Experimental observation of non-classicality of the P-function should, there-
fore, be translated in to the properties of the moments. Some such properties
are discussed in Chap. 6.

4.4.2 Non-classical States of Spin-1/2s

In the absence of any guideline based on the method of measurement, other
considerations conie in to play for classifying the states of a system of spins as
classical or non-classical. A consideration is suggested by the deliberations in
Chap. 1 regarding non-classical characteristics of a pair of spin-1,/2s. We found
there that the non-classicality of a pair of spin-1/2s is linked with correlations
between them. An uncorrelated state of spin-1/2s, and hence any state of a
single spin-1/2, is classical. Recall from Chap.3 that an uncorrelated pure
state of a system of spins is its coherent state. We may, therefore, base the
classification scheme on the premise that it should classify any uncorrelated
state as classical. However, this scheme is not helped by the phase space
distribution of a spin, introduced in the Sect.4.2. For, (4.65) shows that the
P and W functions are negative even for a spin in the eigenstate | i 1/2)
which is a spin coherent state.

However, the QPD of the eigenvalues of spin components, introduced
in Sect.4.3, do lead to a scheme of classification of states according to the
following criterion [25]:

A quantum state of a system of N spin-1/2s is classical if the joint quasiprob-
ability for the eigenvalues of the components of each spin in three mutually
orthogonal directions, one of which is the average direction of that spin, is
classical in the symmelric ordering of the operators. It is non-classical if any
of those m-spin (m < N) joint quasiprobabilities is negative in the said or-
dering.

This criterion identifies (i) the coherent states of N spin-1/2s as classical,
(ii) any state of single spin-1/2 as classical; (iii) any pure entangled state
of two spin-1/2s as non-classical: this is in conformity with the finding in
Chap. 1 that any such state violates Bell’s inequality which is a signature of
non-classicality; (iv) squeezed spin states as non-classical. For details, see [25].






5. Theory of Stochastic Processes

In a number of situations, the forces acting on a system are non-deterministic.
The dynamical variables of the system then are random functions of time. The
behaviour of such variables can be described only statistically. The problem of
studying the statistical behaviour of random functions of time is the subject
of the theory of stochastic processes. In this chapter we summarize some
concepts and the operational techniques of the theory of stochastic processes.
For details, we refer to [64]- [67].

5.1 Probability Distributions

Consider a process described by a real valued function £(¢) of time ¢. If £(¢)
traces unpredictable paths as a function of ¢ in different realizations of an
experiment then it is called a random function and the process described
by it as a stochastic process. Let &;(t) be the functional form of the path
traced by £(t) in the i*? realization of an experiment. The set of all possible
realizations &1 (t),£2(t), . .. of £(¢) constitutes an ensemble of £(¢). The theory
of stochastic processes deals with the problem of determining the ensemble—
averaged values (f(£(t1), -, £(tn)))-

Consider first the problem of determining (f(£(¢))). Let p1(z,t)dz be the
probability that the value of £(¢) at time ¢ lies in the interval [x,x+dx|. The
single time probability density (henceforth also called single time probability)
p1(z,t) is defined by

pi(z,t) = (6(z — (1)) (5.1)

where the average is over all realizations of £(t). The average of a function of
£(t) may be determined in terms of p1(z,t) by noting that

(FE@)) = ¢ / f(@)b(x — &2))dz = / pi(2,1)f(z) dz. (5.2)

The integration is over the range of realizable values of £(¢). In a simi-
lar way, the average of a function of £(¢1),---,£&(t,) is determined by the
n-time joint probability density (henceforth also called n-time probability)
DPn (Tnytni ... 371,81) = pn ({i,t;}) defined by
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pn ({zi, ti}) = (8(z1 = £(t1)) -+ - 8(zn — £(tn))) - (5-3)

The p,, ({z;,t:}) dx1 - - - dz,, is the probability that £(t) assumes values £(¢1),
.., &(t,) at times t1,- -+, ¢, lying in the intervals [z1, 21 + dz4], ...,

[, T, + dx,,) respectively. The n-time averages are determined by the rela-

tion

(f(€(t1), - €(t))) :/dw1~~/d$npn ({zj,t;}) f (@1, 20) . (5.4)

A stochastic process is completely described by the infinite hierarchy of the
probability densities p,({z;,t;}), (n = 1,2,...). However, note that

Pk ($n+kv tntk; 5 Tny tn) = /dmn—l < dTi Pk ({xjv tj}) - (55)

This is the compatibility condition relating k-time probability with n+k-time
probabilities.

A stochastic process is called stationary if its probability densities are
invariant under time translation, i.e. if

pn({zi,ti}) = pu({zi, ti + T}), (5.6)
where T' is arbitrary. On setting T = —t; we see that
p1(z,t) = p1(z,0), pa(1,t1; T2, t2) = pa(1, 0y 2, 2 — £1). (5.7)

This shows that single time probability of a stationary process is time-
independent and that its two-time probability depends only on the time
difference.

Now, by invoking the representation (A.1) of the delta function, (5.3) may
be rewritten as

pr ({zis ti})

_ (%)n/_‘” dul.../w dunCy ({ui, ) exp (—iZmiul) . (58)

&9} — 00 i=1

where the Fourier coefficients C,,({u;,t;}) of pn({z;,%:}),

Con{ui ti} = <eXp <izuk£(tk)>>
k=1

=Y )™ )™ (€ ) € ) (69)
Mg i =0 - n-.

is called the characteristic function. An average (€™ (t1) - --£™"(t,)) is called
a moment of £(t) and the number m; + --- + m,, its order. The concept of
characteristic function enables us to determine the probability densities in
the problems specified in terms of the moments of a random function. Note
from (5.9) that the characteristic function generates the moments by means

of the relation
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(fie) 165" et

Now, if £(t) assumes the same value at any time ¢ in all its realizations with-
out any correlation between its values at different times then any moment
(E™1(ty) - €™ (t,)) factorizes in to the product (£(t))™ - (£(tn))™. We
may classify the stochastic processes according to the deviation of its mo-
ments from their factorized value in terms of lower order moments. A measure
of this deviation is provided by the cumulants ({{™ (£1) - - - ™ (t,))) defined
by

(5.10)

Uj =0

e et = | T (5o-) " W {CalfuntD}| - (511)
j=1 ! u; =0

The number m; + - - +m,, is the order of the cumulant in (5.11). This defi-
nition of cumulants is equivalent with the following expansion of the charac-
teristic function in terms of the cumulants

Cr ({us, t:})
= °XP [ > ﬁ(iul)ml e (i) (€ () - 6 (tn)>>]’

{mi=0} "
my+ -+ m, #0. (5.12)

By expressing an integral as a sum followed by the use of (5.12), it may be
shown that [64]

(exo i t ure(rar )

e in t t
= exp lzﬁ/o d7'1.../0 dru(m) - ul(m)
n=1

><<<€(Tl)-~'€(7n)>>] (5.13)

It should be emphasized that the quantity inside a double angular bracket
denoting a cumulant is not an algebraic operand. It is only a symbol indi-
cating the highest moment in the expression of a cumulant in terms of the
moments. Two lowest-order cumulants in terms of the moments are

((€(ta))) = (€t
((€(8:)E(t))) = (€(ta)E(E5)) — (&(ta)) (E(ty)) = o (tir L) - (5.14)
The first equation above shows that the first order cumulant is the mean
whereas the second order cumulant is the variance if ¢; = ¢; and a covari-

ance if t; # ¢;. The covariance is a measure of correlation between the val-
ues of the random function at two different times. The elements o(t;,t;)
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(4,7 = 1,2,--+) constitute the correlation matriz §. It is a symmetric ma-
trix. By virtue of the positivity of the probability densities, we can identify
the average (£(¢;)€(t;)) as a scalar product which fulfills the axioms of a
scalar product listed in Sect. 1.1. Consequently, the generalized Schwarz’s in-
equality (1.7) in this case reads det(d) > 0 where the matrix ¢ has o(¢;,¢;)
(i,7=1,2,...,N) (N=1,2,...) as its elements. As an example, for N = 2 it
states that o (t;,t:)0(t;,t;) > o?(ti, ¢;).

Now, if all the moments of a process factorize in to the products of (£(¢;))
then C,({u}) = exp(iu1{€(t1))) - - - exp(iun (€(t,))). Insert this in (5.11) and
verify that (™ (t1)---&™(t,))) = 0if my + -+ + m, > 2. This property
characterizes a deterministic process. The cumulaut expansion enables us to
define the process next to a conipletely factorized one as the one for which
(€™ (ty) €™ (tn))) = 0if m1 + -+ my, > 3. It is called a Gaussian
process. On expressing ((£(¢;)€(t5))) in terms of o(t;,¢;) as in (5.14), the
characteristic function (5.12) for a Gaussian process assumes the form

Cn({ui, t;}) = exp Zul Zo(ti,tj)uiu]— . (5.15)
ij
We can find the moments by substituting this in (5.10). As an example, let
us determine single time moments assuming (£(¢;)) = 0. To that end, expand
Ci(uy) in (5.15) in powers of u and insert it in (5.10). Carry the required
differentiation to show that single time moments of a Gaussian process are
given by

) = (9)" B gy o, (5.16)

2 m!
Next, we derive the n-time probability distribution by inserting (5.15) in
(5.8). We assume & to be positive and carry the integration over {u;} by
applying (A.22) to obtain

pn({zi, t:})
m exp {—% (XT _ <ET>) 67! (X - (é))} . (5.17)

Here X and & are columns formed by n elements 1, . .., 2z, and {(t1), ..., £&(tn)
respectively, and AT denotes transpose of A.

Next we outline the scheme for classifying stochastic processes according
to their correlations in time. It leads to the concept of Markov processes
which encompass a large variety of processes of practical interest.

5.2 Markov Processes

We noted in Sect. 5.1 that a stochastic process is characterized by the infinite
hierarchy of the probability densities p,({z;,t;}). Of considerable importance
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is also the concept of conditional probabilities. It enables us to classify the
processes according to their correlations at different times

The probability density of finding £(¢) in the intervals |z,, z, + dz,], - -
[, rn+dx,] respectively at times t,, . . ., t, under the condition that £(t) has

known values z1,...,%r_1 at times £,...,t.1 (f1 <tz < --- < #,) is called
the conditional probability density p(zn,tni...;Tr tel@r1,tr1;. 521, 81).
We note that, for t, > --- > #1,

pn({miv tz}) =P (.’L‘n, tn|$n-17 tn~1; o3 T, tl)pnfl({xh tz}) (518)
Consider the conditional probability p(x,,, tn|Tn_1,tn-1;.--;21,%1) for find-
ing £(t) in the interval [z, 2, + dz,| at time t,, when its value at the earlier
times ¢,_1,...,t; is known respectively to be x,,_1, ..., xy. If this probability

at any time ¢, is independent of its values at the earlier times then
D(Tnytn|Trat,tn1;..;T1,t1) = p1(Tn, tn)- (5.19)

On inserting this in (5.18) and on repeating the argunent, it follows that

Pn(Zn,tn; 521, 81) = pi(@n, tn) - pr(21, t1). (5.20)

This shows that there is no correlation between the values of the random
function at different times. However, if £(¢) is a continuous function of time,
we expect its value at a time to be correlated with its value at a time at least
infinitesimally close to it in the past.

Bearing aforementioned arguments in mind, next in the scheme of classifi-
cation based on the conditional probabilities would be the processes in which
the value of the random function at a time ¢ is correlated only with its value
at the time immediately preceding f. Such a process, called a Markov process,
is characterized by the relation

p(x", tn|xn—la tn—l; <5 T tl) = P(xm tn’l'n—la tn—l)a (521)
t, > --- > t;. On substituting this in (5.18) we find that

pu{zi,t}) = p(@n, tnlTn—1,tn—1)Pn—1({zs, t}) (5.22)
On using (5.21) again and on repeating the argument, we obtain

pn({m’u tl})

= p(ZTn, tnlTn1,tn-1) - - - P(z2, t2|T1, t1)P1 (21, 1) (5.23)

This implies that a Markov process is determined completely by its single time
probability distribution p; (z,t) and the conditional probability p(z;,t;|z;, ;)
called the transition probability. The transition probability of a Markov pro-
cess obeys the condition (t3 > t; > t;)

p(x3,t3|z1,t1) = /P(xs,t3|$2,t2)17($2,t2|$1,t1)d$2 (5.24)

called the Chapman-Kolmogorov equation [64]-[67]. The rate of transition
from z; to x; for x; # z; is defined by
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p(-riy t+ Atl.’l?], t) - p(-ria t'CE]’, t)

At ’
p(z;, tlz;,t) = d(z; — z;). Markov processes describe a variety of physical
phenomena. In practice, a process may be specified in terms of its transition
rates. If it is a Markov process, then its probability density can be shown to
evolve according to the master equation |66]

oopet) = [ ay[ulelypit) - wivin)pan)] (5.26)

This may be interpreted as a probability balancing equation. For, the first
term on the right hand side of (5.26) represents the rate at which probability
of assuming a value x is gained at the cost of the probabilities of the other
values whereas the second term gives the rate at which the probabilities of the
other values gain at the cost of the probability of the value z. The differential
equation form of this equation is the Kramers-Moyal expansion [65]

p(xt) = L (z,t) plzt), (5.27)

(5.25)

w(zi|z;) = Ltaiso

L(z,t)= i 1 (—%)mDm(xt), (5.28)

{&t+ A —£)1™)
At

D = Ltaso (5.29)

£(t)=z
The equation (5.27) determines the evolution of the probability in terms of
the moments of the process. Its formal solution yields

p(x, tlzg, to) = Texp [/t: drL (a:,r)] é(xz — xp). (5.30)

Verify by combining this with (5.25) that the rate of transition may be ex-
pressed as
w(zlz') = L (z,t) 6 (x — ). (5.31)

Now, the quantities of practical interest are the averages of functions of .
The equation for the average of a function f(z) can be found by multiplying
(6.27) by f(z) and integrating with respect to z to get

@) = [ st 1) fia), (5:32)
where L(z) is the adjoint of L(z) defined by the relation

/ dz g(z)L(z)h(x) =/ dz h(z)Li(z)g(z), (5.33)
with h(x) and g(m) obeying appropriate boundary conditions. Verify by re-

peated partial integration that if the functions in question and their deriva-
tives vanish at the boundaries then
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/ dx g(z)di;—jn—h(:c) = (—)m/ dx h(z)%g(z) (5.34)

On comparing this with (5.33) we see that

— ) =(—)"—. 5.35
() =" (5.35)
In the foregoing, we assumed that the random function assumes contin-
uously distributed real values. We will have occasions to deal with random
functions which assume only integral values. The master equation (5.26) then
reads
0
Splm,0) = 3 [wlmlm)p(n, ) = wnlm)p(m, 1), (5.36)

n

the p(m,t) being the probability that the value of the random function at
time ¢ is m and w(n|m) is the rate with which its value m makes a transition
to the value n.

The equation for single time probability of a Markov process enables us
to determine its multi-time correlations as well. This property is underlined
by the regression theorem. It states that if £1(¢),...,€n(¢t) are N random
functions of time described by a Markov process such that their averages
evolve according to

N
) =2 e (&), (5.37)

where a;; are independent of time then the evolution of their two-time cor-
relations is governed by

d

37 (&i(8)€k (o)) Zam & ()& (to)), (5.38)

This equation is the same as (5.37) for single time average. See [65, 68] for
its proof.

5.3 Detailed Balance

If L(z) is time-independent then (5.27) may be solved by the method of
eigenfunction expansion discussed in Chap. 10. Let zero be a non-degenerate
eigenvalue of L(z) and let the real part of all its other eigenvalues be negative.
Consequently, as t — 0o, p(zt) — pes(x) where pgs(z), called the steady state
distribution function, is the eigenfunction corresponding to the eigenvalue
zero:
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The solution of the steady state equation is greatly facilitated if the process
obeys the condition of detailed balance discussed next.

Consider a stationary Markov process described by N random functions
& (t), ..., En(t). Let w({z}|{z;}) be the rate of transition from the values
{z;} to {z}} and let ps({z;}) be the corresponding steady state. Under the
operation of time-reversal t — —t, let z; — @, {pi} — {€ip;} where {p;}
denotes a set of external variables and ¢; = 1. The process is said to be in
detailed balance if

pss({wi}v {,uz}) = pss({eiwi}a {Ei#i}), (5403')
w({eziH{ezipss({zi}, {pi}) = w({zd{zi})ps({2i}, {m:}).  (5.40b)

The first of the conditions above is the statement of invariance of the steady
state distribution under the time reversal. The second condition states that
the number of transition from a state described by the values {z;} to another
state described by the values {z}} is the same as the number of transition
from {z}} to {z;} in the reverse direction of time. Using (5.31) to express
w({y}{z}) in terms of L({y}), and after a little algebra, (5.40b) may be
reduced to the form [66]

Pss ({z}, {p}) LT {eizi}, {ews}) F ({2:})
= L({zi}, {pi}) pss {zi} {p}) F ({2:}) (5.41)

the F' being an arbitrary function. This is the detailed balance condition in
terms of the operator governing the evolution of the probability density of a
Markov process. We demonstrate the usefulness of this condition in the next
section for finding pes.

The detailed balance condition for the case of discretely varying random
variable described by the master equation (5.36) reads

wlmln)ps = w(njm)ps. (5.42)

This states that the number of transitions in unit time from the value n to
the value m in the steady state is the same as that from m to n.

5.4 Liouville and Fokker—Planck Equations

An advantage of working with the Kramers—Moyal expansion (5.27) lies in
the possibility of terminating it at some finite step. However, a theorem due
to Pawula (see [66]) asserts that the solution of (5.27) is everywhere non-
negative if it is truncated at the first or at the second term but not if it is
truncated at any other finite step. Since the admissible solutions of (5.27)
should be non-negative, it follows that it can be terminated up to the second
step or else all its terms should be retained. This theorem holds also for a
multivariate system.
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5.4.1 Liouville Equation

The expansion (5.28), generalized to N variables and truncated at the first
step, reduces (5.27) to the Liouville equation

p{zi},t) Z P, p({zi}, 1), (5.43)

{&(t + At) — &)}
A s’ (5.44)

A;({z:}) = Ltaco
To find the solution of (5.43), consider the equation

2i(t) = Ai({z(t}), (5.45)
with z;(tg) = y; as the initial condition. Let z;({y;},) be the corresponding
solution of (5.45). Let p({z;},t0) = 6({x; —y; }). Verify by direct substitution
that (5.43) is solved by

p{zi}, tHyi} to) = 6({z: — z:({wi}, 1) (5.46)

This means that, for given initial conditions, the system traverses a definite
path determined by the solution of (5.45). For details, see [65].

5.4.2 The Fokker—Planck Equation

The multivariate form of (5.28) terminated at the second term reduces (5.27)
to the Fokker-Planck equation

p({ze},t) = Lee({zeDp({zi ), 1), (5.47)
where the Fokker—Planck operator is given by
Erp(fad) = 30 - o Adfzs) 1) Z 5 Dol 0] (519

The column of the elements {A;{({z;})}, defined in (5.44), constitutes the
drift vector whereas

((Gi(t+ At) — &(1))(&5(E + At) — &5(2)))

yiv (5.49)

Er(t)=zk
constitute the diffusion matriz. The diffusion matrix is positive. The Fokker—
Planck equation is a continuity equation for the flow of the probability as is
revealed by writing it in the form

Dij({zk}) = Ltat—o

p({fﬁz > )

(5.50)

where
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A({z} ) — 5 Za i({z}, )| p({z}, 1) (5.51)

is the probability current.
Now, if Lpp({z;}) is time-independent, then the steady state pss({z:}) of
the Fokker—Planck equation is obtained by solving

Z 5;101 : (5.52)

For a univariate process, this implies J = constant, i.e.

[A - 1%0( )} Ppes(z) = O, (5.53)

where C is a constant to be determined by the boundary conditions. If J is
assumed to vanish at the boundaries then C = 0. In this case

N 1
Pss(T) = —— exp(®(z)), N1 dz——— exp(®(z)), 5.54
(@) = a7 (@ B P, (550
the @(x) being the potential function defined by

A(z)
&(z) = 2/ dz D) (5.55)
(5.54) shows that pss is peaked at the maxima of $(x).

However, if the process is multivariate then (5.52) does not necessarily
imply J; = constant for each i. Solving (5.52) is generally a formidable task.
This task is simplified considerably if the process satisfies the condition (5.41)
of the detailed balance. In order to see that, substitute the Fokker—Planck
operator Lgp of (5.48) for L in (5.41). Note that, by virtue of its defini-
tion, D({€;x;, €;z;}) = eie;D({x;,z;}). Now, equate to zero separately the
coefficients of F( {xl}) and of dF({x;})/dz; to show that pss({z;}) solves

Z g [ ({z:}) eiAi({ei:Ei}):lpss({-Ti}) =0,

A=) + adlfea)) = 3 a%D”} pes({:}) = 0. (5.56)

The task of finding pgs for a detailed-balanced process is thus reduced to
solving first-order equations. The equation to be solved in the absence of the
detailed balance is a multivariate second-order partial differential equation.

We have outlined above the way of finding the probability density of a
process described in terms of its moments. In many practical situations, a
system is described by equations of evolution of its dynamical variables. In
the next sectiori we discuss how to extract the stochastic properties of a
system from its dynamical equations.
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5.5 Stochastic Differential Equations

An equation of motion of a dynamical variable subject to the influence of a
random force is named a stochastic differential equation (s.d.e.). We consider
the s.d.e. written in the form

&= fil{&), ) + Zgij({éi}vt)nj(t), (5.57)

where the first term on the right hand side is a deterministic function of time
and of {£;(¢)} whereas 7;(¢) in the second term are random functions of time.
Given the probability distributions of n;(¢), our aim is to derive those for
{&}-

Solution of a stochastic differential equation involves integration over ran-
dom functions of time. For details of the theory of integration of stochastic
differential equations, see [65]. Of several ways of defining integration involv-
ing random functious, it turns out that the definition of Stratonovich enables
one to use the rules of the theory of the calculus of ordinary functions |65].
In what follows, we treat the stochastic integration in the same way as the
integration of ordinary functions. In other words, we implicitly follow the
approach of Stratonovich.

It is known that if ;(t) are delta correlated, i.e. if {{m (1) N (tn))) =
D(t1)8(ty —t2) - - 8(t1 —ty,) then £(¢) is Markovian [64]. The equation govern-
ing the evolution of a probability density of the process described by (5.57)
can be derived analytically in general if {#;(t)} is a stationary delta-correlated
Gaussian process characterized by

(mi(t)) =0, (mi(t)n;(t')) = Didi;0(t —t'),
((mi(t1) - mi(tn))) =0, n=>3. (5.58)

Note that the spectral density S(w), defined in (6.91), is independent of w if
the process is delta-correlated. Hence a delta-correlated process is also called
a white noise. The processes for which S(w) exhibits dependence on w are said
to constitute coloured noise. The process described by (5.58) is the Gaussian
white noise.

Now, the definition (5.1) of single time probability density of a univariate
process generalized to n random functions & (¢), ...,&n(¢) reads

({xl} t) 7 p H(s {z _-Tz . (559)

Differentiate p with respect to time and substitute (5.57) for &;. Use next the
property (A.7) of the delta-function to show that

N

N
p=- Z B_i—, [fi({zi}, t) + Z;gij ({=zi}, t)m; (t)] p- (5.60)

i=1
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Derivation of the equation for the probability density p({z;},¢) is facilitated
by the following theorem:

Theorem 5.1: Let y({z}, (t)) be a vector function of variables ({x}) obey-
mng

gz}t = [A+ > Bt Juz} ), (5.61)

where A({z}) and By({z}) are matrices whose elements are differential op-
erators of {x}. If {nk.(t)} is a Gaussian white noise characterized by (5.58)

then (y({z},t)) obeys

) i, 1 -
ek, 0) = [A+3 Y DeBE](w{a},0) (5.62)
k=1
where the average is over the distribution of {nk(t)}. We refer to [69] for its
proof. On applying this theorem to (5.60) and on recalling from (5.59) that
(p) = p({=x;},t), we find that p({z;},t) obeys the Fokker-Planck equation

e t) = | - Z fil{wid 1)

3 Diggu({2:),1) 5 g]k<{xz} H|p({zi}.t). (5.63)

l,j,k=1

If p({z;},t0) = 6(x1 — y1) - 6(@y — yn) then the solution of (5.63) gives
the transition probability p({z;}, t|{y;}, to). Since delta-correlation of {nx(¢)}
ensures that {£;(¢)} is Markovian [64], the transition and single time proba-
bilities determine all its multi-time correlation functions.

In the next two sections we discuss some analytically solvable cases of
(5.57). To that end, it is useful to classify the equations according to how the
system is coupled to the random influence {n(¢)}. If it is so coupled that {g;;}
are independent of {£;(t)} then the noise induced by {nx(t)} is called additive.
Else it is termed a multiplicative noise. There are, however, situations which
permit transformation between the two types of noises [66, 67).

l\.’:l»—A

5.6 Linear Equations with Additive Noise

In this section we solve the linear s.d.e.

£(t) = F(E() + g()n(2)- (5.64)
If n(t) is a Gaussian white noise then £(t) is said to describe a Wiener process
if f(t) = 0, and an Ornstein—-Uhlenbeck process (OU) if f(t) # 0.

The formal solution of (5.64) is

€0 = altto)zo+ [ dr bt TIN), 70 = E(to), (5.65)
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¢
a{t,tg) = exp (/ de(T)) , b(t, ) = g{T)a(t,T). (5.66)
to
We insert (5.65) in the definition (5.9) of the characteristic function to obtain
Ci(u) = (exp(iug(t)))

= exp [rualt, to)ao] ( exp [iu /t t dr b, T)n(f)} ). (5.67)
Apply (5.13) to express this equation in the form
C1(u) = exp [iua(t, to)zo] exp [i B Kt to)] , (5.68)
Kon(t,to)
- [ dr - - /tt dry (0071 - 1)) YB(E, 1) - - Bt 7). (5.69)

Since C1{u) constructed above is under the condition that {(¢¢) = xo, its
substitution in (5.8) yields the conditional probability p(z,t|zg,to). The in-
tegral in (5.8) can be evaluated analytically exactly if Cq(u) is a Gaussian,
i.e. if K, (t) = 0 for m > 2. This, in turn, requires that 7(¢) be Gaussian. By
assuming that to be the case and with (n(t)) = 0 we get

(.’L’ — a(t, to).’Eo)z
exp |— Kol 1) . (5.70)

p(z, t|zo, to) = m

Verify by direct substitution that p(z, t|zo, to) obeys the Chapman-Kolmogoro
equation (5.24) for a Markov process only if if n(t) is delta-correlated. If n(t)
is not delta-correlated then we need to construct multi time probability den-
sities for a complete characterization of the process described by £(t). The
multi time probabilities may be derived in a manner similar to the one fol-
lowed above for deriving the single time probability.

Let n(t) be a Gaussian white noise characterized by (5.58). Also, let f(t) =
0 so that £(t) describes a Wiener process. If, in addition, g = 1 then a(t,tp) =
1, b(t,7) =1, Ka(t,tg) = D(t — to). The equation (5.70) then assumes the
form

(z-m) | -

p(tleoto) = T2D(t — to)

o7 D(t —to) ¥

~ Next, let f(t) = —y (v > 0), g(¢) = 1 so that £(¢) describes an OU
process. On inserting these values in (5.66) and (5.69) we find that

a(t,to) = exp{—v(t — o)}, b(t,7) =a(t,7)
Ks(t,to) = %{1 —exp(-21(t ~t0))}. (5.72)



112 5. Theory of Stochastic Processes

The expression (5.70) then assumes the form

(2, tlzo, to) = !
P o \/wD(l —exp(—27(t — to))>

2
v {z —exp(—(t ~ to)ﬂvo)}
xexp |~ = exp(—27(t —1o)) . (5.73)

In the limit £ — oo it yields
p(xt|zoty) — T exp ( - lx2>, (v >0). (5.74)
D D

The asymptotic distribution is independent of the initial distribution.
It is straightforward to verify that (5.73) obeys the Fokker-Planck equa-
tion
Op(z, t|zo, t o D o
p(z, |2, to) = =
ot Or 2 022
This is the same as (5.63) specialized to the present situation.
Next, use (5.65) to show that

(€(t1)€(t2)) = exp(—(t1 + t2))
X [:ES +D /0 1 /0 dridr exp(y(m1 + 12))8(m1 — 72).(5.76)

] p(z, t[zo, o). (5.75)

The §-function reduces the double integral above to single integral in which
the upper limit is the smaller of ¢; and ;. Assume also that v, vts > 1.
The expression (5.76) then reduces to

(E(t)E(t)) = %exp{—wl ). (5.77)

This is the two-time correlation of an OU process in the long time limit.
Generalization of these results to multivariate systems is straightforward.

5.7 Linear Equations with Multiplicative Noise

In this section we discuss the problem of solving
&= [P+ Gom)e. (5.78)

Here £ is a column vector constituted by the elements (£1(t), L EN(E); F(2)
and G(t) are the N x N matrices independent of {£(¢)}. We discuss separately
the univariate and the multivariate cases.
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5.7.1 Univariate Linear Multiplicative Stochastic Differential
Equations

The univariate form of (5.78) reads

§= £ +nwg)]e. (5.79)
Its formal solution is given by (zg = £(0))

£(t) = zoa(t) exp {/0 dT?](T)g(T):l , a(t) =exp [/0 f(T)dT:l . (5.80)

On raising this to power m and on invoking (5.13) we obtain

€™ () = 2a™ (1) exp [Z %Kn@)] ,

n=1
t t
O =m" [dne [ dmdintn) - nm o) glm). (581
to to
If n(t) is a Gaussian with zero mean then

mZ
(E™(t)) = zla™ (t) exp [TKg(t)]. (5.82)

Substitute this in (5.9) to obtain
=17 m m?
Ch(u) = mzzjo — [mzoa(t)] exp [TKg(t)]. (5.83)

Now, rewrite the exponential in (5.83) recalling (A.20) (with 8 = m,a =
1/2K5(t)) so that

=\ 5 27rK2 / dy mz::() % [luzoa exp(y)] "

x exp(—y? /2Ky (t )] (5.84)

The summation over m can now be carried. Substitute the resulting expres-
sion in (5.8). The integration over u is a delta function in z — zga(t) exp(y).
This enables us to integrate over y and obtain the probability distribution as

p(, tap, 0) = mexp - ) KZ B In® {%Z(t) H (5.85)

For an application of this result in laser physics, see [68].
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5.7.2 Multivariate Linear Multiplicative Stochastic Differential
Equations

Now we examine (5.78) when £ is an N-dimensional column vector. We as-
sume F' and G to be independent of time. Define

&'(t) = exp(—tF)&() (5.86)
so that
(1) = n)GW)E W), G = exp(—tF)Gexp(tF). (5.87)

Its formal solution, averaged over the distribution of 7(t), is
t 2
€)= (Tesp [ [ amurién)] Jeo) (559
tg

Recall from Sect.1.1 that if {é(tl), é(t2)j| = 0 for all ¢1,t5 then the time-
ordered exponential integral is simply the exponential of the integral. This
condition will be satisfied if [13’, G’} = 0. Assuming this to be the case,

we invoke (5.13) to perform the cumulant expansion of the average of the
exponential of the integral and transform back to £ to get

(&(t)) = exp(tF) (5.89)

S [ dnee [ annm) - nmnen | €0)

X exp

If [13‘, G’} # 0 then (5.88) can be evaluated if n(t) is a Gaussian white
noise. For such an 7n(t), we can apply theorem 5.1 to (5.78) to get

@ = [Fo) + SE0) . (5.90)

The problem of solving (5.78) for a multivariate system driven by coloured
7(t) is generally analytically formidable one. A case of coloured noise of com-
mon interest is when 7n(t) is a Gaussian with zero mean and the two-time
correlation given by

mltn(2)) = =) exp(—lts tal). (591)

The form of the coefficient of the exponential above ensures that, in the limit
v — oo it reduces, by virtue of (A.8), to Dd(¢t1 —t2). The correlation in (5.91)
is of the form (5.77) which arises in the long-time limit of the OU process.
We, therefore, assume 7(t) to be an OU process governed by

7(t) = —yn+ aft), (5.92)
where a(t) is Gaussian white noise with zero mean and the two-time corre-
lation given by
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(a(t)a(t)) = D¥?6(t —t). (5.93)

The problem now boils down to solving the coupled equations: equation (5.78)
for £(¢) and (5.93) for n(¢). The noise in these equations is a Gaussian white
noise contributed by «(¢). These equations may be combined to resemble
(5.57) whose probability distribution obeys (5.63) if the noise is Gaussian
white noise. To that end, we let {11 = 9(t) so that the set of equations

N
&= Z [Fij (t) + Gy; (t)€N+1] (1 —din+1)&5 — Yoin+1€n 1
j=1
+Oz(t)5iN+1, (594)
i=1,2,...,N + 1, is equivalent to (5.78) and (5.92). If 1,...,z, and y
stand for realizable values of £(t),...,&,(t) and {n41 then the probability
density p(x,y,t) obeys

(%, t Z [ Fyj + Gigy)z; | p(%,u,1)
+[78% + %%]p(x, v, t). (5.95)
Our interest is in evaluating the averages
(€)= [ @ p(xp ey doxdy = [ s (5.96)
where
2% = /mkp(x, y,t)dzy - -dzpn. (5.97)

On multiplying (5.95) by =3 and by integrating over zi, ..., z, we find that
zx obeys the equation

5 N F) D 2 82
5%k = Z [(ij + ijy)zj] + [75‘7; + _;Z—;?—y—?_}z
j=1

This equation is solvable exactly for a univariate system. We have anyway
already solved the univariate problem in Sect. 5.7.1 for most general noise. For
the details of the methods of approximate analytical and numerical solution
of (5.98), see [66]. In the context of quantum optics, this finds application in
the study of the dynamics of a two-level atom in a fluctuating field in which
noise is characterized by (5.91) [70].

(5.98)

5.8 The Poisson Process

We have so far considered continuously varying random functions of time.
In this section we consider a discrete random process, the so called Poisson
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Process. This process is described by a random variable £(¢) whose value
increases randomly by one as a function of time without correlation between
any two values. The numbers m = 0, 1, ... are the realizations of the values of
&(t). Let p(m,t) be the probability that £(¢) = m at time t. Let R be the rate
of increase of £(t) so that w(n|m) = Rd, m+1. The master equation (5.36)
for p(m,t) then reduces to

p(m, t) = R[p(m — 1,£) - p(m,1)|. (5.99)

If p(m,0) = o then this is evidently solved by

p(m,t) = (}:fz)' exp(—Rt). (5.100)
By using the defining relation

(FE®) = Y fmp(m,t) (5.101)

m=0

for an average, verify that

Cy(u) = (exp(iué(t))) = exp [Rt(exp(iu) - 1)} (5.102)
Compare this with the cumulant expansion (5.12) of Cy(u) and verify that

(1)) = Re. (5.103)

This states that all single time cumulants of the Poisson process are equal.
Recall from (5.14) that ((£(¢))) is the mean of £(¢). Hence all single time
cumulants of a Poisson process are equal to its mean.

5.9 Stochastic Differential Equation
Driven by Random Telegraph Noise

In this section we outline a method of solving

&(t) = M(n(t)&(t) (5.104)
where the matrix M(n(t)) is a function of the telegraph noise n(t). The func-
tion n(t) is such that (i) it jumps between discretely spaced values a,b, - -
at a rate R and remains constant between the jumps, (ii) the jumps occur
randomly without any correlation, (iii) the process is stationary. Now, let us
denote by x(u,t) the value of £(f) at time ¢ in a realization in which the
value of n(t) is p. The value of £(t) in different realizations in which n(t) = p
need not be same. This is because evolution to time ¢t depends on the values
of n(t) at earlier times which are random. Let (x(u,t)) denote the average of
£(t) under the condition that n(t) = u. Clearly

@)=Y (xu1) (5.105)

p=a,b...
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Let us consider a realization in which 7(¢) = p. We assume that n(¢) does not
change during the evolution of £(¢) till time ¢ + d¢. The solution of (5.104)
gives €(t + dt) = (1 + M(u)dt)x(u,t). The n(t) may or may not change its
value at ¢ 4+ dt. Let n(t + dt) = v so that the value of &(¢ + dt) is denoted
by (v,dt + ¢). The probable value of n(¢ + dt) is found by introducing the
probability that n(¢) jumps from its value g to v in time dt. It is given
by w(v|u)(dt) = Rp(v|p)dt (1 # v), R being the rate of transition. The
probability of transition p(r|u) obeys

> plvlp) =1 (5.106)
u=a,b,...

Hence, the probability that the value of the variable does not change in time
dt is 1 — Rdt. It then follows that

((v,t +dt)) = (1 - Rdt)(1 + M(v)dt)(z(v, 1))

+RY p(vlw)dt (1 n M(u)dt) (@(u, ). (5.107)
In the limit d¢ — 0, (5.107) reduces to
(1) = (M) = R, 0) + R S plulps) @ (s 1)) (5.108)
HF Y

If the number of values assumed by 7(t) are N then (5.108) constitutes a set
of N equations whose elements are operators. The simplest telegraph process
is the two-state one assuming values a, b with pg, = pre = 1. As an example,
see [71] where two-state telegraph noise is used as a model of fluctuations in
the phase of a laser interacting with a two-level atom.






6. The Electromagnetic Field

In this chapter we recapitulate the classical and the quantum theories of the
electromagnetic (e.m.) field. This is followed by a discussion of the concept of
the field correlation functions and their role in characterizing the statistical
and spectral properties of the field. We highlight some signatures of non-
classical features of the field carried by the correlation functions.

6.1 Free Classical Field

The e.m. field may be described by the vector potential A(r,t) and the scalar
potential ¢(r, t) related with the electric and the magnetic fields E(r,t) and
B(r,t) by the relations

B(r,t) =<7 x A(r,t), E(r,t)= —%%A(r,t) —7P(r,t). (6.1)

The potential functions corresponding to particular electric and magnetic
field vectors are not unique. They are arbitrary up to the gauge transforma-
tion A - A — 7x, & = ¢+ ¢ 19yx/Ot. We may use the freedom available
within the gauge transformation to work with potentials having desired prop-
erties. The gauge convenient for developing the quantum theory of the e.m.
field is the Coulomb gauge characterized by the transversality condition on A:

. A(r,t) = 0. (6.2)

The potentials in a region of charge density ¢ and current density j under
this condition obey the equations

V2(r,t) = —o, (6.3a)
24(r, 1)~ L 0 Aty = - 6.3b)
W4 r, 2 o2 r, - CJT' ( -

Here, j = 1 + jr with the longitudinal and the transverse currents, 77 and
Jjr defined by 7 X jr =0 and ~7.j7 = 0.

Consider a region free of charges and currents. In such a region, the in-
homogenous terms in (6.3a) and (6.3b) vanish. We may exploit the Gauge
freedom to choose ¢ = 0 as the solution of (6.3a) corresponding to o = 0. In
order to solve (6.3b), we note that, for the boundary conditions of interest,
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72 is a hermitian operator. Hence, its eigenfunctions constitute a complete
orthonormal set. Let {ux(r)} be the eigenfunctions of <72, called the spatial
mode functions. They solve the eigenvalue equation

Viur(r) + |k|2ug(r) = 0, (6.4)

along with appropriate boundary conditions. Their orthonormality relation
reads

[ it~ (6.5)
Vv

where the integration is over the volume V' of the region containing the field.
We may then express A(r,t) as

A(r,t) =c Zk: \/é%—k [ur (r)ak (t) + i (r)og (1)) (6.6)

The form of the expansion coeflicients above is chosen for later convenience.
Note that the mode functions, by virtue of the transversality condition (6.2)
on A(r,t), should obey also the transversality condition

. (r) = 0. (6.7)

For example, in a cubic region of side L = (V)/3 with periodic boundary
conditions, the mode functions are the plane-waves

ug(r) = upa(r) = \/ge,\(k) exp(ik - r), (6.8)

where €y (k) is called the polarization vector. As a result of (6.7), ex(k)-k = 0.
Hence, for a given k, €,(k) may be along any direction orthogonal to k. Let
ei1(k) and ea(k) be the directions orthogonal to k and to each other such
that (e€;(k), e2(k), k/|k|) forms a right-handed triad of mutually orthogonal
directions. The eigenvector index &k on wy, in this case stands for the set k, A.

We determine the expansion coefficients ag(¢) in (6.6) by substituting it
in (6.3b) (with 7 = 0). We find that the ax(¢) obey the equation of evolution
of a harmonic oscillator:

d2
2 (t) + wiak(t) = 0. wk = clk|. (6.9)

We work with its solution
o (t) = exp(~iwgt)ag (6.10)

so that, with uy given by (6.8), A is a function of k - 7 — wit describing a
travelling plane wave:

A(r,t) = Xk: \/_QC—Tk [uk(r)ak exp(—iwgt) + up(r)og exp(iwkt)]. (6.11)

The expression for the electric field, obtained by combining this with (6.1),
reads
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E(r,t) = EP(r,t) + EC)(r,1), (6.12)

E® (r,t) =Y E{ (r1),
k

EX (r,1) = i /%uk(r)ak exp(—iwgt) = EL )" (7, ) (6.13)

The E(i)(r, t) are the so called positive and negative frequency parts of the

field. We will see that separation of the electric field into positive and negative

frequency parts plays a central role in the theory of the e.m. field detection.
Now, we recall that the hamiltonian of the e.m. field is given by

1

H= _/ [|E[2 + ’B[Z]d?’r. (6.14)
2Jv

This may be evaluated using the expression (6.13) for E and that for B,

obtained by combining (6.11) and (6.1). Using the orthogonality properties

of ug and the boundary conditions, it may be shown that

H= Zwk|ak]2. (615)
k
Refer to [73] for details. Introduce real variables gy, py defined by
k= w (6.16)

\/ka

Counsequently, the hamiltonian (6.15) assumes the form

H= %— Z [pz —l—wzqz]. (6.17)
k
By treating them as canonically conjugate generalized dynamical variables,
we note that the classical Hamilton’s equation of g, px are, in accordance
with their definition, the equations of a harmonic oscillator. The form of its
hamiltonian (6.17) suggests that the free field may be regarded as a collection
of harmonic oscillators. It affords an easy passage to the quantum theory of
the radiation.

6.2 Field Quantization

The quantum theory of the e.m. field can be formulated by following the
standard method of quantizing a classical system, namely, by treating the
canonically conjugate variables gx, px for each mode as operators §x, px which
obey the commutation relation

(46, 51] = iRt (6.18)

The quantum analog of the classical free-field hamiltonian then is
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N 1 . .
H= 3 Z [p% +w,%q,%]. (6.19)
k
Define the creation and the annihilation operators
e = VRO + 1Pk d;rc _ Wkdk — 1Pk (6.20)

Vohwy v 2hwy

obeying, by virtue of (6.18), the commutation relation

[ak,a}} = 6u. (6.21)

We may rewrite the Hamiltonian (6.19), after shifting the zero of the energy
of the k*! oscillator to huwy /2, as

H=hY_ wkila. (6.22)
k

On comparing this with (6.15), we note quantum classical correspondence
ay = Vhag,  of - Vhal. (6.23)

The electric field is similarly quantized by replacing the c-number dynamical
variables in (6.12) by operators. On invoking also (6.20), the electric field
operator reads

B(r, t):E(+)( )+ B (0, (6.24)

(+) ZE(H (1)

(r t) = iy/ h;) ug(r)ag exp(—iwgt) = ( U (r,t) (6.25)

Now, recall that the eigenstates of d;&k are the number states |ng) (ng =
0,1,---. Hence energy of the field in the state |nk) is nghwy. Since the energy
in a field mode is an integral multiple of Awyg, it is postulated that each
unit of energy in a field mode is carried by an indestructible particle, called
photon. Accordingly, an eigenstate {{ni}) = |ni,n2---) of (6.22) represents
a collection of photons with ny photons in mode k. The ground state [{0x}),
which describes a field having no photon in any of the modes accessible to
it, is called the vacuum state of the field. Invoke the properties of the h.o.
operators given in Chap. 3 to verify that

<nk|Ek|nk> =0,
(nalBx- Belni ) — (el Bt - (s Bl ) = h;k ( Lt 1). (6.26)

This shows that the expectation value of electric field in the number state is
zero but its fluctuations are finite even when it is in the vacuum state. These
are the so called vacuum fluctuations.
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Some particle-like properties of a photon are (see [73] for details):

e By invoking the expression

p— % / (E x B)d®r, (6.27)

it may be shown that the momentum of a photon corresponding to the
plane wave (6.8) of wave vector k is hik.

e On using the relativistic relation between mass m and energy F, namely,
mc? = \/E? — |p|2c? along with already noted facts that the momentum
and energy of a photon of wavevector k are p = hk and FE = hwy, = chlk|,
it follows that the mass of a photon is zero.

o Besides energy and momentum, a photon state is characterized also by the
polarization vector €y. Since €, transforms like a vector, a photon is viewed
as a particle whose rotational properties are those of an angular momentum
quantum number L = 1. Any component of such an angular momentum
has eigenvalues +£1,0. However, due to the transversality condition, the
eigenvalue zero is excluded.

The quantum theory thus assigns particle-like character to what is classi-
cally perceived as a wave. Recall that the quantum theory predicts wave-like
behaviour for what are perceived classically as particles. The quantum charac-
teristics of the e.m. field are identified by comparing its statistical properties
predicted by the quantum and classical theories outlined in the next two
sections.

6.3 Statistical Properties of Classical Field

The classical electric field is expressible in terms of the spatial mode functions
as in (6.13). The functions a(t) for free fields are harmonic. The same expan-
sion holds also in the presence of sources except that the time-dependence of
a(t) is determined by that of the source through (6.3b). The e.m. field may
thus be generally characterized by a set of complex numbers {ax(t)}. For the
sake of simplicity, we assume that the field is polarized in one direction and
treat it as a scalar.

Detailed considerations based on the theory of atom-field interaction show
that the optical detectors are square law detectors, i.e. they respond to the
square of the field amplitude E(r,t) and that their time of resolution is orders
of magnitude longer than the time period w~?! of optical oscillations [74]. An
optical detector, therefore, measures E?(r,t) averaged over many cycles of
oscillations. The detectors can be so arranged as to measure an nth order
correlation function [74]

n
G(n) ({riti}n; {ri+nti+n}n) = H E(—-) (Titi) E(+) (rn+itn+i)
i=1

= G(n) (1‘1t1, “v e 7rntn; rn+1t‘n+1; vy r2nt2n)~ (628)
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The first order correlation function G()(rt,rt) is a measure of intensity:

I(rt) = |EWD (rt) |2 = GW (rt,2t) . (6.29)
In many situations of practical interest, field is a random function of time.
Recall that the theory of random functions predicts only the averages over its
many realizations. Now, the response time of optical detectors is usually much
longer compared with the time over which the field changes. Consequently,
the output of a detector at a given time is a result of an average of the
function of the field being measured over the response time of the detector.
In such a situation we can invoke the ergodic theorem, according to which, the
average of a function of a random variable over a long period is the same as
its average over all possible realizations of the values of the random variable.
As explained in Chap. 5, the latter averages are characterized by the multi-
time distribution functions. Accordingly, the correlation function (6.28) is
determined by the average

G ({riti}n; {riti}n) <HE (rit;) E& )(rn+ztn+z)>. (6.30)

over an appropriate probability density characterizing the field. Note that, if
Tpti = T, tpty = t; then

G™ ({riti}n; {riti}n) = <ﬁ1(’riti)> > 0. (6.31)

This function determines the correlation between intensities at different
space-time points.

Non-negativity of the probabilities leads to a number of inequalities be-
tween the correlation functions. As we will see below, inequalities play impor-
tant role in identifying signatures of purely quantum effects. To that end, note
that since probability densities are positive, (|®({z})|?) > 0 for any &({z}).
Let &#(z) = Fi({z}) + AFy({z}) and show, following the method outlined in
Sect. 1.1 for the derivation the Schwarz inequality that

(EYF2)* < (R PIE)- (6.32)
Now, let

Fi=E®) (rit))--- ED (rot,),

FZ = E(+) (rn+1tn+1) e E(+) (r2nt2n)
and apply (6.32) to show that

2
G™ ({rits}n; {Tesntisn}n)
< G ({ritidn; {ritidn) G™ ({Pntitisn}ns {Pisntisn}tn) - (6.33)
It turns out to be useful to introduce normalized correlation functions
G ({riti}n; {ri+nti+n}n)
GO (rity;rits)

g(n) ({riti}n; {ri+nti+n}n) = (634)
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The correlation functions of frequent occurrence in quantum optics are the
first and the second-order ones. In the following subsections we summarize
briefly some of their important properties.

6.3.1 First-Order Correlation Function

The first order correlation function characterizes the interference effects in
wave amplitudes like in the Young’s double-slit and many other interfer-
ometric experiments. In order to see it, recall that in Young’s double-slit
experiment, the wave amplitude is divided in to two parts at two pinholes
at positions 7; and 73 (see Fig.6.1). The intensity of the field is measured

IH r1
—_—
r2

Fig. 6.1. Schematic diagram of Young’s two-slit interference experiment.

at points 7 on another screen at a time ¢. The field E (rt) at (r,t) is due to
superposition of the fields E(r;,t;) (i = 1,2) that propagated from the two
pinholes at earlier times ¢;. Hence, the field intensity I (v,¢) at the point of
observation is
I(r,t) = |AED (mt1) + LED) (raty) [
= |fil’I (r1t2) + | £ (rat2)

+2Re [ Frf2GW (rltl;m)] , (6.35)

the f; being the constants inversely proportional to |r — v;|. An important
characteristic of the interference pattern is its wisibility defined by

Im - Imi 2 G(l) t ) t
y < o Tain _ AAUBICOrstirata)) 636
Ima.x + Imin |f1| |I (rltl) + |f2| 1 (7'2t2)
On invoking (6.33) and on combining it with the definition (6.34) of gV, it
follows that the visibility is maximum when

lg (rity;mata) | = 1. (6.37)
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The fields for which (6.37) holds are said to be first order coherent. The field
is incoherent if g(!) (r1t1;79t2) = 0. The visibility with incoherent fields is
zero, i.e. such fields do not produce any interference pattern. The field is said
to be partially coherent if |g(* (r1t1;7at5))] # 0,1. It may be proved that
(6.37) would hold for all space-time points if [74]

G (r1ty;mats) = €7 (r1t1) e (Tata) (6.38)

If, in addition, the field is stationary then G (rit;;7r1t2) will be a func-
tion only of t; — ¢; = 7. The condition (6.38) for such a process implies that
e*(r1t1)e(rats) be a function of 1 —t2. This can hold only if £(t) ~ exp(—iwt)
implying thereby that a stationary first-order coherent field is monochro-
matic.

6.3.2 Second-Order Correlation Function

We have seen that the first-order correlation function characterizes interfer-
ence effects between the field amplitudes at two space-time points. The equa-
tion (6.31) shows that G®(r1,t,7a,t2; 72,12, 71,11), a second-order correla-
tion function, is a measure of intensity correlations at two space-time points.
The forerunuer of the experiments for measuring intensity correlations is the
one performed by Hanbury Brown and Twiss [75].

Consider the measurement of G (rt, rt + ; vt + 7, rt) assuming the field
to be stationary. The correlation function in question is then a function only
of 7. We denote it by G¥ (7). Its norinalized form is

4P () = (ECOVEC) (¢ 4+ 1)ED) (¢ + 7)ED)(t))
(ECI)E(¢)?
I@)It+7))
=2 s, (6.39)
(I(t))
The inequality above is a result of the fact that the intensity and the prob-

ability density are non-negative. Furthermore, the inequality (6.32) with
Fy =I(t) and F; = I{t + 7) implies that

9?(r) < ¢@(0). (6.40)
Next, let Fy = I(t) and F» =1 in (6.32) to obtain
9 (0) > L. (6.41)

This will turn out to be a useful inequality for distinguishing the quantum
nature of the field.

6.3.3 Higher-Order Correlations

The higher-order correlation functions can be similarly interpreted. Of par-
ticular interest is the generalization of the definition of first-order coherence.
A field is said to be n*® order coherent if [74]
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g(m) ({"'iti}n§ {"'i+nti+n}n) =1 (6-42)

for all m < n. It may be shown that this would hold if [74]

m 2m

Gt ({riti}n; {risntisntn) = H€*("'iti) H e(rit;). (6.43)

i=1 i=m-+1
As a consequence of (6.31), we note that if the field is n*® order coherent then
g ({ritsdns {riti}n) =1, (m <n). (6.44)

A field which is coherent to all orders is said to be coherent.
Next, we examine two commonly encountered examples of fields for their
coherence properties.

6.3.4 Stable and Chaotic Fields

The simplest example is of a single-mode field with constant amplitude Eg
and phase ¢:

EW(t) = Egexpli(k.r — wt + ¢)]. (6.45)

Such a stable classical field describes approximately the output from a laser
operating far above its threshold. For this field, the condition (6.42) of co-
herence holds for all n.

Consider now the field obtained by superposition of radiation from N
radiators. For the sake of definiteness, let the radiators be atoms each emitting
spontaneously at frequency wg. The atoms may be colliding with each other
as well. The radiation from each atom is of constant amplitude ey but its
phase is a random function of time. The positive frequency part of the total
field at a point of observation is

N N

EM)(t) = eg Y exp(—iwot +igi(t)) = > B (t) (6.46)

i=1 i=1

The phase ¢;(t) is distributed uniformly between 0 and 27. The corresponding
distribution function being

1\M

oo = (52) - (6.47)
™

We further assume that each ¢;(t) undergoes a sudden change at randomly

distributed times but remains constant between two consecutive interruptions

and that there is no correlation between the phase of radiation from different

atoms. These characteristics are adequately described by the equation

%dh (t) = p;(t), (6.48)
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where p;(t) is a Gaussian white noise with zero mean and

(it + 7)pi(t)) = 2764 (6.49)

The rate v is related with the rate of spontaneous decay and the rate of
collisions. Note that (6.48) and stationarity imply

d

3 ¢XP [—1{o; — ds(£7)}] = tip;(r) exp [-1{d; — ds(£T)}]. (6.50)
On recalling the deliberations of Chap. 5, we find that, with 7 > 0,

d

3 (exp [Fi{ei — ¢i(£7)}) = = (exp [-i {9 — di(£7)}]) - (6.51)

This proves useful in evaluating two-time averages. For,

(BEOMED (t+7))

N
= epexp(—iwor) Y (exp[-i{di(t) — ¢5(t +7)}])
ij=1
N
= ¢f exp(~iwoT) Z (exp [~i{i(t) — di(t +7)}])
= Neg exp(—iwor) {exp [~i {(t) — ¢i(t + 7)}])
= Nej exp(—iwgT — 7|7]). (6.52)

In writing the second line above we have invoked the fact that the atoms
are not correlated enabling us to write the average of a product involving
different atoms as a product of the averages. Also, by virtue of (6.47), the
average of exp(ig;) is zero. The property of equivalence of the radiators has
been applied in writing the third line. The final result is obtained by inserting
the solution of (6.51). Verify also that, due to (6.47),

(ED®ET (t+ 7)) = (ED@RET (¢4 7)) = 0. (6.53)

We recall again the considerations of Chap. 5 now to construct single time
probability density P(E, E*) by evaluating

P(E,E* t) = (%)Q/d% exp [—1 (B¢ + E*¢*))
x < exp [i(E<+>(t)5 + EH(t)g*)] > (6.54)

With E()(t) given by (6.46), we find that
(exp [i(BD @) + EO1)€7)])

= (%) Y ﬁ /:W doy - - -don exp [ieo{ exp(i¢; — iwgt)é + c.c.}]
i=1
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00 m N
-[E Srearer]

m=0

~ exp [~Nej|é|*] - (6.55)

The last line above is the result of retaining only the first two terms in the
series in the second line and by invoking the definition of an exponential
assuming N > 1. It is called the Gaussian approximation. On combining
(6.54) and (6.55) and on applying (A.28), follows the chaotic field distribution

P(E,E") = @ exp [~ |B?/Ne3] . (6.56)

The average of an arbitrary product of field for this distribution is
<E<*>'"E(+>"> = /dzEE"E*mP (E,E*) =m! (Ne2) " 6pm-  (657)

The multi-time probabilities may similarly be approximated as Gaussians.
Consequently, all the cumulants except the first two vanish. We exploit this
property to evaluate (E(7) (t)E() (t 4+ 7)EM) (¢t + 7)EMH(t)) by equating the
cumulant (((EC)()EC) (¢t + 7)EM) (¢ 4+ 7)EM) (1)) to zero. We use the ex-
pression for the cumulant of four variables in terms of the moments (see, for
example [65]). Since all odd-order moments are zero, we find that

(EDED (t+7)ED (¢ 4+ 1)ED (1))
= (EO@EDOWET ¢+ 7)ED(t + 1))
HEO B ED (t + WET(t + 1) EF (1), (6.58)
This relation holds for any Gaussian with zero mean. On recalling (6.52),
(6.58) yields
(ECQET t +7)EP (t+1)ED (1)) = N2e§ [1 + exp(—27|7])] .(6.59)

Now, the normalized first-order correlation function for a stationary field at
a fixed point of observation with t; = t,t3 = t + 7 is given, using (6.52) and
(6.59), by

Wy _ (EOWED (¢t +1))
T T EO G ES @)
= exp(—iwpT — ¥|7]). (6.60)

The normalized second-order correlation function defined in (6.39), is given
by

g (1) =1+ exp(—2y|7. (6.61)
Consider first the properties of gV (7).
e For v #0, [gV(7)| # 0, 1. Hence the chaotic field is partially coherent.
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e For 7 < 771, |gM(7)| ~ 1, which is its value for a coherent field whereas
for 7 > 1, g™ (7) — 0 which is its value for an incoherent field. Hence
~~! is identified as the coherence time of the field.

e g1 (0) = 1. Hence g(¥(0) can not distinguish between a coherent and a
chaotic field.

Consider now ¢(?(7) given by (6.61). Note that
9?(0) =2, (6.62)

which is in contrast with the value g (0) = 1 for a coherent field. The
chaotic and the coherent fields can thus be distinguished by a measurement
of g®®)(0). However, note from the expression (6.61) for the chaotic field that

g () =1, N (6.63)

Hence, on a time scale much longer than the coherence time, the chaotic and
the coherent fields are indistinguishable.

Let us now express the field as in (6.13). Since we are restricting our
attention to a fixed point (» = 0) in space, we find that

alwy) = \/%_k /v Z exp(iwgt) E?) (¢)dt, (6.64)

the C being a constant. This shows that (a(wk)) = 0. Following the steps in
(6.89), and on redefining the constant C, we obtain

(awr)arn)) = =8~ w)S(wr), (6.65)

2y
S(w) = . 6.66

(@) 72 + (w — wp)? (6.66)
This shows that the frequency in a chaotic field has Lorentzian distribution.

In view of (6.56), the set {ay, )} also has a Gaussian distribution. Their
distribution function is, therefore, given by

1
P(ag,a}) = || =———5 exp (—|axl?/{|a(wi)?)) . 6.67
D= H o = ") (667
We will use this result in the next section to construct the quantum analog
of the classical chaotic field.

6.4 Statistical Properties of Quantized Field

The observable statistical properties of the e.m. field in the quantum theory
are determined by the correlation function
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G ({riti}n; {Pisntisn})
= (BO) (rit)) -+ B (ratn)

XE(+) (rn+1tn+1) T E(+) (r2nt2n) > (668)

Bear in mind that BV (rt) = EC)I(rt) and that the average is the quan-
tum mechanical expectation value with the density operator of the field. The
expression (6.68) reduces to the corresponding classical one if operators are
replaced by corresponding c-numbers and the averages are identified as over
the distribution of those c-numbers. Since E(+) is a linear combination of field
annihilation operators for different modes and E(™) = E(M7 is that of field
creation operators, (6.68) shows that the process of photo detection measures
the field operators in normal ordering. Recall that it is this fact that forms
the basis for classifying the field states in Chap.4 as classical or quantum.

Now, purely quantum effects may be isolated by comparing the bounds on
correlation functions derived in the last section for the classical theory with
those predicted by the quantum theory, to be derived below. To that end,
recall from Sect. 1.1 that C1C for any Cisa positive operator. Since density
operator is also positive, it follows that Tr[C'TC' p] > 0. Let C = A+\B. Follow
the method outlined in Sect. 1.1 for the derivation the Schwarz inequality and
show that

(ATB)? < (ATANBIB). (6.69)
The choice
A=T[EP(rits), B=]]EP (rizntisn), (6.70)
i=1 i=1

leads to the same inequality (6.33) as derived for a classical field. However,
we show below that there are situations in which the quantum predictions
differ from the predictions based on classical inequalities.

6.4.1 First-Order Correlation

The normalized first-order correlation function for a quantized field at a fixed
point of observation and for a stationary process is defined as in (6.60) with
the c-numbers replaced by operators. For a single-mode field it assumes the
form

g(l)(T) — <&T (t)&(t + T)>

(at(t)a(t))

Quantum theoretical g () does not lead to any inequality which is in con-
flict with the classical theory. This amounts to saying that the first-order
correlation function does not carry any signature of field quantization.

(6.71)
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6.4.2 Second-Order Correlation

Now we examine the properties of the quantized version of the second-order
correlation function defined in (6.39):

(EOMEO (t+1)ED (¢ + 7)ED(1)

@(r) = - 5 6.72
7 (EO@ED () o
For a single-mode field it reduces to
AT /\"‘ A ~
@)y - L ()a’(t +7)a(t +r)a(t)) ‘
9+ (7) a0 (6.73)
Let 7 = 0 and reexpress (6.72) as
. 2
<(E<>Eom) > (B [0, BC1] B0
9?(0) = - . (6.74)

A . 2 (=) I
(BOE®) (ECIE)?2

On applying (6.69) with A = E(EM) | B = 1 we see that the first term
on the right hand side above is greater than one. However, non-zero positive
values of the second term may lead to

9P (0) < 1. (6.75)

Notice that (6.75) can hold only if the commutator in the second term in
(6.74) is non-zero. On recalling the classical prediction (6.74) viz. ¢(2(0) >
1, it follows that (6.75) is a signature of the quantum nature of the field.
Furthermore, using the P-representation introduced in Chap. 3, we leave it
to the reader to confirm that ¢(®(0) < 1 implies that the corresponding P-
function is non-classical. A field for which (6.75) holds is called antibunched.
An example of antibunched field is the number state |m). For this state, it is
easy to see using (6.73) that g (0) = 1 for m = 0, and ¢®(0) = 1 - 1/m
for m > 1.
Now, for a single-mode field, (6.73) and (6.75) imply

((ata)?) — (ata)? < ala. (6.76)

The left hand side above is the variance and the right hand side the mean
of photon number distribution. Recall that variance is equal to mean if the
distribution is Poissonian. The inequality in (6.76) indicates sub-Poissonian
photon number distribution. Hence, sub-Poissonian photon number distribu-
tion is another signature of the quantum nature of the e.m. field.

6.4.3 Quantized Coherent and Thermal Fields

In this subsection we identify the quantum analogs of classical stable and
chaotic fields.
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Like in the classical description, a quantum field is said to be n*® order
coherent if (6.42) holds. It implies the factorization property (6.43). On us-
ing the operator representation of the field, it follows that the condition for
coherence to all orders can be satisfied if the field is in an eigenstate of the
annihilation operator dx of every mode k (see [74] for details). Since the op-
erators corresponding to different modes commute, it follows that the said
eigenstate is a direct product of the eigenstates of each of the annihilation
operator ag. An eigenstate |a) of the field annihilation operator & is, there-
fore, called a coherent state of the field. This provides physics basis for the
concept of a coherent state introduced in Chap.3 based on mainly mathe-
matical considerations. Recall also from Chap. 3 that &' does not admit right
eigenstates. Hence the states |a) are the only ones for which the correlation
function factorizes to all orders.

The expansion (3.28) of a coherent state in terms of the number states
and the interpretation of the number state |m) as the state having m photons
shows that the photon number distribution in the coherent state is Poissonian.
Verify using (6.24) that the expectation value of single-mode electric field in
the coherent state |a), (o = |o| exp(ig)) is given by

hwy
2V
This expression is similar to the one for stable classical field. Also, like the
stable classical field, the field in a coherent state is coherent to all orders.
The field in a coherent state is therefore analogous to a stable classical field.

Next, we construct the quantum analog of the classical chaotic field. To
that end, we invoke the correspondence (6.23) and note that the quantum
density operator analogous to the classical distribution function (6.67) of the
chaotic field may be written as

p =] Ar exp(—Brafax) (6.78)
k

(BN (1)) = iy == aexpli(k.r — wit)). (6.77)

where By and the normalization constant Ay are determined as follows.

e Working in the basis of the eigenstates |m) of a'a we obtain

T e8] 6.79
T o gt = 3 et = o)
Hence, the normalization constant Ay is given by
A =[] [t - exp(-5%)] (6.80)
k .

e The expectation value of (4a)™ is similarly found to be given by

Tr [(afa)m exp(—ﬁeﬁa)]
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m

= ()" g T exp(—Bila)|
= ()

G 1
dg™ 1 —exp(—8)’
Using this, it is straightforward to see that
_ exp(—0Ok)

atay o ST Ay
(G,00) = Mkbri, Tk 1 —exp(—fr)

The correspondence (6.23) implies that %i(ald;) = (afey). Use this relation,
the expressions (6.65) and (6.82) to show that

C
hng = —S{wg). (6.83)

Wi
We may now evaluate normalized first order correlation function defined in
(6.60) by inserting in it the expression (6.25) for the field. Bearing (6.82) and

(6.83) in mind, verify that
gD () = >k Wity exp(—iwgT) _ ok Slwr) exp(—iwm‘).

>k WrTik >k S(we)

Convert the sum to an integral over w from 0 to co. As is the case with
optical fields, the width « of the Lorentzian is small compared with the op-
tical frequencies. Hence, we can extend lower limit of integration to —oo.
On carrying the integration by standard contour integration, we recover the
classical result (6.60). We leave it to the reader to evaluate ¢g(®(7) in the
same way and confirm that it is same as (6.61) for the classical chaotic field.
In particular, g®(0) = 2. The value ¢(?(0) = 2 may now be interpreted to
indicate increased correlation or bunching of photons at a given space-time
point over what is found in a coherent state.

(6.81)

(6.82)

(6.84)

6.5 Homodyned Detection

In the last section we noted that a direct measurement on the field at a
given space-time point yields information only about the quantities which
are products of equal number of positive and negative frequency parts of
the field operator. The observables which are not of the said form can be
measured by the method of homodyned detection. In this method, the signal
field is mixed with a strong coherent field called the local oscillator. Photo
detection of the field so mixed can give information about the statistical
properties of certain correlation functions of the kind in question. See [76] for
details.

As an illustration, let the signal be a single mode field described by the
operators &,a'. Let frequency of the local oscillator field be the same as that
of the signal. We treat the local oscillator classically. The positive frequency
part of the mixed fields is
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ED) = a+|E| exp(—i¢g)| exp(—iwt). (6.85)

Here |E}| and ¢ are the amplitude and phase of the local oscillator. Perform
a measurements of the variance in the photon number distribution in the
homodyned field. Assume the local oscillator field to be very strong compared
with the signal and retain the highest non-zero power of |E;| to show that

an? = 2B [(42) - (45)?] (6.86)
Ay = \i@ [exp(i6)a + exp(~ig)al] . (6.87)

A measurement of An? in homodyned detection of a single-mode field is a
measure of the variance in Ag.

The method outlined above for a single-mode field can be extended to
multi-mode fields by means of appropriate choice of frequency of the local
oscillator. As an example, see [55].

6.6 Spectrum

A characteristic of the light fields of utmost interest has traditionally been its
spectrum. By spectrum we commonly understand the intensity of the Fourier
components of the field. Let

E(w) exp(iwt) M (t)dt. (6.88)

\/ 27 /
Assume that the field is stationary. Now,

<E*(w1)E( 2))

= 21 dt1 / dtg exp{—i(wit; — wata) (B (8) EM (t2))
s

= g/—oo dT exp{—1T(w; — wa)}

X /jO dr exp{ir(w; +w2)/2}<E(_)E(+)(T)>
= (5(0.]1 — UJQ)S(UJl). (689)

The second line above is obtained by changing the integration variables
to T = (1 + t2)/2, 7 = t3 — t; along with the use of the stationarity,
(B (t1) M (t2)) = (B EM(tz — 1)), and

S(w) = /00 d7 exp(iwt)(EEW) (7))

—0o0

= 2Re /000 d7 exp(iwT) <E(—)E(+)(T)>. (6.90)
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The last line above is obtained by using the relation (E(-)E™)(—75)) =
(EN()EM®)Y = (EC)EM)(7))*. The function S(w) is called the spectral
density or the spectrum of the field. The equation (6.90), relating spectral
density with the two-time correlation function of a stationary process, is
the content of the Wiener-Khintchine theorem. For a plane-wave field, the
mean power per unit area carried by the field past a point of observation is
proportional to (E()EM)) it follows that S(w) is indeed a measure of the
power distribution among different frequency components of the field|77].
The definition (6.90) may be extended to quantized fields by treating the
field amplitude as an operator so that

S(w) = 2Re [ /0 ~ dr expliwr) <E<-)E<+>(7)>} . (6.91)

Note that the definitions of spectrum given above are based on mathematical
considerations. The mathematical soundness of these definitions, their rela-
tionship with what is actually measured as also the question of generalization
to a non-stationary process have been greatly debated. We refer to [77, 78] for
a detailed account of the theory of the spectrum of classical and quantized
e.m. field. The definition (6.91), however, is adequate for most commonly
encountered situations.
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In this chapter we introduce the hamiltonian governing the interaction of
quantized electromagnetic (e.m.) field with free atoms. We show how the
facts of the physics of the problem can be used to reduce that hamiltonian
to mathematically manageable forms. Simple prescriptions for constructing
models conforming to frequently encountered conditions are given.

7.1 Dipole Interaction

Consider an atom consisting of Z electrons surrounding its nucleus which is
assumed to be at rest. Let the atom be irradiated by the e.m. field. Express
the hamiltonian of the combined system of the atom and the field as

H=h)> wialax + Ha+ Hi.- (7.1)
k

The first term on the right hand side above is the free field hamiltonian,
given by (6.22), H, and Hy, are, respectively, the free-atom and atom-field
interaction hamiltonians derived below. If the wavelength of the field is large
compared with the size of the atom, which is typically of the order of 108
c.m., then the variation of the e.m. field over the atom can be ignored. This
would be the case if the field frequency is less than about 10'® Hz. It can
then be shown that the dominant part of the atom-field interaction arises by
treating the atom as a dipole constituted by Z atomic electrons bound to
the nucleus [72]. If 7; (i = 1,---, Z) denotes the position of the i*" electron
then the quantized atom-field interaction hamiltonian in the electric dipole
approximation reads

z
Hing = —d- E(ro) = —eZ'f’i - E(ro). (7.2)

Here e is the electronic charge, d is the atomic dipole moment, and E(ro) is
the electric field operator at the position 7 of the nucleus:

E(ro) = iEk: ,/%%g(k) exp(ik - 7¢)ax + h.c. (7.3)
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We assume that all but the valence electrons constitute a hard core and that
the e.m. field changes the state of only the valence electrons. We consider
atoms having single valence electron and restrict the summation in (7.2) to
Z=1.

Now, let {|#:)}, i =1,---, N be the complete set of orthonormal energy
eigenstates accessible to the electron and let { E;} be the corresponding energy
eigenvalues. As a result, the relevant part of the free-atom hamiltonian reads

N
H, = ZEiAii» (7.4)
i=1
AU :W)z><%|7 (17.7:117N) (75)

The orthogonality and completeness of the states implies that
N
AijAr = Aydjk, ZAu' =1 (7.6)
The dipole moment operator in the basis of the energy eigenstates reads

N
d=Y" dilPs) (%], (7.7)
ij=1
where d;; = e(y;|#]¢;) is the dipole matrix element between the levels |1);)
and |¢;). In the representation spanned by the eigenstates |r) of the position
operator 7, obeying #|r) = r|r),

dy = e [ @rrtn (e, D) = o). (7.9

Verify that if the electronic states are of definite parity, i.e. if Yp(—7r) =
+1i(r) then d;; = 0 if the parity of |¢;) is same as that of |¢;). For such
states d;; = 0. Each state of a free atom has a definite parity. On combining
(7.2), (7.3), and (7.7), the interaction hamiltonian assumes the form

N
Hip=h Z ZAij [gijkdk + g;jkaz]a (7.9)

ij=1 k

the g;j. being the atom-field coupling constant given by

Gijk = ” QhV d;;.€) exp(ik.rg) = d;j.€xrex. (7.10)

If the matrix element of the dipole operator between two levels vanishes then
the transition between those levels is said to be electric dipole forbidden. Else
it is an electric dipole allowed transition. The selection rules for identifying
electric dipole allowed transitions are well known.

The hamiltonian for an interacting system of an atom and the e.m. field
in dipole approximation thus assumes the form



7.1 Dipole Interaction 139

H= thkakak + ZE Ai+h Z Z AZJ [gmkak + g”kak] (7.11)

k=0 i,j=1

It treats the atom as well as the field quantum mechanically. If we wish to
identify the characteristic effects of field quantization then we need to com-
pare the results of the quantized hamiltonian (7.11) with those predicted
by treating the field classically. On recalling the quantum-classical corre-
spondence (6.23), we note that the classical field version of the atom-field
interaction is obtained by the replacement ap — o/ Vvh. The equations of
the field variables are then the Hamilton’s equations for the pairs of con-
jugate variables {ay,aj}. Those equations are the same as the Maxwell’s
equations. The approximation which treats the e.m. field classically but the
atomns quantum mechanically is known as the semiclassical approzimation. It
is equivalent with replacing the quantum averages (a'™a ”A) where A is an
atomic operator, by (a)(a™)(A) in the Heisenberg equations.

The field in the semiclassical approximation is a classical dynamical vari-
able. Further simplification is obtained by treating it as an external variable.
To see this, consider the Heisenberg equation

N
iy = wiik + Y ghndis (7.12)
i,5=1
where ’dot’ over a quantity denotes derivative with respect to time. The
formal solution of (7.12) reads

dx(t) = exp{—iwgt) [ak - 1/ dr exp{iwg7) Z g“kAZ]( )] (7.13)
4,j=1

First term on the right hand side of this equation describes contribution

due to free evolution of the field. The second term is the reaction on the

field from atomic transitions induced by it. If the applied field is sufficiently

intense compared with what can be contributed by the atomic transitions
then the second term in (7.13) can be ignored so that

ax(t) = exp (—iwgt) ax(0). (7.14)

The field then is no longer a dynamical variable. The field operators at time
t may then be replaced by their averages in the initial state. We assume the
field to be in the coherent state |{ax}) (|ax| 3> 1), replace the operator d(0)
in (7.14) by ay and substitute it in the hamiltonian to reduce it to

N
A= Zl Eidii+1h ; Aij [gijk exp(—iwyt) o + c.c.]. (7.15)

The atomic operators are now the only dynamical variables.
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The solution of the dynamical problem associated with even the semiclas-
sical hamiltonians is generally a formidable task. However, there are numerous
realistic situations in which the atom-field interaction can be approximated
by manageable forms. The approximations central to quantum optics are the
rotating wave and the resonance approximations, discussed next.

7.2 Rotating Wave and Resonance Approximations

To understand the conceptual basis of these approximation, consider a sim-
plified version of the hamiltonian (7.15) in which the field is assumed to be
prescribed externally. Assume that it is a single mode field of frequency w
and that it couples only the levels |g) and |e) (F. > E;). The interaction
part in (7.15) may be written, assuming « and g to be real, as

Hini(t) = 2gha|S; + S_] cos(wt), (7.16)

Sv=leol, 8- =latel, 8= (ledtel - l)ial). (7.17)
The completeness relation for the two states reads

lg){gl + le){e] = 1. (7.18)

The operators .SA'“ are the same as the spin-1/2 operators introduced in
Sect. 1.6. On using the definition of S, along with the completeness rela-
tion (7.18), and on shifting the zero of energy to (E. + E,)/2, the free-atom
Hamiltonian (7.4) may be rewritten as

H, = hwoS,, wo=(E.—E,)/h. (7.19)

The hamiltonian of a two-level atom in a monochromatic external field thus
reads

H(t) = hwoS, + 2hga [5’+ + .SA’_} cos(wt)
= hwS, + héS, + 2hga [5’+ + ,5‘_] cos(wt), (7.20)

d = wg — w being the detuning between the atomic and the field frequencies.
The state |¢(t)) of the atom under this hamiltonian evolves according to

it
w(o) = Tesp |1 [ arfin] oo (121)
0
Apply (1.51), with A in it identified as —iwS,, to rewrite (7.21) as

[(8)y = exp (—iwtgz) (Texp [—% /Ot dTﬁI(T)] 1¥(0)), (7.22)
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Hi(t) = exp (ith’z) [H - th’z] exp (—ith'z)
= Hrwa + hga {exp(2iwt)5’+ + exp(—2iwt)5'_} . (7.23)
The second line above is obtained by using (2.44), and
Hego = h [55’2 + ga (S’+ + S‘,)} . (7.24)

On applying (1.51) again, with A = —iH,ya/h, (7.22) assumes the form

0(®) = exp (it ) exp (—%HW)

T[4 [ arttnn) 1w, (7:25)
Hi(t) = hga [exp(21wt)5’+ () + exp(—2iwt)S_ (t)}, (7.26)
S'”(t) = exp (;Z Arwa> S exp ( Zﬁrwa> . (7.27)

The S, (¢ ,.(t) may be evaluated as in Sect.12.2 by transforming to new set of
spln operators R, related with S by (12.59a). In the new representation,
Hywo = hQRZ, where

2 = \/4g%a? + §2. (7.28)

Recalling the results of Sect.12.2 we note that

A 2 ) A
SL(t) = ?ZaR +3 (1 + 5) exp (i02t) R,
i 6 R
Z - = —i 7.29
+3 (1 _Q) exp ( 1.Qt)Rv}, (7.29)
S.(t) = %Rz - % (exp (i t)R, — h.c.) . (7.30)

Combination of these results in (7.26) determines Hy(t).

The time-ordered integral (7.25), read with (7.26) and (7.29) cannot be
performed analytically exactly even for § = 0. Its approximate value of practi-
cal interest is obtained by examining the expansion (1.43) of a time-ordered
integral. It shows that each time integration contributes the factors 1/w,
1/(2w + §2). Hence, (7.25) is expressible as an expansion in powers of ga/w,
ga/(2w £ 2) and their products. We consider transitions between bound
state far below the ionisation limit. The strength of optical fields inducing
such transitions and the atomic dipole moments are such that

N <K w. (7.31)
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Note from (7.30) that {2 is the frequency with which the atomic popualation
is exchanged between the two levels. It is known as the Rabi frequency. The
condition (7.31) states that the Rabi frequency be much smaller than the
frequency of the field. For a simple argument revealing that |g||a} of the order
of optical frequencies would ionize an atom, see [79]. Now, due to (7.31), the
terms containing ga/w and ga/(2w + {2) are negligibly small. The terms
proportional to ga/(2w — {2) are also small except when w = wp/3 in which
case ga/(2w — £2) ~ w/ga which is large. However, an inspection of (7.29)
reveals that the coefficient of exp(£2i(w — £2)t), which is responsible for such
terms, contributes additional factor which is of the order of g°a?/w?. Hence
the overall contribution even from the terms like ga/(w — £2) is of the order
of gajw.

In view of the preceeding deliberations, we carry the time-ordered inte-
gration in (7.25) to second-order. Now, the time scales of observation are
orders of magnitude longer than w™!. Hence, what is observed is an average
over many cycles of oscillations at frequency w. Consequently, the contribu-
tion from a term oscillating at frequency of the order of w averages to zero.
Bearing this in mind, we find that non-zero contribution in second order of
perturbation comes ouly from the terms containing exp(=+it{2). It follows that

a® ) .
(Texp (_ﬁ/ dTHH( )> N1—21g o0 S ~ exp (—15BStSZ>, (7.32)

where, for the reasons elaborated below,

2¢%a3
dps = o0 (7.33)
describes shift in the atomic frequency wq. It is known as the Bloch—Siegert
shift. The expression (7.32) may alternatively be derived by evaluating (1.108)
to second order. We substitute (7.32) in (7.25) and invoke the smallness of
ga/w to write the product of the exponential containing H,wa and (7.32) as
exp{—it(ﬁrwa/h + 5BSS’Z)}. The expression (7.25) then reduces to

19(t)) = exp (—iwtgz) exp{—it(Hrwa /R + 6555,) H(0))
— F exp [—i /O dTH(T)/h] 1(0)), (7.34)

H = h{wy + B5s)S, + hga (exp(—iwt)5’+ + exp(iwt)SL) . (7.35)

The reader may verify that the second line in (7.34) reduces to the first if
(1.51) is applied with A = —iwS$,. The hamiltonian (7.35) shows that in the
process of making approximations, the atomic transition frequency is shifted
by 6gs. This shift is negligibly small for optical frequencies. In what follows
we ignore dpg. We note that the terms ignored in the approximate form
(7.35) of (7.16) are exp(iwt)S,; and exp(—iwt)S_. It is known as the rotating
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wave approzimation (RWA). Dropped terms are the so called counter rotating
terms. For an explanation of this nomenclature, see, for example [79].

The interaction hamiltonian is simplified still further if the detuning be-
tween the field and the atomic transition frequency is large. To that end, note
that an atomic operator S”u, under the action of (7.35), evolves to

() = T exp [~% /O tﬁ(f)df] $,T exp [% /O tﬁ(f)df}

= exp(—igzwt) exp {—%Hrwat] Su exp {iﬁrwat]

h
x exp(iS,wt). (7.36)

The exact analytic expressions for Su under the action of Hyy, have already
been evaluated in (7.29). We examine them under the condition

6] > ga. (7.37)

This states that on-resonance Rabi frequency be much smaller than the de-
tuning between the atom and the field. A perturbative expansion of the exact
S,.(t) shows that, to zeroth order in ga/d, S.(t) = S.(0). Hence, if the atom
is initially in its ground state then the expectation value of S,(t) is —1/2 to
zeroth order in ga/é. To this order, we may let S, () ~ —1/2. The commu-
tation relation [S,, S_] =25, then reduces to

5., Sy] ~1. (7.38)
This suggests that the atomic operators may be approximated by the har-
monic oscillator operators:

S_—b, S, bt [bb=1 (7.39)

The foregoing considerations apply also when the field is treated quantum
mechanically. The atom-field system in this case, in terms of spin operators
introduced above, is described by the hamiltonian

H = hwo8, + hwata + h <S+ + S_) (gd + g*aT). (7.40)

By following the method outlined above and by using the solution (11.22) for
a two-level atom in a single-mode quantized field we find that, if

lgli/{afa) < w, (7.41)
then (7.40) reduces to (ignoring the Bloch-Siegert shift)
H = hwo8, + hwata + h (gs}a + g*afg_) . (7.42)

This is known as the Jaynes—-Cummings model |80].
Reducing (7.40) to (7.42) constitutes the RWA for a quantized field. In
this form, we see that RWA amounts to ignoring energy non-conserving terms
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in which emission (absorption) of a photon is accompanied by the transition
of the atom from its lower (upper) to its upper (lower) state. In other words,
RWA ignores terms in which the atomic raising (lowering) operator multiplies
the field creation (annihilation) operator. Similarly, following the method
outlined above for a classical field, it may be shown that if

6] > [g]4/(a1a) (7.43)

then the atomic evolution is adequately described by harmonic oscillator
approximation of two-level operators.

A pair of levels for which (7.43) holds are said to be far off-resonant with
the field mode in question. Else they are said to be nearly-resonant with it.
The deliberations above show that if a level is coupled far off-resonantly with
one and nearly resonantly with another then the off-resonant coupling can
be discarded in comparison with the nearly resonant one. We refer to it as
the resonance approximation.

In what follows we assume the RWA to hold to rewrite (7.11) as

H= ZE(’”)A” + Zwkakak + Z Z [g”kakAﬂ + h.c. (7.44)

k E;<E;

Based on the resonance approximation, we obtain its simplified forms for
some situations of practical interest. The issue of their solution is addressed
in Chap. 11.

7.3 Two-Level Atom

Consider an atom in a states |g) irradiated by a multichromatic field. Let
there be a frequency w in the field for which an allowed transition from |g) to
another level |e) is nearly resonant. Let this transition be far off-resonant with
all the other frequencies present in the field. Also, let all the allowed transi-
tions from |e) or from |g) to any other level be far off-resonant with all the
frequencies present in the field. As discussed above, the atom then interacts
dominantly only with the mode of frequency w and undergoes transitions only
between |g) and |e). The atom can then be considered as a two-level atom and
the field as monochromatic of frequency w. The corresponding hamiltonian
in RWA is obtained from (7.44) by retaining in it the free-field term corre-
sponding only to the mode of frequency w, the free-atom term corresponding
only to the two levels and the interaction term only between those levels and
the single mode. It is the Jaynes-Cummings hamiltonian given by (7.42). Its
generalization to N identical two-level atoms is described by

H = huwo Z S® + hwa'a + hz [g,S( )a+ g aTS(z)] (7.45)

i=1



7.4 Three-Level Atom 145

where ngz), Sﬁ’) are the spin operators for the ith atom and g; is its coupling
constant. The dependence of the coupling constant on the position of the
atom arises owing to the variation of the field in space. If it is assumed that
that variation is negligible over the region containing the atoms then g; ~ g
for all 7. It reduces (7.45) to the form

H = hwo8, + hwala + (g8 a+ g*atS_], (7.46)

where the collective spin operators are as in (3.73).

7.4 Three-Level Atom

Consider now the situation in which only a frequency w, of a multichromatic
field is nearly resonant with a pair of levels |¢g) and |i). Let the frequency
wp be the only one nearly resonant with the pair of levels |¢) and |e). If the
states have definite parity then a direct transition between |g) and le) is
dipole forbidden. Let all transitions from any of the three levels in question
to any other level be far off-resonance with any frequency in the field. The
atom can then be visualized as having three levels and the field as having
only two frequencies if w, # wy. It acts as a monochromatic field if wy = wy,.

Note that, there are three different configurations possible for transitions
between the three levels depending upon the position of the intermediate
level |i). Those are shown in Fig. 7.1 along with the allowed transitions. In
the configuration of the first diagrams in Fig. 7.1, the energy of |i) is inter-
mediate between the energies of the other two levels. It is called the ladder
configuration. The energy of |#) in the A or Raman configuration is higher
than that of the other two levels (second diagram in Fig. 7.1) whereas the level
|#) in the V-system is below the other two levels (third diagram in Fig.7.1).
If (4, a') and (13, ET) are the e.m. field mode operators corresponding to the

—— > ——|i> ——e>
;) 8a )

_________ i..b e\l E - v

b
s i> ——|g>
AL o, s

g t—lp i

Fig. 7.1. Three configurations of a three level atom in a two-mode field each acting
on only one transition.



146 7. Atom-Field Interaction Hamiltonians

frequencies w, and wp respectively then it is straightforward to see that the
hamiltonians for the ladder, Raman and V configurations in the RWA are
given respectively by

I;-A[L = E[O +h g;a’TAgi + gaAigaf +h g;BTAie + gbAeiB- ) (747)
Hy = Ho + 1 [ 920" Ags + gaAsga| + 1 [g51 Aei + gpAich] (7.48)
E[V = EIO +h _gZdTAig + gafigi&- +h _ggi)TAie + gbfieii)- . (749)

In the equations above, Hy = H; + H, where
Hp = hweata + hwopd'h, Hy= > EmAmm (7.50)

m=g,i,e
are the free field and the free atom hamiltonians. The problem of solving
these hamiltonians is addressed in Chap. 11.

7.5 Effective Two-Level Atom

In the processes described above, a photon mediates transitions between a
pair of levels coupled by an allowed dipole transition. This is the lowest order
process in the interaction of radiation with atoms. If there is no pair of direct
dipole-coupled levels available close to an applied frequency, higher order
processes come in to play. The process next in line is a two-photon process.
As the name suggests, it describes a situation in which transition between
two levels is mediated by simultaneous action of two photons. The action in
question may consist in simultaneous absorption or emission of two photons,
or absorption of one accompnaied by simultaneous emission of the other. The
former process takes place if the sum of two applied frequencies is close to
the frequency of transition between a pair of levels having a non zero dipole
matrix element for the said transition. The latter process applies when the
difference of two applied frequencies is close to the frequency of transition
between a pair of levels having a non zero dipole matrix element for the said
transition. For the sake of definiteness, let 4 and b be the field annihilation
operators for the modes of frequencies w, and wp. If the levels |e) and |g) are
such that hwg = E. — E, =~ K{w, + wp) then the interaction between the field
and the atom is goverened by the hamiltonians

H=h [dg)eaebame) (g + h.c.] . (7.51)

Here, dg? is the dipole matrix element for the process in question and eg, ey
are as in (7.10).
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In case E, — Eg = h(wg — wp) then

Hr=h [dg};vl)eae;aé’f le){g| + h.c.] , (7.52)

the dﬁé’l) being the dipole matrix element for the process of absorption of
one and emission of another photon. For further details see [81]-[83].

These considerations can be generalized to a multiphoton process involv-
ing m emissions and n absorptions. Such a process is described by the hamil-
tonian of the form (7.57).

The strength of a multiphoton process is enhanced if there is an inter-
mediate transition close to a field frequency participating in the multiphoton
process but still sufficiently far away enabling that transitions to be termed
far-off resonant. We elaborate this in the following.

To that end, in the three-level models introduced in the last section, let
the detunings
_ BB _ B —Ei|
N h @ N h
of each pair of levels from the frequency of their respective coupling fields be
such that |ga]v7a < |0al, 96|/ Tt < 0p. Here fi,, 7y, are the average number
of photons of frequency w, and wy. In this case, the transition between |g) and
{#) as well as that between |e) and |i) are far off-resonant. We can then solve
the Heisenberg equations perturbatively with g,/d;, and g,/d;. as the per-
turbation parameters. However, exact solutions for the three configurations
of a three-level atom are also available (see Chap. 11) under the condition

E. — E, = h{wg +wy), ladder configuration, (7.54a)
E. - E, = hlw, —wp|, Raman and V configurations. (7.54b)

50. 51, Wy (7.53)

Starting with the exact solution we have carried the said perturbation ex-
pansion in Chap.11. We find that, to the lowest order of perturbation, the
intermediate level remains unoccupied if it is unoccupied initially. The three-
level atom is thus reduced to an effective two-level atom. The dynamics of
the three configurations is found to be governed by the following effective
two-level hamiltonians

. . 2 R bl .. .
Hy, = H; + (Eg + %a%) Agy + (E + %bb*) A,

+ [9‘3"" abAcy +hec.), (7.55)

fe =i+ (B, +198505) 4.+ (B 19L55) 4
R — f g 6a'a' gg+ e+T ee

+ [gbg’“ blad., + h.c.] , (7.56)

The hamiltonian in the V-configuration is similar to that in the Raman con-
figuration. Each term in the expressions above has a simple physical meaning;:
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e The operator Aegdi) in (7.55) describes the process of the atom making
transition from its lower state |g) to its upper state |e) by absorbing simul-
taneously one photon of frequency w, and another of frequency wp, The
operator a"b“AQe describes the reverse process. In the same way, abTAeg
in (7.56) describes transition from |g) to |e} by simultaneous absorption of
a photon of frequency w, and emission of a photon of frequency wy. The
strength of these processes is evidently enhanced by decreasing the detun-
ing of the intermediate level to the extent that it still qualifies to be called
far off resonance.

e The shift in the energy levels in (7.55)—(7.56) is the Stark shift. Note that it
depends on the intensity of the field. It arises due to virtual transitions to
the intermediate level. The atom in the lower state in the ladder configu-
ration makes virtual transitions to the intermediate state by simultaneous
absorption and emission of a photon of frequency w,. Note that in this case
atom must absorb a photon first and then emit. This process is represented
by afa. The atom in this process remains in the state |g). It is, therefore,
described by the part of the Stark shift term reading de/igg. The anal-
ogous process for the atom in the upper state |e} is, however, performed
by emission followed by simultaneous absorption of a photon of mode b.
This is represented by bb'. Note the order of the operators. The atom, of
course, remains in the state |e). The process of virtual transition from the
upper state is thus represented by bbt A,.. The Stark shift terms in the
other configurations can be similarly interpreted.

A process in which w, # wy is termed non-degenerate. Else it is a degen-

erate process. The hamiltonians for the degenerate processes corresponding
o (7.55), (7.56) are obtained by the replacements wy — wa, b — é.

The interpretation of the effective two-level models outlined above pro-
vides a recipe for eliminating one or more off-resonant levels. If two levels
are coupled by n off-resonant dipole transitions between them which involve
absorption of m photons and emission of n in going from |g) to |e) then the
hamiltonian, in the interaction picture generated by the free hamiltonian,
will be of the form

H(t) = gexp (—iAt) dy - - - amb} - - - bl [e) (g] + h.c. (7.57)

Here A = wi + -+ Wy, — Winy1 + -+ - wn — wo. This describes a coherent mul-
tiphoton process. The problem of solution of such a hamiltonian is addressed
in Chap. 11.
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7.6 Multi-channel Models

The atomic levels configurations and the fields in the models above are such
that only one mode couples a pair of levels. Several interesting and useful
phenomena are observed when a pair of levels is coupled by two or more
frequencies. A phenomenon of particular interest, possible with multi-channel
models, is the wave mizing. It refers to the phenomenon of generation of a new
frequency by algebraic addition of frequencies or by a division of a frequency.
In order to see that, let the hamiltonian in the interaction picture be

H;(t) = exp(—iAt)Fle)(g] + exp(iAt) F'|g) (e]. (7.58)

Notice that the combination of the field operators responsible for the tran-
sition that starts and ends up at |g) is FTF. Comparing (7.58) with the
hamiltonian (7.57) describing a single-channel multi-photon process, we see
that F for such a process is a product of annihilation and creation operators
for various modes. The operator FtRp is, therefore, a product of number op-
erators for the modes in question. Hence, at the end of a cycle, the energy of
every mode is the same as at the beginning.

Exchange of energy between modes at the completion of a cycle may take
place if Fis a sum of products of field operators. As an example, consider
the process depicted in Fig. 7.2. In it, the atom can go from level |g) to |e)
by absorbing two photons, one of frequency w, and another of frequency wy.
It can make that transition alternatively by absorbing a photon of frequency
we- Notice that parity considerations would prevent simultaneous occurrence
of these two processes if the states involved are of definite parity. This pro-
cess can therefore occur only if the states are not of definite parity. Since
parity conservation is violated in the absence of space-inversion symmetry,
for the process in question to be possible, atom must be in a space-inversion
symmetry breaking environment like in a crystal. The process of Fig.7.2 is

] T5b le>
P .
o i _§_a_”7||>
% T
(I‘)a

Fig. 7.2. Effective two-level atom in which levels are coupled by two channels.
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described by (7.58) with
F=giab+ge8, A=w.—wy, we=uwq+wp (7.59)

In this case F'TF involves terms like a'67é which do not commute with the
number operator of any of the fields. There is thus an exchange of energy
between the modes at the completion of a cycle. We discuss the process of
wave mixing arising out of this hamiltonian in the next section.

As another example, consider the process depicted in Fig. 7.3. It describes
generation of Stokes and anti-Stokes fields of frequency w; and w, on interac-
tion with a pump of frequency wj, with a three-level atom in Raman configu-
ration in which the intermediate level is off-resonant with all the transitions.
The corresponding interaction hamiltonian is (7.58) with [84]

F = goaLa, + gaalaa. (7.60)
This is the so called two-channel Raman-coupled model [84]. For some other
two-channel models, see [85].

e>

lg>

Fig. 7.3. Two-channel Raman-coupled model.

7.7 Parametric Processes

In the processes introduced above, the state of the atom as well as that of the
field changes. Parametric processes refer to the class of processes in which
an atom in a level makes only virtual transitions to other levels. Consider
the interaction Hamiltonian (7.58). Let |A| > ||F|| so that the transitions
between |g) and |e) are off-resonant. Let the atom be initially in state |g). The
transitions to |e) are then only virtual. The procedure outlined in Sect. 7.5
leads to the following hamiltonian for the fields:

N ~ 1 ~, ~
Hp = Hy + —A—FTF. (7.61)
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As discussed in the last section, wave-mixing can occur if F is a sum of
products of field operators. As an example, (7.61) for F' given by (7.59) (with
g1 = g2,G = |g|2/A) reads

Ho=H; +G [efai; + iﬁafa} . (7.62)

Now, we assuine that the mode ¢ is initially in an intense coherent state |a),
la| > 1. On account of the procedure outlined in Sect. 7.1, we treat the mode
¢ classically by replacing é by aexp(—iw.t) so that (7.62) reduces to

Hp = weala + wyblh + {g*aé exp(iwet) + h.c.} . (7.63)

& = Ga. The dynamics generated by this Hamiltonian may be investigated by
recalling from (2.71) that it is an element of SU(1,1). An application of the
similarity transformation (2.75) shows that the modes a and b grow in time.
The Hamiltonian (7.63) thus transfers energy of the mode ¢, called the pump
to the modes a and b. The Hamiltonian (7.63) thus describes the process of
down conversion of a frequency.

7.8 Cavity QED

It should be clear that the models introduced above, and their likes, rely on
the availability of a set of well-separated discrete modes. This may be achieved
only inside an appropriately constructed cavity. Recall that the possible val-
ues of wavelength inside a cavity of finite volume V are discretely spaced and
that the density of modes at frequency v is proportional to (12 + m? + n?)
where [, m,n are integers characterizing the order of a mode. This implies
that lower order modes are better suited to meet the requirement of well-
separation of frequencies. For cavities of the size of a few millimeters, lower
order frequencies fall in the microwave region.

However, the field in a cavity loses energy due to leakage at the walls of the
cavity. The methods for accounting for such losses are outlined in Chap. 8.
The models introduced above ignore such loses. Hence, in order to realize
these models experimentally, the time of interaction ¢;,; should be such that
tint € k! where & is the rate of leakage of the field at frequency w. That
rate is usually expressed as k = w/Q where @ is called the cavity Q-factor.

We consider a microwave cavity with high enough @ factor and find out
what kind of atoms are suitable for realizing the said models. To that end,
note that in order to enable the atoms to pass through it, the cavity has to
be open ended. The modes travelling parallel to the axis of the cavity are, of
course, discretely spaced. However, the modes entering from the open sides
form a continuum. We will see in Chap. 8 that interaction with a continuum of
modes causes an atom to decay spontaneously. It is obviously an undesirable
hurdle in the way of realization of the models in question. We, therefore, need
to restrict the time of interaction to a time scale much shorter than the time
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scale of spontaneous decay. The time of interaction, however, should be long
enough to allow for appreciable exchange of energy between the atom and the
field. Recall that the rate of exchange of energy between a pair of atomic levels
coupled resonantly with a field mode is given by the Rabi frequency which is
proportional to the dipole moment of the transition in question. Hence, the
dipole moment of the operative transition should be high enough to make
its Rabi frequency g much larger than the spontaneous decay rate ~ from
any of the operative levels. These cousiderations imply that the experimental
conditions should be such that

g <t <y LT (7.64)

For experimentally meaningful interaction times in microwave cavities, such
a condition can be realized with transitions between states of high principal
quantum number n called the Rydberg states. An atom in such a state is
called a Rydberg atom. In the following we enumerate some properties of
Rydberg atoms to bring out their usefulness for the purpose in question.

1. The energy of a level of principal quantum number n is proportional to
n~2. Hence, the frequency w of transition between the levels of neigh-
bouring principal quantum number ~ n =3 if n is high. For n ~ 30, w lies
in the microwave range.

2. The dipole moment d for transitions between nearby levels is proportional
to n?. Clearly, the dipole moment for n ~ 30 is almost two orders of
magnitude higher than normal optical transitions corresponding to, say,
n ~ 3. The choice of high n is thus in consonance with the aforementioned
requirenment of strong atom-field coupling.

3. We will see in Chap. 8 that the rate of spontaneous emission v between
levels having dipole matrix element d and transition frequency w is pro-
portional to d%w>. Hence, in view of the properties 1 and 2 above, v ~ n™5
for transition between two Rydberg levels. The rate of spontaneous decay
between two Rydberg levels is thus reduced considerably compared with
that in optical domain. For n ~ 30, v ~ 100 sec™>.

4. The spontaneous emission in 3 above is for transitions between two oper-
ative Rydberg levels. An atom may decay spontaneously to other lower
energy levels. The total rate I" of such an emission may be shown to be
~n~3 [86]. However, emission to states other than the ones in question
does not have any bearing on the model since the probability of an atom
returning to an operative level from a non-operative one is negligible.

These considerations show that the conditions appropriate to realizing
the models in question can be met by working with Rydberg atoms on a time
scale of few milliseconds.

The problem of interaction of isolated atomic transitions with isolated
e.m. field modes is thus a problem of cavity quantum electrodynamics (QED).
See [86, 87] for details of applications of cavity QED in probing fundamental
aspects of quantum mechanics and atom-field interaction.
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7.9 Moving Atom

In our treatment so far of atom-field interaction, we have tacitly assumed that
the atom is fixed at one position or, if the atom is moving, there is no spatial
variation of the field over the distance that it traverses during the duration of
its interaction with it. These conditions exclude many important situations of
interest. For example, in cavity QED, an atom enters a cavity and interacts
with a spatially varying field while in motion. An atom oscillating in a laser
cooled trap is another example which is of current interest.

The atomic motion may be included in the description of atom-field inter-
action by making the position vector 7 in the mode function in the interaction
hamiltonian a dynamical variable so that

H= %Pz +V(#)+ H, + He + Ho_¢ (7). (7.65)
Here P is the momentum conjugate to r, m is the atomic mass, V(r) is
the external potential and H,_¢(r) is the atom-field interaction hamiltonian.
Now, the momentum of an atom changes due to the influence of V(r) and
due to the fact that it recoils to compensate for the momentum of radiation
emitted or absorbed by it. Each process of emission or absorption of radiation
of wave vector k changes the atomic momentum by #|k|. If this is negligibly
small compared with the momentum of the atom then we can ignore it and
assume that the atomic momentum changes solely due to V(7). Hence, if
rm(t) is the position vector at time ¢ due to the evolution under the mechan-

.2
ical part P /2m + V() of the hamiltonian then the effect of atomic motion
on atom-field interaction is adequately described by replacing # in H (') by
(rm(t)) so that

H=H,+ B+ Hy ¢ (P (1)) (7.66)

The position is thus no longer a dynamic variable. Many a times it is adequate
to describe the mechanical part classically. In this case, and for an atom
evolving freely (V = 0) with fixed momentum p, {#,,(t)) = r¢ + pt/m.

A system of current interest in which the atomic motion is coupled to its
electronic transitions is that of an atom in a laser cooled trap. The motion
in the trap is well approximated as harmonic. For a detailed review of the
quantum optics of an atom in a laser cooled harmonic trap, see [88].






8. Quantum Theory of Damping

The evolutions governed by the hamiltonians we have introduced are re-
versible in time. However, irrevesible motions are facts of life. Spontaneous
emission from an excited atomic level, absorption of radiation etc. are some
examples of interest to us. How irreversibility arises is the issue addressed in
this chapter. We will see that irreversible evolution is generally an outcome
of a system’s interaction with the environment having nondenumerably in-
finite number of degrees of freedom. Such an evolution is described by a so
called master equation. We derive the master equation under the conditions
frequently encountered in quantum optics and specialize it to various model
systems. For further reading, see [89]-[91].

8.1 The Master Equation

Consider an isolated system composed of subsystems named S and R. We are
interested in the dynamical behaviour of the system S alone. In what follows
we refer to S as the ‘system’ and R as the ‘reservoir’. Let the hamiltonian of
the combined system S + R be expressible as
ﬁ:ﬁs+ﬂR+ﬁRsfﬁo+ﬁRs. (81)

Here, Hs and Hy describe free evolution respectively of the system and the
reservoir, and Hgg is their interaction hamiltonian. We know from (1.121)
that the density operator g(t) of the combined system at time ¢ is given in
terms of 5(0) by the relation

p(t) = exp [—%ﬁt] 5(0) exp [%Ht] = exp [Lt} 5(0), (8.2)

where Lp = (—=i/h)[H, p]. On using (8.1) for H and on applying (1.51), this
expression may be rewritten as

A() = exp [_%ﬁot] i exp [_% /0 t drﬁl(r)] 5(0)
x T exp [% /0 t drﬁl(r)] exp [%ﬁot] , (8.3)
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Hi(t) = exp (%ﬁﬁ) Hggexp (—%ﬁmﬁ) . (8.4)

The behaviour of S alone is determined by the density operator ps(t) =
Trr[5(t)] obtained by performing the operation of trace over the reservoir
operators in the combined density operator §(t). Let S and R be decoupled
at ¢ = 0 so that

A(0) = ps(0) ® pr(0), Trsps(0) = Trrpr(0) = 1. (8.5)

Substitute this in (8.3) along with the definition Hy = Hg + Hg and perform
trace over R. Since Hg does not contain any reservoir operator, the exponen-
tial containing it can be brought out of the trace. The cyclic property of the
trace can be applied to the reservoir operators. As a result we find that

psi(t) = D(t)ps(0), (8.6)
ps1(t) = exp l:%f{st] ps(t) exp [—%f{st] , (8.7)

D(t)ps(0) = T Texp [ -1 t drti(r)] pa(0)ps(0)
x?exp {% /Ot dTﬁI(T)J }

= TTR{T exp [—% /Ot dTiI(T)] ﬁR(O)}ﬁs(O)- (8.8)

The superoperator L 7(t) in the equation above is defined by

Li(typ = [Fu(t), o). (8.9)

Express the time-ordered integral as in (1.43) to rewrite (8.8) as

D(t) =1+4, (8.10)
‘/%:7;/0 dTn o dTn—l"'/O dTlT&'R{L[(Tn)"'L](Tl)ﬁR(O)},
(8.11)

Owing to the reasons outlined circa (1.108), we reexpress ﬁ(t) as

ls(t) = exp [ln(l + :i')] = exp [ i ]\AA/Ik(t)], (8.12)
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i ft 5
M(t) = *ﬁ/ drTrgr [LI(T)ﬁR(O)],
0

J\AA/Iz(t) = (-%)2/(: dry /OT2 dr Trr [fa(ﬁ)fd(ﬁ)ﬁR(O)]

122
—§M1(t), (8.13)

and so on. In writing the seconAd step in the equation above, we have (i) ex-
panded In(1 + Z) in powers of &, and (ii) grouped together the terms having
the same number of i 1. The density operator pg(t) of the system S may now
be determined by substituting (8.12) for 5(15) in (8.6). However, exact evalu-

ation of ﬁ(t) is generally a formidable task. Approximate expressions may be
derived by exploiting realistic conditions. A practical situation of widespread
interest is the one in which the interaction hamiltonian is much weaker than
the free hamiltonian. In this case, it is adequate to retain in (8.12) terms up
to the second order in the interaction. It is called the Born approxzimation.
Moreover, we assume that pg(0) is such that Trg[Hi(t)pr(0)] = 0 so that

My = 0. Hence, in the Born approximation,

ps1(t) = exp (Ms(1)) ps(0). (8.14)

To derive the equation obeyed by ggr(t), differentiate (8.14) with respect to
t using the identity (2.3). In order to be consistent with the Born approx-
imation, the terms only up to the second order in the interaction need be
retained. The operation of differentiation of the exponential operator is then
equivalent with that of a c-number exponential. On recalling the definition
(8.13) read with (8.9) we obtain

Sasi) =~ [ @t Ao, (7 -, n@pse0)]] . (515)

Now, let the system-reservoir interaction hamiltonian be expressible as
N
Hrs =1y (S1F + F{S), (8.16)
k=1

Fy, being a reservoir operator and Sk a system operator. Insert this in (8.4)
to obtain

N
) =1 (SLOFu(®) + B (O3u ), (817)

k=1

Fyr(t) = exp (iﬁR t/h) Fexp (—iﬁR t/h) . (8.18)

We assume that the system operator Sk is such that



158 8. Quantum Theory of Damping

Sk[(t) = exp (-;—_L-ﬂst) Sk exp (*%ﬂst) = exp (—iﬁkt) Sk. (8.19)

On combining (8.17) and (8.15) and on transforming pgr(t) back to pg(t)
using (8.7) we find that (8.15) reduces to the master equation
d . i
dt h

Il
>

ps = == |Hs, ps| + Lsops = Lsps, (8.20)

iso,ﬁs = Z [(Szﬁsgl - ﬁsgzgl) Wz(kl)
k.l
+<,§kﬁs§; — ﬁsSlTSk) ‘/V[(]f) + (SIIF;SS; - /383; AZ)WJ(:)
+<Skﬁ$*§l - ﬁsgzgk)Wz(:) + h-C-] (8.21)

The rates W (t)'s are related with the two-time averages of the reservoir
operators by

Wl(kl) = / dr exp(if2;7)Trg [ﬁ’;l(t — T)Fk](t)ﬁR(O)} dr,
0

Wi = /0 dr exp(=i)Ten [Fiu(t = ) Ef (0 (0)] dr,

Wl(:) = /0 drexp(—if2;7)Trg [F”(t — T)Fkl(t)[)R(O)} dr,

oo
Wl(:) = / dr exp(i£27) Trg [ﬁf](t — T)Fgl(t)ﬁR(O)] dr. (8.22)
0

In writing the expressions above, the upper limit of time-integration is re-
placed by oo by assuming that the reservoir correlation time 7. is very small
compared with the time ¢ of observation. This usually requires the reservoir to
have non-denumerably infinite number of degrees of freedom (see Sect. 8.4).
On the said time scale of observation, the system loses all the memory of its
past. It is, therefore, called the Markov approzimation. The time of observa-
tion should, however, be short compared with the time scale on which the
system evolves. R

The Liouvillean Lg in (8.20) describing the evolution of S consists of two
parts. The part involving the commutator of Hg describes its free evolution
whereas the influence of the reservoir, contained in L 50, describes irreversible
motion.

Now, let the subsystem S, while interacting with the reservoir, be driven
also by an external field whose action on the system is described by H. so
that total hamiltonian of the combined system is

H = Hs + Hexe(t) + Hr + Hgs. (8.23)
Let us define
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psi(t) = U(6)ps(U (2), (8:24)

U(t) = ?exp [% /0 {f{s + Hg + flext(r)} dr] . (8.25)
Verify that psi(t) obeys the equation

%[’SI(t) = —% [ﬁl(t)v ﬁSI(t)] ; (8.26)

H(t) = UHRsU'. (8.27)

The form of Hi(t) is as in (8.17) with Fi;(t) as in (8.18) but S;(t) are now
given by

Sir(t) = T exp [% /Ot {ffs+ Aext(r)}df] Si
fl_“exp [—% /Ot {ﬁs + flext(T)} dT:| . (8.28)

The formal solution of (8.26) is the same as in (8.6). We can follow the steps
leading from (8.6) to the master equation (8.20) by first rearranging Hi(t) in
the form:

N

. ~ at 2 ~ 2t 2

Hi(t) = hz (exp (iQk t) SiFrr +exp (—i()k t) FHSk>. (8.29)
k=

It then follows that the master equation in the present case would read

d ira ifa 2

—pg = —— Hex 7A]h_|iH 7A] L A7 830

32°s 5 [ t(), Ps 5 s(t), ps| + Lsobs (8.30)

with Lgo given by (8.21) but with Sk — Sk, Fir — Fyr, and 2 — 2. How-
ever, if ||Hg|| >> ||Hext|| then the time evolution in (8.28) may be assumed
to be solely due to ﬁs, i.e. Hox () in the exponentials in that expression may
be ignored in comparison with Hg. This is the wea{c external field approzxi-

mation. Tt reduces (8.28) to (8.19). The Liouvillean Lgq in (8.30) is then the

same as Lgg in (8.21). In other words, the Liouvillean of the master equa-
tion of a system in a weak external field is the sum of the Liouvillean of its
evolution in that field alone and that of its evolution in its absence.

Now, compare the exact formal expression for ps(t) = Trg[5(¢)], where
p(t) is given by (8.2), with the formal solution of the master equation (8.20)
which is in the Born-Markov approximation. Assuming, for the sake of sim-

plicity, Lg to be time-independent we infer that, in the Born—-Markov approx-
imation,

Tre, [exp (£¢) 5(0)] ~ exp (Lst) Trw [5(0)] (8.31)

This relation will prove useful in finding multi-time averages in Sect. 8.3.
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8.2 Solving a Master Equation

Consider a master equation

d

—p=Lp. 8.32

P =1Le (8.32)
It may be solved by converting it in to a c-number equation by taking its
matrix elements in an appropriately chosen basis. If Lis independent of time
then the resulting equation may be solved by the method of eigenvectors
exapansion outlined in the Chap. 10. In the problems of interest to us, one of

the eigenvalues of L is zero whereas the real part of all its other eigenvalues
is negative. Then, in the limit ¢ — oo, the system approaches the state pgg,
called its steady state. It solves

Lpgs = 0. (8.33)
We assume that the solution of (8.33) is unique. The task of solving this
equation is greatly facilitated if L obeys the condition (5.41) of detailed bal-

ance. Along with the requirement P = fss (Where A is time-reversed form
of A), that conditiou in the superoperator language may be rewritten as

ﬁssiﬁ‘ = itrﬁsspy (834)

F being an arbitrary operator, Ly is the time-reversed form of L whereas L
is related with L by

Tr[ALB] = Tr[BLA] (8.35)

for all A and B. See Chap. 12 for an application of the condition (8.34).

Alternatively, we may work with the equations for the expectation values
of the operators. These equations are obtained by multiplying the master
equation by the operator whose expectation value equation is desired, fol-
lowed by performing the operation of trace. As an illustration, consider

d

ah =
Notice that the evolution operator of any master equation is a sum of terms
of the kind appearing on the right hand side of the equation above. The
equation of motion for the expectation value (O) = Tr[Op] of an operator O,
obtained by multiplying (8.36) by O and on using the cyclic property of the
trace reads

<0‘)=—m{0 [B, ]} [{2AT0A OAtA -
J}+m[{i4

[B p] +2ApAT — AtAp - pAtA. (8.36)

Q-lg_

_ —i<[0, B]>+ (w,om_mm, o]>. (8.37)
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The operator in the expectation value sign on the right hand side in the
equation above may or may not be a linear combination of a constant and a
constant multiple of O. If it is not, then we need to derive equation for new
operators arising therein. This process is carried till a closed set of equations
is obtained.

The equation of motion of an operator may be put in a form suitable for
applying to multi time averages. To that end, and for the sake of simplicity,

let Ls be time-independent. On using the formal solution of (8.20) and the
definition (8.35), note that the expectation value of an operator A5 acting
in the space of S alone may be written as

(A 1)) = Tag [4©ps(1)] = Trs [A1S) exp (Lst) s (0)]

= Trg [ﬁs(O) exp (ig) A<S>} . (8.38)

Note that L acting on a system operator yields a linear combination of the
system operators. We may, therefore, write

A (1) = exp (ist> A = me )AL, (8.39)

the fn(t) being c-number functions of time. On combining this with (8.38)
we find that

(A1 me ) (A7), (A = Trs[ps(0) AL (8.40)

Thus, the average of any system operator is determined by solving a closed
set of equations for A;, A,, ...

Which of the approaches outlined above should be preferred depends on
the situation at hand. For example, see Chap. 12.

However, solving a master equation analytically exactly is generally a
formidable task. We outline the approximation methods for solving master
equations for the situations encountered generally in quantum optics. Con-
sider first a system in interaction with a reservoir and subject also to an
external field. The system is then described by (8.30). If the interaction of
the system with the external field is weak compared with its interaction with
the reservoir, then we can carry a perturbation expansion of its solution in
powers of ||Hexs|]- The details of this case are presented in the Chap. 9.

Consider next the case when, in an appropriate interaction picture, the
hamiltonian part of the master equation (8.20) is independent of time. Trans-
form the density operator ps to

p1(t) = exp {iﬁst/h} ps exp {—iﬁst/h} . (8.41)

The pr obeys the equation
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Edi o1 = il(t)ﬁl, (8.42)
L1(8) = exp {iﬁst/n} Lgoexp {—iﬁst/n} . (8.43)

The L;(t) will be of the form

Li(t) = Ao + A(t), (8.44)
the Ao being independent of time. The time-dependent part ;i(t) would in-
volve non-zero differences of the eigenvalues A; of Hg. The contribution to
the solution of (8.42) from /i(t) part would, therefore, be of the order of
[[Lsoll/1Xs — Ajl, Ai # A;. Hence, if the differences in the eigenvalues is suf-
ficiently large compared with ||Lgo|| then we can ignore A(t) in comparison

with Ag. The approximation wherein only the Ay in (8.44) is retained is re-
ferred to as the secular approximation. As examples of its applications, see
Sect. 12.2 and Sect. 14.2.

8.3 Multi-Time Average of System Operators

So far we have discussed the problem of solving a master equation for deriving
operators averages at a single time ¢. The multi-time averages are also of
experimental interest like in characterizing the spectrum and determining
correlations between the dynamical variables at diferent times. Consider the
two-time average of operators A(S) and B®) of S. By definition,

<A<S>(t + T)B<S>(t)> = Trpis [A(S’(t + T)B(S’(t)ﬁ(o)] : (8.45)

The operators are in the Heisenberg picture generated by the combined hamil-
tonian H. On invoking (1.77), and on applying the cyclic property of trace,
(8.45) leads to

(A9 +m)BS (1))
= Trp4s [A(S)(T)B(S) exp ( — %ﬁt) p(0) exp (%f]t)]
= Trrys [A(S) exp ( — %ﬁr)é(s)ﬁ(t) exp (—;_l—ff'r)}

= Trris [A(S> exp (L’r) (B(S)ﬁ(t))] . (8.46)

The last line above is by virtue of the definition (8.2). Use (8.31) to reduces
(8.46) in the Born-Markov approximation to
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<A(S)(t + T)B(S)(t)> = Trg [A(S) exp (isT) {B(S)[)S(t)}]
= Trg {ﬁ(s)ﬁs(t) exp (isT) A(S)}
=3 ful(r) <A£§)B(S)> . (8.47)

In writing the last line above, we have invoked (8.39). The two-time average
is thus expressed in terms of the functions f,,(t) determined by single time
averages. This is the quantum regression theorem. It is the quantum analog of
the regression theorem (5.38) for a classical Markov process. Similar results
may be derived also for multi-time averages [68].

Next, we specialise the master equation by fixing the choice of a reservoir.

8.4 Bath of Harmonic Oscillators

A reservoir of common interest is the one constituted by an infinite number
of harmonic oscillators. An example of such a reservoir is the e.m. field in
free space. Its interaction with an atom leads to the phenomenon of sponta-
neous emission from an excited atomic level. The infinite system of harmonic
oscillators may even be used to model the motion of atoms in the walls of a
cavity. The system S then is a mode of the cavity field. The reservoir in this
case causes decay of the cavity modes at the walls of the cavity.

Let BL, by, be the creation and annihilation operators of a harmonic oscilla-
tors of frequency wy, constituting the reservoir. The free reservoir hamiltonian
is then given by

Hp =1 wiblb. (8.48)
k

The hamiltonian of the combined system of the reservoir and the system S
interacting with it then reads

A= s+ 0y widblbe+ 1Y [BS] + 5] (8.49)
k i

We assume that the reservoir operator E, appearing in the interaction hamil-
tonian above is a linear function of b, and B}; Its form depends on whether or
not we choose to work in the rotating wave approximation (RWA) introduced
in Chap. 7. Assuming S; to be a lowering operator, the form of F; in the RWA
is

P = Zgiki?k, (8.50)
k

the g;x being the system-reservoir coupling constant. Without the RWA,
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k

The Fy; defined in (8.18) are found by noting that
brr(t) = exp (iﬁR t/h) by exp (-«iﬁR t/h) = exp(—iwgt)by. (8.52)

Now, in order to evaluate the rates defined in (8.22), we need to fix the state
of the reservoir. The reservoirs of common interest are: (i) a thermal reservoir,
and (ii) a squeezed reservoir.

8.4.1 Thermal Reservoir

Thermal reservoir is constituted by harmonic oscillators in the state of equi-
librium at themperature T. It is described by the density operator

pun = [T~ exp(=80) exp |~ Bublbi] (8.53)
k=1

Bk = hwy /kT, kg being the Boltzmann constant. The correlation functions
needed for evaluating the rates (8.22) are easily found by applying the for-
mulae (6.79)-(6.81). Verify that (b(wg) = by)

(b(wr)) = (b (wr)) =0,

(b (wr)b(wn) = n(wr)6 (wx — @), Tilwy) = ———

exp(Bk) — 1
(b(w)bt (wi)) = (A(wr) +1) 8 (W — wy)
(b(wi)b(wy)) = (bT (wk)bT (w1)) = 0. (8.54)

Consider first the case of interaction in the RWA. On using (8.18) read with
(8.50) and (8.52) we find that

<FJT1(t — 1) Fi(t) = Zg}kgik exp(—iwg )7 (wy ),

k
(Fir(t =) ER®) = ghegin expliwir)(n(wy) + 1),
k
(Fjr(t—m)Er(t) = (FLF ¢ —1) = 0. (8.55)

Now, let the frequencies be continuously distributed and let h(w) be the
density of oscillators at frequency w. We can then convert a sum over k to
an integral over w by means of the correspondence

; fi — /0 oo dwh(w) f (w). (8.56)

Derivation of W12 involves evaluation of terms of the kind,
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o0
I :»/ dr ) " exp (i (wk ~ 2)7) fi
k

0
— ” dr /00 dwh(w)exp {£i(w — 2)7} f(w). (8.57)
0 0

On recalling (A.3), this reduces to

L_r_/ dew hw ){M(W‘mim(ﬁ)}

=7h(2)f (£2) £ P/ dw—w—L.(((;) (8.58)

On applying these results, (8.22) yields Wi(jB) = I/Vi(;i) = 0 and

W = i (20) 7(02:) + 1628}

(%

W =y (2) (A(82) + 1) — i, (8.59)
vig (1) = ﬂzgzkg]ké wi, — (2,),
Q<1) Z gzl}gy’v—"fdwrk), (8.60)

The f)z(f) is obtained by replacing fi(wy,) in f)i(]l) by fi(wy) + 1. Substitution of
these rates in (8.21) gives the master equation for a system interacting with
a reservoir of harmonic oscillators in thermal equilibrium at temperature T
in RWA.

Without the RWA, the reservoir operator is given by (8.51). The rates
Wi(]-3’4) are now non-zero. Note that in the interaction picture defined in
(8.7), the terms multiplying these rates in the equation for pgsr(t) oscillate at
£2;+ £2;. The time ¢ of observation is usually very large compared with 1/2.
Hence, contribution of these terms averages to zero on the time scale of ob-
servation. The terms multiplying the rates W(3 Y may, therefore, be ignored.
This amounts to making the RWA on the master equation. The resulting
master equation, like the one derived by making the RWA on the hamilto-
nian, does not contain terms corresponding to Wlf’4). However, verify that

I/Vl(kl’z) now involve in addition to I defined in (8.57), the terms of the kind

Jr = /OodTEeXp(:i:i(wk +82)7) fi
0 k

o /°° dw h(w) f(w)y{wé(w 2) £iP <Zf+l“ﬁ>}

_ 4iP / dwhfj’lf 5‘2" . | (8.61)
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These terms contribute to the principal part in Wi(jl’2). We will see in the
examples below that the principal part contributes to reversible part of the
evolution. Thus, the master equation obtained by employing the hamiltonian
without the RWA but making it on the master equation is the same as the
one obtained by using the hamiltonian in the RWA except in the modification
of frequencies of the rversible evolution.

8.4.2 Squeezed Reservoir

A squeezed reservoir is characterized by the density operator

psq = S()punST(€) (8.62)
where gy}, is given by (8.53), and
Stg) = Hexp (§ b( - wk)B(Qp +wi) — h.c.) (8.63)

k

is the so called two-mode squeezing operator. It is an element of SU(1,1)
group. The correlation functions needed for evaluating the rates may be de-
rived by noting that, for any A, Tr[ﬁsqfi] = Tr[pen ST (£)AS(¢)]. Use the results
of Chap. 2 to show that

ST(€)b(92, + wr)S(€)
= cosh([€])b(£2, £ wi) + exp(ig) sinh(J€)bT (2, T w), (8.64)
= )¢| exp(ig). Tt is now straightforward to verify that

(b(wr)) = (B! (wi)) = 0,

(b (wi)b(wr)) = N(wi)d (wi — wr),
(b(wi)b! (wr)) = (N(wk) + 1) 8 (wr — wi),
(b(wr)b(wr)) = M (wr) (w +wy — 202,) , (8.65)

N = ncosh®(|¢]) + sinh®(€])) + sinb®(|¢]),

M = (27 + 1) sinh([¢]) cosh(|€]) exp(i¢). (8.66)
Verify that
NN +1) = M+ a@+1). (8.67)

For £ = 0 the relations (8.66) reduce to those of a thermal bath. On the
other hand if # = 0 then py, = |[{0})({0}], i-e. ptn then describes the vacuum
state. The squeezed bath is consequently in a pure state, S(€)|{0}), called
the squeezed vacuum .

We evaluate the rates by treating the interaction in the RWA. The rates

Wz(]1 2 are given by (8.59) with 7 — N:

W = v N(@2) + 125, W =3 (N(2) +1) -2 (8.68)
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Ignoring the principal part,
WS = W™ = 7:5(02) M (52;) exp(—2i82,2), (8.69)

7

Yij () == ng(wk)gj@f?p — wi)0(wr — 124). (8.70)
%

The master equation of a system interacting with a squeezed bath of harmonic
oscillators is determined by substituting the rates derived above in (8.21).

8.4.3 Reservoir of the Electromagnetic Field

As stated before, a realization of a harmonic oscillator bath of particular
interest to us is the one constituted by the e.m. field in free space. The prop-
erties of the e.m. field are of paramount interest. For the sake of illustration,
we consider an oscillator of frequency wg at rg interacting with the e.m. field
in free space. Corresponding interaction hamiltonian in the RWA, by virtue
of (7.44), may be written as

Hrs=h)_ [gib;rcg +gk§T5k] ; (8.71)
k .
= —iy/ 525 d.es exp(ik.ro) (8.72)
gk = 1 2hV LE), exp .To), .

the d being the electric dipole moment of the oscillator. The free evolution
of the oscillator is described by

S(t) = exp(—iwgt)S. (8.73)
The hamiltonian (8.71) is of the form (8.49) read with (8.50). Now, the solu-
tion of the Heisenberg equation for by is

bi(t) = exp (—iwg t) be(0)

—i /0 t drg; exp (—iwy (t—7)) 8 (7). (8.74)

The field at any position R = r — ry may be found by inserting (8.74)
n (6.25). Recall that the summation over k in that expression stands for
summation over the wave vector and the polarization directions:

1 1
— == a3k . 8.75
yL=y2 5 1)

The last expression above is the integral equivalent of the summation over k
in the continuum limit. The summation over A and mtegratlon over k yields,
to order |R|7?,
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EM(R,t) = ESP(R,t) — k2 [R x (R x d)|R|
x exp (—ikor.ro/r|) $(t — |7| /c)]. (8.76)

Here kg = wo/c. We refer the reader to [93] for the details of the derivation.
See also [89, 94].

The expression (8.76) for the field in the radiation zone determines the
field in terms of the oscillator dynamics. The dynamical prperties of the
oscillator are determined, of course, by solving the corresponding master
equation. As an application of (8.76), we note that the two-time correlation
function of the field in the far-field zone is

(ECN(R, ). EFNRt+ 7)) ~ (St —|r|/)S(t ~ |r|/c+ 7). (8.77)

This, on substitution in (6.90) shows that the spectrum of the radiation is
determined by

S(w) ~ Re /000 dr exp(iwt)(S5(7)). (8.78)

In following two sections we derive the master equation for some atomic
systems in contact with the reservoir of the e.m. field.

8.5 Master Equation for a Harmonic Oscillator

The system treated in this section is that of a harmonic oscillator of frequency
wp described by the hamiltonian

Hg = hwoala. (8.79)
Let its interaction with the reservoir be described by
s =13 (gibla+gua'hs ). | (8.80)

The hamiltonian of the combined system S + R is then given by (8.49) with
S; — @ and F} given by (8.50). The correspondibg rates are given by (8.68)
and (8.69). We assume that 2, ~ w and invoke the fact that gi varies little
around wy. We, therefore, have

F(wo) = y(wo)- (8.81)
The master equation (8.20) then assumes the form
p(t) = ~iw [a'a, p] + v (N +1) [2apa" — pata — atap)
+N [2atpa — paat — aatp)
—}—'y{Mexp(Zi.th) [2ap4 — pa® — a%p) + h.c.}. (8.82)

Here w is renormalized to include contribution from the principal parts of
I/I/l(kl’2) and N = N(wp), M = M(wp).
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The equation (8.82) is obtained by eliminating the bath variables in the
Born-Markov approximation. However, the bath variables in this model can
be eliminated exactly. In order to see it, note that the Heisenberg equations
for the system and the bath operators reading

iG = woa + ngiyk, ib = why, + gia (8.83)
%

are linear. These may be solved by the method of Laplace transformation.
Let F'(z) denote the Laplace transform of F(¢) defined by

F(z) = /000 exp(—zt)F(t)dt. (8.84)
Then
Yy-+ioo N
F@t) = % /; exp(zt)F(z)dz, (8.85)

where -y is such that the singularities of f(z) lie on the left of the line at a
distance -y parallel to the imaginary axis. Use the property

/ " exp(—2) E()dt = —F(0) + 2F(2) (8.86)
0
to transform (8.83) to

(Z + iwg) (:1 = - lzgkbk, (Z + iwk)l;k = wklA)k(O) - ig;;(Al. (887)

Eliminate Bk from these equations to express a in terms of &(0) and {bx(0)}.
The inverse transform of the resulting expression for a gives

a(t) = £(1)a(0) + > ¢r(t)b(0) (8.88)
k
where
THo  exp(z
7o) = 5}5/_ @ nlzi)t)’
_ 9 rHico exp(zt)
Pr(t) = -3 BKS e (8.89)
N
: lgx|?
(z) = z+iwo + s 8.90
" 0 ; Z + Wy ( )

Clearly, any function of &(t);a(¢) may be evaluated using (8.88). For an
exact evaluation of the density operator see [92]. The nature of evolution is
determined by the nature of the time-dependence of f(¢) and ¢x(t) which,
in turn, is dictated by the roots of n(z). If the number N of oscillators in
the reservoir is finite then 7(2z) = 0 reduces to a polynomial of degree N +
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1 in z. Its roots are isolated poles on the imaginary axis. The functions
f(t) and ¢x(t) are then sums of oscillatory functions of time. As a result, S
executes a reversible motion. However, in the limit of continuous distribution
of frequencies, it may be shown that

F (@) ~ exp(—iwt — ). (8.91)

The ¢, (t), obtained by substituting (8.91) in (8.89) also acquires a damping
part. The motion is thus irrevrsible in the limit N — oo. In this limit, the
density operator js(t) evolves according to (8.82). For details, refer to [92].

8.6 Master Equation for Two-Level Atoms

Consider a system of N identical two-level atoms each of frequency wp in-
teracting with the radiation field. The evolution of the combined system is
governed by the hamiltonian

A= thZS )+h2wkakak+hz [SOF +£fS9]. (8.92)

i=1 i=1

Here Sil are the raising and lowering operators for the i*"* atom and Fl is
given by (8.50). By identifying S; in (8.16) as 5’@, it turns out that {2 in
(8.19) are wy. Invoking also the {8.68) and (8.69), the master equation (8.20)
assumes the form

N
= VI[WOZS + Z -Q”S_(:)S(_]), /A):I

ij=1

+ 2 7 [(V + 1) (28955 - p8(05Y) - 5989)
ig=1
+N (259589 - 58050 — 59500 )
+{M exp(2irz,,t)(2§<_j);s§(j> — p8OSY _ 55 )+h . }] (8.93)
The rates vi;, 2;; = £2;; ) 9(2) are as in (8.60). The g;; in those equations
are as in (8.72) (with g there replaced by the position r; of the i** atom and

gk — gik)- For the details of evaluation of the rates see, for example, [89].
For a single two-level atom, :

2 2("8
S had} 8.94
3|d12l 3’ ( )

the |di2| being the dipole moment between the atomic levels in question.
The indices 4,5 in y;; and §2;; indicate their dependence on the atomic
position through the factor exp(k.(r; — r;)). Due to the presence of the
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delta function in the expression for 75, the magnitude of k is restricted to
|ko| = wo/c. Hence, if k.(r; —7;) < 1 for all ¢ and j, i.e. if the atomic sample
is confined to a region of dimensions small compared with the wavelength
corresponding to the atomic transition frequency, then +;; become indepen-
dent of space. The master equation (8.93) in the small atomic sample size
approximation reduces to

p= —1[w05 + Z 2 iS'(, ﬁ}
[V +1) (gs_,ss; ~p845 - 8,8p)
+N (2S+ pS_ —pS_8, - 5.8, ,6)
+{ M exp(2i,) (2855~ p5-8- ~ 3 §.p) +he}]  (3.95)
Here § . are collective atomic operators defined in (3.73).

We have thus at hand the equation governing the evolution of a system
of two-level atoms interacting with the reservoir of the e.m. field. Now, let
the atoms interact also with an external field whose action is described by
H,,:. As discussed in Sect. 8.1, if the field is weak then the master equations
derived above acquires an addltlonal term reading —i[Hext/h, p]. However,
if the field is strong then the master equation is derived by following the

procedure outlined in Sect.8.1. We illustrate that procedure by treating the
example of a single two-level atom in a monochromatic external field.

8.6.1 Two-Level Atom in a Monochromatic Field

We consider a two-level atom in contact with the reservoir of the e.m. field
and driven also by a monochromatic field of frequency w. This interaction
descries the phenomenon of resonance fluorescence. Let the interaction with
the applied field be described by

Heyi = hlaexp(—iwt)Sy + o exp(iwt)S_]. (8.96)

We derive the atomic master equation assuming, for the sake of simplicity,
w = wp. To that end, we need to evaluate (8.27):

Hi(t) = T exp [% / "dr {ﬁs + ﬁext(f)}] [ﬁ}(t)é_ + F,@)&]
<'T exp [_ﬁ/ dr {Hs + Hext(T)}]
— exp (EHt) exp (ﬁ ‘St) (105 + B3]

X exp (-%ﬁst) exp —%I?Iextt) , (8.97)
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Hexy = oS, +a*S_). (8.98)

In writing the second line in (8.97) we have applied (1.51). For simplicity, we
let & to be real. The similarity transformation in (8.97) is a special case of
(7.29) corresponding to § = 0. Using that expression (or by evaluating (8.97)
directly by applying (2.42)) we find that

Hi(t) = % [F+(t)5+ + F_(t) cos(2at)S_

HE_ (1) sin(2at)5'z] +he, (8.99)

Fy(t) = Ff(t) exp(—iwgt) + h.c.. (8.100)

The Hi(t) is of the form (8.17). Assuming that the reservoir is in the state
of vacuum, the Liouvillean (8.21), ignoring the frequency shifts, assumes the
form
P 17~ R PN AooA A a
Lsop = Yy [Hext(t)ho] +7+ <2S~P5+ —SyS_p— P5+5~>
+{77 <§+/35+ - §+§+/3>

+7 <5z/33+ - 5"+3z/5) + h.c.}, (8.101)

T = 1 2v(wo) £ (e +20) (w0 — 20))]
3= 5 11w +20) (0 — 20)} (8.102)

Note that if |a| < wp (i.e. if ||Hs|| > ||Hext||) then the non-commutator part
in (8.101) reduces to the vacuum field version (N = M = 0) of (8.95) without
the frequency shift. It is in accordance with the assertion that the Liouvillean
of the master equation of a system in a weak external field is a sum of the
Liouvillean of its evolution in that field alone and that of its evolution in the
absence of the field.

8.6.2 Collisional Damping

The master equation (8.95) describes radiative decay of an excited atomic
level. It is caused by the resrvoir of the e.m. field. There are, however, other
mechanisms responsible for the decay of an atomic level. One such mecha-
nism of considerable interest is collisions of an atom with other atoms. Let
us consider the collisions that alter the phase of the atomic state but not
its population. Such collisions may be incorporated by assuming that the
evolution of the atom is governed by the hamiltonian

A = h (wo + a(®)) 5. (8.103)
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The equation of motion of the atomic density operator then reads
d . 4 4 2 . & 4
SP(8) = —iwo [3., p(0)] + Lop(t) — in(t) [S:, (1)) (8.104)
Here Ly accounts for any other interaction that the atom may be involved
in. On assuming that u(t) is a delta correlated Gaussian process with zero

mean, it follows by applying the methods of Chap. 5 that the density operator
averaged over collisional fluctuations obeys

d. . 4 ~ 5 a 2 2

P8 = —iw [$., 4(t)| + Lob(t) + Lep(t) (8.105)
where

Lep(t) = —7el8s, [, 8] = 7e [QSZﬁSZ — 8% — 552 (8.106)

is the Liouvillean of collisional damping.

8.7 Master Equation for a Three-Level Atom

Consider a three-level atom described by one of the hamiltonians (7.47)-
(7.49) depending upon the configuration of the three levels. For the sake of
definiteness, let the levels be in the ladder configuration. The hamiltonian of
such an atom in a multimode field reads

H= Y Bpdy+1Y wnlas + [AgF] + Aff +hc]  (8107)

p=g,i,e k

where Fy (13'2) are given by (8.50) with gix (g2x) as the coupling constant
between the mode k and the levels |g) and [¢) (]i) and |e)). The interaction
in (8.107) is of the form (8.16) with

5'1 = Agi) 5'2 = Aiea = Wig, 29 = wei, (8-108)

wig = (E; — Eg)/h, we; = (E. — E;)/h. Assuming the bath to be thermal, the
master equation then assumes the form (ignoring frequency shifts)

p= —i[ Z By Axg, ,0]

k=g,i,e

+ Y [+ 1)(28508] - 08185 - 51550)

1,7=1,2
+7:(28108: — p8:51 - 8:51p) . (8.109)

Here v; = v(42;), fi; = 7(92;). Now, if |wig — wes|t > 1 then ¢ # j terms in
(8.109) can be ignored as, in the interaction picture, those terms contribute
factors oscillating at the frequency |w;q — we;| which average to zero on the
time scale of observation. Hence, the master equation for nearly degenerate
sets of level separations will have additional terms as compared with widely
separated sets of levels.



174 8. Quantum Theory of Damping

8.8 Master Equation for Field Interacting
with a Reservoir of Atoms

So far we have considered a system of atoms interacting with a reservoir of
the e.m. field. The field frequencies are continuously distributed whereas the
atomic system is characterized by a denumerable set of frequencies. Consider
now the situation in which the atomic frequencies are almost continuously
distributed interacting with field modes described by a set of denumerable
frequencies. Such a situation is realized, for example, by well-separated field
modes in a cavity. The atoms in the walls of the cavity then act as a reservoir
whereas each cavity mode is a small system.

A simple model to describe the atomic oscillators in the walls of a cavity
is in terms of harmonic oscillators. The hamiltonian for the combined system
of a field mode, described by the operators a, af, and the atomic oscillators
described by the operators {bg, lA)L} is then given by (8.80). The corresponding
master equation is (8.82) with N — @, M = 0 and ~ is now the damping
constant of the field.

There are, however, situations when the reservoir of atoms can not be
modelled as a collection of harmonic oscillators. In the following we derive
master equation for the evolution of one or two field modes interacting with
a reservoir of two level or effective two level atoms.

e Let a single mode field of frequency w interact with a reservoir of two-level

atoms of frequencies wy,ws, - - described by
H=hwyala +hY w8 +1Y gi8Pa+he. (8.110)

The interaction hamiltonian is of the form (8.16) with

We assume that the atomic reservoir is in a state of thermal equilibrium
at temperature T characterized by the density operator

patoms = | | [exp(=5:/2) + exp(Bi/2)] ' exp(=B:5), (8.112)
i=1
B; = hw;/kpT. In this state,
a0y _ oy _ Lo ew(h) 8.113
(557 =0, {527) 2(2m; + 1)’ mMETT exp(—03;) ( )
We see that in the same approximation as used for deriving (8.59), and on
ignoring the principal parts,

w@_ tDE o A8 @) @ g (g.114)

T 2a+1)’ M T (a1 M T Y
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where 7 = fi(wp) and  is the same as y{wp) of (8.60). The summation
there is converted in to an integral by applying (8.56) with A(w) there being
the atomic lineshape function. The master equation for the field mode in
question is then the same as (8.82) with N+ 1 — (n+1)/(2a+1), N —
n/(2R+1),M = 0.

o Consider a single-mode field causing two-photon transitions in a system
of two-level atoms in the ladder configuration. It is described by (7.51)

rewritten in the form

Hps =Y g:8Vab+he. (8.115)

This is of the form (8.16) with S = @b, and F} is as in (8.111). Assuming
the state of the reservoir of atoms to be (8.112), verify that the master
equation for the density operator of the field modes is

p = —iwg [ata, ] — iwy [BTB, f)] ~ip [aTBTaB, ﬁ]

KAL) [onn ottt atitaia  aotitor
obasatdt — atbtabs — satht
@+ 1) [bapab a'b'abp pabab}
KN - A PP A in
obtatsab — abatdt s — sabatht] . '
+(2T_H_1)[bapab aba'b'p — paba'd | (8.116)

The 7 in the equation above comes from the principal part of the integrals.
The equation for the degenerate process is obtained by replacing b by a.

o Tor the levels in the Lambda configuration, the interaction is governed by
(7.52), rewritten in the form

Hps = GiSPa'b+ he. (8.117)

For the atomic reservoir in the state (8.112) the master equation reads

b= —iw, [ata, ] — iws [BTB, ﬁ} —in [a*t}fal}, ﬁ}

KAL) [t 5ta  tantia  ajbants
25tbobta — blaatbs — sbtaal
@n+1) [abpba b'aa'bp — pb'aa ]
%3 ~ ~ PO PN
2TAAAT _AT TAA_A,\T TA . )
+7(2ﬁ+1) [ b'apa'b — a'bb'ap — pa'bb a] (8.118)

The equation for the degenerate process is obtained by replacing b by a.

The method of the solution of these equations is outlined in Chap. 13.






9. Linear and Nonlinear Response of a System
in an External Field

We have seen in the preceeding chapters that the problem of studying an
optical process reduces to that of solving an appropriate master equation.
However, barring the harmonic oscillator model of atoms, the master equa-
tions in question can seldom be tackled analytically exactly. This is particu-
larly so when there are more than one frequencies coupling a transition. We
identify in Chaps. 12 and 14 analytically exactly solvable atomic systems in
which a transition is driven by only one frequency. In this chapter we discuss
a perturbative approach to solving the master equation of an atomic system
in which a transition may be driven by more than one frequency.

9.1 Steady State of a System in an External Field

Consider a system described by a density operator g whose evolution is gov-
erned by the time-independent master equation

A(t) = Lop(t). 9.1)

We assume that the eigenvalues and the eigenvectors of Lo are known and

that one of the eigenvalues of Lg is zero whereas the real part of all its other
eigenvalues is negative. Hence, as t — oo, the atomic system approaches the
steady state pss satisfying

Lopss = 0. (9.2)

We assume that the solution of (9.2) is unique. Let the system be subject
to an external influence after it has attained the steady state pg. We wish
to study the properties of the system as t — oo after the application of an
external field. .

-To that end, let Hey(t) be the hamiltonian of interaction between the sys-
tem and the externally applied field which is treated classically. The density
operator p, after the application of the field, evolves according to

pe) = [Eal) + o] p0),  Eatrp= _% (Ao (t), 9] (9.3)
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Let the external field be such that ||L]] <« io. Hence, (9.3) may be solved

perturbatively in powers of L1 (¢). This task is facilitated by applying (1.51)
to rewrite the formal solution of (9.3) as

p(t) = exp (iot) Texp {/Ot dTiI(T)] Pss
= |:p55 + Z (™ (¢ ] , (9.4)

L;(t) = exp (—iot) il(t) exp (iot) . (9.5)

The 5(™(t) in (9.4) is the n*" order perturbative contribution to the density
operator. On carrying the time-ordered expansion in the first line in (9.4)
and on using (9.5) and (9.2), we find that

s () = T H [ / "7 s exp {72 ) Lo} il(n)} b, 9.6)

with 7,41 =t > 71 > -+ > 71. On transforming the integration variables
successively ast — 7, — Tp,t — Ty, — Tn_1 —> Tn_1, - -, and on letting ¢ — oo,
(9.6) reduces to

”(”) ‘TH/ d7; exp Lon L1 t— ZT] Dss- (9.7)

Now, let the external field be a linear combination of M quasimonochromatic
fields whose frequencies are centered at vy, ..., v . Let the field-system cou-
pling be described by

ext hz Z Ex V]) eXp(ll/] )Q/\(Vj) (98)

A j=—M
v_;j = —vj, ex(—vj,t) = (v;,t) are c-numbers, and Qx(v;) is a system
operator such that Qx(v;) = QL (—v;). On inserting (9.8) in the definition
(9.3) of L1 and substituting it, in turn, in (9.7) we obtain

p(") Z Z exp{i(z/il+---+z/in)t}
{A} {ig=—M}

n

n o0
X‘TH/ d‘rj{s,\j Vijs t—ZTk
j=170

k=j

: ) . )
X exp {f/OTj_iVij ZTk}L/\j (l/,;j):lﬁss, (9.9)

k=j
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Lwp =i @), 7] (9.10)

Let each of the component in (9.8) be perfectly monochromatic so that
ex(vi,t) are independent of time and let €5(v;,t) — €x(1;). The integration
in (9.9) can then be performed formally to give

S
p{™ (00) = Z Z exp{ (1/11 S Vin>t}H5Aj (v;)
{ir=—M} {Xs} j=1
-1

. J R
X l:Lo — iZl/ikJ L/\j (l/z‘j) Dss - (9.11)
k=1

The left arrow on the product denotes that the product index number in-
creases from right to left. Note that the exponential term and the product
of the field amplitudes in (9.11) are invariant under the exchange of the sets
(Aj,vi;) and (Mg, v5,) (4,5 = 1,...,n) but not the operator part in it. Hence,
the contribution to a particular value of v;, +---+v;_ and a particular prod-
uct of the field amplitudes to (9.11) arises from a sum of the operators in it
obtained by exchange of n sets of indices (A1, %4,),*+, (An, Vi, ). Keeping this
in mind, the n*® order contribution A(™ = Tr(Ap ”)( )) to the expectation
value Tr(Ap) of a system operator A may be expressed as

M
A(”) = Z [exp (i(l/il 4+ V’in)t)
{ix=—M}
XSA/\I,"'M\n (V’in"'al/in) Hax\j(l/ij):la (912)
j=1

where the so called response function of the operator A is defined by
-1
1 {2 = A
SAAly”'yAn (1/2-] R Vin) == ESym |iTr{A (Lo —1 Z llik) L/\n(Vin)
k=1

< (ko - iyil>_1iA1(ui1)ﬁss}} L (9.13)

with Sym standing for the operation of symmetrization of the product on
its right in the indices (A1, v4,), -+, (An,v4,). If A = @, then the response
function is called a susceptibility of the system.

We apply the results of this section to the problem of the response of an
atomic system to an externally applied e.m. field.

9.2 Optical Susceptibility

Let us express the hamiltonian of interaction between an atom and the field
in the form



180 9. Linear and Nonlinear Response

He o ( hz Z d,\ (vj)ea(v;) exp(iv;t). (9.14)

A i=—M

If the interaction is without the RWA, then dy(v) = dy where dy = d - €, is
the component of the atomic dipole operator in the polarization direction &)
of the field. Recall that

. N
= > dylijl, (9.15)

where [¢) (¢ =1,2,..., N) is an atomic state of energy F; and d,; is the electric
dipole moment compouent between the states |7) and |j) in the direction e.
In the RWA, and for v > 0,

dw)= Y dylil,  d=v)= Y dlil, (9.16)

E;<E; E:>E;

The label v on dx(v) thus enables us to incorporate compactly the RWA in
the formalism.

The hamiltonian (9.14) is in the form (9.8). The n*® order contribution to
(dx(—v)) in the asymptotic limit ¢ — oo is, therefore, given by (9.12), with

A—)d)\( )
M

d(An)(_V) = Z exp( (y“ + .4 Vin)t)
ie=—M
X ZXAz\l, “An an"'ayin} H sz (917)
(A} i=1
where
X, o 12,)
1 X
- aSym{ {d,\ <L0—12y2k> L. (vi)
<o (Lo =) Loy ()p}] (9.18)
is the optical susceptibility of the atomic medium and
3 . iras A
Lw)p =~ [d®), 5] (9.19)

If ng is the density per unit volume of the atoms then the dipole moment per
unit volume of such a collection of atoms is given by nq(d).

Notice that if the system is symmetric under space inversion then, due to
the fact that the dipole operator is odd under space inversion, it follows that

XE\ZZZ, 3 A2n (Viys s Vig,) =0, ~ (9.20)
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i.e. even-order susceptibilities vanish if the system is space-inversion symmet-
ric. This implies in particualr that even-order susceptibilities of a free atomic
system are zero. Details of the relationships between susceptibilites arising
as a result of the symmetries of the system may be found, for example, in
[96, 97].

Further simplification of the expression (9.18) for the susceptibility is
achieved by noting that || is usually small compared with the optical fre-
quencies. As a result, we may ignore those denominators in (9.18) which
contain terms of the kind I" + i(w + £2), (2 > 0). It leads essentially to the
same results as are obtained by making the rotating wave approximation
(RWA) on the hamiltonian along with the use of {9.16).

The nth order susceptibility determines the contribution to the dipole
moment induced by the applied fields in the n® order of perturbation. The
induced moment is linear in the amplitudes of the applied fields in the first
order and non-linear in the higher orders. The induced moment oscillates at
linear combinations of the applied frequencies. The n'* order contribution
to the dipole moment consists of all the combinations of the n Vs selected
from the set of applied frequencies vy, V4, -+, Vi pr. The oscillations in the
first order are at the frequencies of the applied fields whereas new oscillation
frequencies appear in the higher orders of the perturbation due to linear
algebraic combination of frequencies. This is the process of wave mixing.
Note that a particular frequency may arise not in one but in several orders
of perturbation. The dominant contribution to a particular frequency comes
from the lowest order in perturbation in which it appears. Let n be the lowest
order of perturbation in which a combination (2,, of the frequencies appears.
Let d™(£2,) be the lowest order component of the dipole oscillating at {2,.
The radiation at frequency f2,, may be visualized as coming from a dipole of
moment d™(£2,,). Note that the field in the radiation zone from an oscillator
is given by (8.76). It shows that the intensity of field from an oscillator of
dipole moment d is proportional to |d|?. Hence the intensity of the field at
2, produced in the wave mixing is proportional to |d(™(£2,)|2. Since d({2,,)

is proportional to XE\T,L\)I,...,,\" (Viy,-- -, v, ) where vy, +--- + v, = {2,, the
intensity of the radiation of frequency (2, from a driven atomic system is
proportional to |XE\T/L\)1,”,,/\” (Wiyy v |2

We may write explicit expression for susceptibilities of various wave-
mixing processes. We have derived such an expression in Chap. 12 for in-
vestigating the process of four-wave mixing in a bichromatic field. For the
present, we derive in the next section the rate of absorption of energy by the
system from the field in the first order.

9.3 Rate of Absorption of Energy

Consider a system subject to an external field of frequency v so that the
interaction hamiltonian is given by (9.8) with M = 1 and v, = v. Now, the



182 9. Linear and Nonlinear Response

rate of change of the mean internal energy U (%) of a system described by the
hamiltonian H is given by [96]
AU 8(H)
W)= = e
In the present case, the explicit time-dependence of the hamiltonian arises
only from the externally applied field. It then follows that

Wa=iv} {EA(V)@A(U)) exp(ivt) — c.c.] : (9.22)
A

(9.21)

Substitute for the average in the equation above the expression (9.11) to
the first-order. Note that the resulting expression contains exponentials like
exp(+ivt), exp(+i2vt) and the terms without any ¢-dependence. If the time
of observation is very long compared with v~! then the observed values are
averages over several periods of oscillations. Such an average of the oscillating
terms gives vanishing contribution. Hence, keeping only the time-independent
terms, we get

W, = UAE;EAEETE{QA (io —{—iu)*l {Qﬁ(—u), [)SS]} + c.c.

= U/Ooo dTZE,\EZ.)TI‘{Q,\ exp ((io + iu)r) [Qﬁ(—u), ,ﬁss]} + c.c.‘
AB

=v Z EXER /°° dr exp(ivT) <{Q,\(T, v), Qg(—u)}> +he, (9.23)
A0 0

Q(t) = exp (iot) Q- (9.24)

This determines the rate at which the system absorbs energy from the field in
terms of the two-time correlation function of the system operators. Variation
of W,(v) as a function of v gives the absorption spectrum of the field. The
first equation in (9.23) shows that the resonances in the absorption spectrum

are located at the imaginary parts of the eigenvalues of Lo.

For the case of a two-level atom in a single component monochromatic
field, the hamiltonian in the RWA is given by (9.14) with M =1, A =1, and
by virtue of (9.16),

d(v) = dgelg)(e| = dgeS—,  d(—v) = d}. 5. (9.25)

The exf)ression (9.23) for the absorption spectrum then reads
o )
Wa(v) = 2u|5|2Re/ dr exp(ivT) <[S_(T), S+]> .
0
' A /3 —1lr.
= 2vje|*Re[Tx {s_ (L0 + iu) [s+, ﬁss] }] (9.26)

This determines the absorption characteristics of a two-level atom.
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9.4 Response in a Fluctuating Field

We have thus far confined our attention to the asymptotic response of a sys-
tem to a linear combination of discretely spaced monochromatic fields, though
we have at hand also the expression (eq.(9.9)) for the density operator when
the fields are quasimonochromatic. A situation of considerable interest con-
cerns the fields fluctuating around a mean frequency. The expectation value
of an observable A in the n*® order in this case is found by first evaluating
Tr[Ap(™ (00)] and then averaging it over the fluctuations:

A =Ty [Aﬂn)(oo)] (9.27)

The bar denoting average over the fluctuations. This may be evaluated by
finding p(™(00). Now, consider the signal S(v) at the frequency v resulting
from mixing of the applied frequencie. If domonant contribution to S(v) arises

in the n'* order then the signal averaged over the field fluctuations is

S(v) ~ |[d™(v)]?, (9.28)

where d™ (v) is the average of d(u) found by applying (9.27). Clearly, S(v)
is not linear in p(™ and hence the signal average over fluctuations can not
be derived by averaging the density operator over fluctuations. Carrying the
average in {9.28) for non-linear response is generally an involved task. Cal-
culations for the second and the third order response for some models of
fluctuations may be found in [98]. The reference [99] draws attention to er-
roneous conclusions arrived at by first averaging d(™ over fluctuations and
then squaring it.






10. Solution of Linear Equations:
Method of Eigenvector Expansion

We have seen in previous chapters that a variety of dynamical problems
reduce to solving a set of coupled linear first order equations expressible in
the form

d 5
5/ @®) = X¥(t)), (10.1)

where [1(#)) is a vector in an n-dimensional space and X an operator acting
on the vectors in that space. The operator X may or may not be time-
dependent. In this chapter we assume X to be independent of time. The
formal solution of (10.1) then is

[%(t)) = exp(Xt)|%(0)). (10.2)

In principle, we can evaluate (10.2) by expanding the exponential in powers of
X and by evaluating X™[1(0)). This procedure may be simplified by express-
ing the exponential as products of exponentials of operators whose action on
[4(0)) is simpler to evaluate. The problem of disentangling an exponential
has been addressed in Chap. 2. Alternatively, we may express [¢(0)) in a basis
which is such that the action of X on a basis state results in a linear combina-
tion of fewer number of vectors than the dimension n of the space in question.
In other words, we would like to choose the basis vectors which areAreducible
to a sum of subspaces each of which is invariant under the action of X. Smaller
the dimension of such subspaces to which a basis can be reduced, simpler it is
to handle. The most desirable choice then is the basis which can be reduced
to a sum of one-dimensional invariant subspaces. A one-dimensional subspace
invariant under the action of an operator is constituted by the eigenvector of
the operator. Hence, the set of all the eigenvectors of X is the most desirable
basis for evaluating (10.2). However, the set of eigenvectors of an arbitrary X
need not be complete. We then have to discover additional vectors to make
the set complete. These additional vectors are constructed by introducing the
concept of generalized eigenvectors. In this chapter we discuss the elgenvalue
problem of an operator to evaluate (10.2).
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10.1 Eigenvalues and Eigenvectors

Recall from (1.32) that A is an eigenvalue of X and |1y) the corresponding
eigenvector if

[f( - )\I} ¥3) = 0. (10.3)

If [X — M]~" exists, then we can operate (10.3) on the left with [X — A1]~!
leading to the conclusion that [tpy) = 0. Thus (10.3) admits non-trivial solu-
tion only for those values of A for which X —Ais singular.

Recall from Chap. 1 that a vector in an n-dimensional space may be rep-
resented by a column of n rows and an operator by an n x n matrix. We
recall also the theorem that necessary and sufficient condition for a finite-
dimensional matrix A to be singular is that det(A) be zero [100]. Hence, the
necessary and sufficient condition for (10.3) to admit a non-trivial solution is

det(X — AI) = 0. (10.4)

This equation determines the eigenvalues A. In the following we enumerate
some properties of eigenvalues and eigenvectors. Some results are stated with-
out proof. Their proofs may be found in [3, 100].

1. The equation(10.4) is a polynomial of degree n and hence admits n roots
A1, -+, An. However, not all the roots need be distinct. The number of
times a root is repeated is called its multiplicity. Let Ay,---, A, be m
distinct roots. Let r; be the multiplicity of A; so that (10.4) may be
written as

A=A (A=A, Z” =n. (10.5)

Corresponding to each A; of multiplicity 7;, (10.3) admits a number n; <
r; of non-trivial solutions. The eigenvector corresponding to an eigenvalue
of multipicity one is unique. The multiplicity of a root is also called the
geometrical degeneracy of the eigenvalue and the number of independent
eigenvectors corresponding to a multiple root its dynamical degeneracy.
Since a polynomial has at least one root, (10.3) admits at least one non-
trivial solution.

2. The eigenvalues of the adjoint of an operator are complex conjugates of
the eigenvalues of the operator. To prove this, let

X1g) = pleu)- (10.6)
This implies
<¢u|X = /‘*<¢u|- (10.7)

The eigenvalue p of X1 is a solution of det(X T — puI ) = 0. Since det( At) =
(det(A))*, it follows that y = A* where X is an eigenvalue of X.
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Property 2 implies that the eigenvalues of a hermitian operator are real.
The eigenvectors of X corresponding to an eigenvalue \ are orthogonal
to the eigenvectors of Xt corresponding to the eigenvalues pu # A*. To
prove it, take the scalar product of the eigenvalue equation (10.3) for X
with the eigenvector |¢,,) of X1 to get (¢,|X — AI|$h) = 0. On applying
(10.7) it reduces to (u* — A)(¢d.|¥ha) = 0. This implies that (¢,|va) =0
if A #u*.

The eigenvectors corresponding to distinct eigenvalues are linearly in-
dependent. To see this, operate the equation a|th1) + - - + am|thm) =0
involving linear combination of m eigenvectors of X belonging to distinct
eigenvalues Ay, -, Am by (X=A1) - (X =M 1)(X = Aig1) - (X = Am).
It leads to the equation a;|¢;) = 0 which implies a; = 0 for all . Hence,
by the definition of linear independence, |11}, -, [y, ) are linearly inde-
pendent.

We infer from 5 that if the eigenvalues of an n-dimensional operator X are
distinct then it would admit n linearly independent eigenvectors. These
eigenvectors may be employed to serve as a basis for the vector space of
X. The set of vectors orthonormal to the set of eigenvectors of X is con-

stituted, in view of 4, by the eigenvectors of Xt Ifj,), - -, [00a, ) are the
eigenvectors of X corresponding to distinct eigenvalues Ay, ..., An, and
léx, ), -+, |ba,) are the eigenvectors of X' corresponding to the eigen-
values A},..., A} then the orthonormality and completeness relations in-
volving these vectors read

( ) =044, (10.8)

> oA (10.9)

i=1
Operate (10.9) with f(X) and invoke (1.33) to obtain

=Y FOu)a ) (10.10)

i=1
By setting f(X) = (X — A1)+ (X = X_1)(X = Aigr) - (X — An) it
follows that
XN
[ad@al =] (10.11)
gt
On combining (10.10) and (10.11) we obtain

(10.12)
J?él

We exploit this result in the Appendix C to write general solution of a
set of two and three coupled linear equations.
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7. An operator acting in an n-dimensional space may admit n linearly inde-
pendent eigenvectors even when its eigenvalues are not all distinct. That
would be the case if the number of independent eigenvectors correspond-
ing to a multiple root is equal to its multiplicity. There is, however, no
general prescription for ascertaining the number of independent eigen-
vectors corresponding to a multiple eigenvalue except in the special case
of normal operators defined in Chap. 1. It can be proved that the number
of independent eigenvectors corresponding to an eigenvalue of a normal
operator is equal to the multiplicity of the eigenvalue [100]. Hence, a nor-
mal operator in an n-dimensional space admits n lineraly independent
eigenvectors. These eigenvectors may, furthermore, be orthonormalized.
More generally, it can be proved that a necessary and sufficient condi-
tion for an n-dimensional operator to admit n orthonormal eigenvectors
is that it be normal. Recall that the hermitian and unitary operators
are special cases of a normal operator. Hence the eigenvectors of these
operators constitute an orthonormal basis.

8. Let |y, ), -, |¥n,) and |éa,), -+, |dxr,.) be as in the item 6 above. Let
W: be a matrix constituted by the column vectors [¢y,),- -, [¥x, ), and
& that constituted by the column vectors |y, ), -, |Px, ). Using the or-
thonormality relation (10.7), it is straightforward to show that

X =0 X = Dx(A1,..., \n), (10.13)

DX()\I, ..., Ay ) being a diagonal matrix with the eigenvalues A\q,..., ),
of X as its diagonal elements. This shows that an n-dimensional operator
admitting n linearly independent eigenvectors can be diagonalized by a
similarity transformation. The transformation in question is generated

by the matrix formed by the eigenvectors of the operator as columns.

Now, consider the formal solution (10.2) of (10.1). Let X admit n linearly
independent eigenvectors |y, ), -+, |¥x,) corresponding to the eigenvalues
AL, .-+, An. Using (10.9) we represent |1(0)) as

[(0)) =D (dx, [1(0)) ], )- (10.14)

i=1
On substituting this in (10.2) we obtain

[B(8) =D exp(Nit)(6a, [ (0)) [ha,)- (10.15)

i=1

This is the solution of (10.1) in case X admits n independent eigenvectors.

The eigenvectors can not constitute a basis if there is any root not having
as many independent eigenvectors as its multiplicity. The vectors required
in addition to the eigenvectors to make a complete set are then obtained by
invoking the concept of a generalized eigenvector introduced next.
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10.2 Generalized Eigenvalues and Eigenvectors

Consider an operator X in an n-dimensional vector space. Let us assume
that it has m distinct eigenvalues, denoted by A, -, A, and that r; is the
multiplicity of ;. Let us assume that corresponding to an eigenvalue A; there
is only one eigenvector, denoted by |, (1)), so that

[X - ,\il] Wy, (1)) = 0. (10.16)
If r; > 2 then construct [¢y, (k)) by solving
[ = A2 lon, () = e, (k= 1)) (10.17)

successively for k = 2,...,r;. On operating (10.17) by X — M1 successively
for k =1,... and on using (10.16) it follows that

[% - xt) k) =0 [£-x1)" s, (k) 20 (10.18)

Vector |9y, (k)) is called a generalized eigenvector of rank k and A; a general-
ized eigenvalue. The eigenvector of rank 1, |¢, (1)), is also called the ordinary
etgenvector. Note that each of the generalized eigenvectors is arbitrary to the
addition of a scalar multiple of the ordinary eigenvector. The importance of
the concept of generalized eigenvectors stems from their following properties:

1. If the eigenvalue A; of multiplicity r; has only one ordinary eigenvector,
then its r; generalized eigenvectors, |9y, (k)) (k =1,...,r;), are linearly
independent.

2. Generalized eigenvectors corresponding to different eigenvalues are lin-
early independent.

3. The set of generalized eigenvectors of X is orthonormal to the set of gen-
eralized eigenvectors of XT. Let ¥ be an n X n matrix formed by the gen-
eralized cigenvectors [tx, (1)), -, [tha, (1) 3 [t (1), -+ [, (rm))
of X as columns numbered 1 to n. Let the matrix ¢ be formed similarly

by the generalized eigenvectors |@x, (k)),---,[éx,(r:)) (@ = 1,...,m) of
X1 corresponding to the eigenvalues Af,..., A7, The orthogonality of
the generalized eigenvectors of X and X1 implies that

St =1. (10.19)

The definition of the generalized eigenvectors and (10.19), imply that
XY =X = Jy, (10.20)

Jx being the Jordan canonical form of X. It is such that (i) its elements
along the main diagonal are the eigenvalues of X , (ii) all its elements
below the main diagonal are zero, (iii) besides the main diagonal, its only
non-zero elements, if any, are in the diagonal above the main diagonal.
Each of those non-zero elements is unity. The eigenvalue A\, appears in
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the main diagonal in the rows numbered 1 to r, followed by Ay which
appears in rows numbered r; + 1 to r; + r9 and so on. Unity appears
in the diagonal above the main diagonal in rows numbered 1 to r; — 1,
r1+1tory +ry—1 and soon.

We have thus at hand n independent vectors in an n-dimensional space. We
employ it as a basis to evaluate (10.2) by expressing |¢(0)) as

ZZ Oa (R)[(0)) [a, (K)). (10.21)

i=1 k=1
Substitute this in (10.2) and invoke (10.16)-(10.18) to show that

exp(X1)[th, (k) = exp(het) exp | (X = &) 1] . (k)

k-1 l
= exp(t) Y Tl (k= D). (10.22)
=0
As a consequence, we get
m T l
Zzzexpu (63, (B) o (0)) 1 o, (K — D). (10.23)
i=1 k=1 =0

This is the solution of (10.1) in case there is only one ordinary eigenvector
corresponding to an eigenvalue of any multiplicity. The expression (10.23)
shows that the evolution of a state involves terms which are products of an
exponential in time with a power of time. Note from (10.15) that the time-
dependence is an exponential function if the evolution operator admits as
many linearly independent eigenvectors as its dimension.

The problems that we encounter in Chaps. 12 and 13 involving multiple
eigenvalues fall in to the category discussed above. We, therefore, do not dis-
cuss the general case when an eigenvalue of multiplicity greater than two has
two or more independent eigenvectors. In the general case also we can always
find r; independent generalized eigenvectors corresponding to an eigenvalue
A; of multiplicity r;. They possess the property (10.18). Since the maximum
value of k is r;, it follows that (10.18) holds for any generalized eigenvector
if £ = r;. Now, since any vector in the given space is expressible as a linear
combination of generalized eigenvectors, it follows that

(% - Al)” (- Am)r'" = 0. (10.24)

On comparing this with (10.5) we note that an operator satisfies its own eigen-
value equation. This is the content of the Hamilton-Cayley theorem [100].
However, (10.24) need not be the minimum polynomial equation satisfied by
X. For, if there are more than one independent eigenvectors corresponding to
an eigenvalue \; of multiplicity two or more then the expansion (10.21) would
contain eigenvectors of lower rank corresponding to A;. Consequently, (10.24)
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will contain the power of X — \; less than r;. We have used this property in
Sect. 2.2 to express the exponential of a finite-dimensional operator in terms
of a polynomial in the operator.

We solve (10.1) in the next section for a special form of X without taking
recourse to eigenvector expansion. Its eigenvalue equation, along with that of
another form, is solved in Sect. 10.4.

10.3 Solution of Two-Term Difference-Differential
Equation

In this section we solve the equation

Cp = 0mCrm + YmCms1  m=0,1,...,N, (10.25)
assuming that Cny1 = 0, and the equation

Coo = 0mCrm + BCrm1 m=0,1,..., (10.26)
assuming C_1 = 0.

Consider first (10.25). Its Laplace transform (defined in (8.84)) yields

o=t [Cm(O) + 7mém+1] : (10.27)

2 —

Set m = N in this and use the given condition Cn41 = 0 to obtain

- 1

Cn = Cn (0). (10.28)
Z — QanN

Set m=N—1,N —2,..., successively in (10.27) to get

= 1

Crn(0) + Z Crn+x(0) H ’Ym+l 1 (10.29)
Consider next (10.26). Its Laplace transformation yields

[cmm) n ,emém,l] . (10.30)

Set m = 0 in this and use C_1 = 0 to show that

Cn =

m

~ 1
Co = 5= Col0). (10.31)

Solve (10.30) recursively for m = 1,2,... to obtain

Cm = [ m<0)+20k<0)1"[

The inverse Laplace transform (defined in (8.85)) of (10.29) and (10.32)
determines Cp,(t). Now, if a,, are all distinct, then the poles of (10.29) and

ﬂz+1] . (10.32)
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(10.32) are simple. The inverse Laplace transform of (10.29) and (10.32) is
then straightforward to evaluate. However, it may become an involved exer-
cise if the poles are not simple.

As an example, let a,, = —(m + a). The solution of (10.25) and (10.26)
then reads, respectively,

Con(t) = exp{—(m + @))}[Cn(0)

+ Z (1- GXP(_t))(];_inZn";?’m“ kot Ck(o)}a (10.33)

+m2: (exp(t) — 1);’;’151;!15“2 P Ck(o)}_ (10.34)

The correctness of these solution may be verified by substituting them in
their respective equation. We use these solutions in Chap. 14 in solving the
problem of strongly coupled atom-cavity system.

10.4 Exactly Solvable Two- and Three-Term
Recursion Relations

In this section we solve the eigenvalue equations corresponding to (10.25) and
(10.26). Tt is followed by the solution of the eigenvalue problem reducible to
the three-term recursion relation (10.41).

10.4.1 Two-Term Recursion Relations

Consider the problem of determining C,,, obeying the eigenvalue equation

mCm + YmCm+1 = ACh, m=20,1,..., (10.35)
Qm, Ym being known functions of m, and A is an eigenvalue. Rewrite this as
ag — A Yo 0 - Co
. 0 &y — A Y1 0 - . 01
(a_AI)|C> = 0 0 az—A Y2 0 - 02
=0. (10.36)

By carrying its expansion in terms of the first column, we see that det(G—AI)
in this case is a product of the diagonal elements of & — AI. Hence, det(a —
AI) = 0 yields the expression

An = Qn, n=01.... . (1037)
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for the eigenvalues. Let C,,,,, denote the solution of (10.35) corresponding to
the eigenvalue A,. Solve (10.35) recursively to obtain

m
O — Q1
Cnm:H CnO’ m:1527"'an
-1 h-t

Crmin =0 m=12,--- (10.38)

This is the exact solution of (10.35).
Consider next the equation

0 Crm + B Cim—1 = ACy,, m=20,1,... (10.39)

Invoking the preceeding arguments, it follows that the eigenvalues in this case
also are given by (10.37). Verify also that (10.39) is solved by

ﬂn+1
nm+n~H Chns m=12-.-,
Op — Opyg

Com =0 m=0,1,---,n—1. (10.40)

10.4.2 Three-Term Recursion Relations

We have seen in the last subsection that two-term recursion relations admit
analytical solutions in closed form. However, three-term relations are not
always exactly solvable. In this subsection we identify exactly solvable cases
of frequently encountered quadratic three-term recursion relations of the type

[men + m(m — 1)as]Cr, + [(m + 1)1 + m(m + 1)72]Cria
+[Bo + (m — 1)1 + (m — 1)(m — 2)52]Cru—1 = ACh, (10.41)

m=20,1,..., M, C_;{ =0, /s, s and +'s are fixed constants and A is an
eigenvalue. The upper limit M on the allowed values of m is finite if it is
given that Csyx = 0 for k > 1. In case this holds, set m = M +1 in (10.41).
It results in a relation between Cary1,Car2 and Cpy. This equation will be
consistent with the given condition Cpry1 = Carye = 0 if the coefficient of
Cys in it vanishes, i.e. if

Bo+ MpB + M(M —1)3; =0. (10.42)
Write this as a quadratic in M and show that
1
M= 6= 01 /(52 - 61)° — 46260 (10.43)

We solve (10.41) by converting it into a differential equation for the gen-
erating function

M
f@ =Y Cnz™ (10.44)

m=0
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so that

1 d™
ml dz™ f(z)
It is then straightforward to show that, by virtue of (10.41), (together with
(10.42) if M is finite) f(z) satisfies the second-order differential equation

m

(10.45)

$=O.

2

d d
{x(ﬁsz + aoz + 72)@ + (Brz* + a1 + ’yl)a

+(Boz — A)] f(z)=0. (10.46)

The solution of this equation determines C,, through the relation (10.45).

Exact power series solution of a second-order differential equation, re-
ducible to a hypergeometric or a confluent hypergeometric equation, is known.
We recall from Appendix B that an ordinary second-order differential equa-
tion admits solution in terms of the hypergeometric function if it has at most
three singularities, including a singularity at z = oo, which are regular and
that its solution is expressible in terms of the confluent hypergeometric func-
tion if two of the three singularities merge. The problem of solving (10.46) is
thus reduced to one of determining the nature of its singularities. Recall from
the Appendix B that the nature of the singularity at = oo is determined
by transforming to y = 1/z. Use (B.2) to show that the change of variable
z = 1/y transforms (10.46) to

d2
y(v2y® + a2y + ﬁz)d—yz +{(2v2 — 71)¥* + (202 — 1)y

(22— B+ (5o~ )] Sw) = 0. (1047)

The nature of the singularity of this at ¥y = 0 determines that of the point
x = oo of (10.46).
Following again the Appendix B, we find that if G5 # 0, y2 # 0 then

—Q9 + \/a% — 4ﬁ2’)’2
202 ’

are four singular points of (10.46). However, as mentioned above, it is the
case of at most three regular singularities which is of interest. The number of
singularities reduces to three if (A) B2 = 0, 72 # 0, ag # 0, or if (B) v, = 0,
B2 #0, as # 0, or if (C) a2 = 4872 # 0.

The number of singular points is two if (D) v2 # 0, B2 =0, o = 0 or if
(E) ﬁ27é0,’)’2=0, a2=00rif(F) ﬁ2=’)’2=0.

Finally, we note that (10.46) reduces to a first-order equation if ap = f#p =
v, = 0. We discuss this below as case (G).
Case A: B2 = 0, 72 # 0, az # 0. In this case, the singularities of (10.46)
are at

z=0, z=_2 T = oo. ‘ (10.49)

=0 (10.48)

=0, T =
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Verify that the first two singularities above are regular whereas the singularity
at £ = oo is regular only if 8y = 81 = 0. Under these conditions, the three-
term recursion relation (10.41) reduces to a two-term relation

[ma; + m(m — Daz]Cp, + (m + 1)[y1 + my2]Crng1 = ACh. (10.50)
This is a special case of already solved equation (10.35).
Case B: 75 = 0, 82 # 0, az # 0. The singularities of (10.46) in this case

are at
ag
z =10, r=—-—" T = 0. (10.51)
P2
Verify that the last two singularities above are regular whereas the singularity
at z = 0 is regular only if y; = 0. Under these conditions, (10.41) reduces to
[mag + m(m — 1)ag])Cpp,
+[Bo + (m — 1){B1 + (m — 2)B2}]C—1 = A0, (10.52)

This is a special case of already solved equation (10.39).
Case C: a% = 4827, # 0. , The singularities of (10.46) in this case are at
2=0, 0= ——2 z=oc0. (10.53)

Verify that the first and the last singularity above are regular whereas the
second singularity is regular if the coeflicient of df/dz can be factorized as

Bl +aiz+m =0 (z+ﬁ) (z+ K), (10.54)
ie. if
2’71ﬁ2
K+ — K= 10.55
,Bl( + 265 ) ay, Brog ( )
The two equations above determining one unknown K are consistent if
a ay 2mpe
— == . 10.56
B 262  axfh ( )
The differential equation (10.46) then reduces to
2 42 d
[’”ﬂz(”H 2ﬁ2) az? +ﬂ1(””+ 2;32) (’”+ K)EE
+(ﬂoz - )] F(z) =0. (10.57)
Verify that the transformation z = —a22z/283; reduces this equation to the

form (B7) with p = —,31/,62, q= —2K,62/012, r = ,Bo/ﬁz, A= —2A/O[2. A
solution of (10.57) is, therefore, given by

f(z) = (1 + 2623/ a2)” F (a,b5¢; -2z /), (10.58)
with ¢ = 2K 81 /a2, and a,b and a determined by solving
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B Bo 2
Cl(Cl — 1) + ECI + ﬁ_z = gz-(Kﬁla — /\), (1059)
_ B 2
a+b+1=2a+—, ab= —(Kpfra — A). (10.60)
B2 az

Let us assume that Car+x = 0 (k > 1) so that (10.42) holds. The f(z) in
this case should be a polynomial of degree M. Recall from Appendix B that
F(a,b;¢;z) is a polynomial of degree n if either a or b is —n. Hence, we must
have

a=-—n, a=M—n. (10.61)
On combining this with (10.60) we find that
b=oM—nt Pl 1
Pa
A:% 2an+%—1 + KBy (M —n). (10.62)
2

The expression for C,, corresponding to the eigenvalue )\, is obtained by
substituting (10.58) in (10.45).

Case D: 2 # 0, ag = B2 = 0. The singularities of (10.46) in this case are
at £ = 0, £ = oo. The singularity at = 0 is regular whereas that at z = oo
is irregular. The equation (10.46) is reducible to the equation (B.13) for the
confluent hypergeometric function if, in addition, 8y = B; = 0. Note that
this is obtained as the limit a; — 0 of the case A above. In this limit, the

singularity at £ = —y2/as of case A merges with already present singularity
at 0o. The recursion relation (10.41) now reads
aymCp, + (m + 1) (71 + my2)Crg1 = ACh,. (10.63)

This is a special case of already solved equation (10.35).

Case E: B2 # 0, az = ~2 = 0. The singularities in this case are at
z = 0 and z = oo. The singularity at £ = oo is regular whereas that at
z = 0 is always irregular. Since we are interested only in the case of a regular
singularity at £ = 0, this case is not of interest.

Case F: B2 = v = 0. The singularities in this case are at =0, z = 0.
Both the singularities are irregular. However, the singularity at z = 0 becomes
regular if 473 = 0. The corresponding recursion relation assumes the form

[ma; + m(m — 1)as — N|Cp + [Bo + (m — 1)51]Cra—q1 = 0. (10.64)

This is a special case of already solved equation (10.39).
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Case (G) az = B2 = 42 = 0. The equation (10.46) in this case reduces
to a first order equation

d
((B12® + oo+ )+ (Bor =) f@) =0 (10.65)
The recursion relation (10.41) then assumes the form
ma1Cory + (m + 1)’71Cm+1 + [ﬁo + (m — 1)51]0,,1_1 = ACy,. (1066)
Verify that the solution of (10.65) is
f@) ~(x—zy)%x —z_)°, (10.67)
Ty = ! —ay /0% — 4 p
+ = 26, 1 aq Y1P1 ],
A — Bozy —A+ Box_
a=_-_F0%F oy ZTHOTS 10.68
Bi(zy —z-) Bilzy —z-) ( )

Let Caryr, = 0 (n = 1). The f(z) in (10.67) then should be a polynomial of
degree M. This implies that a and b should be integers such that a+b = M.
We set a = n, b = M — n. Now apply (10.45) to get

(m+)n7k(mA)M—n7m+k

Comn (")m%: MR — (M —n—m+ R (10.69)

We have used this result in Chap.3 for deriving the expression for the
squeezed spin state.






11. Two-Level
and Three-Level Hamiltonian Systems

In this chapter we present exact analytical approach to studying the dynam-
ical behaviour of certain classes of two-level and three-level hamiltonian sys-
tems in a quantized e.m. field. These classes encompass most of commonly
encountered systems of interest in quantum optics. This chapter is based
largely on [101].

11.1 Exactly Solvable Two-Level Systems

A class of exactly solvable system of a two-level atom in a quantized field is
comprised by the hamiltonian

= h[ﬁo({é‘},t) +8({CH 18, + {g({é},t)ﬁfé_ + h.c.}] (11.1)

in an appropriate interaction picture. Here, F , F't are time-independent sums
of products of single mode field operators whereas {C' } is a set of commuting
operators each commuting with S,, F1$_ and S, F. In other words, {C} is
a set of commuting time-independent constants. In the following we suppress
displaying explicit dependence on {C}. The Hamiltonian (11.1) describes
emission and absorption of the field quanta by the effective field operators F'
and F't. The effective detuning 6(¢) and the atom-field coupling constant g(t)
may be time-dependent. The properties of two-level operators are contained
in the equations (1.129)—(1.134b).
The time-evolution operator generated by H is

Ui(t) = T exp [— %/Ot I:I1('r)d'r]. (11.2)

We follow the method of Chap.2 and write the time-ordered exponential
(11.2) in terms of the products of the exponentials of all those operators
which, along with the operators $,, F1S_ and S, F constituting H, (t), are
closed under the operation of commutation. To that end, recall the properties
(1.129)—(1.134b) of two-level operators and show that

6., F18.] = —F1S_,  [8.,8,F) = §.F, (11.3)

(S B, F18 ) =8, S_FF' - FFS_S,. (11.4)
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Now, recall (1.134b) to rewrite 5.5 and S_ S+ respectively as 25,5, 5_
and —25,5_ S+ Consequently, (11.4) may be rewritten as

(S, F,F1§_]=28,N, (11.5)

N=FFt§,5_+F'FS 3,. (11.6)
It is straightforward to see that

NS_=F'FS , NS, =FF'S,. (11.7)
By repeated use of these relations, it follows that

S(N)S_ =d(F1F)S_, &N)S, =B(FEHS,, (11.8)

for any SN expandable as a power series in its argument.

The reader should also verify that N commutes with S+F F'S_ and,
of course, with S,. Hence N commutes with each of the operators in Hy (¢).
It is, therefore, a time-independent constant of the motion. Hence, the time-
ordered exponential (11.2) may be written as

U, = exp [— i /0 t ﬁO(T)dT] [exp ( f+(t)5’+f7‘) exp (2 fz(t)Sz)
X exp (f* (t)Ffé_)]
—exp —1/ ho(T dT} (1+f+ )S4 )
% (cosh(£. () + 2sinh(£.(8))S: ) (1+ F-()F1S.)
= exp [ —i /0 t ho (T)df} [ao () + 244 (S E + 3 _(1)F1S_
+a, (88, + a+_(t)§+s'_ﬁﬁf} . (11.9)

Here, fi (t) and f (t) are time-dependent functions of time-independent op-
erator constants of the motion. The second equation above has been ob-
tained by applying (2.13) and the third by invoking the two-level operator
relations. The a's and the s may be identified in terms of the f’s. How-
ever, we do not need that relation. We write S, as (1/2)[S;,S_], o(t) as
ao(t)(S+S5_ 4+ S_85,), and invoke (11.7) to rewrite (11.9) as

U, = exp [—i /0 EO(T)dT] [i+_(t)§+§- vio (S-S,
+ 2 ()8 F+ j__(t)FTS'_], (11.10)

&;;(t) being the functions of the time-independent operator constants of the
motion. Note that U 1 for a classically driven tvgo—level system has the same
form as (11.10) if the quantum field operator F' is replaced by a c-number.
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The time-dependence of the evolution is contained in the #;;(t) which are
determined next.

To derive Z;;(t), write Uy in (11.10) as in (11.2), differentiate it with
respect to ¢ and use (11.1) for H;(¢t) to get

[5(t)Sz +g(t)F1S_ + g*(t)SJ“} U

— iexp {— i /O t ﬁo(f)df} {&+,(t)S+S, F A8 F
+ho_())FTS +§c,+(t)3~§+], (11.11)

where ‘dot’ over a quantity denotes derivative with respect to time. On sub-
stituting for Uy from (11.10), (11.11) reads

i [@&g_ Vi S F+d FTS_+ ;-c_+s:s+]
= [6()5. + 9 F1S- + g7 ()54 F)]
x[@gasl vi S F i F1S +5L+S_S+}. (11.12)

On applying the two-level characteristics and the relations (11.7), we express
the right hand side of (11.12) as a combination of the same operators that ap-
pear on its left hand side. On comparing the coeflicients of the like operators
we arrive at two closed systems of equations

icyy = %t)iﬂw +g" (),

iz_, = —%Qi_+ + Ng(t)Z, 4 (11.13)
and

iz__ = —~%t):fv__ +g(&)24,

iz, = ?@, + Ng*(t)&__. (11.14)

The sets of equations (11.13) and (11.14) are similar. They are to be solved
along with the initial condition

£, (0)=2__(0)=0, &, (0)=&_,(0)=1. (11.15)

Note that, since N is a constant operator, (11.13) and (11.14) may be treated
like c-number equations. Their solution for given time-dependent functions
g{t) and 4(t) determines ;; for any field operator F in the hamiltonian (11.1).

Dynamics of the system is thus determined by solving the c-number like
equations (11.13) and (11.14) for &;;. The &;; are functions of N which con-
tains, besides the field operators, also the atomic operators. Since £;; appear
in (11.10) only in combination with S., we can get rid of the dependence
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of Z;; on the atomic operators by using (11.8). The &;; may depend also on
other constants of motion which may, in turn, contain the atomic operators.
Such atomic operators can also be removed by using the relations (11.8) and,
possibly, other similar relations.

Assuming that the other constants, if any, do not involve field operators
in any other combination then what appears in N , the £;; turn out to be
functions of the field operators F1E and FET. The problem of evaluating
matrix elements of U, reduces to that of solving the eigenvalue problem of
F'F and FF?!. These two eigenvalue problems are, however, not independent.
For, if |%) is an eigenstate of FTF then it follows that F|+) is an eigenstate of
FET corresponding to the same eigenvalue. Note also that FiF and FF1 are
normal operators. Hence, their eigenstates constitute a complete set which
may be used as the basis states. The eigenvalue problem in question can be
solved effortlessly for single-channel models. For, recall from Sect.7.5 that
F then is a product of single-mode operators and hence FiF a product of
number operators. The eigenvalue problem, however, may not be simple for
multi-channel models ( see (11.47)).

Now, the time-evolution of a state of the system is determined by

[0 (1)) = Ur()(0)). (11.16)
If the system is described by a density operator p then
pt) = U (1) p(0)T] (t), (11.17)

p(0) being the density operator at the initial time. The dynamics may be
investigated in terms of evolution of operators by evaluating

A(t) = UT ) AU, (¢), (11.18)

A being a system operator.

Next, we examine the equations (11.13) and (11.14). Those equations can
be solved analytically exactly if (a) é and g are time-independent, or if (b)
6 =0 and g(t) is real. In the following we derive the expression for U (t) for
these exactly solvable cases, and for the case of (¢) random time-dependence

of 6(¢) and g(¥).

11.1.1 Time-Independent Detuning and Coupling

The solution of equations (11.13) and (11.14) in this case is readily obtained
reading

&4_ =cos(I't) - igf"l sin(I't),

&4 =cos(I't) + igf‘l sin(1't),
Fy4 = —ig* [ 'sin(lt),  #__ = —igl 'sin(It), (11.19)
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~ 1 “
Pe= [52 + 4[g|2N]. (11.20)

On substituting (11.19) in (11.10) and on applying (11.8) we obtain

. 6
2

Uy (t) = exp(—iﬁot){ [cos(ﬁ2t) LY sl sm(ﬁzt)] $.8-

+ {cos(flt) + igfl_l sin(flt)] S_8,

—i{gﬁfl sin(F0)FT8_ + g* 5! sin(f“zt)I:"S’Jr} } (11.21)

- 1 PN . 1 IR

I, [52 + 4|g|2FTF}, If= 16"+ 4|g12FFT]. (11.22)
This determines completely the dynamics generated by time-independent
form of the hamiltonian (11.1). It is also of interest to know its eigenstates

called its dressed states.

Dressed States. Let |A) be the eigenstates of FF' corresponding to the
eigenvalue A:

EET) = AN, (11.23)

Since H; commutes with N, we may reduce the space of states to a sum of
subspaces each characterized by an eigenvalue of N. To that end, verify that

NIA1/2) = AN 1/2),  NET\ —1/2) = AET|\, —1/2). (11.24)

Hence, the states |A,1/2) and Fta, —1/2) correspond to the same eigenvalue
A of N. The space of the eigenstates of H; is thus split in to manifolds
characterized by an eigenvalue of N. Each manifold consists of two states,
|A,1/2) and FT|X, —1/2).

We may now express the eigenstates of time-independent form of (11.1)
as

sin(6) A

1) = cos(0)[A, 1/2) + 22 exp(ig) P13, —1/2), (11.25)
VA
with exp(i¢) = ¢/|g|- Let

Hi|p) = hylp). ‘ (11.26)

Redefine the eigenvalues of H by absorbing in them the constant contribution
from hg to obtain

i) = h[(cos(O)g + ]g_I\/Xsin(G)) 1A, 1/2)

+ |9]V/A cos(8) — sin(B)g) exp(ig) FT |, —1/2)} . (11.27)

1
7

Substitute this in (11.26) to arrive at the eigenvalue equation
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(“ai 23 () = o
It is now straightforward to see that the eigenvalues are
pa = £V Algl? +6%/4, (11.29)
and that
tan(g) = P —0/2 (11.30)
lglvA

The states |p1) are known as the dressed states of the hamiltonian.
If § = 0 then tan(f) = £1. Hence (11.25) reduces to

1
py) = A 1/2) + —exp(ig)FT X, —1/2) | . (11.31)
ns) == | 5 exp(i6) |
Now we specialize these results to (a) the Jaynes-Cummings model of
one-photon transitions, and (¢) a two-channel Raman coupled model.

Jaynes—Cummings Model. The hamiltonian (11.1) reduces to the Jaynes—
Cummings hamiltonian (7.42) of a two-level atom in a single mode field in
the interaction picture generated by hwgz with § = wy — w, F — a. Note also
that in this case N = afa+ .5, + 1/2. The eigenstates and eigenvalues of afa
are |n) and n = 0,1,.... The dressed states of this model for an arbitrary ¢
may be derived by using (11.25) and bearing in mind that |[X\) = |m) where
|m) is an eigenstate of aa' with m + 1 as the corresponding eigenvalue. The
dressed states for § = 0, given by (11.31), now read (assuming g to be real)

)y = L 11, et 1. —
|w,:f>—ﬂn ,1/2) £m+1,-1/2)]. (11.32)

The eigenvalues corresponding to Iw,(flt )> are
) = +|glvVm + 1. (11.33)
The inverse of the relations (11.32) is
1 _
m1/2) = 2 WD) + )]
1
m+1,—12:—[ (hy (-)]. 11.34
| /2) 7 |t ) — |t ) (11.34)

We may now investigate the dynamics by expressing an initial state in terms
of the dressed states. As an example, let the system be initially in the state
|m,1/2). Using (11.34) we get
N 1 .
exp(—ift/m)im,1/2) = | exp(~ilglevim+ DIWL)

+exp(ilgltv/m T DI¥))] - (11.35)



11.1 Exactly Solvable Two-Level Systems 205

Express |1/J£ni)> in terms of the bare states |m, +1/2) using (11.32) to rewrite
(11.35) as

exp(—iHyt/R)|m,1/2) = [cos(|g|t\/m +1))|m,1/2)

—isin(|gltv/m ¥ 1)|m + 1, —1/2>}
= |m,1/2,t). (11.36)

Now, if the atom is initially in its excited state and the field in a state
described by p;(0) then

p0) =" Crnlm, 1/2)(n, 1/2], p7(0) = Crnm|m) (n]. (11.37)

On applying (11.36) it follows that
pt) =D Connlm, 1/2,8)(n,1/2,t]  p7(0) =Y Crunim)(n].  (11.38)

m,n

It is now straightforward to evaluate operator averages. For example,

oo

. 1 A

(S-(1)) = 5 >~ (mlpg(0)m) cos(2gtv/m + 1). (11.39)
m=0

The corresponding result when the atom is initially in its ground state reads

oo

(5.0 = 5 > (mlps(0)lm) cos(2gtv/m). (11.40)

m=0

For a discussion of comparison between the behaviour of (S,(t)) depicted
by (11.39) and (11.40) in a quantized field with that when the field is a
classical dynamic variable, see [80]. Here we compare the evolution in the
quantized field with that in an externally prescribed monochromatic field.
The hamiltonian of the systemn in the RWA is then given by (7.24). The
atomic operators under it evolve as in (7.29) and (7.30). We let § = 0 and
find that, if the atom is initially in the excited or in the ground state, then

(a(0)) = = i% cos(@lgllalt). (11.41)

In the following we compare the characteristics of the evolution described by
(11.39)—(11.41).

1. If the field is initially in the Fock state |M) then (m|p;(0)jm) = dmar.
Hence (S,(t)) oscillates sinusoidally. This behaviour is the same as that
of the atom in an external classical field described by (11.41).

2. The expression (11.39) for the atom initially in the excited state shows
that (S,(t)) exhibits oscillations even when the field is initially in the
vacuum state |0). These are called the vacuum field Rabi oscillations.
However, the expression (11.40) for the atom initially in the ground state
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A
N

<0

shows that it remains in the ground state if the field is initially in the
state of the vacuum. The expression (11.41) for the atom in an external
field shows that it remains in its initial state in the absence of an applied
field. The vacuum field Rabi oscillations are thus a signature of the field
quantization.

From (11.39) we infer that the time evolution of (S, (t)) in a field which is
not in a Fock state is a result of combination of frequencies proportional
to v/m + 1. As examples, we consider the coherent and the therinal states
of the field. Recall that

(m|ps(0)lm) = exp(~|al*)lal*™ /m! (11.42)
if the field is in the coherent state |o) and
(mlpr (O)lm) = a™ f(a + 1)+ (11.43)

if the field is in the thermal state with # as the mean number of photons in
it. The sum in (11.39), (11.40) can not be carried analytically exactly for
either of these states. Numerical results for the field in the coherent state
and the atom initially in the lower state are presented in the Fig.11.1.
It exhibits the phenomenon of collapses and revivals. This phenomenon
has been analyzed analytically under the condition |a| >> 1 in {102, 103].
The behaviour of (S,(t)) as a function of time in the thermal field and
the atom initially in its lower state is exhibited in Fig. 11.2 by evaluating
(11.40) read with (11.43). It is seen that (S, (t)) rises to become positive
and then collapses to oscillate around zero. The nature of oscillations
is evidently very much different from that in the coherent state. The
analysis of the sum by following the technique employed for the coherent

field predicts the collapse but not the revivals [103, 104].

05 T T —

0.3
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-0.3
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[glt

Fig. 11.1. (5.(t)) as a function of |g|t for the field in the coherent state |a),
la}® = 20.
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Fig. 11.2. (S.(t)) as a function of |g|t for the field in the thermal state having an
average of 7. = 20 photons.

We can similarly study the bahaviour of any other observable. A property
of particular interest is the squeezing of the field. The coherent field is
classical. However, on interaction with the atom according to the Jaynes-
Cummings hamiltonian, it exhibits the quantum feature of squeezing. For
details, see [105].

Two-Channel Raman-Coupled Model. The hamiltonian in this case is
given by (7 60). We let g; = g4 = g. It corresponds to (11.1) with hg = § = 0,
F= apaS +ala »aa. Verify that

FtE = apapasa +aAaAa aJr +a 2440, + ala Ldf, (11.44)
commutes with M and C where
M =ala, +ala, +alaa, C=alaa—alas. (11.45)

Let |myp, ma,ms) be an eigenstate of afa, alaa and ala, with my, ma,m,
as the corresponding eigenvalues. Owing to (11.45), the state space reduces
to a sum of spaces labeled by the eigenvalues M and C of M and C. Hence,
we may employ the states |M +C —2m,, m,,m; — C) as a set of basis states.
For the sake of illustration, let m, = m4, M — 2M. An eigenstate |1} of
F'F may then be expressed as
M
[¥a) =D Crm|2m, M —m, M —m). (11.46)

m=0
Operate this with T F' to obtain
[2m(2M — 2m + 1) + M — m] C,
+(M —m)y/(2m + 1)(2m + 2)Cps1
+(M —m+1)y/2m(2m — 1)Cpp_y = ACpp. (11.47)
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Define
fm = Crn /(M —m)l\/(2m)\. (11.48)
On substitution in (11.47) this yields

2m(2M — 2m +1) — m] fi, + (2m + 1)(2m + 2) fr 11
+(M —m4+1)2fr1 == M)fp. (11.49)
This is the same as (10.41) with
o1 =4M -3, ag = —4,
Bo=M? py=-2M+1, [r=1,
Yo=0, m=2, =4 (11.50)
Verify that this falls in to the category C of classification of three-term re-
cursion relations in Sect. 10.3.2. Note that the parameters (11.50) also satisfy

(10.42) as they should because Cpriy, = 0, (n > 1). Invoke (10.62) to show
that the eigenvalues are given by

A=n(2n+1), n=0,1,...,M. (11.51)

The corresponding eigenvectors are also determined by (10.45). For some
numerical results and their physical interpretation, see [84].

11.1.2 On-Resonant Real Time-Dependent Coupling

If § = 0 and g is real then verify that (11.13) are solved by

. N 1 g
Loy =2__ = —lﬁ sin (\/NT) ,

. =% | =cos (\/ﬁr) ) T = /g(t’)dt'. (11.52)

A realization of particular interest is g(¢) = asin{wt). This accounts for,
for example, the effects of spatial mode structure on a moving atom in a
cavity. This effect has been studied in [106] for single-mode two-level Jaynes-
Cummings model. On inserting (11.52) in (11.10) we can recover not only
the known analytic results [106] for the said model but can also study those
effects in several other effective two-level models.

11.1.3 Fluctuating Coupling

We have thus at hand an apparatus for handling a two-level atom in a quan-
tized field if the detuning and the coupling are deterministic functions of
time. In this section we address the question of studying the dynamics when
the said parameters are random functions of time.

In the case of fluctuating parameters, we first evaluate the expectation
value (A(t)) of an operator A and then average over the fluctuations. Note (for
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example from (11.18)) that calculation of an expectation value involves action
of U and U together. Hence, the task of evaluating average over fluctuations
reduces to that of finding that average over bilinear combinations of {Z;;}.
However, the operator whose expectation value is being evaluated, need not
commute with N. Hence, we need to know the average over fluctuations of
the quantities of the type z;;(N1)xr(N2), N1 # Nao. It may be determined
by constructing equations for the said products.

As an example, apply (11.13) and (11.14) to show that

z1 = 44 (N1)zh  (N2), 2 =214 (N1)z™, (Na2),

x3 =z_4y(N1)z (N2), z4=x_4(Np)z* (N2), (11.53)
obey the following closed set of equations

iz) = —g(t)z2 + g*()zs,

iZg = —Nog*(t)z1 + ()72 + 9" ()74,

iz3 = Nig(t)z1 — 6(t)zs — g(t)za,

ity = N1g(t)ze — Nog™(t)zs3. (11.54)
Let us assume that § is a constant and the coupling is of the form

g(t) = |gl exp(—ig(t)), (11.55)

|g| being a constant but the phase ¢(t) a fluctuating variable. In order to find
x; averaged over fluctuations, define

Tim = exp(imo(t))z1, Tom = exp(ime(t) — ip(t))zz,

Tym = exp(ime(t) + i¢(t))z3, Tam = exp(imep(t))zs. (11.56)
It then follows that

Z1 = T1o, T2 = T21, T3 = Z3-1, T4 = T40- (11.57)

On invoking (11.54), it is straightforward to show that

1 m 0 0 0\ /Zim
. i)zm g 0 m—1 0 0 Tom
Ham =210 0 mt1 0| zan
Tom 0 0 -0 m Tam
| 0 =gl lgl 0 Tim
—lg|N2 4 0 lgl Tom
+ 11.58
lg| N1 0 -6 —|g T3m ( )
0 lgIN1 —|g|N2 O Tam

Recall from Chap. 6 that analytically exact equation for the average of the
variables obeying an equation of the type (11.58) may be derived if ¢ is either
a delta-correlated Gaussian process or a random telegraph noise. We leave it
to the reader to derive corresponding equations. The reader may also derive
equations for other bilinear combinations of z.
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11.2 N Two-Level Atoms in a Quantized Field

The Hamiltonian of N atoms interacting collectively with a quantized field
may be written as in (11.1) with the understanding that S’P obey the SU(2)
commutation relations and that S = N/2 is the total spin quantum number.
The space of the atomic states is then spanned by N + 1 states |m) (m =
—-8,—S +1,...,8. For the sake of illustration, let us assuine that £ = a.

The comblned State of the field and the atoms is then spanned by |n,m),

n being the eigenvalue of afa. Note that M = a'a + S, commutes with H.

Hence, if initial state of the system is such that M|y (0)) = M| (0)), then its
state at any time ¢ will be a combination of states |M — m,m), where, the
positivity of the photon number M —m and the condition that —§ <m < §
demand that m = -8, -S+1,... Mif M <SS butm=-5-S+1,...,5
if M > S. The eigenstates corresponding to the same eigenvalue M of M
are said to constitute a manifold. Thus, the problem of N two-level atoms
reduces to diagonalization of at most N + 1 dimensional hamiltonian matrix.
The dimension Ny is smaller than N+1 if M < S. For example, if M = —5+1
then m = —5,—8 + 1. The problem of N two-level atoms then reduces to
solving the eigenvalue problem of only a two-dimensional matrix. Similar
considerations apply if the process is multiphoton. For example, if FF=ari in
(11.1) then the constant opertator is M = afa + pS,.

11.3 Exactly Solvable Three-Level Systems

In this section we consider a class of systems consisting of three-level atoms
in quantized field describable, in an appropriate rotating frame, by the hamil-
tonian

1, = h[8,(t) Ay + 85(8) Ass + { 97 (1) Ant Fi
g5 (t) Ay + h.c.}] . (11.59)
Here 61 (t), 02(t) are effective detunings, g1, g» are the coupling constants,
Ay =10, 4,5=1,23 (11.60)

are the operators effecting transition between the atomic states [) and |j),
and F1, F5 are the sums of products of single-mode quantized field operators.
The orthogonality and completeness relations imply that

3
AijAg = Audy, D Au=1. (11.61)
As a consequence of this, the evolution operator U, may be expressed as

. t 3
r=exp |-+ /o Ha()dr] = 3 $ii(0) Ay, (11.62)

i,j=1
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qASij being functions of the field operators. In order to determine these func-
tions, differentiate (11.62) with respect to time to get

3 4 ~
HyUp =ih Y () Ajj. (11.63)
i,j7=1

On substituting (11.59) for H, and (11.62) for U, and on comparing the
coefficients of A4,;, (11.63) leads to a closed set of equations

i<;51i =aq (t)ﬁfq;zi;
iézi =6 (t)<232i + gI(t)qugli + gZ(t)FQT(ZBBi’

igs; = 0a(t)si + 93 (t) Fadbi,  1=1,2,3. (11.64)
These are to be solved with the initial condition
$i;(0)=0 for i#3j,  ¢11(0) = $22(0) = p33(0) = 1. (11.65)

Solving (11.64) analytically exactly is generally a formidable task. An ana-
lytically solvable case of widespread interest is when the §’s and the ¢'s are
time-independent with 2 = 0. The equations (11.64) then yield

2. d. o ,
@0521' +idy d—t¢2z‘ +TE¢e =0, i=1,2,3, (11.66)
Iy =191 PRF] + |92 *F] Fo. (11.67)

The solution of (11.66) with the initial condition (11.65) is given by
. & . 1 .
i = —i= —1i —= F i
@2 (t) = exp ( 5 t) H cos(I't) —idy oF sin( t)}5 2
1 . . .
iz sin(rt){g;Fl@l + go B 5i3}], (11.68)
d0i; being the Kronecker delta, and
A 1 N
1?2 = 2 (67 +4r%). (11.69)

The rest of the qgij, found on inserting (11.68) in (11.64), read

- ~xo 1 0yt . ) . .
— 2 gt 1 .01 .
o1 =1+ |g1|°F] Fg{exp ( - —2—) (cos(Ft) —i—lZIA1 sm(Ft)) - I]Fl,
(11.70)

b3 = gIgSFgﬁifz [exp ( - 15711&) (cos(f“t) + 125} sin(ft)) - 1] Fi,

(11.71)
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~ P | ~
P12 = —iglFfF exp(—i8,t/2) sin(I't), (11.72)
~ ~ 1 ~
P32 = —ig;thF exp(—id;t/2) sin(I't), (11.73)
- I | 161t N

_ 2 .
¢33 —1+lggl FQIA_|122 [exp( 3 )(COS(Ft)

0 o At
Hz sm(rt)) . 1} £, (11.74)

- ~ro 1 .
¢13 = 9192F1TT [exp(—iélt/2) (cos(Ft)
I

(01 o At
oz sm(Ft)) - 1} £ (11.75)

We have thus determined completely the dynamics of a three-level system
corresponding to the time-independent form of the Hamilonian (11.59) with
82 = 0. For the standard models outlined in the Chap. 7, F and F; are single
mode operators. The corresponding I' is a function of the number operators.
In such cases, the number states constitute a convenient choice as a basis.
For details of some numerical results, see [102].

Next, we discuss a frequently encountered situation in which a three-level
hamiltonian is reducible to an effective two-level one.

11.4 Effective Two-Level Approximation

Note from the expressions for the {(}3”} derived in the last section that the
rate of transition between the levels in the presence of the detuning §; is
determined by ||I'|| defined in (11.69). That rate in the absence of 4; is
governed by ||I2]]. Now, let [81] > ||I'12||. On ignoring the terms of order
|lgil[|E11/1| Th2l|, (11.68) and (11.70)-(11.75) reduce to

P12 da1 =0, o3 N 32 ~ 0,  Pag & exp(—idit), (11.76)

N ~r 1 N ~

du1 1+ g PR = [exp <1F122t/61> - 1] B, (11.77)
It

~ ~ 1 ~ ~

B3 = 1+ |ga| Frar [exp (irf2t/51) - 1] £, (11.78)
F12

. 1 . .

$13 = g192Ff 72 [exp (1F122t/51) - 1] 7, (11.79)

12
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ba1 ~ gl gt Fo— [exp <1F12t/51) — 1] F. (11.80)
It

The equations (11.76) show that, in the limit of large detuning, the levels
|1) and 13) are decoupled from the level |2). Hence, if the atom is initially
prepared in a superposition of only the states |1) and |3) then it contin-
ues executing transitions only between those two states. In other words, the
three-level system then acts as an effective two-level one. The corresponding
effective two-level hamiltonian can be written knowing the specific forms of
the field operators Fy and By, However, (11.77)-(11.80) on substitution in
(11.62) determine the time-evolution in effective two-level approximation for
arbitrary ]3'1,2 without any recourse to the knowledge of the effective hamil-
tonian.

A frequently encountered three-level system is the one in which each of
the two pairs of levels is coupled by only one mode. Consider, for example, the
levels arranged in a ladder configuration with both the transitions induced by
the same field mode described by the annihilation operator a. 1t is described
by (11.59) with Fy = F, = 4. The operator solutions (11.77)-(11.80) in this
case read

b~ 14 w%ﬁa% [exp <iﬁft/61) - 1], (11.81)
33 ~ 1 + |go| ! 712 [exp (172t/51) - :la (11.82)
13 ~ glgzaW% [exp (i388/61) - 1], (11.83)
¢31 ~ g1 gsa ; [exp (17125/51) } (11.84)

A = (1> + lg2lP)aa — |g2f,
= (lg11* + lg21)a’a + 2|g1 |* + lg2f*. (11.85)

In writing these expressions, we have made use of (1.21). On combining
(11.85) and (11.62) we obtain the operator determining the evolution of the
levels |1) and |3) as

Uet = exp [*iﬁeﬂ/h] = 3 dylil. (11.86)

i,j=1,3

The Heg satisfying (11.86) is given by
N 1 e A
Her = 5 (lonPaal1) (1] + |9 aa’ 3)(3))

1 ~ * _x ~
+5- (010213) (118 + g g311) (31a). (10.87)
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Note that this is the same as the one written in Sect.7.5 on qualitative
considerations.

In order to show that (11.87) is the correct hamiltonian, rewrite it in
the form (11.1) and construct the corresponding evolution operator U, as
n (11.10). The correctness of (11.87) is established by showing that Uy so
constructed is the same as the U.g of (11.86). We leave it to the reader to
carry the suggested steps.

The term in the first brackets in (11.87) is, as already stated in Chap. 7,
the Stark shift arising due to virtual transitions to the intermediate level |2).
In practice, it is common to ignore the Stark shift either completely or ap-
proximate it by replacing the field operator aa! in front of the atomic operator
|3)(3] in (11.87) by a'a. This replacement amounts to ignoring spontaneous
emission from the upper level. However, the Iy and I3 in the corresponding
U, (t) of (11.21) in these cases turn out to be square roots of an imperfect
quadratic form in the number operator afa. This implies irrational ratio of
frequencies in the number states. Correct frequencies (11.85) are, however,
linear in the number operator 4. The expressions of Iy and Fg in agreement
with (11.85) are obtained, as already established above, by treating the Stark
shift correctly. For some numerical results in case the Stark shift is treated
approximately, see [107]- [109]. The reference [109] compares the results ob-
tained in the effective two-level approximation with the exact results.

The effective Hamiltonians for the three levels in other configurations and
in two-mode field may similarly be derived and shown to be the ones given
in Chap. 7.



12. Dissipative Atomic Systems

In the last chapter we outlined an approach to studying lossless two- and
three-level atomic systems interacting with lossless quantized field. In this
chapter we analyze the equations governing dissipative two and three level
atomic systems driven by an external field.

12.1 Two-Level Atom in a Quasimonochromatic Field

Recall from Chap. 8 that the dynamical evolution of the density operator of
a two-level atom in an external field is governed by the master equation

dp Qs . 2
P {Hext, ,s] ~iwo [sz, ,s] 4 Lep+ Lep. (12.1)

at~  h
Here H, ext 18 the hamiltonian of interaction between the atoms and an external
field, assumed to be of the form

Hoyo=h [g(t)S’+ exp(—iwt) + g*(£)S_ exp(iwlt):| . (12.2)

The Liouvillean L, in (12.1) describes the atomic radiative losses. It is given

by (8.95). The Liouvillean L. governs the losses due to atomic collisions. Tt
is given by (8.106). We transform to the interaction picture by means of

p1(t) = exp(iwnS,t)p(t) exp(—iw S,t). (12.3)
The atomic dynamics in this picture is characterized by
pr = —i [55} +9(t)Sy +g"(1)S-, ,51]
oy [(N + 1)(2§_ﬁ1§+ S8 — S’+S’~ﬁ1)
+N(2S+pIS_ pS_S, — S_S+,31)
+ {Mexp(216 (28 pS- — 8 5 — S’_S‘_ﬁl) + h.c.}

~ N ~

+’7c( S.p1Sz — p1S.S: — SzSzﬁI)]. (12.4)
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Here § = wp — w is the detuning of the atomic levels from the frequency of
the driving field, é, = §2, — w is the difference in the frequency between the
driving field and that of the pump driving the squeezed bath.

Invoke (8.37) and the properties of two-level operators to show that the
atomic averages obey the equation (with M = |M|exp(i¢))

0

iSO = wniso) = (0 ), (125)
(92 (t))
1S(8)) = | (Sy(1) ], (12.6)
(S.(t))
—Ioh+1Ic Ig—46 0
Mt)=| TIs+86 —Ty—Tc —2g(t) |. (12.7)
0 2g(t) -r
I'=2(2N +1)~, th=§+%,
I'c = 2|M|ycos(¢ + 6, t), I's = 2|M}ysin(¢ + 6, t). (12.8)

The coupling constant g(t) has been taken to be real for convenience.

Note from (8.67) that N(N + 1) > [M|?. This implies that (2N +1)? —
4M|? =4N(N+1)—4|M|?+1 >0, i.e., 2N +1—2|M| > 0. As a consequence
of this we have

Ton —2|M|y > 0. (12.9)

The equations (12.5) are the so called optical Bloch equations. Their for-
mal solution evidently is

1S(2)) = D, 0)[S(0) / Dit, ) , (12.10)

where D(t,t') is the time-ordered integral
A t ~
Dt,t') = T exp (/ M(T)dT) . (12.11)

This integral is easily evaluated if M is time-independent (see Sect. 12.1.2).
However, its explicit evaluation for general time-dependence of Mt (t) is not
straightforward. The complexity of the problem, and its possible simplifica-
tions, can be assessed by rewriting M (t) in terms of nine elementary matrices

qu = ,p><QIa p,q= 1,2 3, (1212)
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the [p) being an elementary column vector which has unity as its only non-
zero element in its p** row. Consequently, By, has unity as its only non-zero
element at the position (p, ¢). Clearly

M(t) = 2g(t) (Bs2 - 323) +4 (Bm - 312) ~ Iph (Bu + 322)
—I'Bas + 2|]\7I|fy{ sin(¢ + ¢pt) (Bu + Bgl)

+ cos(¢ + dyt) (Bn —Bm) } (12.13)

Analytically tractable cases of the time-ordered integral (12.11) can be iden-
tified by looking for the cases in which M(t) reduces to a combination of a
set of a fewer number of operators closed under commutation. For example,
it can be verified that Bia, Bos (1/2)(311 — ng) obey the commutation re-
lations of the SU(2) operators Jy, J,. We may similarly identify other sets
of operators obeying SU(2). Now, if the values of the parameters are such
that M (t) reduces to such combinations of I§ij which are closed under SU(2)
then the problem of evaluating (12.11) is reduced to that of finding an SU(2)
time-ordered integral. That problem has already been addressed in Chap. 2.
We discuss in the subsection below the dynamics when M is time-dependent
and reducible to SU(2). In the subsection following it, we discuss the case of
time-independent M.

12.1.1 Time-Dependent Evolution Operator Reducible to SU(2)

The operator M (t) reduces to an SU (2) operator if: (a) there is no damping
ie.if y=~.=0;0r (b)if [,h, =1, |M|=0;o0r (c) if § =, =0, along with
¢ = nm. In the following we discuss these cases separately.

No Damping. In this case, the equation of evolution (12.5) for the averages
is homogeneous. The expression (12.13) for M reads

M(t) = 2¢(t) (332 - [223) +4 (le - Blz)
= —1(2g(t) +6J ) (12.14)

where, as can be readily verified, the operators
Jo =i(Bsy — Bas), J,=i(Ba1 — Bra), J.=i(Basi—Bis), (12.15)

obey the SU(2) commutation relations. They are the generators of its three-
dimensional representation having the property J3 = J , the J being any

component of J. The expression (12.11) then reads

D(@t,t') = T exp [—1/t (Zg(T)J +<5J) ] (12.16)

The time-integral can now be performed by using the method of Sect. 2.5.2.
The time-ordered integral in (12.16) reduces to the exponential of the integral
if § = 0. In this case, apply (2.14) to show that
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D(t,t') =1 — isin (20(t, ")) J, + {cos (20(¢,t')) — 1} J2, (12.17)

¢

0(t,¢') = / o(r)dr. (12.18)
t/

Since g(t) is proportional to the envelop function of the driving field, 8(, )

is proportional to the area enclosed between the field envelop and the time

axis between the times ¢’ and t. Substitution of (12.17) in (12.10) along with

the use of matrix representation of J, yields

(S=(t) 1 0 0
<5:y(t)) = |0 cos(20(t,0)) —sin(26(t,0))
(S.(t)) 0 sin(260(t,0)) cos(26(t,0))
(92(0))
x <§‘y(0)) . (12.19)
(S:(0))

This determines the dynamics of a resonantly driven non-dissipating two-level
atom in a time-dependent field. Now, let the atom be initially in one of the
two states | £ 1/2) so that (S;(0)) = ($,(0)) = 0, (5.(0)) = +1/2. It will be
found in the other state |F1/2) so that <S’z(t)) = <S'y(t)) =0, <S'Z(t)) =F1/2
at the time ¢ which is such that the area 6(¢,0) = (2n + 1)7r/2. It will return
to its initial state at such time ¢ which generates the area 6(t,0) = nr.

Strong Collisions and Thermal Bath. Consider the case I, = I' and
[M| = 0. The condition [M| = 0 means that the reservoir is thermal. The
condition I, = I', by virtue of (12.8), requires collisions to be so strong that
ve = I'/2. This condition is, therefore, referred to as the strong collisions
limit. Since, by definition (12.12), By; + Baa + Bss = I, the expression (12.13)
for M(t) in this case reduces to

M(t) = 29(t) (Bw - B23) +4 (le - Blz) —-Ii
= —i(2g(t)J; + 5.@,) - T, (12.20)

where jﬂ are as in (12.15). Hence, (12.11) may be rewritten as
t

D(t,t') = exp (I t) T exp {—i/t (ZQ(T)jz + (5jy) d‘r] . (12.21)

’

The time-ordered integral above describes free evolution. The solution of the
homogeneous part of (12.5) in the limit of strong collisions is thus a product
of free and damped evolutions.

Resonant Squeezed Bath. Consider the case § = é, = 0, ¢ = nw. This
implies that I's = 0, I'c = 2(—)"|M|y. Note that in this case the equation
for (S;(t)) reading

(82(8)) = — (I'pn — ) (8=(1)) ~ (12.22)



12.1 Two-Level Atom in a Quasimonochromatic Field 219

gets decoupled from the equations for (S'y(t» and (S,(t)):

(Sy()) = — [Ton + Tc] (Sy(8)) — 29(8)(S(D))

(82(5) = ~T(8.(0) + 29(8)(S, (1), (12:23)
If g is independent of time then these equations can be solved by extending
the results of the Appendix C. Else, they may be handled by the method of
time-ordered SU(2) integration outlined in Sect.2.5.2.

12.1.2 Time-Independent Evolution Operator

If the envelop of the driving field is constant and its frequency the same as that
of the pump driving the squeezed bath then all the elements of M become
time-independent. The master equation then describes the phenomenon of
resonance fluorescence in a squeezed bath. The evolution operator M in this
case assumes the form

T+ -6 0

M= I+§ —Twm-I1 —2g], (12.24)
0 2g I
I = 2|M|7COS(¢)7 I = QIM['Y Sin(¢)a (1225)
and I, is as in (12.8). The formal solution (12.10) now reads
~ t ~ 0
|S(¢)) = exp (Mt) [S(0)) — fy/ exp (M’T) dr{o]. (12.26)
0 1

This may be evaluated by applying (C.7). Its application requires eigenvalues
of M. It is straightforward to verify that the equation det(M — AI) = 0
determining the eigenvalues A is the cubic

FO) = [(A+ Ton)? = 7 = IF + 62| (A + T + 49% A+ Ty — 1]
=\ fag  +ad+ap =0, (12.27)
with
ap = I' (I3, — 4|M|*y* + 6%) +4¢* (Tpn — I1),
ay = 2Ipnl + T3, — AIM P2 + 6% + 44,
ay = I + 2. (12.28)

Let A; (i = 1,2,3) be the roots of (12.27). We invoke (C.7) to evaluate
exp(Mt) and insert it in (12.26). We get
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(8a(t)) = [on + 2 (I = Tn) + s { (I = Tyn)” + I = 62} | (8.(0))
+ (I = 8) (o2 = 20510m) (8y/(0)) — 2903 (I2 — 9) (5:(0)),

t
+299 (I3 — 0) / as(r)dr,
0

(Sy(t)) = (I2 + 8) (02 — 23T pn) (S (0))
+ [al —ag (I'+ I'ph)

+as {(Iy + Ty)? + IF — 82 ~ 492} |(8,(0))

—2glag —ag (In + Ipn + )] (S:(0))
+2'yg/o [aa(T) — as(T) (I + Tpn + )} dT,

(S.(t)) = 2gas (I + 8) (52(0)) + 29 [aa — a3 (It + Tpn + )] (S, (0))
+ [041 - Fag + a3 (F2 - 492)] <Sz(0)>

—y /t [a1(7) — Faa(7) + as(r) (I'* — 4¢%)] dr. (12.29)
0

This gives the atomic averages in terms of {a,(¢)} which are determined by
evaluating (C.8) in terms of the roots of (12.27).

The problem of studying the radiative properties of a two-level atom in
a monochromatic field thus boils down to the one of finding the roots of the
cubic in (12.27). Exact analytic expression for the roots of a cubic are known
and are reproduced in the Appendix D. However, as elaborated below, the
nature of the roots and hence the qualitative features of the evolution can be
established even without solving (12.27) explicitly.

Recall from the Appendix D that the roots of a cubic are either all real
or one of the roots is real and the other two are complex conjugates of each
other. We show that the real part of each of the roots of (12.27) is negative. To
that end, we invoke the Hurwitz criterion stated in the Appendix D and note
that the roots have a negative real part if (a) ag,a1 > 0, and (b) ajaz > ap.
Using the definitions (12.28) of the a}s and the condition (12.9), verify that
both these conditions are satisfied for any non-zero value of v and .. As a
consequence of this it follows that, as ¢ — oo, the atom evolves irreversibly
to a steady state. That state is determined by (C.3).

Now, following again the Appendix D, we express the roots in terms of
one unknown parameter lying in the range [0,1]. This approach reveals easily
the conditions under which a pair of roots become complex. To that end,
note that if I'/2 — ~y, + I't > 0 then f(A) of (12.27) is such that



12.1 Two-Level Atom in a Quasimonochromatic Field 221

F (=T + 24811) = 8|+ 24}y = v
+8¢%|M|y(1 — cos(¢)) > 0. (12.30)

Hence, f(A) has a root, say A1, in the interval [—Ip, +2|M|y, —I']. We note
that, due to (12.9), —Ipn + 2|M|y < 0. Hence A; < 0. We may write A; as

=@My -Tyw)(1—a)-Ta, 0<a<l. (12.31)

The other two roots, Ag 3, are then the solution of the quadratic (D.5). These
roots will be complex if the discriminant of the quadratic is negative, i.e. if

(A1 +a2)* —4lay + A (A + a2)] < 0. (12.32)
This, on inserting the afs from (12.28), acquires the form
D2 —2%(8) <0 (12.33)

where D is a combination of the damping constants and

2(8) = \/4g2 + 67 (12.34)

is the off-resonance Rabi frequency. This shows that complex roots are ob-
tained above a threshold value of the Rabi frequency.

We have thus at hand a complete description of the atomic dynamics.
As discussed in Chap. 8, the atomic averages determine also the statistical
properties of the radiation from the atom. We have in (8.76) the expression
for the field in the radiation zone. It shows that the positive frequency part
of the field at time time ¢ and at the position r with respect to the atom is
proportional to S_(t — |r|/c). Hence, the problem of finding the average of a
normal order product of the field operators reduces to that of determining the
product of atomic operator in which S_ are placed at the right of the S+. Of
particular interest are the first-order and second-order coherence functions of
the field. These are proportional respectively to

GO(7) = (S4(t + )5 (1)),

CA(r) = (S ()8 (t + 7)S_(t + 7)S_(t)). (12.35)
Note that because of the two-level property §2 = 0, G(®)(0) = 0. This implies
that the radiation from a two-level atom is antibunched.

The multi-time averages may be evaluated by invoking the regression
theorems (Chap. 8). To that end, let

(34()) = Frolt) + z Fei(t)(8

i=+, z
(8+(1)S-(1)) = = + (S.(t)) = % + () + D f(8)(S:(0). (12.36)
i=%4,z

The f(t)’s can be identified by comparing these expressions with (12.29). On
using (8.47) and the properties of two-level operators it follows that
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G() = Faolr -0 + Fua(r) (1.6 + 3)

—%f+z(7)<3—(t)>,
G(r) = (G + fr)) (50500 + X Lu(DS 08,05 0)

i=%4,z
= (3+ futr) - %fzzm) (6500 + ;) . (12.37)

Counsider a damped atom so that it reaches a steady state. Evaluate the
correlation functions in the limit ¢ — oo. The corresponding averages are
found using (C.3). In the following we highlight some qualitative features of
the emission and the absorption spectra obtained by employing the steady
state atomic correlation functions.

Consider first the emission spectrum. The spectrum is defined in (6.91).
We substitute in it the expression (8.75) for the field from the atom in the
radiation zone. We assume the free-field to be in the state of the vacuum.
We also note that we have evaluated the averages in the interaction picture
defined in (12.3). It is in a frame rotating at the driving field frequency wr.
Hence, the expression (6.91) for the spectrum in the interaction picture, with
the field given by (8.75), acquires the form

S(w) =Re /000 exp{—i(w — w)7}G(7)dr. (12.38)

This gives the spectrum of the field from the driven atom. It is, therefore, also
referred to as the emission spectrum. This involves evaluating expressions of
the form

I(w) =Re /000 drexp{—i(w —w))7}exp {(—Ar +1M1) 7}, (12.39)

Ar and Ay being the real and imaginary parts of an eigenvalue A. Note that
there also are time-independent terms in the expressions for the averages and
consequently 7-independent terms in G(7). They correspond to Ag = A1 = 0.
I(w) due to such terms is the delta function §(w —wj). This component in the
spectrum is called the Rayleigh or coherent component. It represents elastic
scattering of radiation at its incident frequency. For 7-dependent terms in
G(r), (12.39) yields
AR

/\%-I- (w—wl—l-/\l)?'
This is a Lorentzian of width Ag centered at w = w; — A1. A real root con-
tributes a Lorentzian at the frequency of the driving field whereas a pair of

complex conjugate roots contribute Lorentzians at w; & A1 in the spectrum. A
Lorentzian characterizes an incoherent process. It results due to absorption of

I(w) ~ (12.40)
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a photon from the incident field followed by the process of spontaneous emis-
sion. Recall that the roots become complex if the field is sufficiently strong.
The splitting of the fluorescent spectrum in to three components in a strong
field is referred to as ac Stark splitting.

We may similarly determine the absorption spectrum by evaluating (9.26).
In the interaction picture it assumes the form

W,(w) ~ Re /000 exp{i(w — wy)7} < [5', (), 5'4 > dr. (12.41)

It consists of a Lorentzian centred at the atomic transition frequency if the
field intensity is below its threshold value for the complex roots to occur.
Lorentzian peaks displaced from the centre by £, appear in a strong field.

The qualitative considerations outlined above, however, do not provide
information about the relative heights of the peaks. The roots need to be
determined explicitly for a quantitative study. As stated before, the ana-
lytic expression for the roots is generally not simple. It assumes simple form
whenever the cubic can be factored in to the product of a quadratic and a
linear form in A. Such special situations are encountered if (c1) the atom is
undamped; (c2) the atom is not driven, i.e. g = 0, (c3) |M| = 0 and the col-
lisions are strong so that I,y = I, (c4) the drive is on-resonance, i.e. § = 0,
and ¢ = nn. Construction of solution in these cases is a matter of simple
algebra left for the reader to carry. Simple results are obtained also when the
drive is strong, i.e. £2(4) > +. This case is discussed in the next section for a
system of N two-level atoms.

12.1.3 Nonlinear Response in a Bichromatic Field

A problem of considerable interest is the nonlinear response of a two-level
atom in a bichromatic field consisting of frequencies wq,ws. This interaction
is characterized by

Ho.=h [61 exp(—iwlt)5'+ + € exp(—iwgt)5'+ + h.c.] . (12.42)

We assume that He may be treated perturbatively and that |e;| > |ea|. We
study the response to second order in ¢; and first order in €;. We are inter-
ested in the characteristics of the four-wave mixing signal at the frequency
2 = 2wy — wy. It is characterized by x(® (w1, w1, —w2). We construct it using
the definition (9.18). The summation in that formula runs over v;,, v;,, vi,.
In the present situation, each of these frequencies takes values wq,w1, —ws.
The distinct combinations of (v;,,us,,v:,) are (wi,wr, —ws), (Wi, ~ws,w:)
and (—ws,wy,w:). We recall also that L(+v)F ~ —i[S<, F']. Consequently, it
follows that

x (w1, w1, —wa) ~ Te[S4 p®(2)], (12.43)
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1 1 1
p(3)(n) ~ j i.Q{[S_’ i (s — w2) [S-, i + oy [S+, pss]l]
S e[Sy (S ]l
L—1(w1 —LUQ) L—1w1
180 5L, =[S pulll 1 (12.44)

L— 21(4}1 L— iwl

L=1"L +L.- iwo[S'z,] and pg is the steady state of L. For the sake of

illustration, we asume that N = M = 0. In this case, pss = | — 1/2)(—1/2}.
Verify also that

L — 1/2)(1/2] = fiwo — (v +72)] | — 1/2)(1/2],
L1/2)(~1/2] = [~iwo — (v + )] | - 1/2)(1/2),
Lli/2as2 - (- 1/2¢-172)] = ~24[11/2) 172
|- 1/2><—1/2|]. O (12.45)
It is now not difficult to show that

X(B) (Ldl y W1, —L(JQ)

~ [—2(74—%) — i{w *WZ)} {_27—i(w1 _WZ)]_I
X[_yﬁ»yc—i(le—wz—WO)}_l["Y_%_i(wl_wo)}_l

X[~’y—’yc—|—i(w2—wo)]_l. (12.46)

The signal at 2w; — wo as a function of wo will, therefore, exhibit resonances
at wp, 2w; — wy and a resonance at w; if v, # 0. The resonance at ws = wy
is thus induced by collisions. It is referred to as the Bloembergen resonance.
Note that the resonance at w; does not correspond to an atomic transition.
In Chap. 14 we will come across another important role played by collisions
in four wave mixing in a cavity. It is in their ability to bring out otherwise
suppressed resonances in non linear response of an atom in a cavity.

12.2 N Two-Level Atoms in a Monochromatic Field

The master equation for a system of N two-level atoms in contact with a
squeezed reservoir is governed by (8.93). The Hilbert space of N two-level
atoms, being a direct product of NV two-dimensional spaces, is 2N dimensional.
Its density operator has, therefore, 22V elements. The system is evidently an-
alytically intractable even for small N > 1 unless the atoms-reservoir interac-
tion is such that it confines the evolution to some lower dimensional invariant
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subspace. A case of common interest in which the evolution is confined to a
space of drastically reduced dimension is that of the atoms occupying a vol-
ume so small that all of them see the same field. Such a situation is described
by the master equation (8.95) if it is also assumed that §2;; ~ v for all %, j.
For, then (8.95) would involve only collective two-level operators confining
the evolution to a space of fixed total spin quantum number S. Now, for an
N two-level system, S = N/2,N/2 —1,...,0 or 1/2 depending on whether
N is even or odd. For a given S, the eigenvalues m of any component of the
spin vector is such that m = —5,—-S+1,...,5. A possible state of two-level
atoms is the one in which all the atoms are in the ground state. This corre-
sponds to m = —N/2. This value of m is realized only if S = N/2. Hence, we
restrict our attention to space of fixed S = N/2. Since the dimension of the
space of spin quantum number S is 25 + 1 it follows that the dimension of
the density matrix obeying (8.95) is (N + 1)2. This is evidently an enormous
reduction in the dimension compared with the general equation (8.93).

In the following we confine our attention to the collective operator form
of (8.95). We let the system be driven by a monochromatic field assuming
that the frequency §2, of the pump driving the squeezed bath is the same as
the frequency w; of the field driving the atoms. The atomic density operator
in the interaction picture defined by (12.3) then reads

pr = —1[65‘2 +9S: +g" S, /31] —iv [5‘+§_, /31]

= Lj1. (12.47)

This is the master equation for the phenomenon of collective resonance fluo-
rescence in a squeezed bath. We may solve this equation either by taking its
matrix elements in the collective states |S,m) or by constructing the equa-
tions for averages. However, except for small values of N, these equations can
be solved only numerically. We have already discussed the case of N = 1 in
the last section. The analytical solution of (12.47) for v = M =0 for N = 2
and its numerical solution for N up to 20 are given respectively in [110] and
[111].

Solving (12.47) even for its steady state is a non trivial task. For, it
does not obey the condition (8.34) of detailed balance. Application of that
condition requires us to construct the time-reversed form of the evolution
operator. To do that, let us denote by T the operation of time reversal. Let
[i) and A denote the state and the operator obtained by performing time-

reversal on |i) and A. The operator 7" is antilinear. We have, by definition,
[112]
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[y =Ty, A=T"1AM. (12.48)

If A in the equations above is a constant ¢ then we find that ¢ = ¢*. We also
note that (12.48) implies

AB = BA. (12.49)
If A= S, then, invoking (12.48), we infer that
S:=8;, S.=8. (12.50)

We use these relations to find the time-reversed form of L given by (12.47).

For the sake of illustration, we let 6 = M =v =0, N = 7i. We get
Luf = i[g§+ +9'S_, f}
+y[(m+1)(28-£8, - f8.5 - 5,8 )
+ﬁ(2$‘+f5*_ ~f$_8, - S’\S;f)}, (12.51)

The form of i, found by invoking the definition (8.35), reads

Lf=i[g8. +g5, f]
+y [(ﬁ +1) (2S’+ 78— f§,8.-8.5 f)
+ﬁ(2$‘_f5‘+ - f8. 8, — SLS‘J,f). (12.52)
Substitute these relations in the detailed balance condition (8.34). It is
straightforward to see that the resulting expression would hold for any f
if
|98+ +9°8-, ﬁss] =0,
[8+5-, ] =0, (A+ 1)peSs —n81ps = 0. (12.53)

These equations can not be satisfied simultaneously if g # 0. However, if
g = 0 then the last two equations above are solved by (3.102).

In the following we discuss the cases when analytical time-dependent and
steady state solution of (12.47) can be derived. The time-dependent solutions
can be found (a) if g = M = N =0, (b) in the limit £2 > v, and (c) in the
limit N > 1, whereas exact steady state solution is derivable analytically for
(d) m =7 =0, and (e) for some special values of the external field if v = 0,
and [M[2 = N(N + 1),

g = M = N = 0. The master equation for g = M = 0 reads

D i[85, 5]+t 1) (2858, — 8,85 8,5

dt
i (2S*+,3$’_ —8.8,p- ﬁ§_$'+) . (12.54)
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It describes collective spontaneous emission in a thermal bath. It can be
solved analytically if # = 0. We may solve it by the method of eigenvectors
expansion. To that end, take the matrix elements of (12.54) in the eigenstates
IS, m) of S,. Define py,1pm = (S—m—p|p|S—m), to arrive at the eigenvalue
equation

—[(v =) Amir + (v + 1) At pi1] Pmipm

+2v V AmAm+ppm+p—1,m71 = )‘(p)pm+p,ma (1255)
A, = m(N —m+ 1). (12.56)

This is to be solved as a recursion relation in m for a fixed p. The method
of solving such an equation has been outlined in Sect. 10.3. We note that the
eigenvalues are

)\k(p) = (_’Y + il/)Ak+1 + (_’)’ - iV)Ak+p+1, (1257)

k=0,1,...,N. The real part of the eigenvalues is non positive. They are non-
degenerate for any p # 0 if v # 0. The eigenvalues are two-fold degenerate if
p = 0. For, then

Me(0) = —=29(k+ 1)(N —k) = Ay £1(0), k=0,1,...,N.  (12.58)

The eigenvalue 0 corresponding to k = N is clearly non degenerate. The solu-
tion of (12.55) in case of p = 0 is to be found by constructing its generalized
eigenvectors. It is a tedious but straightforward task. The reader may carry
it for N = 2 and compare the solution with the one derived by direct inte-
gration of the time dependent equation [89]. We have outlined that method
in Sect. 10.3.

The High-Field Limit. Recall from Sect. 8.2 that the dominant contribu-
tion to a master equation in this limit may be extracted by applying the
secular approximation. The task at hand is to solve (12.47) in the limit when
the hamiltonian part in it is strong compared with the damping. This task
is accomplished conveniently by transforming to a new set of spin operators
defined by {assumimg g to be read)

R, 0o 1 0 Se
Ryl =[-6/2 0 29/2) (5, ], (12.59a)
R, 29/ 0 6/0 S,
S 0 —6/2 29/2\ (R
s =11 o0 0 R, |, (12.59b)
s, 0 29/ 6/0 R,

the {2 being the Rabi frequency defined in (12.34). The equation (12.47) then
reads

L = in[k., ] + 1o (12.60)
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The superoperator L is written, of course, in terms of the new set of operators
defined in (12.59a). Now, define

p1(t) = exp (iQRJ) p(t) exp (—iQ]%J) , (12.61)
so that pr(t) obeys the equation
dPI 2
12.62
where
Li(t) = exp (inh.t) Lexp (—im?zt) . (12.63)

The L 1(t) would contain terms some of which are independent of time and the
terms which oscillate at the Rabi frequency or its multiples. As discussed in
Sect. 8.3, if the hamiltonian part is very much strong compared with damp-
ing, i.e. if v <« §2 then the dominant contribution to the master equation

arises from time-independent terms in L;. This constitutes the secular ap-
proximation. It is straightforward to see that only the terms in which p occurs
in combination with equal number of R, and R_, and any power of R, are
time-independent under the transformation generated by R,. Collecting all
such terms together we find that, in the secular approximation, (12.60) re-
duces to

dp . T4 5 PN 49% .,
L =i [Rz, p} v [A BB+ A2R-Ri+ SR,
+F1 [2R pR+ - pR+R R+R_p}
+F2 [21%4.,0]%- - ,DR_R+ - f?-fh.p}
+A, [2Rsz pR. R, ~ Rszp}, (12.64)
A=t 2 A =42 on 1)
+ = 9 N ) z =7 Qz 3
I =v{(r+1)A% +aA?},
I =y{(@m+1)A% +nA%}. (12.65)
Verify that the steady state solution of this equation is
ﬁss = exp (— ln(rl/FZ)Rz> /’I&‘ [exp (— ln(Fl/Fz)Rzﬂ . (1266)

For the sake of illustration, we write the equations for averages of operators
corresponding to (12.64). If v = 0 then

d <R+> —i0 <R+> ron <R+Rz> o, <RZR+>

dt
o (Re)
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% <R,> = —oI, <R+R_> + ol <R,R+> . (12.67)
The equation for an operator average is coupled with the average of the
products of operators. Each of these products is reducuble to a single operator
in the case of a single atom system. We leave it to the reader to solve these
equations for N = 1. In general, we note that if I1 = I3 then the terms
containing products of operators combine to reduce to commutators. As a
result, each of the equation above is closed. Note that we can have Il = I
provided é = 0. We also let » = 0 so that Iy = Iy, = +v/4 and A, = v. The
solution of {12.67) then reads

<R+(t)> = exp <21gt - %) <R+> ,

<Rz(t)> — exp (—1) <Rz>. (12.68)
The steady state in this case is
pss = I/(N +1). (12.69)

We leave it to the reader to show that
N(N+2

G(r) = % [2 exp(—t) + {exp(2igt — 3vt/2) + C.C.}:| . (12.70)
From this we infer that the emission spectrum consists of three Lorentzians,
one centred at the driving field frequency and the other two displaced by +£2¢g
from it. The central peak has the width v whereas the width of each of the
other two peaks is 3v/2.
N > 1 . In what follows, it will be found to be useful to work with scaled
parameters defined by the relations

2g ) .V
f=—, A=—, D=—. (12.71)

TN N gl
It will be assumed that N+~ is finite in the limit N > 1.

The theory of the behaviour of the atomic system in this limit is based

on expressing the averages and the variances as

(5)
N
<SIJ’SV> B <SIJ’> <SV> _ (1) 2 _(2) U 12.72
N2 =eoy Feoy T, €= (12.72)
and so on. Now , with N = M = 0 and the parameters scaled as in (12.71),

(12.47) yields
a5 () (s) ()

2 N
diT <i’f> = _g<s+;s_> —2<Sjvi—>. (12.73)

T = yNt,

:mfto)+6m£‘1)_’_...7

— 2iv +2
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On using (12.72) and on retaining the terms to zeroth order in € we obtain

d m® = iAm® O _ 5oy 0
=" =iAm} —l—{2m+ (1—1u)—10}mg),
d i0
0) _ 0 © _ 0 __ O
M = —2m} 3 (m+ me ) . (12.74)

To the same order in €, ($2)/N? = 1/4 which, on using the relation $? =
S+S +S — 5, gives

1

By applying (12.74), it can be checked that the time derivative of this expres-
sion is indeed zero. As an illustration, we solve (12.74) for its steady state by
equating the time derivatives to zero. Show that the inversion in the steady

state solves the quartic

(12.75)

[(A - 2mg°>z7)2 + 4m§0>2] B - mg0>2] — 92m©2 = g, (12.76)
Its solution for v = § = 0 yields

m® = i—% 1-62, ml”= g 6<1, (12.77a)

m® =0, m®= %\/02——11 % 6> 1. (12.77b)

These solutions must be examined for their stability by determining how a
small dlsturbance of the steady state develops in time. To that end, we let
my, = m# + dm,, in (12.74) and derive the equations obeyed by dm,. We
find that (A =v = 0)

d om, _ 4m} —if/2
dr \dmy —dm_ ) 2{m(+0) -m© - 9}  2m?

x( om; ) (12.78)

dmy —ém_

The nature of evolution is determined by the eigenvalues of the matrix of
evolution. It is straightforward to see that if # < 1 then the eigenvalues of
the matrix of evolution in (12.78) are 2m?,4m?. The steady state is stable
if the real part of all the eigenvalues is negatlve Hence, (12.77a) is a stable
solution if m? < 0. The eigenvalues of the evolution matrix for § > 1 are
+iv/#?% — 1. The significance of purely imaginary eigenvalues is revealed by
comparing the approximate results with exact asymptotic results given in
(12.91) and (12.92). We note that the approximate expressions for the av-
erages above are in agreement with the exact expressions for 8 < 1. In this
range, the eigenvalues of the matrix of evolution have a negative real part.
However, the approximate results for # > 1 are wide off the exact results.
Thus fluctuations, ignored in obtaining the approximate results in (12.77b),
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seem to play important role in driving the system towards the steady state
above 6 = 1.

The equations (12.74) can be solved exactly for 4 = v = 0. Below 6 = 1,
the time-dependence is purely decaying. Above 8 = 1, the system follows a
closed trajectory around the steady state solution determined by the initial
condition. But for ignored fluctuations, the system would stay on a trajectory.
These fluctuations influence the motion on a time scale much longer than its
period. They cause the motion to diffuse on a trajectory as well as between
the trajectories. The dynamics of the system on that time scale may be
viewed as a result of averaging over the motion on all the trajectories and
the initial states. A systematic procedure for carrying such an average is
outlined in [113].

Observe that the approximate as well as the exact steady state results
show that, for 6 = v = 0, the steady state averages are continuous functions
of the driving field parameter 6 but their derivatives with respect to that
parameter are discontinuous at # = 1. This behaviour is reminiscent of a
second-order phase transition.

The nature of the steady state is entirely different if v, § # 0. In this case
(12.76) may be solved numerically. Of course, only its stable real solutions in
the range [—1/2,1/2] are physically acceptable. In order to bring out essential
features of the solution, we have plotted in Fig.12.1 m£°) as a function of 8
for A = 0.5, b = —5.0. These are the values of the parameters used in [114].

-0.1 +

/N

02}

A
<§,>

-03

04 b

D

-0.5 L 1 o

N
o 1 2 3 4 5

0
Fig. 12.1. Solution (S.)/N of (12.76) as a function of 8 for A = .5, # = —5.0.

We have omitted the part of the curve corresponding to positive values of
m” as that part is unstable (see [114]). The part of the curve between points
A and C is also unstable. Let 84 and 6¢ be the values of 6 corresponding
to the points A and C respectively. Notice that, for the values of 6 in the
range (0¢,04), the system admits two stable steady states whereas there is

one stable state outside the said range. In order to see which of the two
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states the system exists in, let # increase from 6 = 0. The system would
follow the lower curve up to the the point A corresponding to § = 84. As
the field is increased beyond the value corresponding to # = 84, the steady
state of the system would jump on to B and follow the upper curve. This is
reminiscent of the first order phase transition. If the field is decreased while
the system is on the upper branch, the system would follow it till the point
C corresponding to 8 = 8¢ where it will jump to D and follow the lower
branch. Thus, transition from the upper to the lower branch takes place at a
value of # that is different from the value at which it jumps from the lower
to the upper branch. This exemplifies the phenomenon of hysteresis. We will
see that whereas the exact steady state solution derived below does predict
first-order phase transition, it does not predict hysteresis. The hysteresis is
thus an artifact of the decorrelation which ignores quantum fluctuations.

The Steady State for M = N = 0. The master equation in this case
reads

D g[8, 48 4] -i6[8., o] - [$.8-. 4]
+ (25'—ﬁ5'+ 8.8 p— /55'+S'—) . (12.79)

The steady state solution of this equation can be readily derived if § = 0 by
rewriting it in the easily verifiable form

dp _27(5 +1G) (S+—IG ) — (y+iv) (§+—iG*) (SL+iG)/3

dt¢
C(y—iw)p (S+ - iG*) (SL n iG) , (12.80)
where
g
= . 12.81
¥ +iv (12.81)

It is straightforward to see that
N -1, -1
~ (S_ + iG) (S+ - iG*)

D Z (iG) ™™ (—iG*) "8 S (12.82)
m,n=0
is the steady state solution of (12.80). Note that the inverse operators in the
first line above exist and that the upper limit in the second line is restricted
to N owing to the fact that S’iv ™ — () for m > 1. The constant D is chosen
to have Tr(pss) = 1. The solution for v = 0 was derived first in [115]. In the
absence of an external drive, i.e. for g = 0, (12.82) reduces to

SNSN

——F - =| - N/2){-N/2|. (12.83)
Tr [STsz]

A —
pSS -
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It correctly shows that, in the absence of a drive, the atoms at absolute zero
temperature settle to their ground state.

Guided by the expression (12.82) for the steady state for § = 0, we let
the steady state of (12.79) for § # 0 to be of the form

N
ps= Y CmnSTST. (12.84)

m,n=0

Substitute this in the steady state version of (12.79) and write the detuning
term as [117]

~i6[S., $msn] =i [S., Smst] - 20 3., §m 57 ]

— i6(n — m) §787 — 2i6 [ 3.8 8% §m5s.|. (12.85)
Verify also that

[5:5-, sm8z]

= (m+1)(28, + m)S™S? — (n+1)S™S%(2S, +n). (12.86)
The damping part may be treated similarly to arrive at

i [ {((m + D)(y +iv) + ié) Cran + ig(m + 1)Cm+1n}

m,n=0

x {msm g 428,5m81 4 he| =0 (12.87)

It is readily seen that this equation is satisfied if
) i 1
(m + 1+ —“1—._>Cmn + lg(ﬂ‘_)cm%—ln =0. (1288)
Y+ 1w ¥+ 1w
This is solved by

Conn ~ %(iG)’m(—iG*)‘"F (m+1—ig) T (n+1+i¢"),  (12.89)
—i6

. 12.90
¥+ iv ( )

¢ =

The exact steady state solution for v, # 0 was derived in [114]. The steady
state for v = 0,4 # 0 is derived in [117]. The averages may be evaluated by
using (3.71). For the sake of comparison with the results derived above in
the limit N > 1, we express the averages in terms of parameters normal-
ized as in (12.71). We exhibit the behaviour of (S,)/N as a function of @ in
Fig.12.2 for A = .5, » = —5.0 corresponding to N = 10, 30, 60. Shown along
with it is also the curve of Fig.12.1 depicting the behaviour in the decor-
relation approximation expected to be valid in the limit N >> 1. The exact



234 12. Dissipative Atomic Systems

0

o1} i
Z ¥
N
%) /
<
4 J
03 /i
/i
/
/i
I
.
04} /C,«,
05 ] . . .
0 1 2 3 4 5

Fig. 12.2. Steady state value of (3.)/N as a function of 6 for A = 5,5 = —5.0
and for N = 10 (solid line), N = 30 (short dashes), N = 60 (long dashes). Repro-
duced also is the plot of Fig.12.1 (dashed-dotted curve) depicting the results of the
decorrelation approximation.

average exhibits a tendency towards first-order phase transition in agreement
with the decorrelation approximation. However, exact result does not predict
hysteresis.

The expressions for averages assume simpler form in the asymptotic limit
N > 1if §2 =4 = 0. It has been shown that in this case, [115]

(8.)=0 (8,)/N=0, (8)/N=— VI

S
@#:<<ﬁ>—<$)2/N2:Q <1, (12.91)

N
928
N
~—
~
2
i

X 0 62 — 1

0, (S)/N==-|1—- — |,
< y>/ 2 [ 02sh11(1/9)}
62 —1

1202sin"* (1/6)’

02 —1 1 02 —1
Opy = —— ™ |1 — - Y2 = |
YW 4sinT1(1/6) 302 02sin7'(1/6)
2 2 _
PP S PR Lok N DTS
4 4 02sin”*(1/6)

This shows that the zero-variance approximation is valid if # < 1 but not
if @ > 1. However, the results found under the zero variance approximation,
along with averaging for § > 1 mentioned above, are in agreement with exact
asymptotic results [113]. We display in Fig. 12.3 the behaviour of (S.)/N as
a function of  for N = 10, 30,60 and the asymptotic result derived above.

(12.92)
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0
Fig. 12.3. Steady state value of (S.)/N as a function of #. The curves, in order of
the lowermost to the uppermost, correspond to N = 10, 30,60 and the asymptotic
result N > 1.

The plots for finite N exhibit the expected tendency of approaching the
asymptotic one with an increase in the value of N.

Steady State for § = g = v = 0, M # 0. Finding the steady state of
(12.47) in this case is facilitated by rewriting it as

d ~ A A Ay o
d._ - Rt Pthos_ apt
P =+ (2Rszz R.R.p pRsz)
i (2Rlpfzz ~R.Rtp— ﬁRzRL) . (12.93)
where
M = (1 + 20) exp(ig),
i \ . (12.94)
N = pPa+ @ +a)?,  |u?-*=1,
R, = [iulexp(i)8 + w134 ] . (12.95)

It can be solved analytically for its steady state if i = 0. Recall from Chap. 3
that the eigenvalues of R, and hence those of fll arem=-5,-5+1,---,5
with § = N/2. This implies that zero is an eigenvalue of R, and }Aﬂ if N is
even. The steady state of (12.93) for 7z = 0 then is

fss = [%o)(%ol,  R|ho) = 0. (12.96)

Since R, is a linear combination of S, and S'y, |1o) is their minimum uncer-
tainty state. We have exhibited the behaviour of |(S, m|p)|? in Fig.3.2 as a
function of m. See also the discussion following that figure.

However, if N is odd then zero is no longer an eigenvalue. But then f?;l
exists. As a consequence

fes ~ BRZTRM, (12.97)



236 12. Dissipative Atomic Systems

is the steady state of (12.93) for 7 = 0. For further details of its properties
and numerical results, see [48].

The steady state of the master equation for § # 0 and for some special
values of the driving field has been derived in [48]. Those solutions exhibit
several interesting quantum features.

12.3 Two-Level Atoms in a Fluctuating Field

So far we have treated the field as a deterministic function of time. Now, we
let the field to be fluctuating and assume that it is of the form

E(t) = exp(—igp(t) — iwt) (Fo + €(t)) + h.c.. (12.98)

where the phase ¢(t) and ¢(¢) are fluctuating variables, and Ejy is a constant.
The problem is analytically manageable if the reservoir is thermal, i.e. if
M = 0. We assume that to be the case and rewrite the master equation
(12.47) in the form

b1 = —i[(go + g(t)) exp(—ig(t))S, + h.c., ﬁl} + Lpr. (12.99)
The i in the equation above is time-independent. Define
W,, = exp (—ime(t)) exp (i¢(t).§'z) pi(t) exp (—iq&(t)S'z) . (12.100)

The W,, averaged over the distribution of ¢(¢), denoted by W,,, provides
information about the expectation value of the operators averaged over the
distribution of ¢(t). For,

—Tr [WmSngSTW] . (12.101)
Hence, any expectation value averaged over the phase fluctuations is deter-

mined by an appropriately chosen W,,. For example, the expectation value

of an operator that is diagonal in the eigenstates of S, is determined by Wo
and that the expectation value of Si, needed for evaluating the dipole mo-
ment, is governed by Wx;. On substituting (12.100) in (12.99) we find that
W, obeys the equation
d .. . ~” A N
W = =i [Wim = (82, Wanl | + (90 + 9(9)) 8 +bc W

LW, (12.102)
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The equation for W averaged over the fluctuations of ¢(¢) can be derived if
@(t) is a delta-correlated Gaussian process. Let

5O =0, JOIE) = 2,0(t — 1. (12.103)
Following Chap. 5 we find that

(%Wm =, [2§zﬁ7m§z - S’Sﬁ/_m — ngf] —my, (me — 2[32,Wm])

i [(go +g(t)S, + h.c.,Wm} F LW, (12.104)

This may be solved analytically if g(t) is a constant. See [116] for details and
the numerical results.

The case of coloured ¢(t) can be handled by treating the equation for 1474
by the method outlined in Chap. 5. For some numerical results, see [70].

12.4 Driven Three-Level Atom

Consider a three-level atom in the ladder configuration interacting with the
field reservoir. Its evolution is described by the master equation (8.109). For
the sake of simplicity, we let the reservoir to be thermal at absolute zero
temperature. The evolution of the atom is then governed by (8.109) with
N = M = 0 reading

%ﬁ =-i Z Ejfijja ,5 + 2’7x [Aie,ﬁfiig + Agi,ﬁfieijl
Jj=8g,i,e
+m [2Agi,ﬁfiig — pAii - Aiipjl
+’72 [2Aie,ﬁfiei - pfiee - Aeepjl . (12105)

It should be borne in mind that the term multiplying ~, contributes as long
as By — E; ~ E, — F; (see Chap. 8). The equations for the operator averages
read

Ag) = —i(B; — Eg)(Ag) — 1 (Ag) + 29x(Aie)
Aie) = —i(Ee - E‘)<A' )= (n+ 72)<fiie>,
) = —i(Ee — )<f1 o) = 72(Age)
) (Ao o) = =272 (Acc)- (12.106)

These equations are easily solvable. Note that the equations for <Agi) and

(Aje) are coupled only when ~, # 0.
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The problem of resonance fluorescence from a three level atom in external
field can also be dealt with by means of the methods developed in preceding
chapters. That problem can be handeled analytically in the secular approxi-
mation. We refer the reader to [118] for details and further references.



13. Dissipative Field Dynamics

In this chapter we solve some standard master equations describing evolution
of a single and a two-mode field interacting linearly or non linearly with a
reservoir. The non linear absorption considered here is a two-photon process.

13.1 Down-Conversion in a Damped Cavity

Consider a nonlinear medium placed inside a cavity. Let it be pumped by an
external field of frequency 2wq such that it causes generation of two photons of
frequency wg each by the process of down-conversion. The hamiltonian (7.63)
for the process of non degenerate two-photon down-conversion assumes the
form

I;Ttp = % [G* exp(Ziwgt)62 + G exp(—2iwpt)a T2] (13.1)

when the process is degenerate. We assume the cavity to be tuned to wy. Let
the cavity mode in question be coupled linearly also to an external drive. The
hamiltonian governing this process is
Heyw =Hh [¢* exp(iwpt)a + gexp(—iwot)dT] . (13.2)
Let the cavity mode interact also with a reservoir which may possibly be
squeezed. We will see shortly how such a squeezed reservoir is generated.
The interaction with squeezed reservoir is described by (8.82). We assume
that the frequency of the pump driving the reservoir is same as the frequency
wp of the cavity mode. In the interaction picture defined by
pr(t) = exp(iwpa'at)p(t) exp(—iwpaltat), (13.3)
the density operator then obeys the master equation
EFA’I = —ilg*a+gal, o] — 5 [Gam G*a®, pi
+1(N + 1) [2ap1a" — plaTa —atapy
+xN [2afp1a — praat — aafpl]
+x [M (2ap1a — p1a® — a*pr) +hee]. (13.4)
We assume further that
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k> |G|. (13.5)

See [119] for details of the theory of the process of down-conversion in a
thermal bath (M = 0). We solve (13.4) by converting it in to an equation for
pla, a*) = (alp|a) by taking its matrix element in the coherent state |o) and
by using the relations (4.22)-(4.23). It reads

d

&Pl(a o)
9]

; 8 9 P L0 .
2 2

1l N 7 9" .
—}—5 |:—(1G +2HM)’8—OT2*+(IGA2K/M )802] pI(a’a )

- 9? o , 0 .
K {2(N+ 1)W el + %a} p1{a, a*)
= Li(a, o) pr(a, a*). (13.6)

We first examine the equations for the averages of a, a*.

13.1.1 Averages and Variances of the Cavity Field Operators
Using (5.32) we find that

% <<<aoi>>) - (i—G’i :IS) <<<(3*>>) _i<—i*)' (87

We solve these equations by applying the results of the Appendix C (C.5)
and find that (G = |G| exp(i¢))

( (a(2)) )
{a*(t))
_ cosh(|Gt) —iexp(i¢) sinh(|G|t)
= exp(—~t) <iexp(—i¢) sinh(|G|t) Eosh(|SG|t) )
{a(0)) d9v] i
x K<a*(0)>) +1|S>] 1), (13.8)
_ 1 kg +iGg*
|5) = Z_IGE (_Kg* +iG*g) : (13.9)

Note that the time evolution is governed by exp[—(x % |G|)t]. This, by
virtue of (13.5), describes damped evolution. As a result, the system decays
towards a steady state given by the last term in (13.8).

Next we examine the evolution of the variances Aa?, Aa*?, Alaf? in
a?,a*?,|af?. Tt is straightforward to show that
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d _
EAQQ = —2kAa? — 2iGA|a|? +iG — 26M*,
%Aa*z = —2kAa*? 4+ 2iIG* Ala)® — iG* — 2kM,

d = —2k|a|®> +i(G*Aa® — GAa*?) + 2k(N + 1). (13.10)

—Alal? =
g4l
These equations can be combined to see that the equation for G* Aa?+GAa*?

obeys a first—order equation which is solved by
G*Ac?(t) + GAa™?(t) = exp(—2kt) {G* Aa?(0) + GAa*z(O)}
— (1 —exp(—2xt)) [G*M*+GM].  (13.11)

The equations for G*Aa? — GAa*? and A|af? are coupled reading

d G*Aa? — GAa*?
dt Alal?
G*Aa® — GAoz*2>

[ =2k —4i|G|?
(7 ) (s
2i|G)? — 2k(GM — G*M*)
+ < 2m(N 1 1) ) . (13.12)
We solve this set by recalling (C.5) and find that
<G* Ad?(t) — GAa*?(t) )
Alaf?(t)
_ h(2|G]t) —2i|G| sinh(2|G|t)
= exp(—2nt) <isir(1:}(1)?2|G|t) 221G cosh(2|Glt) ) x
G* Aa?(0) — GAa*%(0) _
(TR ) v im| -1, (1313
2ik|G2(2N + 1) + 2k3(GM — G*M™)
262(N + 1) + ik(GM — G*M*)) - (13.19)

1
By= —+——
|B) 2(k? — |G|?) <|G|2 -
We restrict our attention now to a thermal reservoir. This corresponds to
M — 0 and N — n where 7 is average number of thermal photons in the
reservoir. From (13.11) and (13.13) it follows that, in the steady state,
Aa?(c0) \ _ 1 —iGk(2n + 1) (13.15)
Alaf*(0) ) T 2(2 — |G \ 2-2(A+1) — G2 ) :
Note from (13.8) that if g = 0, i.e. if the cavity mode is undriven then
{a*(00)) = 0. Assume that to be the case and compute the steady-

(13.16)

{(00)) =
state value of the squeezing parameter

1 C A SN

S(W) = 7 {(exp(~iv)a + exp(ivy)a")?).
We recall that § = 1/4 in a coherent state and that S < 1/4 implies squeez-
ing. While evaluating S(%), bear it in mind that since p(«, a*) is a Q-function,
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the average (@*™a™) corresponds to (4"a'™). Thus (|a|?) corresponds to
(aa'). Verify in particular that if 2¢) + ¢ = 7/2 then
K+ 2Kk7

S = imTian (13.17)
This shows that the field is definitely squeezed if i = 0, G # 0 and that
the presence of thermal photons spoils squeezing. Since |G| is restricted by
(13.5), it follows that the maximum value of squeezing for ## = 0 is 1/8. This
amounts to 50% squeezing over the value 1/4 of S in a coherent state.

We leave it to the reader to use the results derived above to obtain two-
time correlation functions of @ and af. It will be found that the correlations
(a(t)a(t + 7)) and (af(t)at(t + 7)) are proportional to |G|. Furthermore, use
(A.8) to show that the two-time correlations reduce to delta-functions in time
as Kk — 00.

We thus find that the field generated in the process of down-conversion in
an ordinary bath is squeezed provided the number of thermal photons is low
enough. The output field is also squeezed. The exact relationship between the
cavity field and the output field requires further deliberations. We refer the
reader to [93], [120}-[123] for a detailed account of the relationship between
the cavity and the outcoming fields. The correlations in the output field are
the same as in (8.65) with G — ¢&. '

We will see that the knowledge of the averages and the variances derived
above is sufficient to construct complete solution of the master equation.

13.1.2 Density Matrix

In this section we solve (13.6) for p(a, a*,t).
The formal solution of (13.6) is

pla,a”,t) = exp (Ll(a,a*)t> pla,a”,0). (13.18)
Express p(a, a*,0) as

pla,a*, 0) = / d%agp(ag, af, 0)6@ (o — ag). (13.19)
On combining this with (13.18) we obtain

pla,a”,t) :/ d%ay K(a,a*,t; ag, af, 0)p(ao, o, 0), (13.20)

where the kernel K is defined by
K(a, o, t;ap,05,0) = exp (il(a, a*)t) 8D (a — ag). (13.21)
On using the representation (A.2) of the delta-function, (13.21) reads
K(e, a*v, t; ag, g, 0)

= % / d2¢ exp[—i(€ao + £*ag)] exp (th) expli(€a + £*a*)].  (13.22)
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Now, note that ﬁl(a,a*) is a linear combination of the operators 8/0«,
ad/Ba, a*d/Ba, 8?/0a?, §?/0ada* and their complex conjugates and that
this set of operators is closed under the operation of commutation. Hence,
the exponential in (13.22) can be expressed as a product of the exponentials
of the said operators. The scalar coefficients in each of the exponents may
be determined by the method outlined in the Chap. 2. There is, however, no
need to follow this tortuous path! Instead, we observe that the exponentials of
the said operators acting on the exponential function on the right in (13.22)
reduce it to the form

1
K (a,a",t; 00, a5,0) = ﬁ/ d*¢exp (Bf*2 + B*¢? — d}§|2)

xexp [i€ (fia+ faa™ — ap + fo) ~cc]. (13.23)

This shows that, if the coefficients of &, £*, |¢|? satisfy appropriate conditions
for the integral in (13.23) to exist then the kernel is a Gaussian in a, a*. Now,
recall that a Gaussian is expressible in terms of averages and correlations of
the variables as in (5.17). Since the variables in that equation are real, we
apply it for the real and imaginary parts, z; = (a+a*)/2 and z2 = (a—a*)/2i
of o and express the Gaussian kernel as

1 1 ~
K (o, a", t; a0, 05,0) = " exp [,—aVTMV] , (13.24)

v (o),

~  f —Aa— a*)2 iA (a2 _ a*2)
M= (iA (a2 #a*z) A(a+a*)2 >7 (13.25)

VT being the transpose of V' and
x = (Ala)?)? — Aa®Aa*?. (13.26)

The averages and the variances in the expressions above are given by (13.8),
(13.11) and (13.13) with the understanding that the variables a,a® have
fixed values ag,af at t = 0. Hence, (a(0)) = ag in (13.8) whereas Aa?(0) =
Aa*?(0) = Ala|?(0) = 0 in (13.11) and (13.13).

We have thus at hand the expression for the Q-function corresponding to
the density operator satisfying (13.4). The kernel for any other quasidistri-
bution would also have the form (13.24) except that the equations for the
averages and the variances are to be derived from the master equation corre-
sponding to the desired quasiprobability. Alternatively, use the relationship
(4.12) between the quantities in question for different quasiprobabilities. The
averages of a,a* are same for all the quasiprobabilities but the average of
|a|? is different. For example, recall that (|a|?) represents (aa'), (a'a) and
(aat + aat)/2, respectively for the Q, P and the Wigner functions. Hence,
the expression for p(a, a*) stands for any ordering by assigning the value to
A|a|? appropriate to that ordering.
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Density Matrix in Number State Representation. In many applica-
tions, we need matrix elements of the density operator in the number states.
These can be derived by noting that

1 g
= . .2
(mliin) = o g el at)| (13.27)

As an illustration, we consider a thermal bath characterized by M =0,
N =n. We also let G = 0 and find that
(o) = day, Aa? =0,
x = Ala? = (R+1)(1 - d?), d = exp(—xt). (13.28)
Evaluate the kernel by substituting these expressions in (13.24)-(13.26). Com-
bine the result with (13.20) to show that

(a,a”,t)
2
= —/d2a0 exp —exp(—mt)aol /X]p(ao,a(’;,O). (13.29)

Now we evaluate (m|p|n) by substituting this in (13.27). The operation of
differentiation leads to

om [aod(a* — agd)

| 2o [-g{a«m)-aad}}

dar*m X da™ o
_ agl?d?\ o™ . .

= (-0 e (1205 ) B exp(anad /(a1 - x) o
_ —n 1242 \k min! Y
= 00" exp(laol'd*/x) 3 () o7 @ Y

x (agd)"-k(aod/x)m—k] . (13.30)

Now, rewrite p(ag,ag,0) as
1
Hao, 05,0) = exp(—laol2) 3 —==aiad(plp(0)la)- (13.31)
- Vvplg!

Substitute this, along with (13.30) in (13.27). Carry the integration over
ag, o assuming m > n. Change the summation over k in (13.30) to n — k.
Rewrite the resulting sum over k in terms of the hypergeometric function to
obtain

(m|p(t)In) = \/—@ +d2(1_ XM+ Tmdm T

(m — n—l—l) (m —n+1p0)|)
XZX [\/ (x + d2)!

xF(m—-n+1+1, —n;m—n+1;:c)], (13.32)
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T=d%/(x +d*)(1 - x). (13.33)

If 7 = 0 then we note that £ = 1. The value of the hypergeometric function
F(l+1,-m,n —m+ 1,1) is given by (A.38). The expression (13.32) then
assumes the form

(miplm)

= exp(—2kmt) Z #lm)'(l — exp(—2kt))P~™ (p|p|p). (13.34)

We have employed this expression in Chap. 14 in the context of the theory of
a micromaser.

13.2 Field Interacting with a Two-Photon Reservoir

In this section we discuss the method of solving the master equation of a single
or a two-mode field interacting with a two-photon reservoir. We consider first
the evolution of the field only under the process of two-photon absorption. We
follow it up by including a mechanism that generates the field in a two-photon
process.

13.2.1 Two-Photon Absorption

The interaction of a two-mode field with two-photon reservoir is described by
the master equations (8.116) whereas that of a single-mode field is described
by replacing b by @ in that equation. By virtue of the relations (2.71) and
(2.76) the master equation for both the cases can be expressed in terms of
the SU(1,1) operators K., K,. In the interaction picture generated by the
free-field hamiltonian, those equations are of the form

Lp= —in[Kok_, o] +r(+1) [2RpR. — pRK_ KK ]

Rt [Qf(mf(_ —pR_K. - f(,fgﬁ} . (13.35)

It is convenient to employ the eigenstates {|x(m, K))} of K, for a fixed
eigenvalue label K of Q as a basis. However, we may require the expectation
value of such combinations of field operators that do not commute with Q
We, therefore, need to know (x(m, K2)|p|x(n, K1)} even for K # K.

" We also observe that if we take the matrix element of (13.35) in the states
Ix(m, K1)) and |x(n, K2)) then the value of m — n in each term is same.

Bearing these observations in mind, we solve (13.35) by taking its matrix

elements between the states |x(m, K1)) and |x(m + p, K2)) where K, and
K5 may be different. The corresponding eigenvalue equation, in terms of the
function



246 13. Dissipative Field Dynamics

{(x(m, K1)|p|x(m + p, K2)) (13.36)

PO EACS +m)I'(Kz +m +p)
m I'im+1)I'(m+p+1)

reads (k = 1)
[(1 — i),y (Ka) + (L4 i (Kn) = 7 {iep + 2} — 2P| F)
27+ 1)Ky +m+1)(K; +m+p+ 1)EF) |
20(K1+m+ D) (Ky+m+p+1)F® | =0, (13.37)

pm(K) = m(2K +m —1). (13.38)

On comparing this with the standard form (10.41) we find that this equation
does not fall in to any analytically solvable class unless 7 = 0. If . = 0 then
(13.37) reduces to the two-term recursion relation

Am+1,pPm+1,p — ﬁm,ppm,p = /\(p)pm,p (13'39)
for pmp = (x(m, K1)|p|x(m + p, K3)) with
Qmp = 2/Lm+p(K2)/im(Kl)y

B = (1~ i) pi 1 (K2) + (1 + in) s, (K- (13.40)
By following Sec.10.3, we note that the eigenvalues are given by
AP = —B,,p. (13.41)

Verify also that the eigenvalues are distinct and that their corresponding
eigenvectors are

pﬁ,’}’)p =0, m>2n+1,
o), = (Cp+ 2n) I (Cp +m+n) ,
’ (n~m)ly/m!(m+p)\[(2K1 + m) I (2K2 + m + p)
for m <mn, with (C, + 2n) as the normalization factor (see (13.46) below),
Cp=Ki+ Ky +p—in(Ki - K, —p). (13.43)
Note that the adjoint of (13.39) is

(13.42)

*

UmpPm—1,p = By pPrmp = A" o p (13.44)

Following Sect. 10.4, the eigenvectors [)%L,)p are given by
[)ﬁ,’l”)p=0, m<n-—1,

V(m+ n){(m +n + p)!
mtnp T m!l(Cp+2n+m+1)

xv/T'(2K1 + m+n)['(2K2 + m + n + p). (13.45)
We ascertain the orthogonality of the sets (13.42) and (13.45) by evaluating

Pk = ()
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) k) _ N~ ) Ak (n—k) (k)
Z psn,)ppsn)p Z pgn,)ppsm)p Z pk+m,p k+m,p
n—k
'Co+m+n+k)
=(C 2 _\m P
(Cpt2m) 3, (=) ml(n—m — kI (Cy ¥ 2k +m+1)

m=0
_(Cp+2n) T (Cp+n+k)
- T (Cp+2k+1)(n—k)
XF(Cp+n+k,—n+kCp+2k+1;1)
(G +2n) I (Cp+n+tk)
C (n—Kk)Wk—n)T(Cp+n+k+1)
= Skn- (13.46)

The density matrix at any time ¢ is then given by

)l xm+p) = 3 [exp (~AP) ol 8,

l,n=0
x (x(m, K1)|p(0)[x(m + p, K)). (13.47)

As explained above, this enables us to obtain the expectation value of any
field operator whether it is an SU(1, 1) operator or not. For a different method
for evaluating p(¢) for n = 0, and for some numerical results, see [95, 124].

13.2.2 Two-Photon Generation and Absorption

Consider now the situation wherein the field, in addition to being absorbed
in a two-photon reservoir, is generated by another two-photon mechanism.
As discussed in |55], this situation depicts closely the experiments of [125].
Assuming that the frequency of the field driving the nonlinear medium to
produce two photons is equal to the sum of the frequencies of the photons
produced, the hamiltonian describing two-photon generation in the interac-
tion picture is given by

h
H = E[G&2 + G*at?, (13.48)
for the single-mode field and by
H, = h[Gab + G*blal), (13.49)

for the two-mode field. These hamiltonians consist only of SU(1, 1) operators.
The master equation for the field, with (13.35) as the damping part (with
7 = 0), may be written as (k = 1)

d . 2 2 LA 2 LNx s

P = 2K_pKy —(1+in)pK K — (1 —-in K K_p, (13.50)
2 N i 21

K_=K_+ —=K,. (13.51)

1—-in
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If there exists a state [p) such that Iz(ﬁ|z/)0> =0, Le. if

N iG
{K_ + 1__1_77] lo) =0 (13.52)
then

Pss = |to) (Yol (13.53)

is the steady state solution of (13.50). Equation (13.52) is the same as (3.120)
whose solution is given by (3.121). For single-mode realization, (13.52) defines
the pair coherent states [55]. For a discussion of numerical results, see [55].

13.3 Reservoir in the Lambda Configuration

The master equation for a single-mode field interacting with a reservoir in the
Raman configuration is given by replacing b by @ in (8.118). It is a function
of only the number operators a'a. It is trivially solvable in the number states
representation.

We consider the two-mode case dissipating according to (8.118). Let there
be a nonlinear medium pumped by an external field such that it gnerates and
absorbs the modes in question in the Lambda configuration. The modes in
the interaction picture then evolve according to the master equation

d R o " oA “ o ~ ~
Sh = e [afb +bla, ﬁ] Fr(A+1) [2&%,3&;*& _ phtaath - dedTbﬁ]
+K [26*@;3&*13 — paltbhla — aTBBTa;a] . (13.54)

We may use the eigenstates {|m, N — m)}, corresponding respectively to the
eigenvalues m and N — m of afa and bib as the basis states. By following
the arguments similar to the ones in the last section, we note that we need
to evaluate the matrix elements of g between states of different values of
N. We also observe that if we take matrix elements of (13.54) in the states
|m, N1 —m) and |n, No — n) then each term in (13.54) preserves the value of
m—n.

We, therefore, take matrix elements of (13.54) in the states {m, Ny — m)
and |m + p, N — m — p). By following the method of the last section, we
find that the analytical solution of (13.54) may be derived by the method
of Chap. 10 if # = 0. Assuming that to be the case, the eigenvalue equation
corresponding to (13.54) reads (e =0, = 1)

A om—1p — Brm,ppiny = NP, (13.55)
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Qmp = 2v/m(m + p)(Ny —m +1)(Na —m —p + 1),

N1 + N.
Prmp = 2m (% *m”P—1> +p(N2—p—1)+ N1 + N,
+in[m (N — N2 + 2p) — p (N2 - p)]. (13.56)
By following Sect. 10.3 we note that the eigenvalues are given by
AP = 3, (13.57)
The corresponding eigenvectors being
p%), =0, m<n-—1,
oM A, ()"
me (m—n)ll'(m+n+p—8S—iD,)
ml(m + p)!
X , m>n, 13.58
\/(Nl —m)(Ny —m — p)! ( )
where A,, 1s the normalization constant and
N; + N. N; — N.
Ss="2L"2_ 1, Dy=n(——2+p). (13.59)
2 2
It may also be confirmed that the eigenvectors of the equation
ol 1pBm 1y — BB = AP 5, (13.60)

adjoint to (13.55) are

Py =0, m=n+1,
“(n) _ (=)™

Prmp = (n—-mI'(S—p-—m—-n+1+iD,)

The scalar product between the eigenvectors (13.58) and (13.61) is

n
Z ps,lf,)pﬁg,ﬁ)p = Z 553?%
m=0 m=k
An

I'2k—S+p—-1-iDp)(n—k)I['(S—p—1+iD,—n—k+2)

XF(—n+kn+k—-S+p—1—iD,;2k— S —p—1—1iDp;1)
- An
 I'(S—p+1+iD,—2n)I'(2n—S +p—iD,)

This determines the normalization constant. As discussed in Chap. 10, these

eigenvectors are sufficient to determine the solution of (13.54) for a given p
if the corresponding eigenvalues are nondegenerate and that we need to find

Snk. (13.62)
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the generalized eigenvectors in case of degeneracy. We note that, for N =
Ny =N, ,\S’) = ,\§3)_n_1 if p = 0, i.e. the eigenvalues are two-fold degenerate.
The solution of the equation in this case requires a knowledge of the general-
ized eigenvectors corresponding to two-fold degenerate eigenvalues. However,
we do not undertake the tedious but straightforward task of construction of
generalized eigenvectors.



14. Dissipative Cavity QED

In this chapter we illustrate the general methods developed in previous chap-
ters by applying them to a dissipative atomic system in a dissipative cavity.
Except for atoms modeled as harmonic oscillators, this system can not gen-
erally be treated analytically exactly. In this chapter we consider a system of
two-level atoms. We pay attention to theoretically and experimentally inter-
esting situation of strong atom-field coupling. We discuss the ways of probing
the characteristic features of such a strongly coupled atoms-cavity system by
means of an external drive. Finally, we outline the method of treating the
situation wherein atoms are pumped in to a cavity one at a time. This con-
stitutes what is known as a micromaser.

14.1 Two-Level Atoms in a Single-Mode Cavity

We consider a system of NV identical two-level atoms of transition frequency
wop coupled to a cavity mode of frequency w. The corresponding hamiltonian
is

H=h [wzﬂa + woﬁz} +H, g, (14.1)

Ha_t = gh [a* S+ S‘m} . (14.2)
We assume that the cavity mode in question and the atoms are coupled to a
thermal bath having an average of 72 photons. The master equation for the
density operator p of the combined system of the atoms and the cavity mode
in the interaction representation generated by w(a'a + S,) then reads (with
d=wy—w)

d . N U S S
3? = 7 Ho, Al + Ash + Aap,= L, (14.3)
FI() = 55’2 + IfIa_f, (144)

A¢ = w(n + 1) [2apat — pa'a — a'ap]
+xn [2a1 pa — paat — aalp|, (14.5)



252 14. Dissipative Cavity QED

An = (R +1) [25:,3§+ — 8.8~ S‘+§_,3]
i [2S*+,3§_ —p8_5, - §_ S‘+,3] . (14.6)

The equation (14.3) may be solved by converting it in to a c-number equation
by taking its matrix elements between the the states {|m, M)} where |m) is
a number state of the of the field and |M) (M = —N/2,-N/2+1,---,N/2)
is an eigenstate of S,. Its steady state solution can be found by applying the
principle of detailed balance (see Sect. 12.2). Else, verify by direct substitution
that if 7 = 0 then the steady state is given by

ﬁss - |0, 4N/2><0, VN/2' (147)
The steady state for i # 0 reads

hes = exp[—B(aTa+ S gy=-"_ 14.8

po = expl-fala+5.)),  exp(-0) = =~ (14.8)

The time-dependent solution of (14.3) even for a single two-level atom is a
formidable task except when 7 = 0 and the eigenvalue of a'a + S, in the
initial state is £1/2 [127].

However, some situations of practical interest in quantum optics that can
be tackled much more conveniently by approximation methods include (i) the -
limit of strong atom-field coupling compared with dissipation, and (ii) weak
atomic coupling with an external drive. The former enables us to invoke the
secular approximation whereas the latter can be handled perturbatively.

14.2 Strong Atom—Field Coupling

The situations in which the reversible atom-cavity coupling is very much
stronger than irreversible dissipation are of immense interest. Recall from
Sect. 8.2 that such situations can be treated conveniently by the method of
the secular approximation. We outline this method (i) for a single two-level
atom when the atom and the field are in an arbitrary initial state, and (ii)
for N two-level atoms in particular initial state.

14.2.1 Single Two-Level Atom

Recall that the secular approximation consist in retaining only those terms
in the dissipative operator which are time-independent in the interaction
picture generated by the strong reversible part. The reversible part in the
present case is the hamiltonian Hy. We express the density operator of the
system as a linear combination of the eigenstates of Hp. For the sake of
illustration we let § = 0. Corresponding eigenstates |z/;$,§t )) and the eigenvalues
W) = £gv/m+ 1 of Hy are given respectively by (11.32) and (11.33). The
density operator may then be expressed as .
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p=10,-1/2)(0,-1/2| + ) Z{C(“)IO ~1/2)(| + hee}
m=0a=

+ Z Z CleB) ey ¢(ﬁ| (14.9)

m,n=0q,8=%

We, therefore, derive the equation for |1/) )( (ﬁ)i by letting p — |1/) )( (ﬁ)|
n (14.3). The secular approximation consists in retaining only those terms in
[Aa + Ag] |1/)£,'f)>(1/;,(1ﬁ)| which have same time dependence as |1/;§,?)>(1/)§1ﬁ)l under
the action of the evolution generated by Hp. This means that if |1/),(,7)>( ,(15)|
is a term in the expression for [A, + /if]|'l/)£r?)>< ,(f)| then it may be retained
in the secular approximation if ,uy) — ,u((;s) = ,ug,? ) _ ,u,(f ). The action of the
damping operator on a dressed state may be found by first writing the dressed
state in terms of the bare states |m,+1/2). Use the knowledge of the action
of the operators on the bare states and rewrite the resulting bare states in
terms of the dressed states. As an illustration, we determine the action of a

on |1/;£f)>. Using (11.32), we find that, for m =1,2,...,

alyl) = 7 allm,1/2) £|m+1,-1/2)]
7 [Vm|m —1,1/2) £ Vm + 1jm, —1/2)]
= [rE) - ) (14.10)
'+ = % [Vm+14vm], (14.11)
(+) _
alhy ") = i\@IO, 1/2). (14.12)

In the same manner show that
At a 1
alaly) = 5 [2m+ D) — W) (14.13)

Bearing these considerations in mind, it straightforward to see that the master
equation (14.3) for 7 = 0 = v = 0, w = wy leads to the following equations
in the secular approximation

S O] = [ — ) + (4 D] DY), (14.14)
m#n and any o, =+ or o # 8 and any m, n,

10, - @P) = [1? — s+ /2] 0, -2 @O, a1s)

d 1/2 1/2| =

10, ~1/2)(0,~1/2| =0. (14.16)

The equations for the diagonal components read, m = 1,2,.. .,
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SIS D] = 2 [T W+ DR Wl
—(m + 1/ (w1, (14.17)

d
SO = 26 [T ) sl ] + T2 ) |
—~(m+ 1/ - (14.18)

Whereas the equation (14.14) for off-diagonal elements is simple, the equa-
tions (14.17) and (14.18) constitute coupled set of recursion relations for
the diagonal elements. Their sum and difference lead to the equations (with
T = 2Kt)

ddT ; (t):—(m+%) F,m( ;) o (14.19)
and
EF,; (t) = — (m + 1) Eo 4 y/m(m+ 1)F;_,, (14.20)
dt 2
for
= S @S £ [95)) @) (14.21)

The equations (14.19) and (14.2()) are solved easily by following the Sect. 10.3.
The resulting expressions for F,f(t)7 which may also be verified by direct
substitution in the respective equations, read

EF(t) = exp (—(2m + 1)kt)

"' (m 4+ 3/2) (exp(2kt) — 1)) .
* T;O : _(Fm/—)n()!l“p((ni)g/Q))) F(0), (14.22)
and
Fr(t) = exp (—(2m + 1)kt)
m m! 2nt _ m-n
XZ n—tl1 '(m—n)l!)n! £,(0). ' (14.23)

The solution of the equations above, on substitution in (14.9) provides the
description of the system in the secular approximation. For some detailed
numerical results see [103]. For a different approach to the strong-coupling
limit, see [128].
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N Two-Level Atoms. In order to apply the secular approximation in this
case, we need to know the eigenvalues and the eigenstates of H, for a general
value of N. As stated in Sect.11.2, the eigenvalue problem of Hy can be
solved analytically only if the eigenvalue M of afa + S, is small. We let N
be arbitrary and M = —N/2,—N/2+1,-N/2 4+ 2. We also let w = wp.

The state [0, —N/2) is the only eigenstate of H if M = —N/2. It corre-
sponds to the eigenvalue —Nhw/2.

For M = —N/2 + 1 there are two eigenstates of H:

1
+
=—10,-N/2+1)£1,-N/2)|. 14.24
|%5) 7 I /2+1) £ /2)] (14.24)
The corresponding eigenvalues of H are i(—Nw/2 + u7;),

gt =w+ gVN. (14.25)

Thus, if the initial excitation is —N/2 4+ 1 then the N-atom system behaves
mathematically like a two-level one.
Next, for M = —N/2 + 2, H admits three eigenstates:

N
[43) Z%U —5 +3-4), (14.26)

where a;; are the elements of the matrix A defined by
VIN-1)/2@N-1) 1/V2 N/2(2N —1)

A= —/N/2N — 1 0 (N —1)/2N -1 (14.27)
VIN=-1)/2@N-1) -1/v2 N/2(2N —1)

The eigenstates (14.26) correspond to the eigenvalues i(—Nw/2 + p;) (i =
1,2, 3) where

p1,3 = 2w £ gvV4AN — 2, py = 2wp. (14.28)
The inverse of the relation (14.26) is

. N
li~1 -5 +3-4) Zaulwz (14.29)

If the initial excitation of the system is M < —N/2 + 2 then it is confined
to the subspace formed by the eigenstates constructed above. We use these

results in the next section for determining the atomic response to an external
field.

14.3 Response to an External Field

A useful means of probing the characteristic features of atom-cavity interac-
tion is by monitoring its response to a weak external drive. It is determined
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by the method outlined in Chap.9. Recall that it consists in evaluating an
appropriate susceptibility of the system. We use that approach to examine
the response of a system of two-level atoms in a cavity to (i) a monochromatic
field, and (ii) a bichromatic field.

14.3.1 Linear Response to a Monochromatic Field

We let the atoms to be driven by a monochromatic field of frequency v. Recall
from Chap.9 that the rate of absorption of the energy by the system from
the field is given by (9.26):

s (i) e ]}

— v/ NReTr [S_ (L + iu)_l 0, ~N/2 + 1)(0, ~N/2|} } (14.30)

W.(v) ~ Re

where we have used the fact that g is given by (14.7)). The expression
(14.30) can, of course, be evaluated exactly by using the results of the last
section. However, simpler expression is obtained in the secular approxima-
tion. To apply it, we invoke (14.24) to express |0, —N/2 + 1) in terms of the’
dressed states. Then, following the procedure outlined in the last sectiomn, it
is straightforward to see that, in the secular approximation,

(+ ) ) 0,31 = Ashsg) (0~ N/2 (14.31)
Ay = [—i (wo v g\/ﬁ) - +27N] . (14.32)

The equation (14.31) yields

; -1 N N
(L+iu) 0.-% +1{0,— 3|
1

-7 [AT g + AT )] (0, ‘gl

= 3 [AY £ A0, -N/2 + 1) + {47 — AZHH1,—=N/2)] (0, ~N/2].
(14.33)

On substituting this in (14.30) it follows that the rate of absorption of energy
from the applied field is proportional to

Wa(v) ~ {(wo —y- g\/ﬁ)2 + (R +27N)2} _

+[(wo—u+g\/]v)2+(n+2ny)2]“ : (14.34)
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The rate of absorption thus exhibits resonances at wo + gv/N as a function
of the applied frequency v. Compare it with the case of an atom in free
space. In that case, the absorption exhibits resonance at the atomic transition
frequency wg. The splitting of the absorption resonance at wg in a damped
cavity to two resonances at wo + gv/N is referred to as the vacuum field
Rabi splitting. The reader may verify by numerical evaluation that the exact
expression for W, (v) for v/N|g| > k, N is in good agreement with the one
derived above in the secular approximation.

14.3.2 Nonlinear Response to a Bichromatic Field

Next, we examine the nonlinear response of a two-level atom coupled strongly
with a single cavity mode to a bichromatic field consisting of frequencies
w1, ws. This coupling is described by the hamiltonian given by (12.42). We are
interested in the response at the frequency {2 = 2w; — ws. It is characterized
by the susceptibility given by (12.43) read with (12.44). The superoperator

L in this case is given by (14.3) plus the L, where L., defined in (8.106),
incorporates effects of collisions that the atom in question undergoes with
other atoms. We assume 72 = 0 so that pgs is given by (14.7). Recall that in
Chap. 12 we investigated this process in free space.

We evaluate x® (w;,w), —wz) numerically and compute the signal

S(92) = X (wr,wr, —ws)] (14.35)
as a function of wy. We assume that w; = wg. The resonances in the suscep-

tibility are expected to occur at the imaginary parts of the eigenvalues of L.

In the absence of damping, L - L._;. The eigenvalues of La_s are purely
imaginary and are given by i{u, — pn} where {u,} are the eigenvalues of
H,_s. We observe from the expression for the susceptibility that if 7 = 0 then
it involves trasnsitions between the states up to the second excited manifold
of the dressed states. The corresponding eigenvalue spectrum is depicted in
in Fig. 14.1. The figure shows also the allowed transitions between the levels.
The eigenvalues are expected to be only slightly perturbed if the damping is
small. The resonances in the susceptibility are then expected to occur at

(a) WQ:CUQ:tg,
(b) w2=2w1—w0:i:g,
(c) w2=2w1—woj:g(\/§j: 1).

Like we found in the case of-a free atom, the collisional damping may lead
to the appearance of new resonances. In Fig. 14.2, we plot normalized signal
Sm = 5(£2)/Smax($2) as a function of (wa—wp)/g for & = 0.03g and v = 0.01g.
The solid line curve is in the absence of atomic collisions (v, = 0) whereas
the dashed curve is for 7. = 0.04. Note that in the absence of collisions, the
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Fig. 14.1. Schematic diagram of the spectrum of the Jayens-Cummings hamilto-
nian of a single two-level atom up to the second excited manifold.
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Fig. 14.2. Normalized four-wave signal as a function of d2 = (we — wo)/g for
x = 0.03g, v = 0.01g . = 0 (solid line curve) and ~y. = 0.04g (dashed curve).

3

signal exhibits resonances only at wy & g (resonance (a) above). Since w; is
assumed to be the equal to wy, the resonance (b) is same as (a). However,
the resonance (c) is different but is suppressed by the one at wy = g. The
dashed curve for the case when the atom undergoes collisions exhibits the
resonances (c¢). It also exhibits the collision induced Bloembergen resonances
at wy —wp = +2¢g. These do not correspond to any dipole allowed transition.

The resonance (a) is due to transitions to the first manifold of the spec-
trum of the interacting atom-field system. This part of the spectrum is the
same as the one for a harmonic oscillator model in a classical field. The part
of the spectrum corresponding to the second and higher manifolds is charac-
teristic of a two-level model and the quantized field. This part is brought out
by the resonance (c). These resonances are thus a signature of field quantiza-
tion and hence may be referred to as quantum resonances. The observations
here establish important role played by collisions in bringing out the quantum
resonances. For further details, see [129]. That reference also shows that the
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results of the secular approximation in this instance are not only in quanti-
tative but also in qualitative disagreement with exact numerical results. The
secular approximation need not hold for evaluation of a nonlinear suscep-
tibility. The second of the reference [129] discusses also the case of mixing
by a collective system of N atoms. For a description of quantum effects in
four-wave mixing by a trapped atom, see [130].

14.4 The Micromaser

A setup in cavity QED that offers immense possibilities of realizing a variety
of quantum effects is the micromaser [131]-]135]. A micromaser refers to a
setup in which atoms prepared in a particular state pass through the cavity
one at a time. In these experiments, the field is too weak for measurements.
The experimentally measurable property in these experiments is the atomic
population. The statistical characteristics of the cavity field are, therefore,
required to be determined in terms of the statistics of the atomic population in
a given state. The relationship between the statistical properties of the cavity
field and that of the atomic population is, however, still an open question
even for the simple model of a two-level atom in a single-mode cavity. In the
following we outline briefly the theory of a micromaser.

14.4.1 Density Operator of the Field

Let an atom, prepared in a desired state (henceforth referred to as an active
state) described by the density operator p, pass one at a time through a
cavity. Let p¢(t;) be the density operator of the field at the time the i*® atom
enters the cavity. Let £y be the time taken by an atom to traverse the cavity.

If ﬁim is the Liouvillean describing the evolution of the combined system of
the atom and the cavity field then the state of the cavity field at the time
t; + tiny when the ith atom exits the cavity is evidently given by

pAf(ti + tint) - T‘ratom [eXP <Linttint> ﬁaﬁf(ti):|

= F(time)pe(ts), (14.36)
Where F(tint) is the so called production Liouvillean:
F(tint) = Tra.tom [eXP <£inttint> ﬁa] . (1437)

Let the field evolve under the action of the Liouvillean L from the time
t; + tint the ith atom exits the cavity till the time ¢;1; of the entry of the
(¢4 1)th atom. The state of the cavity field at that time is given by
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pr(tiy1) = exp (i/f(tH-l —t; — tint)) Tratom [exp (Lmhm) ﬁaﬁf(ti)]

~ exp (I:/f7'> Tratom {exp (i/inttint> ﬁaﬁf(ti)j|
= D(r)E(time)pe(t:), 7 = iy —ti, (14.38)
where
l5(7') = exp (im’) (14.39)

is the damping Liouvillean. The second line in (14.38) is obtained by assum-
ing, in accordance with the usually encountered experimental conditions, that
the time interval 7 = t,,1 — ¢; between the arrival of two successive atoms in
the cavity is very much longer than the time #;,; that an atom takes to tra-
verse the cavity. Note that the trace of the density operator does not change
during an evolution. Hence,

Tr[Dp] = Trlp),  Tr[Fp) = Trld (14.40)

for any p.
The equation (14.38) determines the dynamiics of the field in a micromaser
for fixed values of 7 and #i,;. Its formal solution reads

pi(tn) = [D(T)F(tim)] 5:(0). (14.41)
This may be evaluated, for example, by the method of expansion of p(0 )

terms of the eigenvectors of D( )F( int)- Let p, be an eigenvector of DF
correspouding to the eigenvalue u,, i.e.

DEp, = pup. (14.42)

Let ﬁu be the eigenvector of the adjoint of DF corresponding to the eigenvalue
ur. Let us represent an operator f by |f). The expression (14.41) may then
be written as

lpt(tn)) =D _exp [nIn(w,)} o) (Bulps(0)), (14.43)

14

the (A|B) denotes scalar product of A and B. We note that

1. In the problems of interest, one of the eigenvalues of DFis unity whereas
the magnitude of all its other eigenvalues is less than one. Note that the
terms in the summation in (14.43) for which |u,| < 1 vanish in the limit
n — oo. Hence, as n — oo, p(tn) — Pss Where pgs is the eigenstate of

D(7)F(tiny) corresponding to eigenvalue unity i.e.

D(T)F‘O(tint)pss = Pss- (1444)
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2. The time scale of approach to the steady state is determined by the
eigenvalue nearest to unity in magnitude. Thus, if y; is the eigenvalue
nearest to unity in magnitude then the steady state will be reached when
a number n ~ 1/In(1/|p;|) of atoms have passed through the cavity. If
R is the rate of pumping then this corresponds to the time scale t ~

1/RIn(1/|p])-

The relation (14.38) determines the state of the field when the time in-
terval T between the arrival of two successive atoms in to the cavity and the
time of interaction t;, are constants. These times, however, need not be con-
stants. Consider first the time 7. The spread in 7 arises due to the fact that
the process of preparing atoms in the desired state at the entry of the cavity
is generally a random process. For, in the experiments, the atoms are pumped
in to the cavity from a source at regular intervals of time, say, T'. At the cav-
ity, the atoms are excited to the active state by shining appropriate lasers.
The process of excitation is random. It is described adequately by assuming
that the atoms are excited to the active state with probability p and that
there is no correlation between the excitation of any two atoms. If K atoms
arrive at the cavity in time tx = KT then the probability P(N, K) that N
of them are excited to the active state is given, under the aforementioned
assumptions, by the Binomial distribution

ﬁ)pN(l —p)E-N, (14.45)
Now, let pe(N,tx) denote the state of the field at the time tx of the arrival
of the K*" atom under the condition that N atoms before it got excited to
the active state. At the cavity, it may get excited to the active state with
probability p or not with probability 1 — p. If it is not excited then it passes
through the cavity leaving the state of the field unchanged. Else it interacts
with the cavity field transforming its state, by virtue of (14.36), by the action

P(N,K) = (

of F on it. In either case, the field decays for time T till the arrival of the
next atom numbered K + 1. The density operator ps(N,tx 1) of the field
seen by atom number K 4+ 1 is thus expressible as

pe(V, trca) = exp (L) [(1= p)as(N, )
+pEp(N — 1, tx)] (14.46)

This recurrence relation may be used to determine the field density operator
pe(tx) at the time g with no regard for the number of active atoms traversing
the cavity or the field density operator p¢(N) at the time of entry of the NP
active atom without any reference to how long it takes to prepare that many
active atoms.

The density operator g¢(tx) at the time tx is given by ps(N,tx) summed
over all N. On carrying summation over N in (14.46) it follows that
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prltrcsr) = exp (LeT) [(1 = p) + pF| pe(tic). (14.47)

The density operator gs(N), on the other hand, is given by p¢(N, tx ) summed
over all K:
pexp (ifT) F
pe(N +1) = A (V). (14.48)
1—(1—-p)exp (LfT)

Let us examine the steady state solution of the maps (14.47) and (14.4R%).
The steady state of the map (14.47) is the state reached in the asymptotic
limit txg — oo whereas that of the map (14.48) is the state reached in the
limit N — oo. Those states correspond to the solutions pr(tx 1) = pr(tx),
pe(N + 1) = pg(N) respectively of (14.47) and (14.48). The steady state pgg
of (14.47) is the solution of the operator equation

[1 —exp (ifT) ((1 —p) +p15“)] pss = 0. (14.49)

It is easy to see that the steady state of the map (14.48) also obeys (14.49).
Hence the steady state density operator of the cavity field is the same whether
the dynamics is described in terms of time or in terms of the number of active
atoms traversing the cavity.

An experimentally important case of random pumping is the Poisson
pumping. This corresponds to the limit p — 0, T — 0 of binomial pumping
such that p/T — R where the constant R is the average rate of pumping of
the active atoms. In this limit, the atoms enter the cavity continuously. In
other words, in the Poisson limit, the discrete time tx becomes a continuous
variable ¢. Hence we can write p¢(N,txy1) — PN, tx) = T(d/dt)pe (N, ¢t).
The equation (14.47) then reduces to

%m(t) = [Le+ R (P -1)]aett) (14.50)

Finally, the density operator of the field after the passage of a fixed number N
of active atoms, irrespective of the time for the case of Poissonian pumping,
is found from (14.48) to be given by

pe(N+1) = (1 —if/R)‘lﬁﬂﬁf(N). (14.51)

The properties of the cavity field including the effect of the pumping statistics
may thus be studied for any model of atom-field interaction.

We must also account for the fact that all the atoms may not move with
the same velocity. The spread in the atomic velocities results in a spread in the
time of their interaction #i;. This may be included by averaging the density
operator found above over the distribution W (tin) of tint. In realistic situ-
ations the atomic velocities follow the Maxwellian distribution. The average
over W (tiny) may be carried knowing the functional dependence of operators
on tine. It has been computed in [132] for the two-level atomic micromaser
with a single mode cavity discussed next.
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14.4.2 Two-Level Atomic Micromaser

Consider two-level atoms pumped in to a cavity. The atoms interact reso-
nantly with a single cavity mode by executing one-photon transitions between
its levels |g) and |e). This interaction is described by (14.1) with w = wy. The
micromaser theory is based on determining the field superoperators defined
n (14.37) and (14.39). Assume the Q-factor of the cavity to be very high so
that the field damping is negligibly small during the time of transit of the
atom. The evolution of the combined system of the atom and the field is then
governed only by (14.1) so that

exp [I:;nttim} PaPt = €exp [—iﬂtint} Daff €XP [iI:Itim] . (14.52)

The expression for the production operator may be found by using the results
of Chap.11. Show that if the atoms enter the cavity in their excited state
then

e = o (g ) 1 os (gt

+at o (g;mi) B o <g;imi> a, (14.53)

A=gVata+1 (14.54)

We examine the characteristics of the micromaser first by ignoring the field
damping at all times.

Undamped Micromaser. A simplified version of the micromaser is ob-
tained by assuming that the field does not decay significantly even during
the time interval between the arrival of two atoms in to the cavity [136]. In

this case, pr = —iwl[ata, p]. Use this form of Lf and (14.53) for I in (14.38),
take the matrix element in the number state |m) of the field to obtain (with

Pmn = <m|pf|n>)
(mlpe(k +1)|n) = pmn(k +1)
= am+lan+1pmn(k) + Bmﬂnpm—lnfl(k)a (1455)
m = c0s(gtintv/m), Bm = sin(gtinevVm). (14.56)
The equation (14.55) gives the density operator of the field at the time of
entry of (k 4+ 1)th atom in terms of that at the time of entry of kth atom

in to the cavity. Let us examine the steady state solution of this equation.
Consider first the diagonal elements. Writing p,, = pmm we see that

Pk +1) =02 10 (k) + B2 pm—1(k). (14.57)
Its steady state solves
B2y 1Pm = Bhpm—1 (14.58)
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This shows that §%py = ﬁ%pl =...= ,21+1pn = --- = 0. Hence, a non-trivial
steady-state is possible only if

Bry+1 =10 (14.59)
for some positive integer Ny, which is such that, for an integer p,

Gting VN1 +1 =pm. (14.60)

In this case pn,n, # 0 whereas pp,,, = 0 for m < N;. Note that if (14.60)
holds then (14.59) is satisfied for all those positive integers N; which satisfy

Ny=g}(NMi+1)-1, q-=1L1 (14.61)
Hence, under the trapping condition (14.60)

Pm =3 Cibmn,. (14.62)

In order to determine C;, note from (14.57) that under the condition (14.60),
the equations for p,,(k+1) for the values m > N;+1 are decoupled from p,, (k)
n < Nj. It may in fact be verified that the equations reduce to uncoupled
blocks defined by N;_1 +1 <m,n < N; (with Ny = —1). Since the equations
in each block are decoupled from each other, it implies that the trace of § in
a block remains unchanged during the evolution. Hence

N;

Ci= > pml0), (14.63)

m=N;_1+1

pm(0) being the initial photon number distribution function. Thus, if the
cavity is initially in the vacuum state then p.,,,(0) = 0,50 and C; = §;1 i.e.
the cavity field is the number state | N1 ). If the initial field has components in
other blocks then the steady state would be a mixture of the number states.

For the steady state of an undamped micromaser when the atoms enter the
cavity in a superposition state, see [137]. A micromaser operating with three-
level atoms in a two-mode cavity has been analyzed in [138]. A micromaser
in which atomic levels are coupled by two channels is studied in [139).

Damped Micromaser. Let us now account for the field damping during the
time interval between the arrival of successive atoms. Let the field damping

be described by Af defined in (14.5) so that Lf Af Let i = 0. We Substltute

that form of L¢ in (14.39) to evaluate the field damping superoperator D( ).
Its matrix elements in the photon number representation are given by (13.34).
It is then straightforward to show that, owing to the map (14.38), and (14.57),
the photon number distribution p,, obeys

Pntisr) = S Dokl E (tine)e (t:)|E)

k~m

ZDmk ak+1pk(tz)+5k1’k 1(t:)] (14.64)

k=m
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k!
(k —m)im!

The equation (14.64) shows that if there is a trap at Ny then py, 4n(fit1)
(n > 1) are no longer coupled with p,,(t;) (m < Ng). The equation for
pm(k+ 1) in a block is coupled with p,, (k) in higher blocks but not with the
ones in lower blocks. Hence, if p,,(to) = 0 for m in blocks higher than the
M*®™ then p,,(t;) = 0 for all ¢; for m in a block higher than the M.

An interesting and useful consequence of the trapping condition is that
Pm In the steady state is confined to the lowest block. In order to see that,
perform the suinmation over m from zero to N on the steady state form of
(14.64). Owing to (A.14), D, = 0if £ < m. Hence, we may extend the lower
limit of summation over k& in (14.64) to zero. The summation over m then
involves only D,,%. Break the summation over k in two parts, one running
from zero to N and another from N + 1 to oo to obtain

N
> Pm= ZFk Z Do + Z Fy Z Do, (14.66)
m=0

k=N+1 m=0

Dy = d™(1—d)*™,  d=exp(—2kT). (14.65)

the F}, being the m-independent terms under the summation in (14.64). Since
the value of k in the first sum above is less than the upper limit N of the
summation over m in it, and since Dy, = 0 for m > k, the upper limit of
summation over m there may be replaced by k. The resulting binomial sum
over m then yields unity. Change the sumation index over £k — k£ + 1 in the
term having i to get

00 N
—ByapN+ D Fi Y D=0 (14.67)

k=N+1 m=0

We let N = Ny, which is the lowest value of N for which 8y1 = 0, to arrive
at

o0
Z (a%+1DN1k + ﬂfHDleH) pr =0, (14.68)
k=N;+1
where
. N
Dnk =) Dk (14.69)

m=0

are positive definite if d # 1. The term in the parentheses in (14.68) is,
therefore, positive definite if d # 1. Since p, are positive semidefinite, it
follows that in order to satisfy (14.68) they should vanish if £ > N; + 1.
In case of d = 1, i.e. if the cavity damping is ignored, then ﬁle = 0 for
k > N,. The equation (14.68) then can be satisfied for non-zero p. Thus,
the problem of finding the steady state reduces to solving equations only in
the first block. This is evidently a significant simplification.
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The problem of determining the time-scale of approach to equilibrium,
however, requires an elaborate analysis of the eigenvalues. We refer to [140]
for the details of such an analysis. Here we quote the substance of the results.
Those results state that if € = k7 < 1 then the population in the k*! block
leaks to the lower block on the time scale ~ eV¢~Ne-1, The population in
the lowest block approaches the steady state on the time scale of the cavity
damping time & !. For a numerical study of the time-scale, see [141].

Approximation Method. Since solving even the zero temperature micro-
maser photon number distribution equation (14.64) is generally a formidable
task, approximation methods are employed to investigate its characteris-
tics. These methods consist in reducing the stroboscopic map (14.38) to a
continuous-time evolution by noting that [pe(ti+1) — pe(ti)]/ (i1 — ;) =
(d/de;)pe(ts) if tip1 — & = 7 < t;. On replacing t; by ¢, (14.38) in this
approximation reduces to (7 = R™!)

d

&Pf
This equation is further approximated by treating the logarithm of operators
as c-number logarithms to obtain

%ﬁf(t) = [.if -+ Rln(ﬁ‘(tint))] ﬁf(t). (1471)

Furthermore, In(F(#in)) is expressed in powers of 1 — F'\(tiys) retaining terms
to a desired order.

In the case of an atom in a single-mode field, further approximation is
introduced to treat the photon number m as a continuous variable p. This
approximation applied to the Jaynes-Cummings model described to second

order in 1— F'(tiy) in (14.71) then turns out to be a Fokker-Planck equation.
We refer the reader to [140, 142] for comparison of the exact and approximate
results.

(t) = Rln [ls(r)l:c’(tim)} pi(2). (14.70)

14.4.3 Atomic Statistics

As mentioned before, the characteristics of a micromaser are examined exper-
imentally by studying the statistics of the atomic population and correlation
between the population of atoms exiting the cavity at different times. The
analytical results for the variance in the observed population of atoms exiting
the cavity and correlation between atomic population at different times were
reported first in [143] by assuming the pumping mechanism to be Poissonian.
It included also the effects of finite detector efficiency. See also [144, 145] for
analysis of atomic correlations. The study of the atomic statistics has been
carried in [146] by constructing the joint distribution for observing atoms
exiting the cavity at different times in one state or the other. It is applicable
to a binomial pumping which includes Poissonian pumping as a special case.
See [147, 148]| for experimental results.
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A. Some Mathematical Formulae

e The delta function is defined by

6(z) = %/ dk exp(ikz).

5O3E) = 5 [ explitag +27€)) %

where the integration is over the complex plane.

/ dk exp(tikz) = wé(z) + iP%
0

where P indicates Cauchy principal value defined by

o[ e -um[[ 4 []ersre

. 1
lim _
e—0 x £ i€

§(z —y)F(z) = é(z — y)F(y),

1_.
= P; Find(x).

d d
@5(95 —y) = —@5(95 )

5 Jim yexp(=alrl) = 8(r).

ii_)n%) a\1/7_r exp(—22/a?) = 6(x).
o If
Fle.6) = 2 [ Plasesp li(sg + 26} P,
then

Fla2) = [ Fe.€) e {—i(ag + 7€)} %

(A.10)

(A.11)
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e The Gamma function I'(2) is defined by

I'(z)= /00 exp(—x)z* 'dz, Re(z) > 0. (A.12)
0

I'(z+1) = 2I(2). (A.13)

If m a positive integer or zero then

T(m+1) =ml, .mim‘”' (A.14)

I“(%)::VGZ (A.15)

F“”XI’Z):stmy (A.16)
222-1 1

I'(2z) = NG rir (z + 5) . (A.17)

e The beta function B{a,3) is defined by

B(a, ) = /01 (1 — m)ﬁ_ldm, Re(a) > 0, Re(8) > 0. (A.18)

I(a)I'(B)

B(a, ) = ——2. A9
@D Tavs) (A19)

e If z is a real variable and Re(a) > 0 then
/ dz exp(—az? + Bz) = \/gexp(ﬁ2/4a), (A.20)

1
dz z?™ exp(—az?) m+ —) . (A.21)

> 1
/—oo = ‘/a2m+1F( 2

If Aisan N x N symmetric matrix whose eigenvalues are positive then

det(A) > 0 and

/_00 dml.../oo dxy exp (—XTAX+CTX)

v L7 i1
=,/——=—exp|-C"A™°C|, (A.22)
det(A) 4
where X is a column constituted by the elements x,,...,zx, C is a column

of N constants and CT denotes the transpose of C.
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e Integration over complex a plane may be carried by substituting a = x+iy,
(—oo < z,y < o0) so that

/ d?a — /_oo dz /_oo dy. (A.23)

It may alternatively be performed in the polar representation o = /r exp(if)
(0 <r<o0,0<80 <27 so that

/ d®a — = / dr/mr de. (A.24)

Using this representation, it may be verified that, if Re(a) > 0 then

L[ #aamaen(-aal) = b (A.25)
- / daexp(~|af? + B a) fa") = F(5"). (A.26)
L[ @aep(-lal + o) s(a”) = S5 (5) (A27)
%/ d*acexp(—ala|® + bya + bya™) = %GXP (%) - (A.28)

If a? — 4|c|? > 0 then

1
—/ d?aexp (—ala|® + ba + b*a* + ca® + c*a*?)
7

1 bc* +b*%c + a|b|?
= . A.29
\ @ —alep [ o~ 4[cf? J -2

e The Hermite polynomial H,(z) is defined by

Ho(2) = ()" exple?) = exp(~2?), (A.30)
(n/2) o

Hn(z)= Y (—)mm(h)n_zm- (A.31)
m=0 )

Its integral representation and the generating functions are

H,(z) = % /_ Z(z + it)™ exp(—t%)dt, (A.32)
exp (—z? + 2zy) = Z %Hm(y). (A.33)

m=0
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o The spherical harmonics Y7 ps(6, ¢) are such that

Yoo(6, 6) = ﬁ (A.35)
™ 2m
/0 sin(8)d [ deYim(8,0)Y;io (6, 6) = dxrimo, (A.36)
0

Z Z Y (0 ¢ ) Y (6, 6)

L=0 M=
=8(¢p— ¢ ) (cos(B) — cos(f)). (A.37)

o If F(a,b;c;z) is the Gauss hypergeometric function then

I'e)'{(c—a—-0)

F(a,b;c;1) = Te—alc_b)

(A.38)

B. Hypergeometric Equation

In this Appendix we address the question of reducibility of a second-order
differential equation

(55 +P@) & +Q@)] fa) =0 (B.1)

to an equation for the hypergeometric or the confluent hypergeometric func-
tion. For details see, for example, [149, 150}.

The nature of solution of (B.1) is governed by its singularities. We recall
that if P(z) and Q(z) are analytic at a point zo then zg is called an ordinary
point of (B.1). The zg is a singular point of (B.1) if it is an isolated singularity
of either P(z) or Q(z) or both. The singular point zq is called a regular
singularity if (x — 2¢) P(x) and (z — 10)2Q(z) are analytic at z = z¢. In other
words, £ = ¢ is a regular singularity if P(z) has a pole of order no more
than one and Q(z) has a pole of order no more than two at zo.

The nature of singularity at infinity is examined by transforming to y =
1/z. The eq.(B.1) in terms of y = 1/ reads

d? 2 _ P/y\d _ Ql/y
- Z_ - = 0. B.2
[dy"’ i (y y? ) @y f) (B2)
The singularity of this equation at y = 0 corresponds to that of (B.1) at

T = oo.
Let xg be a regular singular point with

lim (@~ 20)P(@) = po, lim (@~ 20)°Q(c) = . (B3)
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The equation
72 = (1= po)y+gq =0 (B.4)

is called the indicial equation and its roots vy the exponents or indices cor-
responding to zg.

The equation (B.1) is called a Riemann equation if it has three regular
singularities including the singularity at infinity. The sum of the exponents
corresponding to those singularities is unity. By an appropriate transforma-
tion of £ — 2, its three singular points can be mapped on to z = 0,1, co.
This, followed by a transformation of f(z) — w(z) transforms (B.1) to the
hypergeometric equation

2
{ (1—z);2 {c—(a—i—b—i—l)z}% —ab]w(z) — 0. (B.5)

If ¢ is not an integer then, within the unit circle |2| < 1, linearly independent
solutions of (B.5) are F(a,b;c; z) and 2} ~°F(a—c+1,b—c+1;2—c; z) where
F(a,b;c; 2) is the Gauss hypergeometric function

F(a,b; C'z)
I'(m +b)
™. B.6
Z F I'im+1) (B-6)
Note that if a = —m or b = —m where m is a positive integer then F(a, b; ¢; 2)

is a polynomial of degree m.

The equation (B.5) has z = 0,1, 0o as its regular singular points the sum
of whose indices is 1. In addition to this, one of the indices of each of the
singularities at z = 0, 1 is zero. The transformations that reduce a Riemann
equation to a hypergeometric equation are known [150]. However, we outline
below the procedure for transforming (B.1) to (B.5) only for the particular
forms of P(z), Q(z) encountered in Chap. 10.

A form of (B.1) that concerns us is

(20— 22 L 1 - )@+ 0) 4 (2 M) 1) =0, (B.7)
»,¢,7, A being constants. Verify that

f(z) = (1 - z)%w(z) (B.8)
transforms (B.7) to an equation for w(z) which is of the form (B.5) if

ala—1)—ap+r=apg+ A (B.9)
with a, b determined by solving

a+b+1=2a-p, ab=a(a—1)—pa+r, (B.10)
and
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A solution of (B.7) thus reads
f(z) = (1 - 2)*F(a,b;c; x), (B.12)
with « and a, b, ¢ determined by (B.9)-(B.11).

Confluent Hypergeometric Function. Consider the hypergeometric equa-
tion (B.5). Rewrite it by changing the independent variable z to = bz. The
singular points of the transformed equation are then at x = 0,b,00. Let
b — oo so that the singularity at & = b merges with that at x = oco. The
transformed equation

[xd—;—#(c—m)%—a]f(:c):o, (B.13)

is called the confluent hypergeometric equation. Note that this equation is
thus obtained by the confluence of two singularities at infinity. Also, z = 0 is
a regular singularity of (B.12) whereas its singularity at z = oo is irregular.
If ¢ is not zero or a negative integer then a solution of this equation is the
confluent hypergeometric function

I I'(m+a) m
é(a’c’z)_F(a)mzzol“(m—&—c)l“(m—&—l)z . (B.14)

Note that é(—m;c¢; x) is a polynomial of degree m.

C. Solution of Two-
and Three-Dimensional Linear Equations

In this Appendix we derive exact solution of a linear equation
d ~
30 (®) = Mlp(1)) +[5() (C.1)

when M is a t-independent 2 x 2 or a 3 x 3 matrix. Its formal solution is
given by

(1)) = exp(Mt) [|w(0>>+/0 dr exp(—MT)[S(7))| . (C.2)

If the real part of all the eigenvalues of M is negative then, in the limit
t — oo, exp(Mt) — 0. If, in addition, |S) is independent of time then (C.2)
yields
[$(c0)) = —M1[S). (C.3)
Consider first the case of two-dimensional M given by

M= (‘i Z) (C.4)
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Let A; and Az be the eigenvalues of M. Assume that ) # Az and invoke
(10.12) to obtain

exp(Mt) = [(M A2) exp(A1t) — (M — A1) exp(Aqt)
_ Bri(t) Bz
B <ﬁ21 t) ﬁQz > (G:5)
ﬁll(t) ((1 A2) exp(/\lt) ((1 — Al) exp(/\gt),
Baz(t) = (d — Az) exp(A1t) — (d — A1) exp(Aat),
B12(t) = blexp(A1t) — exp(Aat)),
Ba1(t) = c(exp(Ai1t) — exp(Aat)). (C.6)

Combination of (C.2), (C.5) and (C.6) yields the solution of (C.1). Its limit
A1 — Ag gives the solution for A; = A,.

Next, let M be a 3 x 3, t-independent matrix. Let A1, A2, A3 be its eigen-
values assumed to be distinct. Invoke (10.12) to obtain

exp (M t) = i exp(Amt) M=

m=1 #m Am - An
3 -~
= Z am(t)Mm_lv (C7)
m=1

the a, (f) being unknown functions. The second line in the equation above is
owing to the fact that the maximum power of M in the first line is two. The
o (t)'s, obtained by comparing equal powers of M in the two equations in
(C.7), are found to be given by

a1 (t) 1 A2Az(Az —A2)  AtAz(Ar—Az)  Ade(Ae — A1)
o T B S v AP
a3(t) A3 —_ AQ Al - Ag AQ — Al
exp(A; t)
x | exp(A2 t) |, (C.8)
exp(As t)
D = (A1 =22)(A2 — A3){(A3 — A1). (C.9)

The exp(Mt) is determined by inserting (C.8) in (C.7). The resulting expres-
sion, on combination with (C.2), determines the solution of {C.1).

D. Roots of a Polynomial

In this Appendix we list some general properties of the roots of a polynomial
and the exact expressio\n for the roots of a cubic. For details, see [151].
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Consider the polynomial equation
fn()‘) :an)\n+an_1)\n—1 +---+a1)\1 + ag =0 (D]_)

whereay, . . ., a, arereal constants. This equation admitsnroots A1, ..., As.
The roots may be real or complex. However, if A; is a root then, since
{ar} are real, it follows that f(X\;) = fn(AF) = 0. Hence A} is also a
root.

. If f(a) and f(b) are of opposite sign then f,(A) = 0 has a root in the

interval (a, b).

. If one of the roots of a polynomial f,(A) = 0 is known to be, say, A; then

on dividing that polynomial by A — A; we obtain the quotient which is a
plynomial ¢,,_1()) of degree n — 1. The other roots of f,,()) = 0 dre the
roots of ¢, _1(A) = 0.

. In the problems concerned with dynamical stability, it is crucial to know

whether or not the roots are positive and the conditions under which the

real part of the roots is negative. This task is helped by the following:

o Descarte’s rule of signs: If r4 is the number of positive real roots of
(D.1) and V is the number of changes of sign in the sequence of the
coeflicients a,,,a,_1,an_2,...,0p then

ry =V —2h, (D.2)
the h being a nonnegative integer. In other words, the maximum value
of ry is V and, if less, always by an even number.

e Hurwitz criterion: The real part of every root of (D.1) is negative if,
and only if, ag > 0 and n determinants

a a a; Qg 0
Di=a;, Dy=|" "°|, Dy=|az a3 ai|, -,
as az
as a4 asg
a ag 0
as as e 0
D, = : ) . (D.3)
a2n—-1 Q2pn-2 - Qn
are all positive.
. Consider the cubic equation
f3()\) =3 + (12)\2 +a1A+ag=0. (D4)

If A; is its root then, following the item number 3 above, we find that its
other two roots are the solutions of the quadratic

)\2 + ()\1 + (12))\ + a1+ )\1()\1 + (12) = Q. (D5)
In order to list the roots of (D.4), we define

1 1
p=a1— gaé, qg=ap— 50102 + ﬁag, (D.6)

a=-1+va, B=-7-Va, (D.7)
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2 3
q p
A= "4 —. .
Tt (D.8)
The roots of (D.4) are

1
Al _ A1/3 +Bl/3 _ §a2’

A1/3 +Bl/3 '\/_AI/S _ Bl/3 1

Ay = -
2 2 +1 2 3(12,
A1/3 Bl/3 Al/S _ Bl/3 1
Ay = — ; ~1V3E—— - S (D.9)

Now, if A < 0 then A, B are complex conjugate of each other. Hence all
the three roots are real if A < 0. If A > 0 then A, B are real. Hence, if
A > 0 then one root (A1) is real and the other two are complex conjugate
of each other.
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