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Introduction

This textbook arose from over a decade of experience teaching inorganic chemistry at
Cleveland State University. The inorganic curriculum at CSU consists of one semester of
lecture and one semester of lab at the undergraduate level, and two graduate courses, one
focusing on inorganic reaction chemistry and mechanisms (including organometallic
catalysis and bioinorganic chemistry) and the other focusing on the application of quantum
mechanics and group theory to the structure, bonding, magnetism, and spectroscopy of
transition metal complexes.

It has been my experience that no commercially available textbook covers the relevant
material at the appropriate level for these classes. At the undergraduate level, some texts are
very theory-heavy, with little space devoted for discussing trends in actual chemical
reactions, while others are almost purely descriptive, focusing on listing the behavior of each
column in the Periodic Table with little theoretical underpinning. At the graduate level, there
are many fine texts dealing with inorganic topics at an advanced level, but many are too
advanced for a one-semester course that may be taken by first-year M.S. or Ph.D. students.
For example, many texts on the use of transition metals in the catalysis of organic reactions
assume a knowledge of synthetic organic chemistry greater than those possessed by first-
year graduate students, while many bioinorganic chemistry texts assume a greater
knowledge of biology than many students have whose primary interests are in chemistry.
Similarly, many texts on electronic structure and bonding in transition metal complexes
assume greater mathematical sophistication that most students possess even after a year of
undergraduate physical chemistry.

To remedy these issues, I developed a series of detailed lecture notes for my undergraduate
and graduate inorganic classes, and eventually expanded those notes into the present text.
This text, therefore, contains a mixture of material appropriate for junior or senior
undergraduates, and more advanced material more suited for graduate students. It is my
intent that this will serve as a modular text, from which instructors can pick and choose
sections according to the interests and preparations of their students. For instance,
undergraduates will benefit from the symmetry material discussed in chapter 2 and its
application in chapter 3 to basic MO theory, but the discussion of the overall symmetries of
electronic states in section 8.3 might better be deferred to graduate school. To aid such a
modular usage, | have endeavored to make later chapters dependent on only the more basic
sections of earlier ones.

[ wish to thank many people for their support and assistance in the production of this text.
First and foremost, I would like to acknowledge CSU’s Michael Schwartz Library and its
Textbook Affordability Grant program for supporting the production of open-access teaching
material. In particular, Heather Caprette, Amanda Goodsett, Barbara Loomis, and Theresa
Nawalaniec have been tremendously helpful in assisting me with the design and formatting
of this work. I would also like to thank my department chair, Michael Kalafatis, for his
support of teaching excellence in the Chemistry Department, and to Melanie Chiu (Michigan
State University) and Yiming Wang (University of Pittsburgh) for helpful comments on draft



chapters. Deep gratitude is also due to my many inorganic chemistry students over the past
11 years, who used the notes that became this book and helped improve them with their
comments. Any remaining errors are, of course, my responsibility.

Finally, I would like to thank my wife, Stephanie Johnson, for her loving and tireless support
of my academic endeavors. Her love and companionship have kept me grounded during
many a busy end-of-semester period, and my gratitude for her cannot be overstated. Te amo
quam plurimum, mea carissima.

W. Christopher Boyd
Cleveland, OH
November 2025



Chapter 1: Atomic Structure and Periodic Trends

1.1. Introduction to Inorganic Chemistry

Inorganic chemistry is the study of compounds and materials that are not primarily carbon-
based, as well as compounds which contain carbon along with other elements not commonly
encountered by organic chemists. As such, it can be understood to encompass the entire
Periodic Table. Inorganic chemistry has applications in materials science (e.g. the design and
preparation of alloys with novel properties), organic synthesis (e.g. the preparation of
transition metal complexes that catalyze useful organic reactions), medicinal chemistry (e.g.

platinum-containing anticancer drugs), and many other areas of research.

The goal of this textbook is to provide you with a strong foundation in both the underlying
theory of inorganic chemistry and the descriptive chemistry of the elements and their
compounds. We will begin with a symmetry-based discussion of molecular structure,
continue with some descriptive chemistry of the main-group elements, and then spend a
great deal of time discussing the chemistry of the transition metals. Before discussing
molecular structure, however, it is worthwhile to review some key elements of atomic

structure, as described by quantum mechanics.

1.2. The Schrédinger Equation
The fundamental equation of quantum mechanics is the famous Schrodinger equation,
devised by Erwin Schrodinger (1887-1961, Nobel Prize in Physics 1933) It is expressed in
its most general form as follows:
av = in 2
ot
Here W is the wavefunction of the system under consideration. It is a function of the spatial
coordinates of each particle in the system, as well as of the time t. For a single particle,

Y =Y(x,y,zt)=¥(,0,¢,t), depending on whether Cartesian or spherical polar

coordinates are used. The quantity #f =2£ 1.055 x 1073*]+s is the reduced Planck

T

constant, and i is the imaginary unit: i = v—1.



The operator H is known as the Hamiltonian operator (or just the Hamiltonian, for short),
and it is the quantum-mechanical counterpart to the total energy function in classical
mechanics. The carat or “hat” is used to denote the fact that it is an operator (a function on
functions). In this text, we will use carats to denote operators, but you should be aware that
this convention is not universally followed, and some sources write the Hamiltonian simply

as H. For a system of N particles, the Hamiltonian is given by

. me 1

H=-— ) —V:+U
2 Lam;
j=1

where m; is the mass of the jth particle, V* is the Laplacian operator, given for a single

particle by
02 0%  0°?
a2 Tay2 T o2

vZ=

or
e (e ) O (e D) O
r2or\ dr/ r?sin6do 200/ ' r?sin? 0 d¢?

in Cartesian and spherical polar coordinates respectively, and U is the potential energy of the

system, which can be a function of the spatial coordinates of each particle and of time.

For many systems, the potential energy U is a function of spatial coordinates, but not of time.
This means that there is no time dependence of either the Hamiltonian or the total energy
for these systems. In such cases, the total wavefunction W is separable: it can be factored into
the product of a time-independent wavefunction 1 and a time-dependent function f
according to W(r, t) = Y(r)f(t), where the vector r is a shorthand representing the spatial
coordinates of all particles in the system. Under these circumstances, the time-dependent
Schrodinger equation applies:
Hy = EY

where E is the total energy (kinetic and potential) of the system. It can be shown that, when
Y is separable, the time-dependent portion is given by

f(t) — e~ lEt/h

10



This time-independent Schrédinger equation is useful for a wide variety of chemical
problems involving structure and bonding, when one is interested in the configuration of
atoms leading to the lowest possible energy (or, at least, a local minimum of energy).
However, one must consider time-dependence when studying chemical reactions or
spectroscopic transitions, which by their nature do involve a change in the system’s energy

over time.

The wavefunction W or ¥ has no physical meaning in and of itself. However, according to the
interpretation put forward by Max Born (1882-1970, Nobel Prize in Physics 1954), the
square of its absolute value,! [|? = yY*y or |¥|? = P*Y, is the probability density function
of a particle, that is, the likelihood of finding the particle in some differential volume element
dt. Alternatively, since quantum mechanics teaches us that particles are delocalized in space,
1"y can be thought of as the fraction of the total particle that is present in dt. As a probability
distribution function, ¥*1) must be normalized, since the probability of finding the particle

somewhere in the entire universe is exactly 1. Mathematically, this is expressed by

cO 00 0o

f f flp(x,y,z)*lp(x,y,z) dxdydz = 1

—00 —00 —00

in Cartesian coordinates or

21

f ffll’(r'g'sb)*t/)(r,e,cp)rz sin6drdf de = 1
0 00

in spherical polar coordinates. We can express this rather cumbersome triple integral over
all space with the shorthand notation [1*1dt. An even more concise shorthand for
integrals over all space, the so-called “bra-ket notation,” was devised by Paul Dirac (1902-
1984, Nobel Prize in Physics 1933): for any two wavefunctions 11 and 2, and any operator

A, the following notation applies:

(Wlps) = f Y1, do

1 The wavefunction may be complex, with both a real and an imaginary portion. Thus, one
must multiply it by its complex conjugate, or (equivalently) square its absolute value. Some
wavefunctions are all real; it depends on the system.

11



(01 Aly2) = [ widw, dr

If you have studied vector spaces in a linear algebra course, the Dirac bra-ket notation may
remind you of the notation used for inner products of abstract vectors. In fact, the integration
over all space of a wavefunction times the complex conjugate of another wavefunction is

indeed the inner product of those two wavefunctions considered as vectors.

1.3. The Variational Method
It is usually the case that we cannot solve the time-independent Schrédinger equation
precisely, that is, we cannot write, in analytical form, a wavefunction 1 that exactly satisfies
the eigenvalue equation Hy = Ei. However, suppose that we have a “trial function” ¢ that
we believe might serve as a reasonable approximation to y. We can use the following
technique to calculate the approximate energy E4 corresponding to our trial function as
follows. First, we write the Schrédinger equation as if ¢ were an eigenfunction of the
Hamiltonian, even though this is not exactly correct:

Hp =E,¢
Next, we left-multiply by the complex conjugate of the trial function:

¢*Hp = ¢ Ep¢

We now integrate over all space, noting that, since E is a number, not an operator, it can be

pulled outside the integral:
(0|H|d) = Ep(¢l9)

_ 5, = 2119)

(¢l9)

If our trial function ¢ was already normalized, than the denominator of this expression

equals 1,50 Eg = (¢|H|o).

The usefulness of the above energy expression lies in the variational theorem, which states
that, for any approximate wavefunction (trial function) ¢, the energy calculated as above
must be greater than or equal to the true energy corresponding to the (unknown) true

ground-state wavefunction i, or

12



g, = GIHID)

(plo) —

where FE is the true energy. (The equality holds only in the unlikely event that our trial
function has the same form as the true wavefunction.) This means that any energy
calculation involving an approximate trial wavefunction will (at least slightly) overestimate
the energy of the system, but it will never underestimate it. The calculation of approximate
energy values using trial wavefunctions is called the variational method. It should be
emphasized that the inequality represented by the variational theorem only applies to
approximations to the ground-state wavefunction of the system in question. A variational
calculation with a wavefunction approximating an excited state of the system may
underestimate the excited-state energy, though it will still give an energy value greater than

the ground state energy.

The variational theorem is very useful when one has a trial wavefunction with a given
algebraic form, but with several parameters ci, ¢z, ¢3 ... cn with a range of possible values.

Thus, while the trial wavefunction ¢ is a function of the spatial coordinates of the system, the

: : : ) ,
approximate energy Ey is a function of each parameter c;. Setting a_c¢ = 0 for each j allows
j

for the calculation of the values of each ¢; that will lead to the lowest approximate energy Ey,
which, according to the variational theorem, is the closest approximation to the true energy
obtainable with a trial wavefunction of that algebraic form. It is often the case that the trial
wavefunction has a linear dependence on the variational parameters. Consider the case

where ¢ is a linear combination of basis functions f;, or

¢ = Zn: ¢ifj
j=1

Setting % = 0 for each j yields the following set of linear equations:
J

c1(Hyy —ESyy) + c;(Hyy —ESip) + -+ cy(Hyy —ES1) =0
c1(Hiz —ESi3) + c3(Hyy —ESpp) + 4+ cy(Hyy — ESp) =0

Cl(Hln - ESln) + CZ(HZn - ESZn) + et Cn(Hnn - ESnn) =0

13



where the overlap integrals Su» and the resonance integrals Hqp (together known as matrix
elements) are defined by
Sab = {Jalfo) = Spa = {(fplfa)
Hqp = <fa|ﬁ|fb> = Hpq = <fb|ﬁ|fa>
and E is the approximate energy corresponding to the approximate wavefunction ¢. If, as is

often (but not always) the case, the basis functions f; are normalized, than S;; = 1 for any j.

For the above set of linear equations to have a unique, nontrivial solution, the following

determinant, known as the secular determinant, must equal zero:

Hy; — E511 Hy, — E512 o Hyp — ESln
H12 - E512 sz - ESzz H2n - ESZn -0
Hln - ESln H2n - ESZn Hnn - ESnn

Determining the energies corresponding to an n x n secular determinant requires solving an
nth-order polynomial equation. If n is large, this is difficult to do by hand, but an easy
problem for a computer. An n x n secular determinant potentially yields n different roots, or
energies (fewer if two or more states of the system are degenerate, ie. have the same
energy). The lowest such value obtained is an estimate of the ground-state energy, and it is
guaranteed to be greater than or equal to the actual ground-state energy, according to the
variational theorem. We will see later in this course that group theory often allows us to
determine that some Sq» and Hgap values are exactly zero, thus simplifying the secular
determinants that we (or a computer) must solve. It should be noted that, while the
variational method in general gives an upper bound only to the ground-state energy, if a
variational function is linearly dependent on the variational parameters, its n energy
solutions are upper bounds to the n lowest energy levels of the system. Thus, the lowest
energy is an upper bound to the ground state, the next lowest energy is an upper bound to

the first excited state, and so on.

14



1.4. Perturbation Theory

In addition to the variational method, another key technique for performing approximate
calculations in quantum mechanics is perturbation theory.? The logic of perturbation theory
is as follows: suppose we wish to solve the (time-independent) Schrodinger equation
Y, = E,,, for different states n, but the nature of the Hamiltonian is such that this
differential equation has no analytical solution for y,. However, suppose that we can write
our actual Hamiltonian A as the sum of two operators: H = H® + H’, and that if H = H©,

,(lo) = E,So)l/;,(lo). Now suppose further

we could solve the Schrédinger equation exactly: H®1)
that A’ is expected to have a significantly smaller effect on a function than A(®). We thus say
that H' is a perturbation to H®, Under such circumstances, we can write the true
wavefunction ¥, and true energy E, in terms of 1/),(10) (the zeroth-order wavefunction) and
E,(IO) (the zeroth-order energy) corrected by successively smaller perturbation terms:

Yo =0+ + P 4

E,=EQ +EDN +EP + -
Note that the superscript numbers in parentheses are not powers to which a wavefunction
or energy is being raised, but simply indices. A superscript 1 in parentheses is called the first-
order correction, a superscript 2 in parentheses is the second-order correction, and so on.
Since perturbations of increasing order are generally each smaller than the last, we can often
accurately approximate the true value of the energy by using first-order perturbation theory:

E, ~ E + E

It can be shown that3 the first-order energy correction is given in terms of the unperturbed

wavefunction and the perturbation to the Hamiltonian as follows:

0 = (u o)

Thus, the value of the energy, correct to first order, is

2 The type of perturbation theory shown here is sometimes known as Rayleigh-Schrodinger
perturbation theory. It was devised by Schrédinger based on earlier work by John William
Strutt, 3rd Baron Rayleigh (1842-1919).

3 Derivations of the perturbation theory formulae in this section can be found in chapter 9 of
Quantum Chemistry, 7th edition, by Ira N. Levine, Pearson Education: Upper Saddle River, NJ,
2014.
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0 0)|yr 0
By~ B + (p07|w”)

The use of the index n above for different quantum states indicates that, unlike the
variational method in general, perturbation theory can be used to estimate the energies of

excited states, in addition to that of the ground state.

The first-order correction to the wavefunction, 1/),(11), is not as straightforward to calculate as

the first-order correction to the energy. It is given by the following, more complicated,

formula:
|z (o)>
) _ Z < |¢ o
n (0) (0) m
m#n En - Em

This formula expresses a correction to the zeroth-order wavefunction 1/;(0) in terms of all the

other zeroth-order wavefunctions (for different states) l/)m) One cannot, in general, solve for

( ) exactly, as there are usually an infinite number of possible states m # n. However, note

the W dependence of each term in the sum. If a zeroth-order wavefunction 1/),(,?)
En —En

corresponds to a highly excited state, with a zeroth-order energy E,(T? ) much greater than the
zeroth-order energy E,(lo), then its contribution to the correction 1/)(1) will be small in

magnitude. Thus, one can obtain an approximate value of 1/)n1) (an approximation to an
approximation!) by only including the zeroth-order wavefunctions that are relatively close
in energy to the wavefunction to be modified. Perturbation theory can be viewed as
correcting a zeroth-order wavefunction by mixing in wavefunctions corresponding to
excited states (as well as those corresponding to lower states, if the zeroth-order
wavefunction to be corrected represents an excited state itself). The second-order correction

to the energy is given by a similarly cumbersome formula:

o s el
En Z EO _ (O
m+n
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The perturbation theory that we have discussed so far assumes that the zeroth-order

wavefunctions 1117(10) are nondegenerate. If two zeroth-order wavefunctions z/),(lo) and 1/),(,?)

have equal zeroth-order energies E,(IO) and E,(,?), then some of the terms in the expression

previously given for 1/;,(11) would have a zero denominator. However, we frequently encounter
systems with a set of degenerate zeroth-order wavefunctions whose degeneracy is reduced,
or removed entirely, by a perturbation that lowers the symmetry of the system. For example,
in a free transition metal atom or ion, all five d orbitals in a given subshell (3d, 4d, or 5d) have
the same energy. Once a set of molecules or ions (ligands) binds to the transition metal,

however, its 3d orbitals (for example) will no longer be a fivefold degenerate set.

There exists an important theorem, which results from the fact that the Hamiltonian is a
linear operator. The theorem is as follows: if multiple wavefunctions 1); are degenerate
solutions to the Schrédinger equation, that is, I:h/)j = Evy; with the same energy E for

different j, then if we take a linear combination of those functions

N

Yo = Z cY;

j=1
this linear combination is also a solution of the Schrédinger equation with the same energy
eigenvalue: Hi;c = EYc. This theorem might seem to suggest that we can use any one of
an infinite number of sets of degenerate zeroth-order wavefunctions as the starting point for
a perturbation theory treatment. However, this is not in fact the case. Only a particular set of

degenerate, zeroth-order wavefunctions is correct for the perturbation theory, since the

perturbing part of the Hamiltonian A’ breaks the degeneracy.

Let us say that we have a set of n zeroth-order, degenerate wavefunctions 1/),(,?), which are
also orthonormal, meaning that <l/)z()0)|1/’c(10)> = 8,q- (The Kronecker delta 6pq is equal to 1 if

p = q, but equal to zero if p # q.) We can always choose a set of linear combinations that are
orthogonal by using an algorithm such as the Gram-Schmidt orthogonalization procedure

(see chapter 3), and normalization simply amounts to multiplying a function by a constant.
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Now let the correct set of n zeroth-order wavefunctions, suitable for perturbation theory, be

denoted by

n

0 0
¢]§)zzcm 1(11)

m=1

where the set of coefficients ¢, are different for every j. This leads to a set of n linear

equations
i 1 / !
Cl(H 11 — E]( )) + C2H 12 + -+ CnH 1in — 0
/ i 1 ]
ClH 21 + Cz(H 22 — E]( )) + -+ CnH 2n — O
ClH’nl + CZH,TLZ + -+ Cn(H,nn - E'](l)) = O
where

Hg = (0| w?)

For this set of linear equations to have a unique, nontrivial solution, we must again have a

secular determinant equal to zero:

Hy-EY  Hy, o Hiy
Hp  Hyp—EY o Hoy 0
! l; r 1
Hnl an Hnn_Ej( )

The roots of this secular determinant are the values of Ej(l), which are the first-order energy
corrections to the energies of each correct zeroth-order wavefunction ¢](1)_ If two or more

Ej(l) values are equal, this means that the degeneracy has only partially been removed. For

example, when six of the same kind of ligand are arranged around a metal atom or ion with
an octahedral geometry, the initially fivefold degenerate d orbitals are split into one triply
degenerate set and one doubly degenerate pair. As with the secular determinants that we

encounter when using the variational method, if we can show by symmetry considerations

18



that some of the matrix elements H',, must be exactly equal to zero, we can simplify our

calculations considerably.

1.5. One-Electron Atoms

For the vast majority of systems, we cannot obtain an analytical solution to the Schrodinger
equation. However, we can obtain an exact solution for the case of a hydrogen atom, with
only one electron, if we neglect relativistic effects. Similarly, we can obtain an exact solution
(again, neglecting relativity) for any one-electron ion, such as He*, Li?*, Be3+, etc. One-electron
atoms or ions are often called “hydrogenlike atoms.” For a nucleus with Z protons (Z = 1 for
H, Z = 2 for He, etc.), the potential energy function for the electron in terms of its distance r
from the nucleus is given by Coulomb’s law:

Ze?

4meyr

Ulr) =-—

where e is the elementary charge (1.602 x 10-1° C) and &o is the permittivity of vacuum
(4meo = 1.113 x 10-10 C2-]-1.m1). We can neglect the gravitational attraction between the
electron and the nucleus, as it is miniscule compared to the Coulombic attraction. Since U is
not a function of time, the time-independent Schrodinger equation can be used, and thus the
full form of the Schrodinger equation for a one-electron atom or ion (neglecting nuclear
motion as per the Born-Oppenheimer approximation) is

h? ll i(rz 6_1/;) 1 0 ( 61/)) 1 0%y Ze?

2m, |r? or ar) T rzsingag\°" " 90) T rZsinz g dp?| Ame,r

Y =Ey

This is a complicated partial differential equation, but it does have a series of analytical
solutions* categorized by three quantum numbers: the principal quantum number n, which
may have any positive integer value, the azimuthal quantum number /, which can have any
non-negative integer value such that / < n, and the magnetic quantum number m (sometimes
denoted my), which can have any integer value (positive, negative, or zero) such that

-1 < m < I. Each one of the set of wavefunctions v, ,, can be factored into the product of a

4The detailed solution can be found in Section 20.3 of Mathematical Methods for Physical and
Analytical Chemistry, by David Z. Goodson, John Wiley & Sons, Inc.: Hoboken, NJ, 2011.
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radial function R, dependent only on r, and an angular function Y, dependent only on the

angular coordinates:

lpn,l,m (T, 0, ¢) = Rn,l(r)ylm (8' ¢)

The angular functions Y are commonly known as the spherical harmonics. The general
formulae for R and Y, for different values of n, |, and m, are as follows (note that here e is the

base of the natural logarithm, not the elementary charge, except in the expression for ao).

/2 14+3/2
n—1-11)"* /22 277
Ry, (r) = { ( ) } ( ) rle=Zr/nao2Lil (—)

2n[(n+ 1)!]3 na, na,

2L+ 1)( — |m])!
4l + [m)!

1/2
Y0, ¢) = l l Pllml(cos 0)e " imé

j d’ _
L, (x) = Ele (x e x)l

, odRETT (k2 = 1)k
ij(x) =(1- xz)]/z dxk+i l 2k
goh?
Gy = —— =5.292x 107" m
mm,e

Here L{{ (x) and ij (x) are the associated Laguerre polynomial and associated Legendre
polynomial, respectively. The quantity ao is called the Bohr radius, and is commonly used as
a measure of distance in atomic units. The radial functions for the first few n and [ values are
shown in Table 1.1 below, and the spherical harmonics for the first few [ values (with their

associated m values) are shown in Table 1.2 below.

For one-electron atoms, the energy of the system depends only on the value of n, not on that
of the other quantum numbers, according to

ZZ
En == _ﬁEh

where the hartree E}, a useful atomic unit of energy, is given (with e here being the elemental
charge) by

mee*

En = e n)?

= 4.360 X 10712 ]
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Note that energy is an increasing function of n: while it is always negative, it becomes less
negative as n increases, and E — 0 as n — oo. One can think of an n value of o as indicating a
fully ionized hydrogen atom, i.e. an H* ion and an electron separated by an infinite distance.
Thus, the zero point for the energy is ionized hydrogen, with all quantum states of a hydrogen

atom more stable than that. Since the ground-state energy of a hydrogen atom (Z=1,n=1)

is — ?h, the ionization energy of a ground-state hydrogen atom is 7}‘

Table 1.1. Radial wavefunctions through n = 4.

n l R, (1)
3/2
1 0 2<£) e—Zr/aO
Qo
3/2
2 0 L(i) (1_2)9_m2a0
2 \a, 2a,
3/2
2 1 i <£) <ﬁ) e—Zr/ZaO
V24 \a, Qo
3 0 2 172N\ 27r 27%r?
_ <_) 1——+ e—Zr/3a0
V27 aO Sao 2761(2)
3/2
3 1 ﬂ(i) (ﬁ) (1_ﬁ)e_m3ao
273 \a, ao 6a,
3/2 2
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Table 1.2. Spherical harmonics through I = 3.

I m Y6, )
0 0 ’ 1
1 0
cos 0
1 +1
sm 0 eti®
2 0
T (3cos?6—-1)

2 +1

15 .

sm 0 cos O eti®

2 +2 15 -

TS]I’I e
3 0

I 0 (5cos? 6 — 3)
5 COS
3 +1
T sin @ (5cos? 0 — 1)eti®
3 +2 105
sm 0 cos O e*2i¢

3 +3

/ 35 .
+3i¢
i sin3f@e

The wavefunctions ¥, ; ,,, for a hydrogenlike atom are commonly called atomic orbitals (the

name is a holdover from the old Bohr theory of the hydrogen atom, in which the electron

moved about the nucleus in well-defined orbits). In the atomic orbital nomenclature that is
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standard for chemists (1s, 2s, 2p, etc.), the initial number specifies n and the letter specifies

as follows: smeans /=0, p means/=1,d means /=2, and f means [ = 3.

Different orbitals can be distinguished by their nodes, which are surfaces where 1 = 0.
Whenever one crosses a node, the sign of 1) changes from positive to negative or vice versa.
Each orbital has n - I - 1 radial nodes and [ angular nodes. Since [ = 0 for all s orbitals, each s
orbital is spherically symmetrical, with n - 1 radial nodes, so a 1s orbital has no nodes, a 2s
orbital has 1 node, and so on. In contrast, the presence of angular nodes in p, d, and f orbitals
makes these orbitals no longer spherically symmetrical. The angular nodes consist of planes
or conical surfaces. The total number of nodes (radial and angular combined) for a given

atomic orbital is n - 1.

The spherically symmetrical s orbitals are easy to visualize: the wavefunctions are all real,
and consist of concentric spheres separated by radial nodes. In contrast, the p, d, and f
orbitals are not so easily visualized, since some of them have imaginary components. Let us
first consider the set of three 2p orbitals (n = 2 is the lowest principal quantum number for
which p orbitals, with I = 1, are possible). There are three possible values of m for a p orbital:
-1,0,and 1. If m = 0, the orbital is readily visualized as having the “dumbbell” shape familiar

from introductory chemistry courses:

1/2

3
Y210 = R21 <E> cos ¢
5/2
Ry, = _1 <£) re=2r/2a
T W24 \q
This orbital is the familiar 2p; orbital. The z in this name comes from the fact that it can also

be written as

3 1/2 A
=R = Z
Y210 2,1 <4ﬂ) -

since cos 6 = f Thus, the 2p, orbital has the same symmetry as a vector lying along the z-

axis. The 2p orbitals with m = 1 are more difficult to visualize, since they are not pure real.

Their formulae are

23



3\"/2 .

Wo11 =Ry (@) sin @ e'?

3\"/2 .

Yo1-1 =Ry (@) sin@ e~

We can recast these 2p orbitals as purely real functions by making use of the previously
mentioned theorem according to which, if multiple functions are degenerate solutions to the
Schrodinger equation, any linear combination of those functions is also a solution with the
same energy eigenvalue. We thus construct (normalized) linear combinations of these 2p

orbitals to remove the imaginary components:

1/2 3 1/2

1 3 :
2py = ﬁ (¢2,1,1 + 1/)2,1,—1) =R, <E> sinf cos¢ = R, <E>

SR

1 3 1/2 . . 3 1/2 y

Zpy = E (1/)2,1,1 - l/’2,1,—1) =Ry, <E> sinfsing = R, <E> -
The resulting 2px and 2p, wavefunctions, each all real, have the symmetries of vectors lying
along the x- and y-axes, respectively. The conversion of exponential functions of i¢ to

trigonometric functions was made using Euler’s formula, e!? = cos ¢ + i sin ¢.

Similar manipulations are made to transform d orbitals (/ = 2) into all-real forms. The d,,
and dyz orbitals are formed from linear combinations of the complex d orbitals with m = #1,
and they have the symmetries of the products xz and yz, respectively (the familiar “four-leaf

clover” shape). Similarly, the d,,, and d,2_,2 orbitals are formed from linear combinations of

the d orbitals with m = +2, and they have the symmetries of xy and x? - y?, respectively. The
d,2 orbital is the d orbital with m = 0, which is already all real (cf. the all-real p orbital with
m = 0). Instead of a clover-leaf shape, it has the shape of two lobes with a torus (a “donut”
shape), with two conical nodes rather than two nodal planes. It has the symmetry not simply
of z2, but of 222 - x2 - y2. It would be more correct to label it as the d,,2_,2_,2 orbital, but d,-
is used as a convenient shorthand. The 1s, 2p, and 3d orbitals (each with no radial nodes) are
shown in Figure 1.1 below, and representative examples of orbitals with radial nodes are
shown in Figure 1.2. There exist sets of all-real linear combinations of the f orbitals (I = 3),

though in the case of these orbitals, different linear combinations are conventionally used

under different circumstances.
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Figure 1.1. The 1s, 2p, and 3d orbitals.
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Figure 1.2. The 2s, 3p,, and 4dx; orbitals, as examples of orbitals with radial nodes.

In addition to the quantum numbers n, I, and m, an electron in a hydrogenlike atom has a
fourth quantum number, denoted m;. This is called the spin quantum number, and reflects
the fact that part of the electron’s angular momentum is due to a quantity known as spin. The
term “spin” comes from the fact that each electron is associated with a magnetic moment
similar to that generated, in classical electrodynamics, by a spinning electrical charge. This
does not mean that electrons are actually spinning, but it is a serviceable classical analogy.
Electron spin is not predicted by the Schrédinger equation, but it is predicted from the
relativistic quantum mechanics developed by Dirac. While Dirac’s quantum mechanics is
more correct than the quantum mechanics of Schrodinger in that it accounts for relativity, it
is mathematically much more complicated, so most chemists content themselves to use

nonrelativistic quantum mechanics and then add spin as a correction.
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The spin quantum number m; reflects the projection of the spin angular momentum vector
S on the z-axis. This projection S is given simply by

S, =msh
There are only two possible values of ms, % and — %, and they are degenerate in the absence

of an external magnetic field. We can formally write the total time-independent
wavefunction for a hydrogenlike atom as
lpn,l,m,ms = 1/Jn,l,m (T, 9' d))a

or
lpn,l,m,ms = lpn,l,m (T’, 0' ¢)B
where a denotes mg =% (sometimes referred to as “spin-up”) and f denotes mg = —%

(sometimes referred to as “spin-down”). As we will see shortly, spin is very important to the

properties of many-electron atoms.

1.6. Many-Electron Atoms and Slater Determinants
The time-independent Schrodinger equation for a two-electron atom or ion, neglecting

nuclear motion and relativistic effects, has the following as its Hamiltonian operator:

2

)

= =5 —(Vi+ V) -

h? Ze? ( 1 1 ) e
2m, 4me,

+ )y
o ATrEgT 5

In the above expression, r1 is the distance between electron 1 and the nucleus, r; is the
distance between electron 2 and the nucleus, and r1 2 is the distance between electrons 1 and
2. For the neutral two-electron atom, helium, Z = 2, of course. This Hamiltonian is almost the

sum of the Hamiltonians for two one-electron atoms, differing only by the potential energy

2
term that reflects electron-electron repulsion, U,_, = 4n§ —. If the interelectron repulsion
071,2

term were not there, then we could write the wavefunction i as the product of two one-

electron wavefunctions. The ground-state wavefunction would then be simply given by

Y =1s(1)1s(2)

where the numbers in parentheses indicate the coordinates of electrons 1 and 2.
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One might think that a good approximate wavefunction would be this product of one-
electron wavefunctions, which, including the spin functions a and £, could be written as
Y = 1sa(D1sB(2) = us (Du,(2)
where the “spin orbitals” u; and u> are equal to 1sa and 1sf, respectively. However, there is
a problem with this approximate wavefunction beyond its neglect of interelectronic
repulsion, namely, that it is not antisymmetric upon the exchange of electrons. Wolfgang
Pauli (1900-1958, Nobel Prize in Physics 1945) used relativistic quantum mechanics to show
that any acceptable multielectron wavefunction must be change sign (i.e. must be multiplied
by -1) when the coordinates of any two electrons are exchanged, a result known as the Pauli
antisymmetry principle. For a two-electron system, this result can be written in shorthand
as
Y21 =—-9((1,2)
We can see immediately that our simple product of spin orbitals does not satisfy this
criterion:
Y(1,2) = 1sa(1)1sB(2)
Y(2,1) = 1sa(2)1sp(1) # —y(1,2)

John Slater (1900-1975) showed that one can write an approximate helium atom

wavefunction that displays this property of antisymmetry as a determinant:

1 [1sa(1) 1sB(1)

¥(1.2) = VZ11sa(2) 1sp(2)

The factor of 1/+/2 is a normalization constant. Switching the coordinates of electrons 1 and

2 in this determinantal wavefunction gives

1 |1sa(2) 1sB(2)| _

b(21) ~ V2 l1sa() 1sp(DI T —$(12)

This switching of electronic coordinates must yield the negative of the first wavefunction

because it consists of exchanging two rows in a determinant, and every time two rows (or

two columns) of a determinant are exchanged, the determinant’s value is multiplied by -1.
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In general, a system with n electrons in n spin orbitals can be represented by a so-called

Slater determinant with the form>

u; (1) up(1) - u,(1)

_ u1(2) uy(2) - uu(2)
Y(1,2,:,n) = \/ﬁ ) : E

ui(n) u,(n) - u,(n)

(Slater determinants are sometimes written with the rows and columns interchanged from
the form above. This is also perfectly correct, since the interchange of all rows of a
determinant with its columns does not change the determinant’s value.)

The ground state wavefunction of a lithium atom, with three electrons, could be
approximated by the following Slater determinant:

1sa(1l) 1sB(1) 2sa(l)
¥(1,2,3) = —=|1sa(2) 1sp(2) 2sa(2)
Vo |1sa(3) 1s8(3) 2sa(3)

It should be emphasized that Slater determinants are not “exact” wavefunctions, since for
systems with more than one electron, the true solution to the nonrelativistic Schrodinger
equation cannot be written in closed form. What Slater determinants do is ensure that
approximate wavefunctions accurately reflect a particular physical reality, namely, the

antisymmetry of real wavefunctions upon the exchange of two electrons.

The use of Slater determinants also yields the familiar Pauli exclusion principle, according to
which no more than two electrons (with different spin) can occupy a single spatial atomic
orbital (a particular set of quantum numbers n, [, and m). The Slater determinant we
previously wrote for Li reflects the (actual) ground-state electron configuration (1s)?(2s)?.
Now, suppose that we naively thought that Li had the (impossible) electron configuration

(1s)3. This would mean that the third electron, with only two choices for spin, a or 5, would

5 Closed-subshell systems, systems with only one unpaired electron, and systems in which
all unpaired electrons have the same spin (either a or ) can be represented by a single Slater
determinant. Systems containing more than one unpaired electron with different spin
sometimes require a linear combination of a few Slater determinants to approximately
describe the wavefunction. For further details and some examples, see pages 40-43 of
Electronic Structure and Properties of Transition Metal Compounds: Introduction to the
Theory, 2nd edition, by Isaac B. Bersuker, John Wiley & Sons: Hoboken, NJ, 2010.
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occupy the spin orbital 1sa or 1sf. This would yield either of the two following Slater

determinants:
1 1sa(1) 1sp(1) 1sa(l)
Y[(1s)3] = —=|1sa(2) 1sB(2) 1sa(2)
Vo |1sa(3) 1s8(3) 1sa(3)
or

1 1sa(1) 1sp(1) 1sp(1)
P[(1s)%] = NG Isa(2) 1sp(2) 1sp(2)
6l1sa(3) 1s8(3) 1s8(3)

Each of the above determinants has two columns that are the same as each other. But a well-
known theorem about determinants states that any determinant with two columns the same
(or two rows the same) has a value of zero.® So the determinantal “wavefunctions” that could
be written for the electron configuration (1s)3 have ) = 0 everywhere, i.e. they represent

systems that do not exist.

1.7. Electron Configurations, Terms, and States

Keeping in mind that each (spatial) orbital can hold up to two electrons (with different spin),
we can predict the ground-state electron configurations of neutral atoms by supposing that
electrons will fill orbitals in order of increasing energy, with lower-energy orbitals being
filled first. The construction of electron configurations in this fashion is known as the Aufbau
principle, from the German Aufbau, “construction.” Thus, the ground-state electron
configurations of the first 18 elements are shown in Table 1.3 below. As the atomic number
(and thus the number of electrons in a neutral atom) grows, the full electron configuration
becomes long and unwieldy to write, so we often use a shorthand in which we write the
symbol for the previous noble gas in parentheses, followed by the electrons added following

this last noble gas “core.”

6 This follows from the fact that interchanging two columns or two rows of a determinant
gives you the negative of that determinant. Suppose a determinant with value D has two
columns (or rows) the same. Interchanging those two columns (or rows) to give a new
determinant with the same value D, since the columns (or rows) interchanged were identical.
But since interchanging two columns (or rows) takes the value of the determinant to its
negative, so the new determinant has the value -D. We thus have the equation D = -D, which
can only be true if D = 0.
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To use the Aufbau principle correctly, we must know the relative ordering of orbital energies
in multielectron atoms. For orbitals with a given value of ], energy increases with n, and for
orbitals with a given value of n, energy increases with I. In the absence of an external
magnetic field, energy is independent of m for a given pair of n and L. This gets us the ordering
1s < 2s < 2p < 3s < 3p, which is reflected in the electron configurations shown in Table 1.3.
However, once we reach the fourth row of the Periodic Table (K through Kr), we see that
some orbitals with higher n but lower I are lower in energy than others with lower n and
higher L. In particular, the 4s orbitals are filled before the 3d, so the ground-state electron
configurations of K and Ca are [Ar](4s)! and [Ar](4s)?, respectively, with the d orbitals
beginning to be filled as we move into the transition metals: the first two transition metals,
Sc and Ti, have ground-state electron configurations [Ar](4s)?(3d)! and [Ar](4s)?(3d)?,

respectively.

How may we predict the energy ordering of orbitals with various different n and [ values?
One way would be simply to memorize a list in order: 1s<2s<2p<3s<3p<4s<3d<4p<
55s<4d <5p<6s<4f<5d<6p<7s<5f<6d<7p.Butsuch alistis not the easiest thing to
memorize, especially if the patterns are not clear. Fortunately, you need not memorize such
a list as long as you have access to a Periodic Table. The trick to easily constructing electron
configurations is to recognize “blocks” of two elements (to the left of the transition metals)
as corresponding to the filling of an s orbital,” blocks of six elements (to the right of the
transition metals) as corresponding to the filling of a p subshell, blocks of ten elements (the
transition metals) as corresponding to the filling of a d subshell, and blocks of fourteen
elements (the lanthanides and actinides, usually appended below the rest of the elements in
a Periodic Table) as corresponding to the filling of an f subshell. If you have not committed
to memory the fact that the 4s orbital is filled before the 3d orbitals, you could still recognize
that the block of two elements (K and Ca) preceding a block of ten (Sc through Zn) reflects
the filling of 4s before 3d.

7 The first such block, corresponding to the filling of the 1s orbital, consists of H and He. How
this block works would be clearer if He were above Be in the Periodic Table, since He has the
electron configuration (1s)? and Be has the configuration [He](2s)2. He is instead placed in
the rightmost column, with the other noble gases, due to its similar (lack of) reactivity.
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Table 1.3. Ground-state electron configurations of the first 18 elements.

Element Electron configuration (full) Electron configuration (shorthand)

H (1s)? (1s)?

He (1s)? (1s)?

Li (1s)2(2s)? [He](2s)!
Be (1s)?(2s)? [He](2s)?

B (1s)%(25)*(2p)* [He](25)%(2p)"
C (15)%(25)*(2p)? [He](25)*(2p)?
N (15)%(25)*(2p)? [He](25)*(2p)?
0 (1s)%(25)*(2p)* [He](25)*(2p)*
F (15)2(25)*(2p)° [He] (25)*(2p)>
Ne (15)%(25)*(2p)° [He](25)%(2p)°
Na (1s)%(2s)%(2p)°(3s)! [Ne](3s)!
Mg (15)%(25)*(2p)°(35)? [Ne](3s)?
Al (15)%(25)*(2p)°(35)*(3p)* [Ne](35)*(3p)*
Si (15)%(25)%(2p)°(35)*(3p)? [Ne](35)*(3p)?
P (15)%(25)%(2p)°(35)*(3p)° [Ne](35)*(3p)?
S (15)%(25)*(2p)°(3s)*(3p)* [Ne](35)*(3p)*
Cl (15)2(25)*(2p)*(3s)*(3p)° [Ne](35)*(3p)°
Ar (15)%(25)%(2p)°(35)*(3p)° [Ne](3s)*(3p)°

This Periodic Table-based technique for predicting ground-state electron configurations
works very well for those elements which do not have anomalous ground-state
configurations. Examples of such anomalous elements include Cr, whose ground-state
configuration is [Ar](4s)1(3d)> rather than [Ar](4s)%(3d)* and Cu, whose ground-state
configuration is [Ar](4s)1(3d)'° rather than [Ar](4s)?(3d)°. I do not recommend attempting
to commit these anomalous configurations to memory (especially since the electron
configurations of ions, as opposed to neutral atoms, are quite regular), but you should be

aware that they exist.

31



When considering the ground-state electronic structure of an atom, the electron
configuration, which shows only the number of electrons in each subshell defined by n and ],
is not the whole story. We must also consider the values of m and ms of electrons within a
given subshell. In general, two electrons in the same subshell have an energetic preference
for occupying different orbitals in that subshell, if possible, to minimize the Coulombic
potential energy required to pair two negative charges in the same region of space. Let us
denote this Coulombic energy as I1.. Now consider a carbon atom, with ground-state electron
configuration [He](2s)?(2p)>?. Of its four valence electrons, the two in the 2s subshell must
occupy the same orbital, since there is only one orbital in each ns subshell. However, since
there are three orbitals in the 2p subshell, it is energetically more favorable to place the two
electrons in the 2p subshell in different orbitals. This means that, for instance, the
configurations [He](25)?(2px)t(2p-)t, [He](2s)?(2py)'(2p2)!, and [He](2s)?(2px)'(2py)! are
equal in energy to each other, but each is lower in energy (by Ilc) than [He](2s)?(2px)?,
[He](25)?(2py)? or [He](25)?(2p2)*.

Additionally, when multiple electrons occupy orbitals with different values of m, the
configuration with the highest net spin S (where S is the sum of m; values) is lowest in energy;
this fact is known as Hund'’s rule of maximum multiplicity (after Friedrich Hund, 1896-1997).
Qualitatively, Hund’s rule works because of a quantity called exchange energy, symbolized
by Ile; this quantity has no classical analog. Whenever two electrons in a set of degenerate
orbitals have the same spin, they are indistinguishable, and each way that two such electrons
could be swapped with each other adds Il. to the energy of the configuration. Since Il. is a
negative quantity, exchange energy terms are stabilizing, so they lower the system’s total
energy. For example, consider a free nitrogen atom, with electron configuration
[He](25)?(2p)3. Two possible states of the 2p electrons in an N atom are shown below, labeled

A and B in Figure 1.3 below.
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Figure 1.3. Two possible states of the 2p electrons in a nitrogen atom.

We first may note that neither state A nor state B has any Coulomb energy terms, since
neither has two electrons occupying the same 2p orbital. The two states are not, however,
equal in energy. For state A, the pairs of electrons that we can swap to yield indistinguishable
configurations are (1, 2), (2, 3), and (1, 3), so the total exchange energy of state A is 3Ile. For
state B, we can make the swap (1, 2), but since electron 3 has the opposite spin from electrons
1 and 2, we cannot swap the pairs (1, 3) or (2, 3). Thus, state B has a total exchange energy
of only Ile, and since Il is a negative quantity, state A is lower in energy, and it in fact

represents the ground state of a free N atom.

The above discussion of the Coulomb energy Il and exchange energy Ile (collectively often
referred to as the pairing energy) is semiquantitative. To more formally consider the
possible electronic states of atoms, we must consider an extension of the quantum numbers
n, I, m, and ms, defined for single electrons (or one-electron atoms) to multielectron atoms.
We can describe a multielectron atom by four quantum numbers, L, S, M, and Ms. Importantly,
a given electron configuration for a multielectron atom can give rise to more than one term,
where an atomic term (and its corresponding term symbol) indicates the values of L and S.
Different terms have different energies, even for the same electron configuration of the same

element.

As an example, we can return to the example of a neutral carbon atom, with electron
configuration [He](25)?(2p)?. A closed subshell, in which all orbitals with a given set of n and
[ values are doubly occupied, has no effect on the overall atomic term, so we do not need to
consider the 1s electrons (from the He “core”) or the 2s electrons. This means that the

analysis that we are about to perform is valid for any atom or ion with an p? electron
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configuration in the ground state, so it would work just as well for an Si, Ge, Sn, or Pb atom.
To understand why a (2p)? electron configuration would give rise to multiple terms,
remember that there are three degenerate 2p orbitals with different values of m (2p1, 2po,
and 2p-1).8 The two electrons might be in the same 2p orbital, or they might be in different
2p orbitals. If they are in different orbitals, they might have the same spin or the opposite

spin.

The multielectron atom quantum numbers M and Ms are defined, summing over each

M=Zmi
i

MS :zms,i
i

To calculate M, we simply add the m values of all the electrons, and to calculate Ms, we add

electron i, by

all their ms values. Each set of m and m; values for all the electrons in partially filled subshells
is called a microstate. The first step in determining the term symbols for an electron
configuration is to prepare a table of all the possible microstates, organized by the values of

M and Ms that they give rise to. The notation we will use is a simple numeral to indicate the

. L 1 1 .
value of m, and a superscript + or - to indicate an m; value of + Sor—r-, respectively. For
example, if one electron is in the 2po orbital with ms = + 5 and another is in the 2p.1 orbital

. 1 . .
with ms = — > we denote that microstate by 0+, -1-. We are not concerned about the order in

which the electrons’ quantum numbers are written, so the microstate denoted 0+, -1- is the

same as that denoted by -1-, 0*.

The largest value of M we can obtain for (2p)? is +2, where both electrons are in the 2p;

orbital, and the smallest is -2, where both are in 2p.1. Similarly, the largest Ms is +1, where

both electrons have m;s = +%, and the smallest Ms is -1, where both have m;s = —%. When

8 It is more numerically convenient here to deal with potentially complex orbitals, with well-
defined values of m, than with the all-real linear combinations such as 2px and 2p,.
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preparing a microstate table, we must be careful to ensure that we obey the Pauli exclusion
principle: for any microstate with M = 2, we must have Ms = 0, since if the two electrons are
both in the 2p: orbital, they must have opposite spins that cancel each other out. The

microstate table for (2p)?, or any p?, is shown below (Table 1.4).

Table 1.4. Microstates of a pZ atom.

Ms
-1 0 +1
+2 1+ 1-
+1 1, 0+ 1+ 0 1+, 0+
1, 0+
0 -1, 1- -1+, 1- -1+, 1+
M 0+,0
11+
-1 -1, 0 -1+, 0 -1+, 0*
1-, 0+
-2 -1+, -1

To extract the terms, which specify the quantum numbers L and S, from this microstate table,
we need to define the possible values of L and S in terms of M and Ms. Each term consists of
a number of degenerate microstates. A term with quantum number L has 2L + 1 possible
values of M, integers with valuesof M=-L,-L+1,-L+2...L-2,L -1, L. A term with quantum
number S has 25 + 1 possible values of Ms, integers or half-integers with values of
Ms=-§5-S+1,-S+2..5-2,5-1, S. The notation for term symbols is 25+ 1L, where the
quantity 2S5 + 1 is called the multiplicity, and the value of L is denoted by a letter: L values of

0,1,2,3,4,5,and 6 are given the letters S, P, D, F, G, H, and I, respectively.’ The terms “singlet,”

9 The first four of these letters, S, P, D, and F, are analogous to the s, p, d, and f labels for
orbitals. Note that, while no currently known elements have g, h, or i orbitals occupied in
their ground states, G, H, and [ terms for multielectron atoms are spectroscopically
important. Be careful not to confuse the quantum number S with the use of S to denote a term
where the quantum number L = 0.
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“doublet,” “triplet,” etc. are often used to denote the multiplicity, so the term 1S is read as
“singlet S,” 3P as “triplet P,” and so on. The degeneracy (number of microstates)

corresponding to each term is given by the product (25 + 1)(2L + 1).

To extract the terms from the microstate table, we draw the table again without actually
denoting all the microstates. Instead, we just denote each separate microstate with a letter
X. So a pair of M and Ms values corresponding to three microstates will have xxx noted in the

table. Doing this with our p? table yields

Ms
-1 0 +1
+2 X
+1 X XX X
M 0 X XXX X
-1 X XX X
-2 X

The maximum S value possible here is S = 1, since that is the maximum value of Ms. Thus,
S =1 corresponds to Ms = -1, 0, or +1. This means that we need a row with three columns
(three values of Ms), which excludes M = -2 or +2.If L=1,then M =-1, 0, or +1. Thus,a3 x 3

grid correspondstoS=1and L =1, or a3P term:

Ms
-1 0 +1
+2
+1 X X X
M 0 X X X
-1 X X X
-2
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If we subtract the x markings corresponding to this table from the initial table, we obtain

Ms
-1 0 +1
+2 X
+1 X
M 0 XX
-1 X
-2 X

Now if L = 2, corresponding to M = -2, -1, 0, +1, or +2, we need a column with five rows. We
see that, for this term, Ms = 0 only, so § = 0. (This is what we deduced earlier from the Pauli

exclusion principle.) So our chart corresponding to the 1D term is as follows:

Ms
-1 0 +1
+2 X
+1 X
M 0 X
-1 X
-2 X

Subtracting this chart leaves only one chart left, with only one microstate:
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Ms
-1 0 +1
+2
+1
M 0 X
-1
-2

This is a microstate with M = 0 and Ms = 0, corresponding to L = 0 and S = 0, a 1S term.

We thus see that a p? electron configuration gives rise to the terms 1S, 3P, and 1D. To
determine which of these terms corresponds to the lowest energy (the ground state), we use
Hund’s first rule, introduced before as Hund'’s rule of maximum multiplicity, states that the
lowest energy term is that with the greatest value of S. This means that, for p?, the ground-
state term is 3P. Hund’s second rule states that, if there are multiple terms with the greatest
value of S, that with the greatest value of L is the ground state. For instance, if an electron
configuration had the possible ground states #P and #F, Hund’s second rule would state that
4F is the ground-state term. Note that Hund’s rules do not allow the ranking of non-ground-
state terms by energy. So while Hund’s rules will allow you to determine the ground-state
term, there is no simple way to determine which term corresponds to the first excited state,
which to the second excited state, etc. For the p? configuration, Hund’s rules tell us that 3P is

the ground state, but they do not tell us whether 1§ is lower in energy than 1D or vice versa.

So far, this treatment of quantum mechanics for multielectron atoms has only been
relativistic in that it acknowledges the phenomena of spin and the Pauli exclusion principle.
However, for heavier atoms, spin-orbit coupling becomes important. The multielectron
quantum numbers L and S reflect orbital and spin angular momentum, respectively, but
when these two forms of angular momentum couple, we must define a total angular
momentum quantum number J, which is always a non-negative integer or half-integer, and

whose possible valuesare J=L+S,L+S-1,L+S5-2,...|L-S|. Term symbols which include
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spin-orbit coupling are denoted by 25+ 1L;. A single term (defined by its L and S values) can
thus be split into more than one state (defined by the value of J), where different states of a

given term have different energies, thus (at least partially) lifting the degeneracy of a term.

For our p? example, the 1S term can only have J = 0, so its only state is 1So. Similarly, the 1D
term can only have J = 2, so its only state is 1D». For the 3P term, however, there are three
different states, with /= 2, 1, or 0. Thus 3P is split into three states: 3Pz, 3P1, and 3P,. To decide
which state is lowest in energy, we use Hund'’s third rule: for a subshell that is less than half-
filled, the state with the lowest value of  is lowest in energy, while for a subshell that is more
than half-filled, the state with the highest value of ] is lowest in energy. (When a subshell is
exactly half-filled, e.g. s, p3, d®, only one value of ] is possible.) For this example, we have a p2

configuration, so the p subshell is less than half-filled. Thus, the lowest-energy state is 3Py.

As spin-orbit coupling is a relativistic effect, it is much more pronounced in heavier atoms.
For C, the 3P; state lies only 43.5 cm! above the 3Py ground state, while the first excited term,
1D;, lies 10193.7 cm ! above 3Py. Thus, the energy difference between states of the 3P term is
minuscule compared to the energy differences between terms. This is not the case, however,
for the heavy element Pb. For Pb, 3P; lies 10650.5 cm-! above 3Py, while 1D; lies 21457.9
cm1 above 3Py. For this heavy element, energy differences between states are comparable to

energy differences between terms.

A considerable, and tedious, amount of labor was required to derive the possible term
symbols for a p? atom. For atoms with some other valence electron configurations, it is even
worse. The microstate table for a d? atom contains 45 entries,'? and for systems with valence
f electrons, the task is more laborious still. Fortunately, the possible terms for various d
electron configurations have been tabulated.!! I do not ask my inorganic chemistry students

to derive all the terms for a given electron configuration as a problem on either homework

10 See Table 2.8 on page 41 of Electronic Structure and Properties of Transition Metal
Compounds: Introduction to the Theory, 2nd edition, by Isaac B. Bersuker, John Wiley & Sons:
Hoboken, NJ, 2010.
11 Ibidem, page 37.
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or an exam. However, it is possible, without too much tedium, to derive the term for the

ground state of a given electron configuration, and you should know how to do this.

We may consider a d® system as an example. To find the ground state, we sketch the
configuration with as many electrons unpaired as possible, with all unpaired electrons spin-
up, to maximize Ms. We then preferentially put electrons into orbitals with the highest m

values, in order to maximize M. This is shown below in Figure 1.4.

m 2 1 0 -1 -2

Figure 1.4. A pictorial representation of the ground state of a d° system.

Here M=2+2+ 1+ 0+ (-1) + (-2) = 2. We assign the value of L where this is the highest
possible M value, so L = 2 and we have a D term. Mg = i - i + % + g + ; + % = 2. We assign

the value of S where this is the highest possible Ms value, so S = 2 and 25 + 1 = 5. We thus
have a quintet term: 5D. To determine the ground-state J value using spin-orbit coupling, we
first note that the possible J values are 4, 3, 2, 1, and 0. Now we use Hund’s third rule: since
d® is a more than half-filled subshell, the highest ] value corresponds to the lowest energy, so

the ground state is >Da.
Three other tips for the rapid evaluation of ground-state term symbols are as follows:

(1) All atoms with only completely full and completely empty subshells have the 1S, ground

state.
(2) All singlet terms (S = 0) have no splitting from spin-orbit coupling, so J = L.

(3) For atoms and ions whose only unfilled subshell is a d subshell, a d” configuration gives

rise to the same terms as a d9-" configuration, so d! and d° have the same terms, d? and d®
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have the same terms, etc. Note that the ground-state ] value will differ between d" and d1°-7,
because the use of Hund’s third rule depends on whether a subshell is more or less than half-
filled. This result is sometimes called the “hole formalism,” since adding n electrons to an
empty d subshell gives the same terms as removing n electrons (adding n “holes”) to a full d

subshell.

We can go beyond the simple pairing energy approach discussed earlier to see how quantum
mechanics is used, with more mathematical rigor, to calculate the energies of terms. If there
were no interactions between electrons, then all terms corresponding to a given electron
configuration would be degenerate. Thus, we can use perturbation theory to calculate the
lifting of this degeneracy. We write the perturbation Hamiltonian for a multielectron atom
to reflect the electron-electron repulsion:
A=y e
B — 4e,yt; i

where rj is the distance between electrons i and j. The zeroth-order wavefunctions are the
multielectron wavefunctions W(L, M, S, Ms) corresponding to the multielectron quantum
numbers L, M, S, and Ms. Each of these wavefunctions can be represented, as mentioned
above, as either a Slater determinant or as a linear combination of Slater determinants. It
turns out that, for a given pair of L and S values, the secular equation of degenerate
perturbation theory gives rise to an exceptionally simple secular equation, whose only
nonzero matrix elements are the diagonal ones. Thus, one can simply read off the diagonal
matrix elements as the energy corrections due to interelectron interactions. These first-
order energy corrections all have the form

eZ

ED(L,S) = <lP(L,M,S, Ms) Zi:tjm

W(L,M,S, Ms)>

where all wavefunctions W(L, M, S, M) that give rise to the same value of E® belong to the
same term. Since each wavefunction W(L,M,S, M) is a linear combination of Slater
determinants ®(m,, mg;, m,, My, --+), where the order of the determinant depends on the
number of electrons, the energy correction integrals are themselves linear combinations of

integrals of the form
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e
<d)(m1, Mgy, M3, Mgy - )| Ziij Worl}

d(my, mgy, my, Mg -+ )>

[t turns out that, for these integrals to be nonzero, the Slater determinants ® must differ by
no more than two one-electron states, that is, at most two of the electrons represented by
those Slater determinants can have different pairs of m and m; values. This means that all the

nonzero integrals that make up E® are two-electron integrals with the form

DDy 2| e |0 (Db (2)
< | 0712 >

where the functions ¢y, etc. are one-electron functions, perhaps hydrogenlike orbitals. Two
types of such two-electron integrals are often given particular names and notations, the
Coulomb integral I,» (sometimes denoted Ju5) and the exchange integral Kqu». These integrals

are defined as follows:

Lo = (DD gt [ pa D5 2)

Kar = (0090 (2] s [0 (D0 (2)

These integrals have dimensions of energy, and so they are sometimes referred to as the
Coulomb energy and exchange energy, respectively. They are the more rigorous versions of
the Il. and Il terms we saw earlier. The name of the Coulomb integral comes from the fact
that it represents the Coulombic like charge/like charge repulsion between electron 1, in
orbital ¢, and electron 2, in orbital ¢,. It is always positive, so I, terms are destabilizing.
The exchange integral has no obvious classical analogy. Its name comes from the fact that it
represents the possibility of exchanging electrons 1 and 2 between orbitals ¢, and ¢p. It is

always negative, so Ku» terms are stabilizing.

It is sometimes claimed that the exchange integral is the energetic result of a purely
quantum-mechanical “exchange force.” This is, in fact, incorrect. Neglecting gravitational

attractions between electrons and nuclei, the only one of the four fundamental forces!? that

12 The other two fundamental forces are the strong and weak nuclear forces, which are
important in understanding the structure of nuclei and nuclear reactions such as radioactive
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we consider in atomic and molecular calculations is the electromagnetic force, represent by
the Coulomb’s law potential energy terms in the Hamiltonian. The approximate solutions to
the Schrodinger equation that we employ leads to the appearance of exchange integrals
when calculating their approximate energies, but these energy terms do not reflect any

separate force.

The various integrals have been calculated and tabulated in the forms of parameters. One set
of these parameters is known as the Slater-Condon parameters, after Slater and Edward
Condon (1902-1974), and the other is known as the Racah parameters, after Giulio Racah
(1909-1965). The Slater-Condon and Racah parameters are just linear combinations of each
other, cast in ways that are more or less convenient for different problems. The energies of
the various d” configurations have been tabulated!? in terms of the Racah parameters 4, B,
and C. While the values of the Racah parameters can be calculated by a computer program
from definite integrals involving approximate wavefunctions, they are often instead treated
as empirical parameters, whose values are determined experimentally from the energies of

spectroscopic transitions between different electronic states.

The above discussion has sketched out (though not formally derived) how the relative
energies of different terms are calculated. This methodology does not, however, consider
how spin-orbit coupling affects the energies. Such calculations require a consideration of

relativistic effects, and they are mathematically more challenging.

1.8. Effective Nuclear Charge
It is very useful to use one-electron orbitals as an approximation of orbitals in multielectron

atoms, as these orbitals are easy to visualize and convenient to draw in pictorial

decay and fission. They are not, however, necessary to consider when studying chemical, as
opposed to nuclear, reactions.

13 See Table 2.6 on page 37 of Electronic Structure and Properties of Transition Metal
Compounds: Introduction to the Theory, 2nd edition, by Isaac B. Bersuker, John Wiley & Sons:
Hoboken, NJ, 2010.
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representations of chemical bonding. However, as we have seen, the energy of such orbitals

in multielectron atoms now depends on [ as well as n, making the simple orbital energy

z2 . . .
formula E, = —ﬁEh no longer correct. Slater devised an approximate parametrization

scheme for this phenomenon, known as effective nuclear charge. The qualitative idea behind
effective nuclear charge is that, since the simple formula for energy as a function of n only no
longer holds for multielectron atoms because of electron-electron repulsion, we can think of
each electron as no longer “feeling” the full attraction of the nucleus with its positive nuclear
charge Z (equal to the atomic number, the number of protons in the nucleus). Instead, each
electron is said to be “shielded” by the negative charges of its fellow electrons, and it
experiences a decreased effective nuclear charge Zes. Because a multielectron Schrodinger
equation has no closed-form solution, there is no set of Z.fr values corresponding to an exact
algebraic expression for an electron’s energy as a function of Z.sr. However, Slater devised a
series of simple rules for approximating Zesr in a way that is useful for rationalizing trends in

atomic behavior and chemical bonding.

Slater’s rules begin with writing Zesr = Z — 0, where o is known as the shielding constant,
reflecting how an electron is partially shielded from the nuclear charge. To calculate o, we
first write the electron configuration of the atom or ion in the following form with the
following order: (1s)(2s, 2p)(3s, 3p)(3d)(4s, 4p)(4d)(4f)(5s, 5p)(5d)(5f)... etc. Note that this
ordering is not the same as the order in which electrons fill atomic orbitals according to the
Aufbau principle. Once the numbers of electrons in each such category has been noted, we

apply the following rules:

(1) Electrons in each category are not shielded at all by electrons in categories to their right.
(2) For an ns or np electron, each electron in the same category contributes 0.35 to o (with
the exception that a 1s electron only contributes 0.30 to o for another 1s electron). Each

electron with principal quantum number n - 1 contributes 0.85, and each electron with

principal quantum number n - 2 or less contributes 1.00.
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(3) For an nd or nf electron, each electron in the same category contributes 0.35 to o, while

each electron in any category to the left (even one with the same value of n) contributes 1.00.

We can use Slater’s rules to rationalize a feature of the electron configurations of ions that
you may have found puzzling when you encountered it in general chemistry. Recall that,
while the 4s orbitals are (with exceptions) filled before the 3d orbitals when writing ground-
state electron configurations for neutral atoms, the 4s electrons are removed before the 3d
electrons when positive ions of transition metals are formed. For instance, neutral Co has the
ground-state electron configuration [Ar](4s)?(3d)’, but a Co?* cation has the ground-state
configuration [Ar](4s)%(3d)7, rather than [Ar](4s)2(3d)>. This pattern is sometimes called the
“first-in, first-out rule,” since the 4s orbitals are filled before the 3d, but their electrons are

also ionized first. (The same pattern holds for 5s and 4d, and for 6s and 5d.)

This rule may have struck you as odd when you first learned it: after all, if the 3d orbitals are
higher in energy when filling an electron configuration, you might expect electrons in them
to be easier to ionize. To see how Slater’s rules address this question, we can calculate Zef for
both a 4s and a 3d electron in Co. A neutral Co atom has the following ground-state electron
configuration in a Slater’s rules order: (1s)?(2s, 2p)8(3s, 3p)8(3d)’(4s, 4p)?. For all electrons,
the actual nuclear charge Z = 27, but the effective nuclear charge Zet = Z - o differs for the 4s
and 3d electrons. For a 4s electron in Co, ¢ = 0.35 + (15)(0.85) + (10)(1.00) = 23.10, and so
Zett = 3.90. For a 3d electron in Co, o = (6)(0.35) + (18)(1.00) = 20.10, and Zets = 6.90. Thus, a
3d electron in Co experiences a greater effective nuclear charge than a 4s electron, and it is

thus more difficult to ionize.

One can gain further insight into shielding by considering the radial distribution function
P(r), which is the probability distribution function for an electron in a given orbital as a

function of radius. It is related to the radial function* R, ;(r) by

P(r) = 4mr2[R,,(N)]

14 The factor of 4m comes from the fact that one integrates over all values of the angular
coordinates 6 and ¢.
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and the probability that a given electron is located between two distances r1 and r; is given

by
T2 T2
P(rp<r<n)= f P(r)dr = 4m f rz[Rn’l(r)]Z dr
1 21

Atomic orbitals which have nodes containing the nucleus (p, d, and f orbitals) have larger
most probable radii rmp, i.e. values of r at which P(r) is a maximum, than orbitals which do
not (s orbitals). Since a d orbital has two nodes that pass through the nucleus, as compared
to only one for a p orbital, the value of rmp for a d orbital will be larger than that for a p orbital.
Since a smaller fraction of the probability density of a d electron is close to the nucleus than
that of a p electron, than that of an s electron, the shielding ability of electrons decreases as

a function of / in the order s > p > d, for any given n.

1.9. Ionization Energy, Electron Affinity, and Electronegativity

The properties of orbitals and the concept of shielding can help explain periodic trends in
ionization energy, electron affinity, and electronegativity. The ionization energy Eion is the
energy required to remove an electron from an atom in the gas phase, i.e. AE for the reaction
A (g) — At (g) + e, for an atom of some element A. It is always a positive quantity. One can
similarly define second, third, etc. ionization energies; for instance, the second ionization
energy Eionz is AE for A* (g) — A?* (g) + e". A larger ionization energy means that the valence
electrons in an atom or ion are held more tightly. The second ionization energy is always
greater than the first, and in general, the (n + 1)st ionization energy is always greater than
the nth. Once one electron has been removed, the remaining electrons are less strongly
shielded, and thus the effective nuclear charge they experience increases. Related to
ionization energy is the electron affinity Ee,, defined as AE for the removal of an electron from
the monoanion in the gas phase: A- (g) = A (g) + e. You may find it easier to remember the
reaction equation corresponding to electron affinity if you think of the electron affinity for
an atom as being that atom’s “zeroth ionization energy.” Unlike ionization energies, electron

affinities can be either positive or negative, depending on the element.
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In general, ionization energies increase across a period (a row of the Periodic Table). This
makes sense from the standpoint of effective nuclear charge: as the actual nuclear charge Z
increases, the additional electrons provide incomplete shielding, so the effective nuclear
charge Zsr also increases, albeit more slowly than Z. Ionization energies generally decrease
down a column, however, despite the increase in Z, because the principal quantum number
n of the valence electrons increases. The valence electrons are thus farther from the nucleus
on average, and so they experience a significantly smaller Z.s. In general, a useful mnemonic
is that ionization energies are greatest at the upper right corner of the Periodic Table, and
smallest at the lower left corner. For example, F has a very high Ejon (1681.0 kJ-mol-1), as does
Ne (2080.6 kJ-mol-1), while Ejon for Cs is very low (375.7 kJ-mol-1). Electron affinity displays
a similar periodic trend, but shifted horizontally by one element. In each period, the halogens
have the highest electron affinities, and these electron affinities are positive, since halide
monoanions are isoelectronic to noble gases. In contrast, electron affinities are lowest for
the noble gases, since a noble gas monoanion has one electron with a higher principal
quantum number. For instance, while Ar has the electron configuration [Ne](3s)?(3p)®¢, Ar
would have electron configuration [Ne](3s)?(3p)¢(4s)!. The single 4s electron is considerably

higher in energy than any of the others, and is thus most easily removed.

Like many good mnemonics in chemistry, the general trends for ionization energies have
some notable, and interesting, exceptions. One such exception is that ionization energy tends
to decrease whenever a new value of the azimuthal quantum number / is first populated. For
instance, boron, with electron configuration [He](2s)?(2p)! has a lower ionization energy
(800.6 kJ-mol-1) than beryllium (899.4 k]-mol-1), with configuration [He](2s)2. This is due to
the fact that 2p orbitals are higher in energy than 2s orbitals, so it is easier to remove a 2p
electron from boron than to remove a 2s electron from beryllium. Similarly, the ionization
energy of aluminium (577.6 k]-mol1) is lower than that of magnesium (737.8 kJ-mol-1).
Atoms with a half-filled subshell also tend to have especially high ionization energies. For
instance, the ionization energy of nitrogen (1402.3 k]J-mol1) is higher than that of oxygen
(1314.0 kJ-mol1). This is because each 2p orbital in a ground-state N atom contains only one

electron per Hund’s rule, whereas one of the 2p orbitals of an O atom is doubly occupied.
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Each electron in this doubly occupied orbital is higher in energy due to Coulombic repulsion,

and is thus more easily removed.

Another chemical property with notable periodic trends is electronegativity (often
symbolized y). Linus Pauling (1901-1994, Nobel Prize in Chemistry 1954, Nobel Peace Prize
1962) was the first to attempt to quantify the chemically intuitive notion that some elements
are more likely to bear a partial negative charge than others in polar covalent bonds, that is,
the electrons in the bond are not equally shared between the two atoms, and on average lie
closer to the more electronegative element.!> Different mathematical definitions of
electronegativity have been proposed by (among others) Pauling, Leland Allen (1926-2012),
and Robert Mulliken (1896-1986, Nobel Prize in Chemistry 1966). Of these definitions,
Mulliken’s is the simplest: he proposed that an element’s electronegativity is simply the
mean of its first ionization energy and first electron affinity, or
_ Eion t Eea
2

Mulliken electronegativities naturally have dimensions of energy (usually kJ-mol-! or eV per
atom), though they are sometimes scaled to match the ranges of other electronegativity
scales, such as Pauling’s or Allen’s. Mulliken’s definition makes intuitive sense, in that it
should require substantial energy to remove an electron from a highly electronegative
element (high Eion) and that the addition of an electron to a highly electronegative element
should either release energy (negative Eea) or at least not require much addition of energy
(small positive Eea). In general, electronegativity increases across a row and decreases down
a column. The least electronegative element is Cs (the heaviest alkali metal with any stable

isotopes), and the most electronegative element is F (the lightest halogen).16

15 The term “electronegativity” was coined by Jons Jacob Berzelius (1779-1848), but
Berzelius did not propose a quantitative metric for it.

16 He and Ne are arguably more electronegative than F by some numerical definitions, but
since no compounds are known in which He or Ne participates in a covalent bond, the
electronegativity of these elements is not a relevant quantity.
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1.10. Atomic and Ionic Size

Atomic size is another quantity that follows important periodic trends, but it can be a
surprisingly difficult measure to pin down. Quantum mechanics tells us that atoms and ions
do not really have well-defined “radii,” since they are delocalized. However, one can define a
radius within which some high percentage (often taken to be 90% or 95%) of the electron
density is present. The covalent radius of an element is defined as the radius of an atom of
that element participating in a covalent bond, so the sum of the atoms’ covalent radii should
equal the bond length. If a bond length can be measured in a molecule with two equivalent
fragments, the covalent radius is half of the bond length. For example, ethane, H3C-CHj3, is
constructed from two methyl (CH3) fragments. One reasonable estimate of the covalent
radius of carbon would be half of the carbon-carbon bond length in ethane. Another measure
of atomic size is the van der Waals radius, which applies to atoms that are not covalently
bound to one another. The only attractive forces between such atoms will be noncovalent
interactions, otherwise known as van der Waals forces, after Johannes Diderik van der Waals
(1837-1923, Nobel Prize in Physics 1910). Like covalent radii, the sum of the van der Waals
radii should equal the interatomic distance, but because van der Waals forces are
considerably weaker than the forces involved in covalent bonds, van der Waals radii are

generally much larger than covalent radii.

Periodic trends in atomic size can be explained in a similar fashion as the trends in ionization
energy. Across a row, as both nuclear charge and effective nuclear charge increase, atomic
radii decrease, as the electron cloud around an atom is held more tightly. Down a column, as
valence electrons occupy orbitals of larger principal quantum number n, atomic radii
increase, as the most probable electron-nucleus distance r increases with n. One interesting
observation is that, while elements in the 4d block (the second transition series, Y-Cd) are
significantly larger than those in the 3d block (the first transition series, Sc-Zn), elements in
the 5d block (the third transition series, Lu-Hg) are often the same size, or just barely larger,
than those in the 4d block. For instance, if we consider the transition metals of Group 8, we
see that the covalent radius of Fe is 117 pm, while that of Ru is 125 pm, a significant (6.8%)
increase. The covalent radius of Os, however, is only 126 pm, only 0.8% greater than that of

Ru, despite the fact that the valence electrons of Os are in 5d orbitals, which should be further
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from the nucleus than the electrons in the 4d orbitals of Ru. The explanation for this and
other similar observations is that the 4f orbitals, which hold the valence electrons of the
lanthanides (La-Yb), are filled before the 5d orbitals of Os, with a corresponding increase in
nuclear charge. Since 4f orbitals are fairly diffuse (they have low electron density near the
nucleus, due to having multiple nodal planes containing the nucleus), they poorly shield the
increase in nuclear charge caused by the addition of 14 protons going from La to Yb. Thus,
the effective nuclear charge experienced by a 5d electron is significantly greater than that
which would be expected based only on the number, but not the probability density
functions, of the additional electrons. This phenomenon is commonly known as the
lanthanide contraction. The term “lanthanide contraction” is, however, somewhat of a
misnomer, since atomic radii do not decrease between the 4d and 5d blocks; rather, they stay
the same or increase only slightly. The “lanthanide contraction” is really more of a

“lanthanide smaller-than-expected expansion.”

lonic radii can be estimated by the measurement of distances between ions in crystalline
salts via X-ray diffraction. Of course, the central assumption when discussing ionic radii is
that the bonding in salts is entirely ionic, with no covalent character. This is often, but not
always, a good approximation. The periodic trends for ionic radii generally follow those for
covalent or van der Waals radii, but cationic radii are invariably smaller than the
corresponding nonpolar covalent radii, since after one or more electrons is removed, the
effective nuclear charge acting on the remaining electrons increases, and those electrons are
held closer to the nucleus. Conversely, anionic radii are invariably large than the
corresponding nonpolar covalent radii, since the addition of one or more electrons to an
atom increases the shielding and decreases the effective nuclear charge acting on those
atoms. Another way to think of it is that, when an atom develops an overall negative charge

as an anion, the electrons repel each other, and the ion’s size increases.
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Chapter 2: Symmetry and Group Theory

2.1. The Importance of Symmetry

The concept of symmetry is critically important in chemistry, and it is used widely in our
understanding of bonding, spectroscopy, and many other applications. One can see
intuitively that a molecule such as the linear CO2 or the regular tetrahedron CCls is “more
symmetrical” than many other structures, such as most large organic molecules produced by
living things. The recognition of symmetry is an important part of what might be called
chemical intuition, and you have already used some symmetry arguments, at least implicitly,
in your previous study of chemistry. For instance, despite the fact that each bond in COz or
CCly is strongly polar, you can see that each of these molecules has a net zero dipole moment
due to symmetry; considering each bond dipole moment as a separate vector, the vector sum
of all the bond dipole moments in each of these molecules is zero. Similarly, the concept of
chirality (critically important in organic chemistry, biochemistry, and pharmacology) is
based on symmetry: if the shape of a molecule lacks certain features (symmetry elements),

it will not be superimposable upon its mirror image.

We will now spend some time considering symmetry more precisely, and in a more
quantitative manner than you may have previously encountered. By considering symmetry
in the context of a mathematical field called group theory, we will be able to use symmetry
arguments to simplify many chemical calculations quite considerably, and to determine

some molecular properties without performing any calculations at all.

2.2. Symmetry Elements and Symmetry Operations

When discussing molecular symmetry, it is crucial to distinguish between two intimately
related, but different, concepts: symmetry operations and symmetry elements. A symmetry
operation is an operation that we can perform on a structure (such as the structure of a
molecule) that results in a new structure which is indistinguishable from the initial structure
before the symmetry operation was performed. Let us pretend that we could photograph

molecules: if we took a picture of the molecule before and after we performed the symmetry
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operation, we would be able to see no difference. A symmetry element, on the other hand, is
a feature of the molecule’s structure that allows a symmetry operation or operations to be
performed. (One symmetry element may give rise to several symmetry operations.) Often, a
symmetry element and a symmetry operation are given the same symbol, so symmetry
element A might correspond to symmetry operation A. In such cases, the use must be
determined from context. Alternatively, one may use a carat to denote a symmetry operation,
so that symmetry element A corresponds to symmetry operation A. This latter convention is

the one we will employ in this text, but you should be aware that not all authors use it.

There are five main types of symmetry element and symmetry operation, and we will define

and give examples of each one in turn.

(1) The simplest symmetry operation is the identity operation, symbolized by E. The identity
operation consists of doing nothing to the molecule, so it is barely an operation at all. (The
notation is short for the German word Einheit, which means “unity” or “oneness.” The
identity operation acting on a structure is akin to multiplying a number or a function by 1,
that is, no change.) You might wonder why we even define something so trivial as an identity
operation; we will see later that it is required for any set of symmetry operations to possess
the characteristics of a mathematical group. The corresponding symmetry element E is just
the molecule itself, rather than any particular geometric feature of it. Thus, every molecule

has the symmetry element E and symmetry operation E.

(2) Perhaps the simplest non-trivial symmetry operation is rotation about an axis,

. . 360° 2m .
sometimes called proper rotation. If we rotate a molecule by — (or 7", if you prefer to work

in radians) counterclockwise!” about some axis, we denote the rotation as the symmetry

operation C,. Any axis possessed by a molecule that allows such a rotation to lead to an

17 Taking the direction of rotation as counterclockwise is conventional, and it corresponds
to a counterclockwise rotation being positive in plane polar coordinates. It is mathematically
just as valid to take the rotation as being clockwise, but once you choose which convention
to use when approaching a problem, it is essential to maintain the same convention
throughout your analysis.
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indistinguishable state is a symmetry element denoted C, and known as an n-fold rotation
axis or an n-fold proper rotation axis. For instance, consider any molecule with the symmetry

of a regular tetrahedron, such as CHs: each C-H bond lies along a (3 axis, as rotation by

% = 120° about one of these bonds will interchange the other H atoms with each other,

resulting in a new arrangement with exactly the same appearance. Note that, for a carbon
atom to be truly “tetrahedral” in the symmetry sense, it must be a regular tetrahedron, with
all of its substituents the same. While a molecule like CHCl3 is commonly said to be
“tetrahedral at carbon,” it only has one (3 axis, along which the C-H bond lies. Rotation by
120° about this axis will interchange the Cl atoms, so this is a legitimate symmetry operation.
Rotation by 120° about one of the C-Cl bonds, however, will interchange the H atom with
one of the other Cl atoms, leading to a new orientation distinguishable from the first, so this

is not a symmetry operation, and the C-Cl bonds in CHCI3 do not lie along C3 axes.

Many molecules have multiple C, axes, with different values of n. For example, consider
benzene (CeHe), with its planar, regular hexagonal structure. Benzene possesses a (s axis
perpendicular to the plane of the molecule, which passes through the center of the ring. Thus,

rotation of benzene by %: 60° about this axis (the , operation) will lead to a

configuration indistinguishable from the starting one. If a molecule has multiple C, axes, the
one with the largest value of n is known as the highest-order axis or principal axis. Many
molecules have C; axes perpendicular to the principal axis. For instance, benzene has two
sets of three C; axes each. Each (> axis in one set goes through each C-H bond and the C-H
bond opposite to it on the ring (para), and each C; axis in the other set bisects each C-C bond
and the one opposite to it. In general, when a molecule has (> axes in addition to a principal
C» axis, the C; axes that pass through atoms are denoted C,’, and those that pass through

bonds, between atoms, are denoted C,"".

A symmetry axis C, with n > 2 always gives rise to more than one symmetry operation. To
understand how this occurs, note that one can write a sequence of operations as a single
operation, with an exponent used to indicated how many times each operation was applied.

For instance, if one subjects a molecule to five (g operations in a row, we denote this
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combined operation as €2, and it corresponds to a rotation of 300° about the Cs axis. In

general, when one executes a C, operation m times in a row, the net operation is denoted C}},

and it corresponds to a rotation by m (%) about the C, axis. If n is an integer multiple of m,

then we write ™" in lowest terms as C, /m- For instance, two Cs operations in a row (two
rotations by 60° in a row) are equivalent to a single rotation by 120° (a C; operation). Thus,
C? = 66/2 = ;. If we rotate a molecule n times about a C, axis, we get back to where we
started, so C? = An/n = C, = E. (Remember, the identity operation E consists of doing
nothing to the molecule. In the case of our example, benzene, iteration of the €, operation
gives us the following symmetry operations:
Co
2 = ¢,
3 = ¢,
i = (2
Cs
Cs =
Iterating further, a C/ operation is just C,, a Cg operation is just C? = C;, and so on. We see
that not only did the C; operation give rise to C; and C, operations as well, but that a Cs axis
is also a (3 axis and a C? axis. The proper rotations of the benzene molecule due to the Cs axis

are shown in Figure 2.1 on the following page, with carbon atoms labeled 1 through 6.

Note also that rotating a molecule by some angle ¢ clockwise is the same as rotating it by
360° - ¢ counterclockwise, so ;' = C?~1. For example, rotation about a Cs axis by 60°
clockwise is the same as rotation about the same axis by 300° counterclockwise, so
C;t = C?. Finally, we note that, for a linear molecule such as HCl or CO2, rotation about the
internuclear axis by any angle, no matter how small, leads to an indistinguishable
configuration. We thus say that the internuclear axis of a linear molecule is an infinite-fold

rotation axis. Such an axis is denoted by the special symbol Cf;, and its corresponding

rotation is denoted by 632.
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Figure 2.1. Proper rotation operations of the benzene molecule arising from the Ce

axis.

(3) Another symmetry operation is reflection across a mirror plane, which is a plane that
divides a molecule into two symmetrical halves. A mirror plane is denoted by o, and the
corresponding reflection operation by 4. Unlike rotation, reflection is not an operation that
one can perform on an actual object like a plastic model of a molecule. Mathematically, one
way to envision this operation is to imagine that a molecule is symmetrical across the yz
plane. If a point in the molecule has Cartesian coordinates (x, y, z), then reflection across the

yz plane takes that point to the new coordinates (-x, y, z). The fact that the yz plane is a
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symmetry element means that this point will end up on another, indistinguishable part of a
molecule. Any molecule containing a o plane must be achiral.’8 If a ¢ plane is perpendicular
to the principal axis of rotation, it is denoted o (the h stands for “horizontal) and the
corresponding reflection operation by 4;,. If the o plane contains the principal axis, it is
denoted oy or o4 (and the corresponding reflection operation by &, or ), depending on the
symmetry of the rest of the molecule. Benzene has a set of three o, and three o4 planes: oy
denotes the planes passing through two carbon and two hydrogen atoms each (the v stands
for “vertical”), and o4 denotes the planes that bisect two C-C bonds each (the d stands for
“dihedral”). Every reflection operation (regardless if it is labeled with an h, a v, or a d
subscript, or with no subscript) is its own inverse, so % = E. Examples of the reflection
operations on a benzene molecule are shown in Figure 2.2 below, with carbon atoms labeled

1 through 6.

ZEjG o, 6 2
3 7 5 5 3

oy 2TN8 o 8 © 5
3\ A5 2 6

4 1

Figure 2.2. Examples of reflection operations on the benzene molecule.

(4) Another operation that cannot actually be performed on a molecular model is inversion,
denoted by i. If the center of the molecule is defined as the origin of a Cartesian coordinate
system, inversion consists of taking each point in the molecule with coordinates (x, y, z) and

moving them to new coordinates (-x, -y, -z). If this operation yields an indistinguishable

18 The presence of a o plane is a sufficient, but not a necessary, condition for achirality. Some
molecules are achiral even though they have no o plane. See Section 2.5.
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arrangement of atoms, then we say that the molecule is symmetric to inversion, and we refer
to its center as a center of inversion or inversion center, a symmetry element denoted by i.
(Be careful not to confuse this i with the imaginary number, or with a unit vector along the
x-axis.) Benzene has an inversion center in the middle of its ring, as does CO2 at the center of
its carbon atom, but HCl, H20, and cyclopropane lack inversion centers. One instance of a
molecule with an inversion center that is perhaps more difficult to see at first is the staggered
conformation of ethane, H3C-CH3, as its inversion center lies at the midpoint of the C-C bond.
Examples of inversion for benzene and the staggered conformation of ethane are shown in

Figure 2.3 below.

1 4
2©6 i 5©3
3 5 6 2

4 1

1 6
>, H HY 5., 1 Ho
H\ 8 / i H\ 7 /
C—Cw,,,” _— C—C--.,,“”
/7 \"Hs S8\ M2
H 7 H 7
3 4
6 1

Figure 2.3. Results of the inversion operation on benzene and staggered ethane.

It should be noted that some molecules have an obvious center, but no inversion center. It is
clear that any regular tetrahedral molecule, such as CHs, has its center of mass at the center
of the tetrahedron, but such a molecule is not symmetric with respect to inversion. Molecules
with inversion centers are often said to be “centrosymmetric,” but it is important not to
confuse this term with meaning that the molecule has any obvious center at all. The inversion

N

operation is its own inverse, so i2=F.

(5) The final, and most complicated, type of symmetry operation is improper rotation (also

known as rotation-reflection), denoted by $,,. The $,, operation consists first of a C,, rotation,
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followed by reflection across a plane perpendicular to the axis of rotation. An axis allowing
this operation is the symmetry element S,, called an improper rotation axis. Any molecule
with a C, axis perpendicular to a mirror plane o has an S, axis coincident with the C, axis: for
instance, the Ce axis in benzene is also an Ss axis. However, it is very important to note that
an S, axis can be a symmetry element without also being a C, axis, and that the plane
perpendicular to the S, axis need not itself be a mirror plane. For example, CH4 has no Cs
axes, but it does have three Ss axes. Consider the three C2 axes of CHa, each of which bisects
a pair of H-C-H bond angles. Each of these (> axes is also an S4 axis: rotation by 90° about
one of these axes is not a symmetry operation by itself, but such a rotation followed by a
reflection across a plane perpendicular to that axis is a symmetry operation, S,. Note that the
reflection involved in this S, operation is not a symmetry operation by itself, either. This is
why rotation-reflection is its own category of symmetry operation, not just a combination of
the separate symmetry operations of proper rotation and reflection. An example of the $,
operation on methane is shown in Figure 2.4 below, along with how it can be considered to
result from a “C,” rotation followed by a “6},” reflection, even though neither , nor &, is by

itself a symmetry operation for methane.

: 4 4
H T H
B “ ”» I‘O_,h” g
2 He—C—=H 4 1 HuwConiH 83— > Hee—G—H 3
H ,L H
3 2 2
e

Figure 2.4. Results of the S, operation on methane.

Reflection without rotation is just the same thing as an S; operation, so & = S;. Similarly,

rotation by 180° followed by reflection is the same as inversion, so i = S,. However, one
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almost always writes & and i, rather than $; and S,. Other useful relations are that S = E if
nis even, $* = ¢ and $2" = E if nis odd, S = C* if m is even and m < n, and §™ = ™" if

m is even and m > n.

2.3. Point Groups

In mathematics, the word “group” has a more precise meaning than its nontechnical usage,
in which it is more or less synonymous with “assortment” or “set.” For a set of elements to
comprise a mathematical group, there must be some “multiplication” operation that defines
the “product” AB of any two elements in the group A and B. This multiplication need not be
the same as the multiplication used in arithmetic and algebra. Once a multiplication
operation is defined, a set of elements forms a group if (and only if) they have the following

four properties:

(1) Closure to multiplication: A group of elements must be closed to multiplication, meaning
that the product of any two elements in the group is also an element in that group. That is, if
A and B are elements in a group, and AB = C, then C must be an element in that group as well.

Similarly, the square of any element A2 must also be an element in the group.
(2) Associativity: The multiplication operation in a group must be associative, meaning that,
if A, B, and C are elements in the group, (AB)C = A(BC). Of course, by the closure

requirement, such a product must also be an element in the group.

(3) Existence of identity: Every group must have, as one of its elements, an identity element

E, such that AE = EA = A for every element A of the group.

(4) Existence of inverses: For each element A in the group, there must also exist in the group

an element A1 such that AA-1 =414 =E.

It should be noted that the multiplication operation for a group is not necessarily

commutative. This means that, unlike multiplication in arithmetic and algebra, the order of
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multiplication can matter: for two arbitrary elements A and B in a group, the product AB may
not be equal to the product BA. For some groups multiplication is commutative, so AB = BA
for any elements A and B. Such groups are known as Abelian groups, after the mathematician
Niels Henrik Abel (1802-1829). Some symmetry groups in chemistry are Abelian, but most

are not.

It turns out that, for any type of structure (such as that of a molecule), all the symmetry
operations of that structure are also the elements of a group. Note that the symmetry
operations, not the symmetry elements, are the elements of the group. This can be confusing,
but it is the result of two different common uses of the word “element” (a third common use,
of course, is to refer to chemical elements). We will not rigorously prove that every set of
symmetry operations for a structure define a group, but we can at least see that this

statement is plausible.

Requirement 1 (closure) is easy to understand: operating on a molecule with a symmetry
operation leaves it indistinguishable from the initial orientation, and operating on the
molecule again gives us another indistinguishable orientation. This means that the product
of two symmetry operations leaves the molecule indistinguishable, and thus that product is

itself a symmetry operation.
Requirement 2 (associativity of multiplication) is not easy to prove in general, but by
drawing a perspective diagram of a molecule and trying different arrangements of symmetry

operations, you can at least verify this fact for any given group.

Requirement 3 (existence of identity) is satisfied by the identity operation £, which consists

of doing nothing to the molecule.

Requirement 4 (existence of an inverse) is easy to see for the operations E, 4, and i, since

each of these operations is its own inverse. For any C, or S, operation, the operation
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involving rotation by the same angle in the opposite direction is the inverse of the initial

proper or improper rotation.

Groups whose elements are defined by a set of symmetry operations are often called point
groups. This name comes from the fact that all the symmetry elements corresponding to
these symmetry operations intersect in at least one point, and in some groups they all
intersect in a line. The molecule’s center of mass always lies at this point of intersection (or
somewhere along the line of intersection), and no symmetry operation involves translation
of a molecule, so no symmetry operation changes the location of the molecule’s center of
mass. When considering quasi-infinite arrays of molecules or ions in crystals (crystal
lattices), one can define space groups, as opposed to point groups, in which translation of an
element of the crystal lattice to an equivalent point in the lattice does qualify as a symmetry
operation. Space groups are essential to the theory and practice of X-ray crystallography. In
this course, however, we will primarily be concerned with the symmetries of individual

molecules, not extended lattices.

The fact that all the symmetry operations for a molecule comprise a group allows us to use
various results of a mathematical discipline called group theory to simplify many molecular
calculations. Before we discuss how to do this, however, we will first see how to assign a

given molecule to its appropriate point group.

2.4. Classification of Molecules by Point Group

The “brute force” way to determine a molecule’s point group is to identify all of the symmetry
operations that can be performed on its structure, and then to compare such a list to the lists
of symmetry operations tabulated for each point group. This method can become very
tedious very quickly, since some point groups have 48 or more symmetry operations, and
for highly symmetric molecules, it is easy to miss a symmetry operation here or there by
mistake. Instead, we will consider the hallmarks of some common point groups, and then
present a flowchart that can be used to systematically assign a molecule to its appropriate

point group.
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First, we consider those point groups with very few symmetry operations. A molecules
belonging to one of these groups can often be recognized by inspection. The least symmetric
point group is Ci, whose only symmetry operation is the trivial identity operation £. We
would say that such a molecule is lacking in any practical symmetry.
Bromochlorofluoromethane, CHFCIBr, is a member of this group, as are many complicated
“natural products,” organic molecules produced endogenously by living things. The point
group Cs contains only £ (as all groups must) and a single & reflection operation. Examples
of Cs molecules include 1-bromo-1-chloroethene, H,C=CClBr, and the useful hydrocarbon
norbornene. Finally, the rare group C; has only £ and i as its operations. While this is a rare
point group, it is exemplified by the staggered conformation of meso-1,2-dibromo-1,2-

dichloroethane.

At the other extreme, some groups have a very large number of symmetry operations, and
are commonly referred to as “high-symmetry” groups. Molecules in high-symmetry groups
are often easily recognized by inspection. One of the most familiar such groups is the
tetrahedral point group Ty, to which CHy4, CCls, and many homolepticl® metal complexes ML4
belong. The phosphorus allotrope P4, commonly known as “white phosphorus,” is also in the
T4 point group; it consists of a tetrahedron with a phosphorus atom at each vertex, but no
central atom. Note that only regular tetrahedra are members of T4 while a molecule like
dichloromethane is commonly said to be “tetrahedral at carbon,” the fact that not all of its
substituents are identical makes it not a regular tetrahedron, according to symmetry
considerations. Related to Tq are the groups T and Th which are much less common in

chemistry.

The octahedral group O, has the symmetry of a regular octahedron, and it is commonly
encountered in coordination chemistry: there are many homoleptic, hexacoordinate
compounds of general formula ML, such as Cr(CO)s and CoCls3-. Note that six ligands (of the
same type) around a metal serve as the vertices of a regular octahedron: an octahedron has

eight faces, but only six vertices. Main-group members of this group include SF¢s and PFes". The

19 A homoleptic metal complex is one that contains only one type of ligand.
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borane cluster anion BgHes? is also of O, symmetry (with no central atom, but with a BH group
at each vertex), as is a simple cube. The related group O is only rarely encountered in

chemistry.

Another common high-symmetry group is the icosahedral group In. A regular icosahedron
(the Platonic solid with 20 faces) lies in this group. Boron forms many species with
icosahedral or approximately icosahedral symmetry, such as the borane cluster anion
B12H122. Buckminsterfullerene, a molecular allotrope with formula Ceo, also has I, symmetry;
it is shaped like a soccer ball. A non-chemical example of I, symmetry is a 20-faced die used
in Dungeons & Dragons and similar tabletop role-playing games, if one ignores the numbers

written on each face. The related group I is very rarely encountered in chemistry.

Every linear molecule belongs to one of two high-symmetry point groups: linear molecules
containing an inversion center, such as Nz and CO2, belong to the Dwn group, while linear
molecules without an inversion center, such as CO and N;0, belong to the Cey group. A non-
chemical way to think about this distinction is that a cylinder has Deon symmetry, while a cone

has Cey SsSymmetry.

A final example of a high-symmetry point group corresponds to a perfect sphere, and has the
symbol K} (the K is from the German Kugelgruppe, literally “sphere-group”). No molecule or
polyatomic ion is a perfect sphere, so the only chemically important species belonging to Kx
are free atoms and free monatomic ions. (Note that a solvated ion will no longer have the

symmetry of a perfect sphere.)

Many molecules that belong to neither high-symmetry nor low-symmetry point groups
belong to groups of type Cn (Cn, Cnv, and Cun) or Dy (Dn, Dun, and Dng). Here n designates the
order of the highest-order , rotation operation. The difference between C,-type groups and
Dy-type groups is that the latter have n C2 axes (known as dihedral axes) perpendicular to

the principal C, axis, while the former do not.
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Cn groups have as their symmetry operations only E, C,,, and those operations arising from
C, (for instance, any molecule with the €, operation must also have the , operation).
Examples include the gauche conformation of hydrazine, H:N-NH: (Cz) and

triphenylphosphine with its phenyl rings twisted (C3).

Cnv groups have n o planes, each containing the C, axis; such planes are denoted o, or ga.
These planes may all be of the same type (the same class), or they may be different. Examples

include water (Czy), ammonia (C3v), and square pyramidal molecules like BrFs (Csv).

Cnn groups all contain a horizontal mirror plane o, (a mirror plane perpendicular to the C,
axis). Examples include trans-N2F; and the planar conformation of H202 (both C2,) and the

planar conformation of boric acid (C3x).

D, groups have the symmetry of a boat propeller. Common examples include octahedral (not
regular octahedral) metal complexes with three of the same, symmetrical, bidentate ligand,
such as Co(en)33*, which is D3. (The bidentate ligand en is short for ethane-1,2-diamine a.k.a.
ethylenediamine, H2NCH2CH2NH>.) The propeller analogy is helpful for realizing that all
molecules in D, point groups are chiral: rotating a propeller one way will make the boat move

forward, while rotating it in the other direction will make it move backward.

Dun groups have, in addition to the n dihedral axes, a horizontal mirror plane os. Examples
include cyclopropane, BF3, PFs, and Fe(CO)s (all D3n), PtCla?- (D4r), CsHs™ and the eclipsed
conformation of ferrocene (Dsp), and benzene (Denr). Note that molecules in Dn, groups also
contain vertical mirror planes, but it is usually most helpful to look for the horizontal mirror

plane when classifying such molecules.
Dna groups have, in addition to the n dihedral axes, n vertical mirror planes (denoted o04), but

no horizontal ones. Examples include allene (D2q), the staggered conformation of ethane

(D34), and the staggered conformation of ferrocene (Dsq).
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In addition, there also exist Sz, groups, whose principal axis is not a proper rotation axis, but
an improper rotation axis Szn, collinear with a proper rotation axis Cn. These groups are not
common in chemistry, but molecules belonging to them do exist, such as 1,3,5,7-

tetrafluorocyclooctatetraene (S4).

Examples of molecules in some common point groups are shown in Figure 2.5 below, and a

flowchart for assigning molecules to point groups is shown in Figure 2.6 on the following

page.
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Figure 2.5. Representative examples of molecules in some common point groups.
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Figure 2.6. Flowchart for assigning molecules to point groups.
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When assigning molecules to point groups, it is common to assume rapid rotation about
single bonds, unless a particular conformation is specified (e.g. staggered ethane). Thus, one
assigns the molecule’s time-averaged shape to a point group. For instance, using this
convention, both hexachlorobenzene and hexamethylbenzene belong to the D¢, point group,
despite the fact that a methyl group is less symmetric than a chlorine atom. At any given
moment, a molecule of hexamethylbenzene is less symmetric than hexachlorobenzene, but

over a long enough period of time, the two molecules have the same average symmetry.

2.5. Chirality and Polarity

One immediate application of point groups is in determining chirality. A molecule is chiral if
it is not superimposable on its mirror image; that is, if it and its mirror image are molecules
of different compounds.?% A pair of molecules that are nonsuperimposable mirror images are
known as enantiomers.?! Molecules that are superimposable on their mirror images are

achiral; the “enantiomer” of an achiral molecule is the same molecule.

Chirality is crucially important in chemistry. Each of the two enantiomers of a chiral molecule
have the same energy and the same physical properties?? in an achiral environment, and
each enantiomer will react identically with an achiral reactant. Consider, however, the
reaction of two chiral reactants, 1 and 2. The reaction of (R)-1 with (R)-2 will have the same
thermodynamics and kinetics as the reaction of (S)-1 with (5)-2. However, the reaction of
(R)-1 with (5)-2, or of (5)-1 with (R)-2, will have a different free energy change, equilibrium
constant, and rate constant. In biological systems, many important molecules (such as
proteins and DNA) are chiral, and only one enantiomer is found. This means that if a drug is
chiral, its enantiomers will react with chiral biological target molecules differently. In some
cases, one enantiomer might be an effective medication, while the other enantiomer might

be ineffective or even toxic.

20 The term “chiral” comes from the Greek xeip, “hand.” One’s left and right hands are
(approximately) mirror images of one another, but they are not superimposable.

21 From Greek évavtiog, “opposite” + pépog, “part.”

22 Except for the direction in which a sample of each enantiomer will rotate plane-polarized
light.
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Introductory organic chemistry classes often state that a molecule is achiral if it contains a
mirror plane o. It turns out that the presence of a mirror plane is a sufficient, but not a
necessary, condition for a molecule to be achiral. The rigorous rule based on symmetry
elements is as follows: a molecule is chiral if and only if it lacks any improper rotation axis
Sn. Mirror planes and inversion centers count as improper rotation axes for this rule, since
S1=0and S2 =i. Thus, Cy, all Cy, all D, T, O, and I molecules are all chiral, while Cs, C;, all Cyy,
all Cun, all Dy, all Dpp, all S2n, T4, Th, On, and I molecules are all achiral. Note that while it is
common to (informally) refer to chiral molecules as “asymmetric,” many of the point groups

to which chiral molecules belong actually contain several symmetry elements each.

Symmetry considerations can also be used to determine whether a molecule is polar or
nonpolar. Recall that while each of the C-0 bonds in CO; and the C-Cl bonds in CCls is polar,
the molecular dipole moments of CO; and CCls are each zero. The presence of some
symmetry operations can make polar bonds equivalent, and this is why a molecule
containing polar covalent bonds may have no net molecular dipole moment. The only point
groups to which polar molecules belong are Ci, C;, all Cy, and all Cyy. In €, and Cry molecules,

the molecular dipole moment vector lies along the C, axis.

2.6. Symmetry Operations as Transformation Matrices

To move from cataloging point groups to performing molecular calculations using group
theory, it is necessary to discuss the representation of groups. One way to represent
symmetry point groups is to represent each symmetry operation as a transformation matrix
(vide infra). Recall that the product AB of two matrices A and B is defined only if the first
matrix A has p rows and r columns, and the second matrix B has r rows and q columns. Only
under these circumstances does there exist a product matrix C, with p rows and g columns,
such that C = AB. Note that this means that matric multiplication is not commutative, so in
general AB # BA, and indeed BA may not even be defined, though AB is. The elements of the

product matrix C are denoted Cj;, referring to the ith row and jth column, and they are given

by
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T
Cij = z AixByj
=1

where Ajx and By are the elements in row i and column k of A and row k and column j of B,

respectively.

We will most frequently be concerned with square, N by N matrices (i.e. matrices with N rows
and N columns) that operate on (multiply from the left) matrices with N rows and only 1
column. We say that we have a square transformation matrix T operating on a column matrix
(also called a column vector) r. The product of this matrix multiplication is a new column
matrix r’. Let us consider 3-row column matrices representing Cartesian coordinate vectors
in 3D space, where a set of coordinates (x, y, z) is transformed to a new set of coordinates

(x,y", Zz'). In this case, we writer, T, and r” as

-l

T, T, Tis
T= T21 T22 T23
T3; T35 Tss
xl
l,‘I — yl
ZI
and the matrix multiplication is
r =Tr
x' T, Ty, Tis]px Ty1x + Tioy + Tisz
Y| =|T21 Tz Ti3 [)’l = [To1x + Ty + Ty32
z' T3; T3, Ts3llz T31x + T3y + T332

Now let us consider the fairly simple point group C».. A standard textbook example of a
molecule belonging to C2y is H20 (see Figure 2.5). We will set the O atom at the origin of the
Cartesian coordinate system. Additionally, we will have the xz plane be the plane of the

molecule, and the z-axis will be collinear with the C; axis.
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There are 4 symmetry operations in the Cz, point group: E, C,, 6,(xz), and 8, (yz). Note that
there are two mirror planes, corresponding to the xz and yz planes, but they are clearly
different: they do not belong to the same class of symmetry element, and their corresponding
operations do not belong to the same class of symmetry operation. We will shortly develop
a way of defining whether more than one mirror plane, C, axis, etc. and their corresponding
operations belong to the same class. Now, we see what each symmetry operation in turn does

to a set of coordinates (x, y, z).

First, the identity operation £ changes nothing: it “transforms” (x, y, z) to (x, v, z). The matrix

representation is thus

x' 1 0 07px X
y1=10 1 0 ly =H
7' 0 0 11tz z

1 0 0]

E=[0 1 0

0O 0 1l

Consider the elements of the E matrix that lie along the principal diagonal (upper-left to
lower-right), which is often just called the “diagonal” for short. Every diagonal element is
equal to 1, meaning that x, y, and z are each only multiplied by 1, thus leaving them
unchanged. All off-diagonal matrix elements are zero, meaning that x, y, and z are not

transformed into each other, or into linear combinations of each other.

Next, the C, operation (rotation by 180° about the z-axis) transforms (x, y, z) to (-x, -y, z), 0

its matrix representation is

x' -1 0 O0]x —X
=0 <1 olb)=[]
7' 0 0 11tz z
-1 0 O
czz[o ~1 o]
0 0 1

The &,,(xz) operation transforms (x, y, z) to (x, -y, z), so its matrix representation is
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x' 1 0 O01rx X
7' 0O 0 11tz A
1 0 0]

GV(XZ)Z[O -1 0
0 0 1i

Finally, the 6,'(yz) operation transforms (x, y, z) to (-x, y, z), so its matrix representation is

x' -1 0 0]xy [—x
yl1=10 1 O“ylz yl
z' 0 0 11tz z
-1 0 O
o, (yz) = [ 0 1 0
0 0 1

All square matrices (with the same number of rows as columns), including transformation
matrices corresponding to symmetry operations, are associated with an important number
called the character (also known as the trace), symbolized by y (from the Greek yapaktnp,
“character”). The character of a square matrix is the sum of all the matrix elements along the
upper-left to lower-right diagonal, which is known as the “principal diagonal.” Thus, for a

matrix A with N rows and N columns and matrix elements Aj;, the character is given by
N
x(A) = z Ajj
i=1

Based on the above formula, the transformation matrices corresponding to the symmetry

operations of Cz, have the following characters:

Transformation matrix X
E 3

C, -1

o,(xz) 1

oy (yz) 1

This set of characters, just like the set of transformation matrices themselves, is a

representation of the group Czy, but it is a reducible representation, meaning that it can be
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described as a sum of more fundamental, irreducible representations. To see how this is so,
we note that each of the transformation matrices worked out above can be block
diagonalized, meaning that they can be broken down into smaller matrices that lie along the

principal diagonal, with all other elements being zero.

[1] 0 O
E=(0 [1] O
0
0

0 0 [1]
[-1] ©
=0 [~1]

0 0 [1]

1 o o0
o,(xz)=[0 [-1] O
o o0 [1]
[-1] 0 0
o,/(yn)= 0 [1] 0
0o 0 [1]

The characters of the smaller matrices corresponding to the transformation matrices’ effect
onx are (1, -1, 1, -1); this is one irreducible representation of the group. The characters of
the smaller matrices corresponding to the transformation of y are (1, -1, -1, 1); this is
another irreducible representation, as is the corresponding set of character for the
transformation of z: (1, 1, 1, 1). In this case, since each of the smaller matrices has only one
row and one column, they are simply numbers, and the single element of each matrix is thus
equal to its character. However, we will shortly see that some transformation matrices, once
block-diagonalized, have some blocks with non-zero off-diagonal elements, so they have

more than one row and one column apiece.
The character table of the C2, point group is shown below (Table 2.1), and it shows all of the

irreducible representations (often called “irreps” for short) that make up this point group,

consisting of each of their characters under each of the symmetry operations:
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Table 2.1. The character table for the Cz, point group.

Cav E ¢, 6, (x2) 6y (yz)

Ar 1 1 1 1 z X2, y?, 7?
Az 1 1 -1 -1 R, xy

B1 1 -1 1 -1 X, Ry Xz

B 1 -1 -1 1 YV, Rx yz
[yyz 3 -1 1 1

The second-to-rightmost column of the character table indicates that the z-axis, and any
functions with the same symmetry as a vector along the z-axis (such as a p, orbital)
transforms as the irrep 41, the x-axis (or a px orbital) transforms as Bj, and the y-axis (or a py,
orbital) transforms as B;. Also in this column are the terms Ry, Ry, and R;; these are vectors
corresponding to rotations about the x, y, and z-axes, respectively. The rightmost column
indicates the irreps corresponding to products of Cartesian functions and the d orbitals
corresponding to them. For instance, since the product xy transforms as Az, a dxy orbital does
as well. Any linear combinations of two functions that transform as the same irrep also

transforms as that irrep, so A1 is the irrep corresponding not only to d,z, but also to d,z_,z.

(Remember that a so-called d,2 orbital is more accurately written as d,2_,2_,2.)

The reducible representation I'yy;, which represents the characters of the transformation
matrices corresponding to x, y, and z together, is seen here to be equal to A1 + B1 + Bz. With
simple character tables, one can sometimes see by inspection which irreps sum to a
reducible representation, but we will shortly see a systematic formula for determining this

for any given reducible representation.

Some other features of transformation matrices can be exemplified by considering the C3y,
point group, whose character table is shown on the following page (Table 2.2). A standard
textbook example of a molecule belonging to C3, is NH3 (see Figure 2.5). We define our

coordinate system such that the (3 axis is coincident with the z-axis.
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Table 2.2. The character table for the C3, point group.

Csv E 2C, 36,

Aq 1 1 1 z X2 + )2, 72

Az 1 1 -1 R,

E 2 -1 0 (), (Ru Ry) | (x*-y% xy),
(x2,yz)

In general, the matrix representation for how a counterclockwise rotation by some angle 6

about the z-axis affects a set of coordinates (x, y, z) is as follows:
cosf —sin@ O xcosf —ysinb
smH cosH l— xsm9+yc059
Thus, the transformation matrix (here called the rotation matrix Re) is given by

cosf —sinf@ 0]

Rg =|sin@ cos@ O

0 0 1

For the C; operation (counterclockwise rotation by 120° :2?71 about the z-axis), the

transformation matrix is

27 27 1 3
cos<?) —sin(—) 0 - — 0

3 2 2
C; = 2m 21 =
> |sin (—) cos (—) 0 ﬁ _1 0
3 3 2 2
0 0 1 0 0 1
Examining the principal diagonal of this matrix, we can see that its character is zero. Also,
_1
we can only block-diagonalize this matrix so far, into a 2 x 2 matrix \/; i ,representing
2 2

the effect of the transformation on x and y together, with a character of -1, and a 1 x 1 matrix

[1], representing the effect of the transformation on z, with a character of 1.

Now consider the symmetry operation C? = C;*, which consists of a counterclockwise
rotation by 240° = 4?” (or, equivalently, a clockwise rotation by 120° = 2?”) about the z-axis:

its corresponding transformation matrix is
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(471) . (471) 0 1 V3 0
i cos 3 sin 3 -5 7
C3 = 4r 4r =
3 sin (—) cos (—) 0 _ﬁ Z00
3 3 2 2
0 0 1 0 0 1

While the off-diagonal elements of C2 are different from those of C3, their principal diagonal
elements are identical, so these two transformation matrices have the same character. Thus,
their corresponding symmetry operations C; and €? are said to be in the same class, and they
are listed together in the character table as 2C,. Similarly, the transformation matrices
corresponding to reflection through each of the three o, mirror planes have the same
character, so these three reflection operations are in the same class, and they are listed
together as 34, in the character table. Every point group has the same number of irreps as it
does classes. [t may, however, have more symmetry operations than irreps, if it contains any

class which consists of more than one symmetry operation.

When we considered the characters of the transformation matrices for (x, y, z) in Czy, we
noted that the characters of these matrices, taken together, formed a reducible
representation of the group, which was a sum of irreducible representations. Any linear
combinations of irreps in a group, as long as all the coefficients are nonnegative integers,
forms a reducible representation of that group. As an example, let us again consider the C3,
character table, with a reducible representation I' (this representation is not that

corresponding to the transformation of x, y, and z).

Csv E 2C, 36,
Aq 1 1 1 z X2 + )2, 72
Az 1 1 -1 R,
E 2 -1 0 (), (Ru Ry) | (x*-y% xy),
(x2,yz)
r 5 -1 1

How do we determine the coefficients for each of the irreps A1, A2, and E for this linear
combination, that is, how many times each of these irreps appears in the reducible

representation I'? First, we define some notation: h is the order of the group (the total
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number of symmetry operations, not the number of classes), each class of symmetry
operations is denoted R, and the number of operations in each glass is g.. The number of
times irrep i appears in the reducible representation I' is n;, the character of irrep i under a
glass of symmetry operations Rc is y;(R.), and the character of the reducible representation
I' under Rc is yr(R.). Using this notation, we calculate n; for each irrep according to the

following formula:
1
n; = EZ IeXi(RIxr(R)
R¢

This formula, often called the reduction formula or decomposition formula, is one of the most
important and widely used equations in the application of group theory to chemistry and

physics.

In C3y, h=6,and g. =1 for E, 2 for 5'3, and 3 for &,. Thus, we calculate all the n; values for our

example representation I' as follows:

1 1 1

g, = ¢ [(MOG +@OOED+ MW= 6-2+3)=-(6) =1
1 1 1

n, = ¢ [(MDG + OOED +AEDMI=2(63-2-3)=2(0)=0

1 1 1
ng =2 [(D@)(E) + DD(D + O] =2 (10 +2+0) = =(12) =2

We have thus reduced (or decomposed) the reducible representation I' to its component
irreps, and we can write I' = A1 + 2E. When using the reduction formula, remember that every
n; must equal either a positive integer or zero. If you obtain a noninteger or negative value
for any n;, this result indicates that you have made an arithmetic error. Also note that the
reduction formula cannot be used for reducible representations in the point groups Ceov, Do,
or K, since each of these groups has infinitely many symmetry operations, i.e. an order of

h = oo,

2.7. Mulliken Symbols for Irreducible Representations
You may wonder about where the symbols for irreps, such as A1, Bz, E, etc. come from. You

do not need to know what these symbols indicated in order to solve problems using a
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character table, and [ do not expect students in my classes to know their meanings on exams.
Nevertheless, you may find that an understanding of these symbols helps you understand
the logic of the properties of different orbitals, vibrational modes, etc. which correspond to
a given irrep. These symbols are sometimes called Mulliken symbols, after Robert S.
Mulliken, who did seminal work on molecular orbital theory. Note that the notation for point
groups, such as Czy, Dep, etc. is not due to Mulliken; it is known as the Schonflies notation,
after the mathematician Arthur Moritz Schonflies (1853-1928), who applied group theory to
problems in crystallography.

The first, and most important, part of a Mulliken symbol is the letter. The letters A and B both
indicate that an irrep is nondegenerate: its dimension, defined by its character under the
symmetry operation E, is 1. A doubly degenerate irrep (dimension of 2, character of 2 under
E) is denoted by E (not to be confused with the symmetry element E or the symmetry
operation E). A triply degenerate irrep is denoted by T, a quadruply degenerate irrep by G,
and a quintuply degenerate irrep by H. The practical meaning of degeneracy in this context
is that, if we find that some property of a molecule (such as a molecular orbital or a
vibrational mode) has an irrep with N-fold degeneracy, then that irrep corresponds to N MOs
(or vibrational modes, or whatever) with the same energy as each other. Thus, if we find that
amolecule has an MO denoted T, this means that we really have three MOs, all with the same
energy. Nondegenerate irreps are labeled 4 if they have the character of 1 under the principal
rotation operation (the €, with the largest value of n), i.e. they are symmetric with respect
to this rotation. They are labeled B if they have the character of -1 under the principal

rotation, i.e. they are antisymmetric with respect to this rotation.

The subscript number 1 or 2 of a Mulliken symbol (such as 1 in A; or 2 in B2) denotes
symmetry or antisymmetry with respect to rotation about a C; axis perpendicular to the
principal axis. Symmetry (a character of 1) leads to a subscript 1, and antisymmetry (a
character of -1) leads to a subscript 2. Some molecules have no C; axes perpendicular to the
principal axis: in such cases, the 1 and 2 subscripts denote symmetry or antisymmetry,

respectively, with respect to reflection through a vertical mirror plane.
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The subscripts g and u are very important. For instance, we will see later in this course that,
in a regular octahedral complex of a transition metal (point group Op), the central metal
atom’s d AOs split into two groups, belonging to the irreps E; and T24. The g subscript (from
the German gerade, “even”) means that an irrep is symmetric (character of 1) with respect
to the inversion operation i, while the u subscript (from the German ungerade, “uneven” or
“odd”) means that the irrep is antisymmetric (character of -1) with respect to inversion.

Irreps of groups with no inversion operation do not have g or u labels.

In molecules with a mirror plane perpendicular to the principal rotation axis (ox), a single
prime (") denotes symmetry (character of 1) with respect to reflection through this plane
(the 6}, operation), while a double prime (") denotes antisymmetry (character of -1) with

respect to reflection through this plane.

The columns of a character table to the right of the characters for the irreps denote which
irreps Cartesian vectors (e.g. z) and products of Cartesian vectors (e.g. xy) belong to. It should
be noted that the s orbitals of any unique atom in a molecule (such as the central metal atom
in a complex) always belong to the most symmetric irrep in the molecule’s point group, the
first listed in the character table, which has a character of 1 for every symmetry operation.
This is not usually indicated in the character tables themselves, but it is important to know

when applying group theory to problems in chemical bonding.

2.8. Direct Products of Irreducible Representations

There is an additional operation we can perform with irreps, which will prove important in
many chemical applications. We can, in a sense, “multiply” two irreps by taking the direct
product of the two of them, which will generate a new representation (either reducible or
irreducible) of the point group to which the irreps belong. The character of a direct product
of two irreps under each class of symmetry operation is the simple arithmetic product of the
characters of each irrep under that class of symmetry operation. In equation form, if P and Q
are irreps, then, for each class of symmetry operation R, the characters of the direct product

P x Q are given by
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XPxQ (Ro) = xp (Rc))(Q (Ro)

Because direct products involve the simple arithmetic multiplication of characters, direct
product formation is commutative, i.e. P x Q = Q x P for any two irreps P and Q in a point
group. This notion can be extended to the direct product of three or more irreps: for instance,
if we take the direct product of any three irreps P, Q, and R in a point group, the characters
of the representation P x Q x R are given by

Xpxoxr(Re) = xp(R)xo (R XR(R,)

with similar formulae holding for the direct products of four, five, etc. irreps.

The direct product of two nondegenerate (Mulliken symbol A or B) irreps is also a

nondegenerate irrep. For instance, consider the direct product A1 x Bz in point group Cay:

Coy E [ 6,(xz) 6, (yz)

Ar 1 1 1 1 z X2, y?, 72

Az 1 1 -1 -1 R, xy

B1 1 -1 1 -1 X, Ry Xz

B 1 -1 -1 1 Y, Rx yz
A1 x B> 1 -1 -1 1

In this case, we can simply compare the characters of A1 x B2 under each class of operations

with the standard set of irreps and see that A1 x Bz = Bs.

The direct product of a nondegenerate (4 or B) irrep with a degenerate irrep is also a
degenerate irrep with the same dimension as the starting degenerate irrep. For instance,

consider the direct products A1 x E and Az x E in the group C3y:

Csv E 2C, 36,
Aq 1 1 1 z X2 + )2, 72
A2 1 1 -1 R,
E 2 -1 0 (), (Ru Ry) | (x*-y% xy),
(x2,yz)
A1 x E 2 -1 0
Az x E 2 -1 0
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In this case, we see that A1 x E and A; x E are both equal to E. Since there is only one
degenerate irrep in C3, (namely, E), the direct product of E with either nondegenerate irrep
must return E itself. However, in the point group Oy, there are two doubly degenerate irreps,
Ey and E.. In that point group, the direct product of E; with a nondegenerate irrep may give

back Ey, or it may give E,, depending on the nondegenerate irrep.

As mentioned previously, every group has a totally symmetric irrep with dimension 1, with
a character of 1 under every class of symmetry operation. Its Mulliken symbol will vary
depending on the point group: in different point groups, it may be denoted 4, A1, A", A1, or
Ay For simplicity and generality, let us denote the totally symmetric irrep in a given group
by S. The direct product of S with any other irrep Pis just P: S x P=P x § = P. This can be seen
from the fact that S has a character of 1 under every class of symmetry operation, so each

character of P will simply be multiplied by 1 and thus unchanged.

The direct product of two degenerate irreps (that is, two irreps of dimension > 1) will be a
reducible representation, that is, a sum of irreps. As an example, let us consider the point
group Ty, to which molecules with the symmetry of a regular tetrahedron (e.g. CHs4, FeCly)
belong, and take the direct product of the doubly degenerate irrep E and the triply

degenerate irrep T2, as shown in Table 2.3 below.

Table 2.3. The character table for the T4 point group.

~ A~

T4 E 8(, 3C, 63, 66,
Ay 1 1 1 1 1 X2+ y2 + 72
A 1 1 1 -1 -1
E 2 -1 2 0 0 (222 -x*-y?%, x% - y?)
T1 3 0 -1 1 -1 (Rx, Ry, RY)
T 3 0 -1 -1 1 (x,v,2) (xy, xz,y7)
Ex T 6 0 -2 0 0

Even without inspecting the irreps in detail, we can immediately see that the direct product
E x T is not equal to any of the irreps, because its dimension is 6, and the maximum
dimension of any irrep in Ty is 3. If we use the decomposition formula, we can find that

ExTy=T1+ Ts.
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The direct product of any nondegenerate irrep with itself is equal to the totally symmetric
irrep. This can easily be seen to be true by noting that every nondegenerate irrep has a
character of either 1 or -1 under every class of symmetry elements, so their direct product
with themselves will have characters of (1)(1) =1 or (—=1)(—1) = 1 under all classes,
corresponding to the totally symmetric irrep. The direct product of a degenerate irrep with
itself will be a reducible representation, but this reducible representation will always contain

the totally symmetric irrep. For example, in T4, T1 x T1 = A1 + E+ T1 + Ta.

Finally, it should be noted that the only way that a direct product of two irreps will either
equal the totally symmetric irrep or be a reducible representation containing the totally

symmetric irrep is if the two irreps are the same.

2.9. Group Theory and Quantum Mechanics

We have just discussed a considerable amount of what might appear to be very abstract
mathematics. Now, let us see why group theory is of importance to atomic and molecular
calculations. First of all, it turns out that all wavefunctions pertaining to a molecular system,
whether they are one-electron orbital wavefunctions, many-electron term wavefunctions, or
vibrational or rotational wavefunctions relevant to spectroscopy, must be eigenfunctions of
each of the symmetry operations in the point group in the molecule. The eigenvalues of the
wavefunctions under each symmetry operation are the characters under each class of
operations for one of the irreps in the group. That is, any valid wavefunction?3 transforms as
(has the symmetry of) one of the irreps of the molecule’s point group. Similarly, any relevant
operator A that corresponds to a physical property of the system must also have the
symmetry of one of the irreps in the molecule’s point group. This is true not only of scalar
operators (e.g. the Hamiltonian), but also of vector operators (e.g. linear momentum, angular

momentum) and tensor operators (e.g. polarizability).

23 Here “valid” means properly constructed according to symmetry principles. It does not
mean “exact,” so an approximate wavefunction (such as one constructed using a
computational technique such as the Hartree-Fock self-consistent field method) will have
these useful symmetry properties, even though it is not exactly equal to the exact
wavefunction of the molecule in question (which will have no analytic form).
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The classification of wavefunctions and operators according to which irreps they transform
as is very important when it comes to simplifying calculations. We often encounter integrals
(inner products, matrix elements) of the form §;; = (tpi|1/)j>. For instance, if 1; and 1); are
atomic orbitals on different atoms, then Sj; is the overlap integral, reflecting formation of a
molecular orbital from two atomic orbitals. It turns out that inner products of the form
(tpi|1/;j) are exactly equal to zero unless the direct product of the irrep corresponding to y;
and the irrep corresponding to 1 is either equal to or contains the totally symmetric irrep of
the molecule’s point group. But, as we saw in Section 2.8, the only way for this direct product
to contain the totally symmetric irrep is if i; and 1); transform as the same irrep. Thus, only
wavefunctions transforming as the same irrep (sometimes referred to as “belonging to the

same symmetry species” or simply “having the same symmetry”) can have nonzero overlap.

Similarly, when an operator A acts on a wavefunction 1, it produces a new function Ay - (We

need not assume that i; is an eigenfunction of 4 in this case; it may or may not be.) The irrep

(symmetry species) or irreps corresponding to Al/)j can be described by the direct product

of the irrep corresponding to A and the irrep corresponding to ;. Now consider matrix
elements of the form 4;; = (1/)i|/i|1/)j>. Any such Aj; will be exactly zero unless the direct

product of the irrep corresponding to 1; the irrep corresponding to A, and the irrep
corresponding to y; is either equal to, or contains, the totally symmetric irrep. Since direct
products of irreps are commutative, another way to say this is that A; will only be nonzero if
the direct product of the irreps corresponding to 1; and 1) is either equal to or contains the

irrep corresponding to A.

This result has direct implications in spectroscopy. When we conduct a spectroscopic
experiment, we subject a system (such as a molecule or an extended structure) to some kind
of electromagnetic radiation that induces a transition between one state, described by the
wavefunction 1;, and another state, described by the wavefunction ;. The interaction of
radiation with the molecule can be described by an operator M, whose symmetry we know
from the theory of electromagnetism. The probability of a transition between state ; and

state 1); (and thus the intensity of the signal measured by our spectrometer) is proportional
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to Ml-zj, the square of the transition moment integral, which is defined as M;; = (1/)l-|1\71|1pj).
While the calculation of the numerical value of a nonzero M;; might well be complicated, we
can use symmetry arguments to determine whether or not M is nonzero without evaluating
any integrals. If the direct product of the irreps corresponding to 1; and y; is either equal to
or contains the irrep corresponding to M, then M;; is nonzero. Otherwise, M; = 0 and we say
that, in this form of spectroscopy, the transition between state 1; and state y; is “forbidden.”
By knowing the symmetry species (irreps) of the initial and final wavefunctions and that of
the electromagnetic radiation operator, we can thus derive “selection rules” for which
transitions are allowed and which are forbidden. It should be noted, however, that the nature
of the approximations sometimes used to describe the spectroscopic states can lead to

transitions being classified as “forbidden” that nevertheless still occur, albeit usually with

low intensity. We will return to this complication when we discuss selection rules later.

The most important operator in quantum mechanics is, of course, the Hamiltonian H, and
when we calculate approximate energies of orbitals and terms, we are often confronted with
matrix elements of the form H;; = (tpi |ﬁ|¢j>, which have dimensions of energy. It turns out
that the Hamiltonian for a molecule always transforms as the totally symmetric irrep of that
molecule’s point group, so matrix elements H;; are only nonzero if 1); and ; transform as the

same irrep.
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Chapter 3: Molecular Orbital Theory

3.1. The LCAO-MO Method for Molecular Orbitals

Computational chemistry techniques such as the Hartree-Fock (HF) self-consistent field
method usually approximate the total wavefunction ® of a multielectron atom or ion as a
Slater determinant (or a linear combination of Slater determinants) of one-electron
wavefunctions ¢; (atomic orbitals or AOs). The energetically optimal forms of the AOs are
determined by repeated application of the variational method, with the calculations being
iterated until successive calculations give the same answer (i.e. they are “self-consistent”).
Similarly, such methods can be used for calculations on molecules or polyatomic ions, by
approximating the total wavefunction W of the molecule as a Slater determinant (or linear
combination of Slater determinants) of one electron molecular wavefunctions ; (molecular

orbitals or MOs), in what is known as molecular orbital theory (MOT).

This description of MOT necessarily raises the question of what form the trial functions
representing the MOs should take. Clemens Roothaan (1918-2019) and George Hall (1925-
2018) proposed that each MO y); be approximated as a linear combination of AOs ¢; from the
atoms that make up the molecule. For a set of MOs constructed from a set of n AOs (the basis

set), we construct n MOs, each of which has the following general form:

n

Y, = Z Cji;

j=1
Here each weighting coefficient c;; indicates the contribution of the AO ¢; to the MO . This
method is known as the linear combination of atomic orbitals - molecular orbitals method,

or the LCAO-MO method for short.

We now have a set of MO trial functions, each of which is linearly dependent in the variational
parameters cji. To use the variational theorem to find the best values of ¢;; (corresponding to
the lowest-energy MOs), we set an n x n secular determinant equal to zero and solve for the

energies:
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Hll - ESll H12 - ESIZ Hln - ESln
Hi, _ ESi;  Hy _ ESy, -+ Hpp _ ESon -0
Hyy —ESin Hyn —ESyy -+ Hpy —ESp,
Here E is the one-electron orbital energy for each MO, and the other matrix elements are
given by
Sab = APaldp) = Spa = (Pp|da)
Hqp = <¢a|ﬁ|¢b> = Hpq = <¢b|ﬁ|¢a>
Note that, in these equations, H does not represent the full Hamiltonian operator, but is
instead a sort of “one-electron Hamiltonian” known as the Fock operator, which gives the
energy of an electron in a given orbital as a result of the average electric field from all the
other electrons. The detailed form of the Fock operator need not concern us in this course,?*
but what is important for our purposes is that it has the same symmetry as the full

Hamiltonian.

The physical interpretations of the matrix elements are as follows: if the basis set of AOs is
normalized (as is usually the case), then all Saq = 1. Sap is called the overlap integral of ¢, and
¢». If pa and ¢y are AOs on the same atom, and the basis set of AOs on each atom is orthogonal
(as is usually the case), then Sq» = 0, while if ¢q and ¢, are AOs on different atoms, Sap is a
measure of how much the two AOs can overlap in space to form MOs (hence the term
“overlap integral”). Huq is the one-electron energy of the AO ¢4, and Hay may be thought of
(somewhat crudely) as the “energy of interaction” between the AOs ¢, and ¢». The value of
Hgp is most important if ¢, and ¢ are AOs on different atoms, and thus interact to form a
lower-energy (bonding) MO and a higher-energy (antibonding) MO. At most, our solutions
to this secular determinant will give us n different values of the MO energy E, but they will

yield fewer different E values if some of the MOs are degenerate.

24 Details of the Hartree-Fock technique can be found in chapter 3 of Modern Quantum
Chemistry: Introduction to Advanced Electronic Structure Theory, by Attila Szabo and Neil S.
Ostlund, Dover Publications, Inc.: Mineola, NY, 1996.
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The conceptually simplest way to approach this problem is to solve it by “brute force,” that
is, to set up a secular determinant involving all the AOs to be considered (often all the valence
AOs of all the atoms in the molecule) and then to solve that n x n secular determinant, by
hook or by crook. Unfortunately, this strategy is computationally very inefficient: even a
reasonably large molecule will have a great many valence AOs in its basis set, so we must ask
our computer to calculate a large number of definite integrals and then to solve some very
large determinants, tasks that can take a great deal of time. If, however, we can set some of
the matrix elements Sa» and Hap equal to zero without having to evaluate the integrals, we
can save computational time on integration, as well as being able to rewrite each secular
determinant as a set of smaller determinants lying along its principal diagonal. To do this,
we will use symmetry techniques, and we will see that this symmetry-based method is useful
not only for computational chemistry, but also for the qualitative construction of MO

diagrams, which we may do with pencil and paper without evaluating any integrals.

3.2. Symmetries of Atomic Orbitals and Symmetry-Adapted Linear Combinations
(SALCs)

[tis a fact (which we state here without proof) that both the total molecular wavefunction ¥
and each of the MOs 1; will transform as one of the irreps of the point group to which the
molecule belongs. (Two or more MOs will transform together in the case of degeneracy.) The
LCAO-MO calculations become simpler, allowing us to immediately set some matrix
elements equal to zero by symmetry, if we ensure that each of the basis set orbitals also
transforms as one of the irreps. When we have a unique atom in a molecule, the irreps that
its AOs transform as are readily identified simply by examining the two rightmost columns
of the character table for the molecule’s point group: a px AO transforms the same way as x,
ady; AO transforms the same way as yz, etc. (Remember that an s AO on a unique atom always
transforms as the totally symmetric irrep in the molecule’s point group, even though most
character tables, as printed, do not indicate this fact.) Now suppose that we have a molecule
ML,, with several equivalent terminal atoms L bound to a unique central atom M: while we
can identify the irreps corresponding to the AOs of M easily enough, what about the AOs of

the terminal L atoms? It turns out that an individual AO of one of the L atoms will not
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transform as any of the irreps, but that an appropriately constructed symmetry-adapted
linear combination (SALC) of the terminal atom AOs will have the symmetry of one of the

irreps in the molecule’s point group.

Our task is now to identify the appropriate irreps of the SALCs formed from the terminal
atom AOs. The first step is to create a reducible representation of the terminal atom AOs of
each type. For instance, in CHs we would consider the 1s AO on each H, while in CCls, we
would construct three reducible representations: one corresponding to the 3s AOs on each
Cl, one corresponding to the 3p; AOs (taking these AOs to be oriented along the C-Cl bond
axes), and one corresponding to the 3px and 3p, AOs together. We could, of course, derive
these representations by constructing a transformation matrix for each of the symmetry
operations of the molecule applied to the set of AOs as a column matrix, followed by
computing the character of each matrix. This procedure would get very tedious very quickly,
and there is fortunately a much simpler way to obtain the characters of the reducible

representations. This shortcut method is as follows:

(1) If an operation leaves an AO unchanged, that AO contributes 1 to the character under

that operation.

(2) If an operation takes an AO into the negative of itself (e.g. reflecting a px AO through the

yz plane), that AO contributes -1 to the character under that operation.

(3) If an operation interchanges an AO with another AO (e.g. swapping a pair of s AOs on
different atoms, or swapping the px and p, AOs on a single atom, that AO contributes zero to
the character under that representation, since such interchanges are represented by off-
diagonal elements of transformation matrix, and they thus contribute nothing to the
character. Any time an atom moves in space as the result of a symmetry operation, each of

its AOs contributes zero to the character.

(4) Only if an operation takes an AO to a mixture of that AO and another AO do we need to

write out a transformation matrix to compute the character. An example of such a mixing of
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orbitals can be seen by considering the C; rotation on (x, y, z), assuming the z axis is the Cs
axis, which transforms x and y into linear combinations of each other (see the C3, example in
Section 2.6). For many examples, this step is not required. However, for a Tq species ML4, we
would need to write a rotation matrix for the mixing of px and p, AOs on the L atoms by

rotation about one of the molecule’s Cs axes.

Like many things, the method of deriving SALCs is best illustrated by example. In the
following three sections, we will consider (in order of least to most complicated) the group

theory-based MO treatment of the main-group hydrides H>0, NH3, and CHa.

3.3. MO Theory for H20 and Projection Operators

For H:0, in the (2, point group, a reasonable basis set would be the valence AOs of all the
atoms: a 1s AO for each H atom, and a 2s and three 2p AOs for 0. Without the use of symmetry,
the LCAO-MO method would give us a 6 x 6 secular determinant to solve, with many off-
diagonal matrix elements to evaluate by definite integration. Let us now see how to simplify
this by making the H 15 AOs a basis for H atom SALCs. The first step is to construct a reducible
representation corresponding to the H 15 AOs. These AOs are shown, along with a coordinate
system, in Figure 3.1 below, and the C(2y character table and the SALC reducible

representation are shown in Table 3.1 on the following page.

V4
/y @)\ /Q‘D
O
. X

Figure 3.1. The hydrogen 1s AOs in HzO0.

The characters for I'saic are obtained as follows: £ leaves both AOs unchanged for a character

of 2. C, switches the AOs with each other for a character of 0. 6,(xz) leaves both AOs
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unchanged (since the AOs lie in the xz plane?®) for a character of 1, and 6,,'(yz) switches them
with each other for another character of 0. This representation reduces to I'saic = A1 + By,
which means that we have one SALC that transforms as A1 and one that transforms as Bi.
Note that whenever we construct a set of SALCs from a basis set of n AOs, we will end up with

n SALCs. The forms of the SALCs are shown in Figure 3.2 below.

Table 3.1. The character table for the Cz, point group.

Cov E éz 617 (XZ) 6v,(yz)

Ar 1 1 1 1 z X2, y?, 72

Az 1 1 -1 -1 R, xy

B1 1 -1 1 -1 X, Ry Xz

B 1 -1 -1 1 Y, Rx yz
I'saLc 2 0 2 0

Q_D\ O/q_D Q_D\ O/.
Figure 3.2. SALCs for the H 15 AOs in H20.

In this case, the forms of the SALCs are readily predicted: the only real options are a sum or
a difference of the AOs (i.e. whether the two AOs have the same phase, or different phases).
In general, SALCs are linear combinations of the AOs used as their basis. There is a systematic
method for determining the coefficients in this linear combinations, using an algorithm
called the projection operator. The way the projection operator works is that we apply the
projection operator for a given irrep to any one of a set of equivalent AOs, and it “projects

out” a SALC belonging to the appropriate irrep.

There are two forms of the projection operator. One form, the “complete projection

operator,” gives us unambiguous expressions for a set of SALCs in any point group.

25 Strictly speaking, the 6,(xz) operation takes a hemisphere of each 1s AO to the other
hemisphere. This is not considered to be any net motion from the standpoint of symmetry,
because the sign does not change (s AOs are spherically symmetrical).
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Unfortunately, it requires that we know the transformation matrices corresponding to all the
symmetry operations for basis functions of each irrep. These matrices are not widely
tabulated, and working out all of them de novo would be extremely tedious. Instead, we will
use a simpler type of operator, the “incomplete projection operator,” which only requires
that we know the characters corresponding to each symmetry operation for basis functions
belonging to each irrep. Fortunately, these characters are precisely the numbers provided
for us in the standard character tables. For a set of SALCs that are all nondegenerate (all the
irreps are of the A or B type, with no E, T, G, or H irreps), the incomplete projection operators
are enough to give us the full forms of the SALCs - the incomplete projection operators are
not, in fact incomplete for degenerate SALCs. However, to get forms of SALCs belonging to
degenerate sets (in this course, we will only encounter doubly degenerate E and triply
degenerate T irreps), we must use a combination of projection operators and a certain

amount of pictorial intuition.

The form of the incomplete projection operator (which will henceforth simply be referred to

as the projection operator) is as follows:
P=> y(RR
R

Here j is any given irrep in the group, x; (1?) is the character of irrep j under each symmetry

operation R, and R means that we apply the symmetry operation R to a given member of the
basis set, perhaps turning it into another member of the basis set, or to the negative of itself.
Note that, while the characters for multiple operations R in the same class are equal, the
effect of each R in a class on a given basis AO will be different for different R in that class.
This is why the summation in the projection operator is over symmetry operations, not
classes of symmetry operations. The effect of the projection operator is to turn any one of a
set of equivalent AOs ¢; into a SALC belonging to the irrep j represented by the projection
operator, or

P.

_ 4 SALC
]¢i_ j

J
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The first step is to determine the effect of each symmetry operation on one of the equivalent
AOs. It is convenient to construct a table of the effects of these operations on one of the AOs
before explicitly applying the projection operator. For H;0, let us label the 1s AO on the left
H atom of Figure 3.1 as o1 and that on the right H atom as o2. E leaves o1 as o1, C, transforms
it to 02, 6,(xz) leaves it as 01, and 6, (yz) transforms it into 2. Table 3.2 below shows these

results.

Table 3.2. Effect of each symmetry operation in Cz, on the 1s AO o1.

-~

Operation R E C, 6,(xz) 6, (yz)
ﬁo’l (5} ()] 01 ()]

Using the characters of the A1 irrep with the results of Table 3.2 yields

¢)§?LC =0, +0,+ 0, +0, =20, + 20,
While this is indeed a symmetry-adapted orbital, SALCs should also be normalized. If we
assume that the basis orbitals of the SALC are sufficiently far apart from one another that
there is zero overlap between them (usually a very good approximation), then the
normalization constant is easy to work out without actually evaluating any integrals. If an

(unnormalized) SALC is a linear combination of n basis orbitals

n

SALC _
j = z Cip;

=1
then the appropriate normalization constant N by which it must be multiplied is given by

1
N =

iy cf
Applying this normalization to the A1 SALC which we derived for the H 1s AOs of H20, we see

that

1
> (20-1 + 20-2) == _(0-1 + 0-2)

1
VZ T 22 V2

SALC _

We can similarly construct the SALC of B; symmetry as follows:

(l)g?Lc == 0-1 _0-2 +O-1 _0-2 == 20-1 - 20-2
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Normalizing gives

¢SALC — 1

B \/7(01 —03)

With the addition of normalization, these SALCs correspond to the simple sum and difference

of 1s AOs that we envisioned earlier.

At this point, we can simplify the consideration of the MOs considerably. Oxygen AOs and
hydrogen SALCs can only interact with each other if they transform as the same irreducible
representation. The oxygen 2s and 2p, AOs transform as Aj, its 2px AO transforms as By, its
2py AO transforms as B, and the hydrogen 1s SALCs transform as A; and Bi, as we just
derived. Thus, to form MOs, we have 3 basis orbitals of A1 symmetry, 2 basis orbitals of B:
symmetry, and 1 basis orbital of B> symmetry. Thus, if we were to run an HF calculation,
instead of dealing with a 6 x 6 secular determinant, we would only have to deal with a 3 x 3

determinant, a 2 x 2 determinant, and a 1 x 1 determinant (i.e. just a number).

The “1 x 1 determinant” corresponds to the oxygen 2p, AO of B, symmetry; since it has no
symmetry match among the SALCs or the other oxygen AOs, it can neither form
bonding/antibonding interactions with the SALCs or mix (hybridize) with other oxygen AOs.
Thus, it is a rigorously nonbonding MO in this basis set, denoted 1b». (Mulliken symbols with
lower-case letters are conventionally used to denote MOs of a given irrep, while those with
capital letters are used to denote SALCs and vibrational modes.) The matrix element Hgq for

the MO 1b2 roughly corresponds to the one-electron energy of an oxygen 2p, AO.

The oxygen 2px (B1) AO and the B1 SALC will interact to form a bonding MO (1b1), lower in
energy than either basis orbital, as well as a higher-energy, antibonding MO (2b1). The
oxygen 2s and 2p, (A1) AOs and the A SALC will mix to form three MOs, labeled 1a1, 2a1, and
3ai. (Remember that, whenever n AOs, whether AOs or SALCs, interact with each other, they
will form n MOs.) In general, these three-orbital mixings result in a strongly bonding MO, a
strongly antibonding MO, and a third MO which is roughly nonbonding energy-wise, but not

rigorously nonbonding due to symmetry (contrast with 1b1 in this example).
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An approximate MO energy-level diagram, showing the correlations between the MOs of H20

and the AOs of O and the SALCs of H, as well as sketches of the MOs, is shown in Figure 3.3

below.
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Figure 3.3. Qualitative MO diagram for Hz0.
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Here the O 2p, AO interacts more strongly with the H A1 SALC, because it is closer in energy
to the H 1s than O 2s is. Thus, 2a: and 3a: are significantly bonding and antibonding,
respectively, while 1a; is mostly an O 2s AO, stabilized slightly by bonding interactions with
the H A1 SALC. It can be considered roughly nonbonding, but not rigorously nonbonding in
the way that 1b; is. You may wonder why we consider the 1a; MO to be roughly nonbonding,
even though it is the lowest-energy MO in the diagram. This is because it is not significantly
lowered in energy relative to the O 2s AO, which is already quite low in energy due to the

electronegativity of O.

Note how different the diagram in Figure 3.3 is from the standard Lewis structure/valence
bond theory (hybrid orbitals) picture of H20: instead of two equivalent O-H bond orbitals,
each localized between O and a single H, we have two different bonding orbitals of different
energies, 1b1 and 2ai, each of which is involved in both O-H interactions. Additionally,
instead of two equivalent, nonbonding lone pairs on O, we have two (at least approximately)
nonbonding MOs, 1a: and 1b;. Furthermore, one of these “lone pairs,” 1ai, is actually the

valence MO of lowest energy, since it is of chiefly low-energy O 2s character.

3.4. MO Theory for NH3 and Projection Operators for Degenerate Irreps
Moving on from H:0, we next consider NHs. As before, we use the 1s AOs on the H atoms
(labeled o1 through o3 in Figure 3.4 below) to construct a reducible representation Isarc in

C3v (Table 3.3 on the following page), taking the C3 axis to be the z axis.

(;)01
X

N

»@ W

Figure 3.4. Coordinate system for the hydrogen 1s AOs in NHs.

O
z 3
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Table 3.3. The character table for the C3, point group.

Csv E 20, 36,
Aq 1 1 1 z X2 + )2, 72
A2 1 1 -1 R,
E 2 -1 0 (x)), (R R) | (x*-)2 xy),
(xz,yz)
I'saLc 3 0 1

The characters are obtained as follows: E leaves all H 1s AOs alone for a character of 1 each
(3 total). Either C; operation interchanges the AOs, for a character of 0. Each o, plane
contains one AQ, so each G, operation leaves that AO alone while interchanging the other
two, for a character of 1. The representation can be reduced to I'sa.c = A1 + E. It is important
to understand that we still obtained three SALCs from three basis AOs (as we must), since
the doubly degenerate E representation indicates two degenerate SALCs. The forms of the
SALCs are shown below in Figure 3.5 (we will shortly derive them), but this form is common
to three AOs forming a pair of degenerate SALCs: one SALC has one AO, with a larger
coefficient, out of phase with the other two, while the other SALC has no contribution from
the AO with the larger coefficient in the first SALC, but has the other two out of phase with
each other. This pattern appears frequently in molecules with a unique C3 axis: the SALCs
constructed from the fluorine 2s AOs in BF3 (a trigonal planar molecule, with D3, symmetry)

have the same form.
I T
|
N N N
@O e e
1 N J

E

Figure 3.5. SALCs for the H 15 AOs in NHs.

We will now derive the forms of the SALCs. First, we tabulate the effect of each symmetry

operation on the H 15 AO o1 (Table 3.4). We denote the three 6, operations based on which
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H 1s AO the corresponding oy mirror plane contains: 6,,; denotes reflection across mirror

plane ov1, which contains 1s AO o1, and so on.

Table 3.4. Effect of each symmetry operation in C3, on the 1s AO o1.

Operation R E Cq C2 61 G2 O3
Roy 01 ) 03 01 03 02

The A1 SALC is derived using the A1 projection operator:
¢[S11ALC ZPAlo'l :O-1+O-2+O-3+O-1+0-3+O-2 :20-1+20-2+20-3
Normalizing this SALC gives
1
V3

¢/S1‘?Lc = (01 + 0, +03)

Deriving the E SALCs is not as simple, since E is a doubly degenerate representation. We first
apply the E projection operator to o1, to get one of the E symmetry SALCs.

E',AlLC :PEo-l :20-1_0-2_0-3+00-1+OO-3+00-2 :20-1_0-2_0-3
Normalization gives

bs_{lec = ﬁ(zﬂ — 0, — 03)

We now have one E symmetry SALC. To get the other, we might try using the E projection
operator on o2, instead. First, we tabulate the effects of each operation on o2 in Table 3.5

below:

Table 3.5. Effect of each symmetry operation in C3y on the 1s AO o-.

Operation R E Cs C2 01 Oz 03
Ro, 03 03 01 03 02 01
PAC = Pgo, = 20, — 03 — 01 + 003 + 00, + 00y = 20, — 05 —
E2 — g0 = 403 —03 — 07 03 02 01 = 403 — 03 — 01

Normalization gives

PAC = — (20, — 03 — 0y)

E,2 - \/g
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There is a problem with these two SALCs, namely, that they are not orthogonal to each other,
as is shown here. (The overlap integrals between the 1s AOs are all taken as zero, and we

assume that each 1s AO is normalized.)

<¢1§{}LC|¢§{§LC> = <% (201 — 03 — 03) %(202 — 03— 01)>

1
= —(201 — 0, — 03|20, — 03 — 07)

6

1
= 6(4(01|02> — 2{(01|03) — 2(01|01) — 2(03|0,) + {(02]03) + (0|01} — 2(03]|0,)

1 1

When we have two functions fi and f; which are not orthogonal to each other, we can
transform them into a pair of functions that are orthogonal using an algorithm called Gram-
Schmidt orthogonalization, after the mathematicians Jgrgen Pedersen Gram (1850-1916)
and Erhard Schmidt (1876-1959). First, we select an initial function fi, which must be

normalized. Here, we will take f; to be the first SALC with E symmetry:

1
= ¢ =— 20y —0,—0
fl E1 \/g ( 1 2 3)
Similarly, we will take the second function f; to be the second SALC with E symmetry:
1
= ¢ht =—20,—03—0
f2 E,2 \/g ( 2 3 1)

Our task now is to modify f; to become a new function f;” which is orthogonal to fi. We do
this by making f>" a linear combination of f; and fi, and we determine the coefficient in the
linear combination by requiring orthogonality:

fo=fh+ch

(f 1|f2’> =0
The orthogonality condition allow us to calculate the value of the coefficient c as follows:
(ulf2") = {filfa + cf1) = (il 2) + c(filfi) = O
c(filfi) = =(f1lf2)

A
A
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For the NH3 SALC problem, f; = ¢3¢ and f, = ¢35, so

<SALC|¢SALC> _% 1
( SALC|¢SALC> 1 2
SO
1
fi = pSAIC = pSALC 4 = ¢SALC_ﬁ(20-2_O-3_O-1)+g€(Zo'1 g, — 03)
= _(0,-0)
0, — 0
“2v6 2

Normalizing this new SALC, we have our two E symmetry SALCs for the purpose of this

problem, which are pictorially represented in Figure 3.5 above:

bs_{lec = ﬁ(zﬂ — 0, — 03)

SALC _

1 = —=\0, — O
E2 \/E(Z 3)

Gram-Schmidt orthogonalization is very reliable, and the technique can readily be extended
to construct sets of 3, 4, or more orthogonal functions. (In practice, no chemically important
point groups have irreps with a dimension larger than 5.) However, while the algorithm
remains conceptually straightforward, it quickly becomes tedious when orthogonalizing
larger numbers of functions. (Constructing N orthogonal functions using the Gram-Schmidt
technique requires solving N - 1 simultaneous linear equations, in addition to all the
computations of inner products.) When constructing SALCs belonging to degenerate irreps,
we can often forego the Gram-Schmidt process for a less rigorous, but still reliable, pictorial

technique.

We see from the (3, character table (Table 3.3) that the 2pyand 2py, AOs of N must transform

together as E. Now, suppose that we used the projection operator for E just once, to obtain

FC = \/ig (20, — 0, — 03). We can see that this SALC is well set up to interact with the N 2p,

AO (see Figure 3.5 for the coordinate system), since one lobe of that p, AO interacts with the

larger 201, and the other lobe interacts with o2 and o3, which have the opposite phase as o1.
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If $34%C interacts with 2p,, then ¢35 should interact with 2py. But there should be no

contribution from o1 to ¢§{§Lc' since if there were, the constructive interaction of o1 with one

lobe of the 2px AO would be exactly canceled out by its destructive interaction with the other
lobe, for zero net overlap. Instead, 02 and o3 have different phases, and interact with the two
lobes of 2py. This reasoning gives us (after normalization) the same form of ¢,§{§LC as that

derived by the Gram-Schmidt procedure.

Comparing H SALCs with N AOs, we see that N 2s and 2p; both transform as A1, and can
interact with the A1 SALC, and that N 2px and 2p, transform together as E, and can interact
with the E SALCs. The E interactions result in two pairs of doubly degenerate MOs: one
bonding pair (1e) and one antibonding pair (2e), while the A; interactions present us with
another three-orbital problem. In this case, the N 2p, AO is closer in energy to H 1s than N 2s
is, so we might be tempted to describe the 1ai1 MO, with heavy N 2s character, as roughly
nonbonding, and the 2a; MO, with heavy N 2p, character, as strongly bonding. However, the
2s and 2p AOs are closer in energy for N than for O, so these orbitals mix (or hybridize)
strongly, lowering the energy of 1a; (making it strongly bonding) while raising the energy of
2a1 (making it only slightly bonding, and roughly nonbonding). Thus, the intermediate-
energy, approximately nonbonding 2a; MO corresponds to the lone pair of the Lewis

structure of NH3, and the 3a; MO is strongly antibonding.

An MO diagram for NH3, including pictures of the MOs, is shown in Figure 3.6 on the following

page.

3.5. MO Theory for CHs

We now consider the bonding in CHs4, which belongs to the T4 point group and which will
provide us with our first example of a triply degenerate set of MOs. The easiest way to
consider the coordinate system for CHs is to inscribe the tetrahedral shape of the molecule
in a cube, with C at the center, the x-, y-, and z-axes perpendicular to opposite faces of the
cube and passing through the center of each face, and the H atoms (and their 1s AOs, denoted

01, 02, 03, and 04) at alternating vertices of the cube. This coordinate system is shown in
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Figure 3.7 on the following page, and the character table for the T4 point group, with the

characters for I'saLc, is shown in Table 3.6 on the following page.

IS

N H

Figure 3.6. Qualitative MO diagram for NH3.

100



o

(H)
2
H

z ]

e/

Figure 3.7. Coordinate system for the hydrogen 1s AOs in CH4.

Table 3.6. The character table for the T4 point group.

Ty E 8C, 3C, 65, 66,

Ay 1 1 1 1 1 X2+ y2 + 72

A 1 1 1 -1 -1

E 2 -1 2 0 0 (222 -x*-y?%, x% - y?)

T1 3 0 -1 1 -1 (Rx, Ry, RY)

T 3 0 -1 -1 1 (x,v,2) (xy, xz,y7)
I'saLc 4 1 0 0 2

The characters of I'saic are determined as follows: as always, E takes each AO into itself, for
a character of 4. Each (s axis contains the central C atom and one H atom; this H atom is
unchanged by C;, while the others are interchanged with each other, for a character of 1.
Both each of the €, operations and each of the §, operations involve interchanging all of the
AOs, so the character for each of these operations is zero. Finally, each o4 plane contains two
H atoms and the central C. Thus, each 6, operation leaves two of the AOs unchanged, while
interchanging the other two, for a character of 2. Use of the reduction formula yields

[sarc = A1+ Ta.

Examination of the Ty character table shows us that the carbon 2s AO transforms as 41,
allowing it to form a bonding MO (1a1) and an antibonding MO (2a1) with the A1 SALC, while
2px, 2py, and 2p, transform together as T>, allowing them to form a triply degenerate set of
bonding MOs (1tz) and a triply degenerate set of antibonding MOs (2¢tz) with the T2 SALC. In
a sense, the MO energy-level diagram for CHy is actually simpler than that of H,0 or NH3, as
there are no “three-orbital problems” leading to bonding, antibonding, and roughly
nonbonding MOs. Instead, we simply have one clearly bonding and one clearly antibonding

MO each of A1 symmetry, and one clearly bonding set and one clearly antibonding set, of
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three MOs each, of T symmetry. If we were to carry through an approximate numerical
calculation for the orbital energies, we would need to solve only two 2 x 2 secular
determinants, one for the two energies of the MOs of A1 symmetry, and the other for the two

energies of the MOs of T2 symmetry.

We can draw an MO energy-level diagram without knowing the shape (or algebraic form) of
the MOs. However, we can determine the appearances of the H 1s SALCs as follows. First, we
can recognize that the A1 SALC must simply consist of all the 1s AOs present with the same
sign and the same coefficient, since this is how they can interact most strongly with the

spherically symmetrical C 2s AO. Thus, the normalized A1 SALC is given by
1
¢;51?LC = 2 (01 + 0, + 03+ 04)

To obtain equations for the T2 SALCs, we could use projection operators and Gram-Schmidt
orthogonalization. However, we can derive the forms of these SALCs more efficiently using a
pictorial argument. We reason that, since the central C atom’s 2p AOs transform together as
T2, one of the T2 SALCs must be able to interact with C 2py, one with C 2p), and one with C 2p,.
Thus, we construct T2 SALCs in which each of which has two 1s AOs of one phase (to interact
with one lobe of the relevant C 2p AO, and two of the other phase (to interact with the other
lobe of C 2p). The forms are given by the following equations, and displayed in Figure 3.8 on
the following page (using the same coordinate system and labels for the H 1s AOs as Figure
3.7):

1
¢7S"£I£C = 2 (01 — 0y + 03— 04)

1
¢§?,3]7C = E(_% — 0, + 03+ 0,)
saLc _ 1
¢T2,z = 2(01 — 0, — 03+ 04)

The MO diagram for CH4 is shown in Figure 3.9 on the following page. Note that, while the
Lewis structure/valence bond picture for CHs shows four equivalent, localized C-H bond

orbitals, the MO treatment predicts two energy levels of C-H bonding: 1a: and 1¢..
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Figure 3.8. SALCs for the H 15 AOs in CHa.

Figure 3.9. Qualitative MO diagram for CHs.
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Photoelectron spectroscopy (PES) is a way of measuring the energies of electrons in MOs, by
determining the energy required to remove an electron from each MO energy level. PES of
CH4 shows, in the energy region expected for valence MOs, two peaks, not one: the lower-
energy peak, corresponding to 1t; (it takes less energy to remove an electron from a higher-
energy MO) has about three times the intensity of the higher-energy peak, corresponding to
1ai. This result is consistent with the 1¢;1 MOs constituting a triply degenerate energy level
populated by three times the number of electrons as populate the nondegenerate 1a; energy

level.

You might wonder why the four C-H bond lengths in CH4 are equal, if there are two types of
C-H bonding MOs with different energies. The reason is that each C-H connection in a CHs
molecule is due to a combination of the bonding due to the 1a; MO and that due to the 1t
MOs. The total electron density, from the 1a; and 1t MOs combined, is equal along each C-H
connection. Another way of looking at this is that there are four equivalent C-H bonds, if a
“bond” is taken merely to mean a connection between C and an H atom, but there are not

four equivalent C-H bonding MOs.

3.6. MO Theory for SF¢ and Main-Group Hypervalency

A delocalized MO treatment is very useful in describing the bonding in so-called
“hypervalent” molecules, in which a main-group atom from the third period or lower appears
to exceed the octet rule by having more than 8 valence electrons in its coordination sphere.
Common examples of hypervalent molecules include PFs (10 valence electrons around P)
and SF¢ (12 valence electrons around S). Traditionally, hypervalency has been explained by
the use of d orbitals in bonding: according to this model, the P atom in PFs is taken to be dsp3
hybridized, with its 3d,2 AO used in addition to 3s and 3p, and the S atom in SF is taken to
be d?sp? hybridized, with its 3d,2 and 3d,2_,2 AOs used in addition to 3s and 3p. Treating
these 3d AOs as valence orbitals allows the P or S atoms to accept more electron density. This
model has been criticized, however, based on more recent numerical calculations, which
indicate that the 3d AOs, while they have the right symmetry to participate in the bonding,

are sufficiently higher in energy than the 3s or 3p AOs that their total contribution to bonding
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is very low (e.g. their coefficients in an LCAO-MO expression would be very small in

magnitude). We will now see that delocalized MO theory allows us to construct a model of

bonding in SF¢ (or PFs) without having to invoke participation by 3d AOs.

We begin by considering the regular octahedral (0s) SFs molecule. We will make the

approximation that only the 2p AOs of the F atoms are used in bonding; this approximation

is reasonable because the 2s AOs of F are very low in energy, much lower than F 2p or S 3s

or 3p. Additionally, we will consider only one 2p AO per F atom, pointing directly towards

the central S: this approximation amounts to treating the bonding in SF¢ as o-only, with no

interactions. With this in mind, the F 2p AOs can be represented as vectors pointing toward

S as depicted in Figure 3.10 below, and a reducible representation I'saic is constructed in Op,

whose character table is Table 3.7 below.

Figure 3.10. Vectors on F atoms of SFs with the symmetry of 2p AOs.

Table 3.7. The character table for the Oy point group.

On |E|8C,|6C,|6C,| 3C i | 68, |85, |36, |66,
(=¢2)

A |1 1 1 1 1 1 1 1 1 1 x2+y2+ 72
Ag |11 | -1 | -1 1 11 -1]1 1 | -1

E, (2] -1 0 0 2 2 0 |-1] 2 0 (222 - x2 -2,

X* - y?)
Ty |3] 0 | -1 | 1 -1 3 1 0 | -1 | -1 | (RvRy,
Rz)

Ty 131 0 1 | -1 -1 3/ -1]0]-1 1 (xy, xz, yzZ)
A 1] 1 1 1 1 -1 -1 |-1]-1]-1

A |11 | -1 | -1 1 -1 1 | -1] -1 1

E. |2]-1]0 0 2 -2 0 11 -210

Tw |3] 0 | -1 ] 1 -1 -3/ -1 0 0 1 | (xy2)

Tou |31 0 1 | -1 -1 -3 1 0 0 | -1
[sac | 6] O 0 2 2 0 0 0 4 2
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This representation can be reduced to Isaic = Aig + Eg + T1u. The S 35 AO has A1y symmetry,
so it can form bonding and antibonding MOs with the A1y SALC. The S 3p AOs together have
T1, symmetry, and thus can form a set of bonding MOs and a set of antibonding MOs with the
T14 SALC. The E4 SALCs have no symmetry match among the S 3s or 3p AOs. They do have a
match with the S 3d,2 and 3d,2_,2 AOs, but since these 3d AOs are so high in energy, we will
not invoke their participation in the bonding scheme. This means that the E; SALCs must be
considered (in this model) as strictly nonbonding MOs, with purely F 2p character and no

admixture from any S AOs. The MO diagram for SFs is shown in Figure 3.11 below.
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Figure 3.11. Qualitative MO diagram for SFe.

We have not, at this point, derived the forms of the A1y or T1, SALCs, and Figure 3.11 does
not show the forms of the E; SALCs (which are nonbonding MOs in this example). We will
more formally derive these SALCs when we discuss the bonding in O, complexes of transition

metals, in which d AOs on the central metal atom are significantly involved in the bonding.

Examining our MO diagram, we see that 4 electrons are in the nonbonding 1e, MOs, while 8
electrons are in bonding MOs (1a1gand 1¢1,). There are no electrons in any of the antibonding

MOs. Because the 1e; MOs are nonbonding, the electrons in them do not contribute to the

bond order. Therefore, the total S-F bond order is gz 4, but the bond order per S-F
connection is only% = § By this accounting, each of the S-F ¢ bonds portrayed in the Lewis

structure is reallyg of a bond. Now note that the nonbonding 1e, MOs are just SALCs derived

from F 2p AOs, with no contribution from any S AOs. This means that 4 electrons are located
just on the F atoms, not S. Thus, this delocalized ¢ MO picture of SFs is akin to drawing a
series of resonance structures, each of which contains an SF42+ cation and two F- anions. This
type of bonding is sometimes referred to as “electron-rich” bonding, in which “extra”
electrons are present in nonbonding orbitals on the terminal atoms. One can similarly
imagine, pictorially, the bonding in PFs by writing resonance structures which each contain

a PF4* cation and an F- anion.26

While this type of charge separation may seem as if it would lead to a very high-energy
structure, bear in mind that F is the single most electronegative element in the Periodic
Table, so highly polar covalent bonding, with considerable partial F- character, is plausible.

In fact, SFs is an exceptionally stable molecule, being chemically inert to a wide range of

26 A symmetry-based MO treatment of PFs (point group D3,) may be analyzed similarly to
that of SFs, but two sets of F 2p SALCs will be constructed, one representing the two axial F
atoms, and the other representing the three equatorial F atoms. This is because these two
types of F atom in PFs are not chemically equivalent, while all six F atoms in SFs are
equivalent. Symmetry operations can interconvert the F atoms in SFs, but no symmetry
operation can interconvert axial and equatorial F atoms in PFs.
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reagents and conditions. (It is completely nontoxic, though it is a notorious greenhouse gas.)
Similarly, the anion PFs, which is isoelectronic with SFe, is widely used in synthesis as a
stable, unreactive counterion for large metal complex cations. On the other hand, the related
compound SHe has never been isolated. This makes sense from the standpoint of MO theory:
imagine the MO diagram of Figure 3.11 adapted to SHes, with H 15 AOs in place of F 2p AOs. In
this hypothetical molecule, 4 electrons would still be in the nonbonding 1e;, MOs, but those
MOs would be of H 1s character, rather than F 2p character. Because the H 1s orbital energy
is considerably higher than F 2p, those 4 electrons would be in a pair of much higher-energy
MOs, a much less stable situation. One can also understand this based on a resonance picture:
just as one can imagine SFs as consisting of resonance structures involving SF4?* and 2 F,
would could imagine the hypothetical SHe as consisting of resonance structures involving
SH4?* and 2 H-. Given the low electronegativity of H, such a bonding scheme with
considerable hydride character would not be expected to be stable. If some SHe molecules
were to be generated transiently, they would be expected to rapidly decompose according

to SHe¢ — H2S + 2 Ho.

Finally, let us consider the fact that PFs and SFs are stable molecules, while NFs and OF¢ are
not. The old invocation of 3d AOs on P or S provided a rationale for this observed difference;
after all, there is no such thing as a “2d” AO for N or O to use in bonding. But if the 3d AOs of
P or S are not strongly involved in bonding, why do NFs and OF¢ not exist? One reason has to
do with charge separation, since there is considerable F- character in PFs and SFs. Since N
and O are considerably more electronegative than P and S, respectively, the partial positive
character acquired by N and O in NFs and OFs, respectively, would be expected to be
destabilizing. Additionally, N and O atoms are simply smaller than P and S atoms, so they are

sterically less able to accommodate 5 or 6 F atoms.

3.7.MO Theory for B:Hg and Electron-Deficient Bonding
Borane, BH3, is commonly mentioned in introductory chemistry textbooks as an example of
an “electron-deficient” molecule, since its central B atom lacks a full octet. BH3z is trigonal

planar, with D3, symmetry, and it has only 6 valence electrons (in 3 B-H bonds) around B, in
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contrast to “hypervalent” molecules, whose central atoms have more than 8 valence
electrons according to their Lewis structures. However, the behavior of borane is stranger
still even than this. It turns out that one cannot concentrate BHz in a gas cylinder, since at
any significant pressure, it dimerizes to form diborane, B2Hg, a molecule with four terminal
H atoms and two H atoms that bridge both B atoms. B2Hs has D2, symmetry, with the axes of

its coordinate system defined in Figure 3.12 below:

X
H
|T| H/ B/ \B"\\H
2 —_—
_B. - T4 ~ z
H " H H” ™y TH
Dsp, Dy, y

Figure 3.12. The structure of B:Hs with its coordinate system indicated.

The structure of B2He strikes many students of chemistry as bizarre because each of the two
bridging H atoms appear to have two bonds (and four valence electrons) each, in violation of
the Lewis structure “duet rule” for H, according to which an H atom can have only two
electrons around it in a stable molecule. To understand how the bonding in B2H¢ works, we
can use a mixture of the localized, valence-bond picture and the delocalized MO theory. In
the model that we will use for B2Hg, we will assume that each terminal B-H bond is a
“normal,” two-electron bond between an H 1s AO and a B sp3 hybrid orbital. This leaves two
sp3 hybrid orbitals on each B atom (four total, labeled hi through h4 in Figure 3.13 below) to
form more delocalized bonds with the bridging H 1s AOs (labeled s1 and s; in Figure 3.13).

51 X
h h
H,, b®q2.\H
‘B B. z
v N~
%
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Figure 3.13. Basis orbitals for the delocalized bonding model of BzHs.
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There is no unique central atom in BzHs, so we must form a set of four SALCs from the B sp3
hybrids and a set of two SALCs from the H 1s AOs. The D2, character table, with the reducible

representations I's and I'y, is shown in Table 3.8 below.

Table 3.8. The character table for the Dz, point group

Do | E |G |6 |G i 6(xy) | 6(xz) | 6(y2)

4, | 1 1 1 1 1 1 1 1 R, | x%y2 22
By | 1 1 -1 | -1 1 1 -1 -1 | R Xy
By | 1 | -1 1 -1 1 -1 1 -1 | R Xz
By, | 1 | -1 | -1 1 1 -1 -1 1 yz
A | 1 1 1 1 -1 -1 -1 -1 z

B | 1 1 -1 | 1 -1 -1 1 1 y

B | 1 | -1 1 -1 -1 1 -1 1 X

B | 1 | -1 | 1 1 -1 1 1 -1

s | 4 0 0 0 0 0 4 0

Tn | 2 0 0 2 0 2 2 0

Decomposition into irreps yields I'e = Ay + B2g + B1u + B3, and I'n = Ay + B3u. We see that the
boron Bzg and B3, SALCs must form nonbonding MOs in this model (1b24 and 1b3.), since they
have no H SALCs of like symmetry with which to interact. The bridging H SALCs of A; and B3,
symmetry form bonding (1agy and 1b3,) and antibonding (2a4 and 2b3,) MOs with the B SALCs
of Ay and B3, symmetry. There are 12 valence electrons in B2Hg, but we assume that 8 of them
are used in the four “localized” terminal B-H bonds, which leaves us with only four electrons
to put in the system of bridging B-H-B bonds. The MO energy-level scheme for the bridging
B-H-B bond system is shown in Figure 3.14 on the following page, along with sketches of
the MOs.

We can see that the four electrons available for the B-H-B bond system fill two bonding MOs,
lay and 1b3,, with two electrons each, and that no electrons are present in any nonbonding
or antibonding MOs. This means that there is a net bond order of two for the whole bridging

B-H-B system. But since this system consists of four B-H connections, each such connection
has its own bond order of% = %, so each bridging B-H “bond” is really only half a bond,

according to the MO scheme. In a way, the Lewis structure rule that each H atom forms only

110



one bond is preserved, since each of these bridging H atoms forms two half-bonds, or one
full bond, apiece. This type of bonding scheme is sometimes referred to as “three-center, two-
electron bonding,” or “3c-2e bonding” for short. Each B-H-B bridge involves a net two
electrons spread over three nuclei (“centers”). This certainly might seem like electron-
deficient bonding compared to that usually observed in organic compounds (hydrocarbons
and their derivatives), in which fractional o-bond order is not at all common. But electron-
deficiency is in the eye of the beholder, depending on which field of chemistry is being
considered. There are now known a great many boranes (compounds of B and H), some of
which consist of quite large clusters: the dianion B12H12%" is a good example (and also a good
example of a chemical species with regular icosahedral, or I, symmetry). The description of
boranes larger than B2He makes use of similar types of delocalized, multicenter o-bonding.
One might call such bonding schemes electron-deficient, but for this important class of

molecules, it is the norm!
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Figure 3.14. Qualitative MO diagram for the B-H-B bridging bond system of BzHs.
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Chapter 4: Applications of Symmetry Principles to Vibrational Spectroscopy

4.1. The Born-Oppenheimer Approximation
The full Hamiltonian operator H for a system to be analyzed by the Schrodinger equation
contains a term for the kinetic energy of every particle in the system. That is, for a system of

N particles, the Hamiltonian has the form

. . . h? . : :
where mj is the mass of the jth particle and _EVJZ is the operator corresponding to its
J

kinetic energy. Since the magnitude of this operator is proportional to — the more massive
J

the particle, the smaller its kinetic energy. The Born-Oppenheimer approximation,?’ also
called the simple adiabatic approximation, states that, since nuclei are so much more massive
than electrons, the kinetic energy corresponding to nuclear motion can often be neglected
compared to that corresponding to electronic motion. The least massive nucleus is that of a
H atom, which consists of only one proton and no neutrons, so its mass is the same as the
mass of a proton m,. If we compare this to the mass of an electron m., we find that
Mme

— 5.4 X 107%. Thus, the Born-Oppenheimer approximation appears to be a good one even
4

if the only nuclei are 'H nuclei, and it should be an even better approximation for all other

nuclei, since they are all heavier than that of 1H.

Another statement of the Born-Oppenheimer approximation is that the electronic and
nuclear motion of a molecule are not correlated, meaning that the total wavefunction of the
molecule can be written as the simple product of the electronic wavefunction
(corresponding to electronic motion) and the vibrational wavefunction (corresponding to
nuclear motion). Thus, we can write ¥ = gjec¥vip- Now, to consider this in more detail,

suppose our system contains n electrons, each of which has coordinate vector r;

27 Proposed by Born and ]J. Robert Oppenheimer (1904-1967), the latter of whom is better
known as the “father of the atomic bomb” for his work on the Manhattan Project during
World War II.

112



(i=1, 2, 3...n),and m nuclei, of which has coordinate vector q. (a =1, 2, 3...m). We now write
the separation of the wavefunction as

Y(r;, 9q) = Yerec (1 Aa)Pyib (da)
Note that 1vib is a function only of the nuclear coordinates qq, while pelec is a function only of
the electronic coordinates r;, but it has the nuclear coordinates qq as parameters. (This is

what the semicolon in the parentheses between r; and q. means.)

To understand the difference between the variables r; and the parameters qu of Yelec,
consider the full expression for the purely electronic Hamiltonian, which does not consider
nuclear motion, but which does include the potential energy terms for the repulsion between

electrons and the attraction of nuclei for electrons:

- h? , €’ Zg e? 1
D N ) YRS s
2m, : 47, L Ir; — q,l 4me, — £ r; — 1

When we solve (or have a computer solve) the electronic Schrodinger equation

HeolecWelec = EelecWelecr We are solving a differential equation with respect to only the
electronic coordinates r;, since there are no derivatives with respect to the nuclear
coordinates (.. The eigenvalue in such an equation, the electronic energy Eelec, is
characteristic of the form of e, but it is a function of the numerical values of the nuclear
coordinates .. One way to think about this is that physical constants, such as Planck’s
constant or the mass of an electron, are parameters, not variables: if, for some reason, we
decided to use different (and incorrect!) values for those constants, the form of the
Schrodinger equation would be the same, but the energy eigenvalues would be numerically

different.

In practice, the minimum-energy (ground-state) geometry of a molecule is determined by
solving the electronic Schrodinger equation with a wide variety of values of the nuclear
coordinates. The electronic energies Ej.c(q,) are then plotted as a function of the nuclear
coordinates. Such a plot is called an adiabatic potential energy surface (APES, for short), and
the point on the APES at which Eelec has its global minimum value corresponds to the nuclear

coordinates of the molecule at equilibrium.
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In chemistry, the Born-Oppenheimer approximation is not always valid. While it may seem
intuitively reasonable that electronic motion will be much faster than any nuclear motion,
electronic and nuclear motion cannot always be independent, or else chemical reactions
could not occur. After all, when two molecules interact in a chemical reaction, both their
electronic and their nuclear coordinates will change, often considerably, in the formation of
the product or products. It turns out that there can be vibronic coupling between two
electronic states, in which a transition between electronic states is enabled by vibrational
motion (a type of nuclear motion).?8 For vibronic coupling not to be important, i.e. for the
Born-Oppenheimer approximation to hold, the energy difference between electronic states
must be much larger than the energy difference hw between vibrational states in the
harmonic-oscillator approximation of vibrational motion (see the next section), or

Eqlec(state B) — Egjec(state A) > hw

4.2. The Harmonic-Oscillator Approximation and Normal Coordinates

The standard quantum-mechanical treatment of molecular vibrations treats the stretching
and compression of bonds like the stretching and compression of springs, in the manner of
Hooke’s law in classical mechanics. For a diatomic molecule, the potential energy of the
system is proportional to the square of the difference between the bond length [ and the

equilibrium bond length Iy, or
1 2_1, 2
Uzzk(l—lo) zzkx,le—lo

Here k is the force constant, which corresponds (semi-classically) to the “stiffness” of the

molecular “spring.” The Hamiltonian operator for molecular vibration is thus

where y, the reduced mass of the two nuclei, is defined for two nuclei A and B with masses

ma and mg, respectively, as

28 The word “vibronic” is a portmanteau of “vibrational” and “electronic.”
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When the vibrational Schrédinger equation is solved,?? it is found that the vibrational
energies E,, dependent on the vibrational quantum number v (which can be any nonnegative

integer) are given by

1
E, = hw (v + E)
where w is the angular frequency of the vibration,3? and thus the energy difference between
any two successive values of v is E,,; — E,, = hw. The vibrational wavefunctions 1,, are
given by
a~1/4
Yo() = @)V (2)  Hy(aV/2x)em /2

_ (k)2
T

2 d”
H,(w) = (=1)"e* We‘”
The functions H,, (u) are known as the Hermite polynomials, after the mathematician Charles

Hermite (1822-1901).

2

Of course, we will need to consider, at length, the vibrations of molecules that contain many
more than two atoms. It turns out that one can construct a set of symmetry-adapted
coordinates Q, often called the normal coordinates (or normal modes) of a molecule. Each
normal coordinate may consist of a combination of bond stretching, bond compression, and
the expansion and compression of bond angles. Importantly for our symmetry-based
perspective, each normal coordinate has the symmetry properties of one of the irreps of the
molecule’s point group. When these normal coordinates are used, the potential energy for a

change along each is given by

29 For the derivation of this solution (using different notation for some of the quantities), see
pages 308 and 309 of Section 20.3 of Mathematical Methods for Physical and Analytical
Chemistry, by David Z. Goodson, John Wiley & Sons, Inc.: Hoboken, NJ, 2011.

30 Many sources write this equation with hv rather than Aw, where v (a lower-case Greek
. : : . h
letter nu) is the frequency (not the angular frequency) of vibration. But since A = P and w =

2mv, we have hv = hw, and we can avoid any potential confusion between v and v, which are
very similar in appearance!
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and thus each normal coordinate is associated with a set of vibrational wavefunctions

a~ 1/4 5
(@ = @) (1) Hy(at/2Q)eme¢?
where the value of the parameter a (which depends on force constant and mass) is different
for different normal coordinates. The ground-state (v = 0) vibrational wavefunction ¥,(Q)
always transforms as the totally symmetric irrep of the molecule’s point group, and the first

excited (v = 1) vibrational wavefunction ¥, (Q) always transforms as the same irrep as Q.

4.3. Derivation of Normal Coordinate Symmetry

We will now see how to derive reducible and irreducible representations corresponding to
the normal coordinates of molecules. First, we recall that a molecule containing N atoms has
3N possible motions that it can undergo (3N “degrees of freedom”), one for each of the three
axes along which each atom can move. In a molecule, the atoms no longer move
independently, but when we consider the motion of an entire molecule, every form of
molecular motion must still consist of a linear combination of motions of the constituent
atoms. Out of the degrees of freedom, three (the translational modes) consist of simple
translation of the entire molecule, without any rotation or any changes in bond lengths or
bond angles. For nonlinear molecules, there are three rotational modes, corresponding to
rotations without translation (i.e. rotations in which the molecule’s center of mass does not
move) and without any changes in bond lengths or bond angles. Linear molecules, however,
have only two rotational modes each, since rotation along the axis of a linear molecule does
not involve the motion of any atoms. Finally, the remaining degrees of freedom are
vibrational modes, consisting of bond stretching and compression, and bond angle expansion
and contraction, in which the molecule’s center of mass remains stationary. By subtraction,
we can see that a nonlinear molecule has 3N - 6 vibrational modes, while a linear molecule

has 3N - 5 vibrational modes. Our focus in this book will be on nonlinear molecules.

The basic methodology for a symmetry analysis of molecular motion is to assign each atom

in a molecule a set of vectors representing Cartesian coordinates, and then to use the
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characters of these coordinates under the operations of the point group as a reducible
representation. As a simple example, let us consider Hz0, with the coordinates for each of its

atoms shown in Figure 4.1 below.

/,V

.

O X
Py

Figure 4.1. Cartesian coordinates for each atom in H20.

We could calculate the characters for the representation by writing a 9 x 9 transformation
matrix for each symmetry operation in Cz,, describing how each operation transforms the
vectors. Fortunately, we can save ourselves the tedium of constructing such large matrices
by using the following shortcut rules, which are the same as those that we use to obtain

reducible representations corresponding to sets of atomic orbitals.

(1) If an operation leaves a vector unchanged, that vector contributes 1 to the character

under that operation.

(2) If an operation takes a vector into the negative of itself (such as transforming x into —x),

that vector contributes -1 to the character under that operation.

(3) If an operation interchanges a vector with another vector (such as transforming x into y),
that vector contributes zero to the character under that representation, since such
interchanges are represented by off-diagonal elements in the transformation matrix, and so
they contribute nothing to the character. Any time an atom moves in space, all of its vectors

contribute zero to the character.

(4) Only if an operation transforms a vector into a mixture of that vector and another vector,
as in the example of a ; rotation in Section 2.6, do we need to write out a transformation

matrix to determine the character under that operation. For many examples (including the
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current example of H20), we do not need to do this. (We will, however, have to do this when

considering the C; rotation in a tetrahedral molecule, in the following section.)

The reducible representation I' for the vectors of all the atoms in an H20 molecule is shown

below under the character table for C2, (Table 4.1).

Table 4.1. The character table for the Cz, point group.

Coy E [ 6,(xz) 6, (yz)
Ar 1 1 1 1 z X2, y?, 72
Az 1 1 -1 -1 R xy
B1 1 -1 1 -1 X, Ry Xz
B> 1 -1 -1 1 Y, Rx yz
r 9 -1 3 1

E leaves all vectors unchanged, so y = 9. , moves all vectors on the H atoms, for zero
contributions from each. It also takes the x and y vectors on O to their negatives, while leaving
the z vector on O unchanged, so y = -1. 6, (xz) takes the y vectors on each atom into the
negatives of themselves, contributing -3, but it leaves the x and z vectors on each atom
unchanged, contributing 6. Combining these contributions, we have y = 3. Finally, 6,'(yz)
interchanges all the H atom vectors, takes the x vector on O to its negative, and leaves the y

and z vectors on O unchanged, so y = 1.

If we use the decomposition formula on I', we find that ' = 341 + A2 + 3B1 + 2B>. This, however,
is the sum of irreps for all possible forms of motion of H;0, not just vibrations. To identify
which irreps correspond to the translational motions, we look in the second-to-rightmost
column in the character table for the irreps to which the Cartesian coordinates belong. In C>,,
Z, x, and y transform as A1, B1, and By, respectively, so I'tans = A1 + B1 + Bz. Similarly, to find
which irreps correspond to rotation, we look for the irreps to which the rotation
pseudovectors belong. In C2y, R, Ry, and Ry transform as Az, B1, and By, respectively, which
means that I'roc = A2 + B1 + By. Together, T'wans + [rot = A1 + A2 + 2B1 + 2B>. The rest of the

motions are all vibrational modes, so ['vib =" = (I'trans + ['rot) = 241 + B1.
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At this point, you may wonder what these normal modes look like. We know that, for H:O0,
two of the three normal modes have A; symmetry and the other has B1 symmetry, but how
can we depict them pictorially or write algebraic expressions for them in terms of the
Cartesian coordinates for each atom? It turns out that projection operators can be applied to
the individual atom vectors to derive symmetry-adapted coordinates, much like the
derivation of AO SALCs described in Sections 3.3 and 3.4. However, accounting for the
masses of the atoms involved makes the overall calculation considerably more lengthy, and
we will not be deriving the forms of the normal modes in this text.3! Fortunately, we do not
need to derive the normal modes in order to predict the results of vibrational spectroscopy

experiments, as will be described in the next section.

4.4. Infrared and Raman Activity of Normal Modes

The vibrational modes of molecules are commonly studied using infrared (IR) and Raman
spectroscopy. However, not all normal modes of every molecule are excited by each
spectroscopic technique. Recall that, for a spectroscopic technique, the intensity of a
transition from state 1; to state 1); is proportional to the square of the transition moment
integral M;; = (¢j|M|lpi). We are primarily interested in transitions from the ground
vibrational state 1o to the first excited vibrational state 11, so the relevant transition moment
integral is M;, = (1/)1 |1\7I|1/)0>. Since 1o always belongs to the totally symmetric irrep, for Mo
to be nonzero, the direct product of the irreps corresponding to 11 and the operator M must
be equal to or contain the totally symmetric irrep. If M corresponds to a sum of irreps (which

it usually does), then 1 must have the symmetry of one of those irreps.

For IR spectroscopy, the terms in M have the symmetry of the x, y, and z coordinates, so the
only vibrational modes that are [R-active are those which also have the symmetry of x, y, or
z. In terms of symmetry, these vibrational modes are those belonging to the same irreps as
the x, y, and z coordinates. The vibrational modes of water, 241 + By, are all IR-active, since z

transforms as A1 and x transforms as Bj in Cz,. Thus, the IR spectrum of water should show

31 For an explanation of this method, see Section 10.5 of Chemical Applications of Group
Theory, 3rd edition, by F. Albert Cotton, John Wiley & Sons, Inc.: New York, 1990.
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three bands, two with A1 symmetry and one with B; symmetry. It turns out that all [R-active
vibrational modes (for any molecule, not just water) involve a change in the dipole moment
of the molecule during the vibration. Note that this requirement means that a homonuclear
diatomic molecule such as Nz or Oz will not absorb IR radiation, as it will have an exactly zero
dipole moment no matter how much the bond is stretched or compressed. In contrast, a
heteronuclear diatomic molecule such as HF, which has a nonzero dipole moment due to the
differing electronegativities of the atoms, will absorb IR radiation, because its dipole moment

will increase upon bond stretching and decrease upon bond compression.

Raman spectroscopy is more complicated to understand. In this technique, discovered and
named after Chandrasekhara Venkata Raman (1888-1970, Nobel Prize in Physics 1930), a
molecule absorbs a photon of angular frequency w1, which temporarily excites it into a short-
lived, higher-energy state known (somewhat confusingly) as a “virtual state.” The virtual
state then returns to a lower-energy state (not necessarily the ground state) by emission of
a second photon of angular frequency w». The net process is not absorption of a photon, as
in IR spectroscopy, but rather scattering of a photon. However, if the second photon has a
lower energy than the first photon, the molecule will have increased in energy by an amount
given by
AE = h(w; — w,)

Note that, while IR spectroscopy requires the photons from the spectrometer to be in the IR
region, in Raman spectroscopy it is common for the sample to be struck with higher-energy
(and higher-frequency) photons from a laser, and then to scatter fairly high-energy photons,

as long as the difference in the frequencies is in the IR region.

Qualitatively, a vibrational mode is Raman-active if it gives rise to a change in polarizability
of the molecule. The polarizability is a measure of the dipole moment ping that can be induced
in a molecule by an external electric field E. In an isotropic system, without unique axes (such
as a free atom or monatomic ion, with spherical symmetry), the polarizability a is simply the
scalar proportionality constant such that pinga = @E. Any molecule of interest, however, is an
anisotropic system, which is easier to polarize in some directions than in others. In such a

case, the scalar polarizability @ must be replaced by the polarizability tensor a, a 3 x 3 matrix
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with nine scalar components, such that the shorthand equation ping = aE corresponds to the

following matrix equation:

.uind,x Ayx axy Ayy Ex
.uind,y = ayx ayy ayz Ey
Hind,z Azx azy Uzz1|E z

Here, a vibrational mode is Raman-active if it induces a change in any component of a.

Whether or not a given vibrational mode induces a change in polarizability is difficult to
assess from a pictorial representation of a vibrational mode, but it can be easily deduced by
symmetry. For Raman spectroscopy, the terms in the operator M have the symmetry of the
binary products xy, xz,yz, x?, y?, z?, and perhaps linear combinations of these products. (These
binary products correspond to the subscripts of the components of a.) The vibrational
modes of water, 241 + Bj, are all Raman-active as well as IR-active, because x?, y?, and z2
transform as A1 and xz transforms as Bi. This means that the Raman spectrum of water
should show three peaks, just as the IR spectrum does, and that these peaks should occur at
the same energies. Note that vibrational modes that belong to the same irrep as a term such
as 2z% - x2 - y? or x? + y? + z? are Raman active, since these terms are linear combinations of

the binary products.

For water, and every triatomic molecule with C2, symmetry, the IR and Raman spectra should
contain the same number of peaks, at the same energies as each other. However, many
molecules with different symmetries will show different numbers of signals in the two
spectra, and this result can be a useful way of distinguishing between possible structures.
Note that, in larger point groups, some irreps are both IR- and Raman-active, some are IR-
active but not Raman-active, some are Raman-active but not IR-active, and some are neither
IR-active nor Raman-active. A vibrational mode that is neither IR- nor Raman-active will not

appear in either an IR or a Raman spectrum. Such modes are often known as “silent modes.”
As an example of the use of vibrational spectroscopy to distinguish between structures, we

may consider the unusual xenon compound XeF4. (While noble gases are unreactive with

other elements under most circumstances, Xe is able to form some compounds with highly
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electronegative elements such as F and 0.) Two plausible structures for XeF4, shown in

Figure 4.2 below, are tetrahedral (point group Ty4) and square planar (point group Das).

F
| \
/Xe..,,,F F——Xe——F
S = ‘
Dan

Figure 4.2. Two plausible structures for XeF,.

First, we consider the possibility of T; XeFs. The character table for T4, with the reducible

representation of molecular motion I', are shown in Table 4.2 below.

Table 4.2. The character table for the T4 point group.

T4 E 8(, 3C, 63, 66,
Ay 1 1 1 1 1 X2+ y2 + 72
A 1 1 1 -1 -1

E 2 -1 2 0 0 (222 -x*-y?%, x% - y?)
T1 3 0 -1 1 -1 (Rx, Ry, R;)

T 3 0 -1 -1 1 (x,v,2) (xy, xz,y7)

r 15 0 -1 -1 3

The characters for I can mostly be obtained without considering matrices, but the character
under C; is an exception, and its derivation is as follows. First, consider that that each C,
operation consists of rotation about an axis that contains Xe and one F atom (and it
interchanges the other three F atoms). If we take this axis to be the z-axis for Xe and the one
F atom, we first note that the other three F atoms, which are interchanged with each other,
contribute nothing to the character. Next, we note that the z coordinate on both Xe and the
one F atom will be unchanged upon rotation, together contributing +2 to the character.
However, the x and y coordinates on both Xe and the one F are each intermixed according to

a rotation matrix, as shown in the following matrix equation:
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' 0s 2— —sin|(—- - —— ——x ——
. ( n) <2n) ) 1 3 ) 1 \/§y

[x’] - 2?1 23 [y] =2 [y] =| 2 2

Tn(3) @G 2 4T [

Each rotation matrix for the x and y coordinates has a character of -1, so the two such
matrices, one for Xe and one for F, together contribute -2 to the character under 5'3, so the

net character is )((5'3) =2-2=0.

Reduction of " gives I' = A1 + E + T1 + 3T>. Since (x, y, z) transform together as T2, [trans = T2.
Since (Ryx, Ry, R;) transform together as T4, I'rot = T1. Subtracting ['yans and [ror from I yields
Ivib = A1 + E + 2T2. The A1 and E modes are Raman-active, but not IR-active, while the T»
modes are both IR- and Raman-active. Thus, if XeF4 is T4, we expect to see two signals in the
IR spectrum, and four signals in the Raman spectrum. Note that each E term in I" corresponds
to two motions of equal energy, so while an E term contributes two motions to the total
3N - 6 vibrational modes, it only yields one signal in the spectrum. Similarly, each T, term
corresponds to three motions of equal energy, so two T, terms correspond to two sets of

three degenerate motions each, for two signals in the spectrum (not six).

Now suppose that XeFs were Dsn. The character table and reducible representation of

molecular motion I" are shown in in Table 4.3 below:

Table 4.3. The character table for the D4, point group.

Du | E |2C, | C, | 2C, |26, | © |25,| 6, | 26, | 26,4
Ay |11 1] 1 1 1 1 1 1 1 X2+ y2, 72
Ayg | 1|1 | 1| -1 ] -1 ] 1 1 1 -1 | -1 R,
By|1]-1]1] 1 -1 ] 1 | -1 1 1 -1 X2 - y2
By | 1] -1]1 | -1 1 1 | -1 1 -1 1 Xy
E; | 2] 0 | -2 0 0 2 0 -2 0 0 (Rw Ry) | (xz,y2)
A | 1] 1 [ 1] 1 1 | -1 ] -1] -1 -1 | -1
A | 1|1 | 1| -1 | -1 |-1]-1]| 1 1 1 z
B | 1] -1]1]| 1 -1 | -1 1 -1 -1 1
Ba | 1] -1 1| -1 1 | -1 1 -1 1 -1

E.|2] 0 |-2] 0 0 |20 2 0 0 (x,7)

r (15 1 |-1| -3 | -1 | -3 | -1 5 3 1
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Reduction of T to its component irreps yields I' = A1y + Azg + Big + B2g + Eg + 2A2u + B2y + 3E..
Since (x, y) transform together as E, and z transforms as A2y, [trans = A2u + Eu. Since (Ry, R))
transform together as E; and R, transforms as Azg, ot = A2¢ + Eg. Subtracting ['trans and Trot
from I yields ['vib = A1g + Big + B2g + Azu + Bau + 2Ey. The A1y, Big, and Bzg modes are Raman-
active, but not IR-active, while the 42, and E, modes are IR-active, but not Raman-active.
Thus, if XeF4 is Dan, we expect to see three signals in the IR spectrum and three signals in the
Raman spectrum, with the two different sets of signals having different energies (since
different vibrational modes are [R-active and Raman-active). The actual vibrational spectra
of XeF4 are consistent with the Di;, geometry, which has also been established in the solid

state via single-crystal X-ray diffraction.

A helpful mnemonic when solving vibrational spectroscopy problems is that, in molecules
belonging to centrosymmetric point groups (that is, molecules with an inversion center i in
their structure, and the inversion operator { in their group), all IR-active vibrations will be
Raman-inactive, and all Raman-active vibrations will be IR-inactive. This result, which is
sometimes known as the “mutual exclusion rule,” follows from the fact that the inversion
operation takes (x, y, z) to (-x, -y, -z). Thus, any simple Cartesian coordinate will be taken to
the negative of itself and will transform as one of the ungerade (u) irreps, while for a binary
product of Cartesian coordinates, the negative signs will cancel out and be unchanged upon

inversion, e.g. (—x)(—z) = xz, so all such binary products will transform as one of the gerade

(g) irreps.

Although I have not explicitly derived it here. the vibrational modes for a regular octahedral
(On) metal complex MLe¢ with monatomic ligands (e.g. CoCle3) are given by
[vib = A1g + Eg + T2g + 2T1y + T2u. Examination of the Oy character table shows that 2Ty, are IR-
active, while A1y + E; + T25 are Raman-active. The T2, modes are silent, i.e. they will not show
up in either the IR or the Raman spectrum. Since octahedral coordination geometry is the
most common geometry for transition metal complexes, this result will prove useful to us

later in our study of transition metal chemistry.
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Chapter 5: Acid-Base and Oxidation-Reduction Chemistry

5.1. Organizing Principles of Reactivity

The science of chemistry involves the study of an enormous number of different substances,
and an even more enormous number of reactions between them. It is critical, therefore, to
be able to organize chemical reactions by broad type. Two of the most important general
types of reactions are acid-base reactions and oxidation-reduction (redox) reactions. While
many chemists and chemistry textbooks treat acid-base and redox reactions as
fundamentally separate categories, we will see in this chapter that there are important

connections between the two.

5.2. The Arrhenius Definition of Acids and Bases

The first general definition of acids and bases was proposed by Svante Arrhenius (1859-
1927, Nobel Prize in Chemistry 1903). According to Arrhenius, an acid is a proton (hydrogen
ion, H*) donor, while a base is a hydroxide (OH-) donor. The Arrhenius definition of acids
encompasses a very large number of substances; any substance with a hydrogen atom which
can be deprotonated (removed as H*) qualifies. In contrast, the Arrhenius definition of bases
encompasses only salts of the OH- ion, such as NaOH and Ca(OH)z. This is clearly a limited
definition, since other substances, such as NH3 or salts of carbonate (CO3%") can neutralize
acidic solutions, and can thus be sensibly considered bases. Yet they do not qualify as bases
by Arrhenius’ definition. Thus, this definition is rarely used by practicing chemists today. We
will shortly see several other definitions of acids and bases that are “nested,” in the sense
that each successive definition encompasses all the substances defined as acids or bases by

the previous one, as well as including more substances.

5.3. The Brgnsted-Lowry Definition of Acids and Bases

More widely applicable than the Arrhenius definition is the Brgnsted-Lowry definition (often
simply called the Brgnsted definition for short), which was proposed independently by
Johannes Nicolaus Brgnsted (1879-1947) and Thomas Martin Lowry (1874-1936), and is

still in widespread use today. A Brgnsted acid is any proton donor, that is, any substance with
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a hydrogen atom that can be deprotonated. Thus, for acids, the Brgnsted and Arrhenius
definitions are equivalent. A Brgnsted base, however, is any substance that can be
protonated (a proton acceptor). Every Arrhenius base (OH- salt) is also a Brgnsted base, since
OH- can be protonated to form H20. The Brgnsted definition, however, also counts as bases
substances such as NHz or any organic amine R3N, since they can be protonated to form an
ammonium ion (NHs4* or R3NH*, respectively). Similarly, CO3%- can be protonated to form
bicarbonate (HCO3-) and again to form carbonic acid (H2CO3), which decomposes to COz and
H20. The Brgnsted definition shows how bases without OH- in their formulae can

nevertheless neutralize acidic solutions.

A Brgnsted acid-base reaction does not require the presence of any solvent at all; for
instance, in the reaction HCI (g) + NH3 (g) = NH4ClI (s), HCl is a Brgnsted acid and NH3 is a
Brgnsted base, even though this reaction consists of two gases reacting to form a solid. A
great many chemical reactions do, however, occur in liquid solvents, and many popular
solvents are capable of acting as both acids and bases by the Brgnsted definition. Such
solvents are known as amphoteric, from the Greek audotepot, “both.” The most common
solvent of all, water, is amphoteric: when it acts as an acid, it is deprotonated to form its
conjugate base, OH-, and when it acts as a base, it is protonated to form its conjugate acid, the
hydronium ion (H30*). NH3z is another fairly common amphoteric solvent: while it is not as
convenient to work with as water, since it requires cooling to be a liquid at standard pressure
(b.p. -33.3 °C), it is useful for a wide range of reactions, and has the conjugate acid NH4 and
the conjugate base amide (NHz). Alcohols ROH and primary or secondary amines RNH; or

R2NH can also be amphoteric solvents for acid-base chemistry.

The strength of an acid HA in water is measured by the value of K,, the equilibrium constant
for the reaction of the acid with water, HA (aq) + H20 (I) 2 H30* (aq) + A" (aq). Its formula,
in terms of thermodynamic activities, is

AHz0+AA-

K, =
ayady,o
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where ay is the activity of species X. The activity of a pure liquid is exactly 1, and for a dilute

aqueous solution, the activity of water as solvent will vary little from this value, so ay,o = 1.

For a solute X, the activity is given by

[X]

a =
X VXCO

where [X] is the concentration of X, c° is the standard-state concentration (usually 1 M, but
sometimes 1 mol-kg1), and yx is the activity coefficient of X, which is close to 1 for dilute

solutions. Approximating the activity coefficients as equal to 1, we have

_ [H30*][A7]
°T [HA]

where each concentration is implicitly divided by ¢® = 1 M, so that K, (like any equilibrium

constant) is unitless.

Similarly, the strength of a base B in water is measured by the value Ky, the equilibrium
constant for the reaction of the base with water, B (aq) + H20 (I) @ BH* (aq) + OH- (aq). Itis
given by
K, = ApH+AoH-
agdy,o
or, using the same simplifying approximations that we used with K,
_ [BH*][OHT]
T
Stronger acids have larger values of K, and stronger bases have larger values of Ky. It should
be kept in mind that, while the “generic” acid in the above equations is written as neutral HA,

and the “generic” base as B, an acid or base can be either neutral, positively charged, or

negatively charged.

Since water is amphoteric, a reaction can occur between two water molecules in which one
deprotonates the other: 2 H20 (I) 2 Hz0* (aq) + OH- (aq). The equilibrium constant for this
reaction, called the autoionization constant of water and represented by Ku, is given by

K,, = [H;0*][OH]

Near the standard textbook “room temperature” of 25 °C, Kw is equal to approximately 10-14.
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There is a reciprocal relationship between the strength of an acid and the strength of its
conjugate base. Using the standard rules for manipulating equilibrium constants for sums of
reactions, one can show that

K,(HA)K, (A7) = K,, = 1071 (at 25°C)
or

pK,(HA) + pK,(A™) = pK,, = 14 (at 25°C)

Equilibrium constants analogous to K, and Ky can be defined for amphoteric solvents other
than water, as can autoionization constants for such solvents. An important principle called
the leveling effect can be used to determine the utility of different solvents for different acid-
base reactions. The leveling effect states that (1) the strongest acid that can exist in a solvent
in appreciable amounts is the conjugate acid of that solvent, and (2) the strongest base that
can existin a solvent in appreciable amounts is the conjugate base of that solvent. This means
that any acid stronger than H30* will, upon addition to water, react essentially completely to
form its conjugate base and H30* and any base stronger than OH- will, upon addition to
water, react essentially completely to form its conjugate acid and OH-. For instance, in
solvents less basic than water, trifluoromethanesulfonic acid or triflic acid (CF3SO3H) is an
even stronger Brgnsted acid than nitric acid (HNOs3). However, both of these acids are
stronger than H30*, so a 1 M solution of CF3SO3H in water and a 1 M solution of HNO3 in
water will each have a pH of 0, since each will react essentially completely to form 1 M H30*.
Thus, while these two acids are not equally strong in all solvents, the fact that they are each
stronger than H30* means that they are “leveled” to the same apparent strength in water.
Similarly, NH» is a stronger base than OH-, so a 1 M solution of NaNH: in water will have a
pH of 14, as the NH> will react essentially completely with the water to form a solution of
1 M OH- (giving pH = 14) and 1 M NH3. However, a base that is stronger than OH-, but weaker

than NHz-, could exist in significant concentrations in a liquid ammonia solution.
5.4. The Lewis Definition of Acids and Bases

The next level of our “nested” acid-base definitions is the Lewis definition, proposed by

Gilbert Newton Lewis (1875-1946), who also devised the system of electron-dot structures
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that now bears his name. This definition and the Brgnsted-Lowry definition are the acid-base
definitions used most often by practicing chemists today. According to the Lewis definition,
an acid is an electron-pair acceptor: a species that accepts a pair of electrons from another
species to form a new covalent bond. Conversely, a base, according to the Lewis definition, is
an electron-pair donor: a species that donates a pair of electrons to another species to form
a new covalent bond. The most obvious examples of Lewis acids and bases are those that
react with each other to form an adduct, with no displacement of any group. A classic
example of Lewis acid-base adduct formation is the reaction of BF3, a Lewis acid with an
empty 2p, AO on boron,3? with NH3z, a Lewis base with a nonbonding lone pair on nitrogen.33

A new B-N o bond is formed to yield the adduct F3B-NH3, as shown in Figure 5.1.

Figure 5.1. Lewis acid-base adduct formation between BF3; and NHs.

Lewis acid-base reactions often involve displacement of chemical groups, not just simple
adduct formation. For instance, consider the protonation of water by nitric acid. This
reaction, HNO3 (aq) + H20 (I) - H30* (aq) + NOs (aq), can be viewed as a competition
between two Lewis bases, NO3- and H>O, for the Lewis acid H*. The protonated species HNO3
and H30* can each be thought of as a Lewis acid-base adduct, between H* and either NO3- or
H>0, respectively. But since these adducts can transfer the Lewis acid H*, it makes sense to
consider them Lewis acids themselves. Thus, we see that all Brgnsted acids are also Lewis
acids, and all Brgnsted bases are also Lewis bases, since they have a tendency to react with

(by donating an electron pair to form a covalent bond to) the Lewis acid H*.

32 Strictly speaking, this empty orbital is really an MO with weak B-F m antibonding
character, but treating it as a pure B 2p, MO is a fair approximation.

33 Strictly speaking, this filled orbital is a slightly bonding, but approximately nonbonding,
MO, as shown in Section 3.4.
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Students of organic chemistry will be familiar with another type of displacement reaction,
which is also a type of Lewis acid-base reaction, namely, the nucleophilic substitution of an
alkyl halide or pseudohalide. For instance, suppose an alkyl iodide reacts with Cl- to form an
alkyl chloride and I, according to the reaction R-I + Cl- = R-CI + I'. Such a reaction amounts
to a competition between the Lewis bases I- and Cl- for the Lewis acid R*. In an Sn1 reaction,
whose mechanism consists of two steps with the alkyl cation R* as an actual intermediate,
the Lewis acid-base nature of the reaction is perhaps more obvious. However, in an Sn2
reaction, in which R-I and CI- react in a single elementary step, with no intermediates and
only one transition state, both R-I and R-Cl can still be considered Lewis acids, since they
are sources of the R* moiety. This is very much akin to viewing Brgnsted acids as a subset of
Lewis acids, since they are sources of the Lewis-acidic unit H*, even though a free proton is
very unlikely to be an intermediate in any reaction. A proton-transfer reaction can, in fact,

be thought of as an Snx2 reaction on hydrogen as opposed to carbon.

The terms “electrophile” and “nucleophile” are often used by organic chemists, and they are
essentially equivalent to the terms “Lewis acid” and “Lewis base,” respectively.3* A Lewis
acid is an electrophile (“electron-lover”) because it readily accepts a pair of electrons to form
a bond, while a Lewis base is a nucleophile (“nucleus-lover”) because it generously donates

an electron pair to another nucleus to form a bond.

A very important subset of Lewis acid-base reactions consists of those in which the Lewis
acid is a metal atom or metal ion. In such reactions, the Lewis base is called a ligand (from
Latin ligare, “to bind”) and the resulting Lewis acid-base adduct is known as a coordination
complex, or simply a complex. The reactions of metals with ligands comprises the field of

coordination chemistry, which will be the focus of most of the second half of this text.

34 Some chemists talk about the strength of a “Lewis acid” or “Lewis base” in the context of
the thermodynamics of a reaction, while using the terms “electrophilicity” or
“nucleophilicity” to refer to a species’ reactivity in terms of kinetics. By this convention, a
more nucleophilic species would react with electrophiles more quickly (with a greater rate
constant), but the reaction would not necessarily have a larger equilibrium constant.
Conversely, a strong Lewis base might react with a strong Lewis acid essentially completely
once equilibrium is reached, but the reaction could still be slow.
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5.5. The Usanovich Definition of Acids and Bases

Many textbooks simply define a Lewis acid as an electron-pair acceptor, and a Lewis base as
an electron-pair donor. I have used somewhat more cumbersome language, emphasizing
that the electron pairs being accepted and donated must form covalent bonds, in order to
exclude types of reactivity that most chemists would not consider Lewis acid-base reactions.
For instance, consider the reaction Cu?* (aq) + Zn (s) = Cu (s) + Zn2* (aq), which occurs in an
early type of battery known as the Daniell cell, devised by John Fredric Daniell (1790-1845).
While two electrons are transferred from Zn to Cu?*, we do not consider this to be a Lewis
acid-base reaction, since no Cu-Zn covalent bond is formed: instead, we classify this as a two-
electron redox reaction, and we classify Cu?* as an oxidizing agent, rather than a Lewis acid,

and Zn as a reducing agent, rather than a Lewis base.

While we may consider redox reactions as separate from Lewis acid-base reactions, it is
useful to consider the possibility of a connection between them. After all, many highly
charged metal ions are both strong Lewis acids and strong oxidizing agents, and many
species with lone pairs are both good Lewis bases (often ligands in coordination complexes)
and easily oxidized. For instance, trimethylphosphine (PMe3) is a common ligand (Lewis
base) in transition metal chemistry, but it is also a reducing agent that is readily oxidized by
O2: in fact, PMe3 must be handled under a nitrogen or argon atmosphere, since it is
pyrophoric (spontaneously flammable in air). The connection between redox and Lewis
acid-base chemistry was noted by Mikhail Usanovich (1894-1981), who proposed the most

general3> definition of acids and bases that is currently used. By Usanovich’s definition, an

35 The generality of the Usanovich acid-base definition has led to its criticism by some
educators. For example, on page 170 of Inorganic Chemistry, 5th edition, by Gary L. Miessler,
Paul J. Fischer, and Donald A. Tarr (Pearson: New York, 2014), the Usanovich definition is
described as “all-inclusive” and “too broad.” It is worth noting, however, that while this
definition encompasses a great many chemical reactions, it does not encompass all of them.
For example, consider an organic cycloaddition reaction such as the Diels-Alder reaction
between 1,3-butadiene and ethene: in this reaction, the diene and the dienophile are both
transferring electrons to each other by forming new C-C bonds, but neither reactant is
overall either an electron donor or electron acceptor. Similarly, the formation of an alloy
between two metals of very similar electronegativities is a chemical reaction, but does not
involve a transfer of electrons in any meaningful sense.
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acid is any species that can accept one or more electrons, and a base is any species that can
donate one or more electrons. If the electrons are accepted and donated in pairs to form
bonds, then we have Lewis acid-base behavior as one type of Usanovich acid-base behavior.
Additionally, however, the Usanovich definition encompasses redox reactions as a subset of
acid-base reactions, with oxidizing agents being a type of acid and reducing agents being a

type of base.

5.6. The Solvent-System Definition of Acids and Bases

A final acid-base definition that is useful to understand is the solvent-system definition. This
definition is conceptually somewhat separate, as it does not fall into the “nested” scheme that
the Arrhenius, Brgnsted-Lowry, Lewis, and Usanovich definitions do. The solvent-system
definition only applies to reactions that take place in solvents which are capable of
autoionization, thatis, the reaction of solvent molecules with each other to form a cation and
an anion. All amphoteric solvents are capable of ionization: we have already seen that water
and liquid ammonia autoionize as follows:

2 H20 2 H30* + OH-

2 NH3 2 NH4* + NHy-

Autoionization reactions do not always involve two solvent molecules on the side of the
reactants. For instance, liquid hydrogen fluoride autoionizes according as follows:

3 HF 2 HzF* + HF»-

The autoionization does not have to proceed to a great extent in order to be an important
part of the solvent’s behavior. For example, for water, Kw = 10-14 at 25 °C, but water is still

the most common textbook example of an autoionizing solvent.

The autoionization reactions shown above are also Brgnsted-Lowry acid-base reactions,
since they involve the transfer of protons. However, autoionizing solvents need not be protic,
and in fact, they need not have any hydrogen atoms in their formulae at all. They simply need
to be able to react with themselves to form ions. Examples include N204, SbCl3, BrFs, ICl, IBr,
I.Cls, and IFs5, whose autoionization reactions are as follows:

N204 2 NO* + NO3-
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2 SbClz 2 SbClz* + SbCly
2 BrF3 2 BrF,* + BrFs

3 ICl 2 LCI* + ICl>-

3 1Br 2 [;Br* + IBr2-
[2Cle 2 ICl2* + ICls

2 1Fs 2 IF4* + [F¢

According to the solvent-system definition, any reagent that increases the concentration of
the cation formed during solvent autoionization is an acid, and any reagent that increases
the concentration of the solvent anion is a base. Clearly, this includes salts of the solvent
cations and anions themselves, so the salts NOBF4 (containing NO* and BF4) and KNO3 are
an acid and a base, respectively, when dissolved in liquid N204. However, a reagent can still
be an acid or base by the solvent-system definition if it reacts with the solvent to form the
relevant product of solvent autoionization. For instance, KCl (or any other Cl- salt) would be
a base in liquid SbCls, because it would react to increase the concentration of the solvent
anion SbCls- according to SbClz + CI- 2 SbCly-. Similarly, SbFs would be an acid in liquid BrFs,
because it would react to increase the concentration of the solvent cation BrF4* according to

BrFs + SbFs 2 BrF2* + SbFs-.

5.7. Trends in Brgnsted Acid and Base Strength

Having considered some acid-base definitions, we may now examine trends in the strengths
of acids and bases. We consider Brgnsted acids first, since the trends in their strengths are
usually simplest to understand. This is because steric factors are generally unimportant to
Brgnsted acidity and basicity, since the group being transferred, H*, is so small. An important
factor is the electronegativity of the atom being protonated or deprotonated. When
considering the neutral binary hydrides of the main-group elements, acidity generally
increases across a row of the Periodic Table, just as electronegativity does. For instance, CHs
has no significant acid-base properties, NH3 is slightly acidic in some solvents (though not in
water), H20 is more acidic still, and HF is significantly acidic. The stronger the acid, the

weaker its conjugate base, so CH3" (or any compound with a carbanion-like group, such as
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the main-group organometallics CH3Li or CH3MgCl) is a very strong base, NH;" is less strong

but still a stronger base than OH-, and F- is only a weak base.

The above electronegativity argument does not hold when comparing hydrides going down
arow of the Periodic Table. For instance, with the chalcogen (oxygen group) hydrides, acidity
increases as H20 < H2S < H»Se, even though electronegativity decreases as O > S > Se. The
reason for this trend is that S and Se are larger atoms than O (the average radii of their
valence electrons are greater), and thus, when the hydrides are deprotonated, the resulting
negative charge occupies a larger volume, decreasing Coulombic repulsion. HF is the
strongest hydrohalic acid, and HI the weakest, for this same reason. (Note, however, that in

water, HCI, HBr, and HI are approximately equally strong due to the leveling effect.)

Similar arguments can be made to rationalize the relative basicities of main-group hydrides.
NH3 is more basic than Hz0, which is more basic than HF, since the “lone pair” (really, a
roughly nonbonding MO) that is ready to form a new bond with H* is on a less electronegative
element, so it is higher in energy. Going down a column, however, basicity tends to decrease,
even though the lone pair is higher in energy, since the electrons in it experience less
Coulombic repulsion due to the atom’s larger size. For instance, PH3 is significantly less basic

than NH3z, even though a P 3p AO is higher in energy (-9.65 eV) thanan N 2p AO (-13.18 eV).

The acidity or basicity of a molecule at a given atom (that is, how readily that atom will
donate or accept H*) is often affected by the identity of atoms near it. Even if the identity of
the acidic or basic atom does not change, the presence of more electronegative atoms nearby
will usually lead to greater acidity or lower basicity. This phenomenon is known as the
inductive effect, and is familiar to most students of organic chemistry. A classic example is
the increase in acidity (Ka) of acetic acid derivatives in which one or more of the methyl H
atoms is replaced with F: CH3COOH < CH2FCOOH < CHF2COOH < CF3COOH. The more
strongly electronegative F atoms present, the more electron density is pulled away from the

carboxyl group, making its H atom more like H* and thus more acidic.
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A type of inductive effect especially important to inorganic chemists is the acidity of
oxyacids,3¢ an important class of Brgnsted acids whose formulae are of the form (HO)»AOn,
where A is the identity of the central atom, m is the number of hydroxyl groups attached to
A, and n is the number of terminal oxo groups, i.e. oxygen atoms attached to A and no other
atom. For example, the familiar acid sulfuric acid (H2SO4) has, in oxyacid notation, the
formula (HO)2S02, so m = 2 and n = 2 for this compound Conventionally, terminal 0xo groups
are drawn in Lewis structures with double bonds between O and the central atom A, as in
the left structure for H2SO4 in Figure 5.2 below. However, these double bonds often imply
that the main-group central atom uses d AOs in bonding, which is not correct according to
more recent calculations (see Section 3.6). One can avoid such “hypervalent” resonance
structures by invoking nonzero formal charges, as in the right structure in Figure 5.2, which
is more correct but less tidy. You should feel free to draw oxyacids the old-fashioned way, as

long as you keep in mind that the apparent 7 bonds likely have very little 7 bond character.

O O @O O@
7 /
H—O...:O.—H b

Figure 5.2. Traditional (hypervalent) and formal charge-separated depictions of

H2S04.

The hydroxyl groups of oxyacids tend to be acidic due to the inductive electron-withdrawing
effects of the strongly electronegative terminal O atoms. For a given central atom A, the more
terminal O atoms there are, the stronger the acid is. (Another way of saying this is that the
higher the oxidation state of A is, the stronger the acid is.) For instance, the acidity of the
oxyacids of chlorine increase as HOCI < HOCIO < HOCIO2 < HOClO3, and nitric acid (HONO3)
is a strong acid, while nitrous acid (HONO) is weak. A very approximate rule for estimating
the acidity of oxyacids from their formulae was formulated by Pauling:

pK, = 8 —5n

36 Also known as oxoacids (the two terms are synonymous).
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Note that this approximate equation does not take into account the number of hydroxyl
groups (it predicts pKa for the first ionization only), nor the identity of A. However, while the
number of terminal O atoms is the most important factor in determining acidity, for a given
n a more electronegative central atom A will lead to a more acidic compound, as A will bear
part of the negative charge after deprotonation. This means, for instance, that HOCIO: is

more acidic than HOBrO., since Cl is more electronegative than Br.

Inductive effects are important in Brgnsted basicity as well, but not always as directly as one
might suppose. It is well known to organic chemists that alkyl groups tend to be o-donating
compared to H atoms, so it is not surprising that NH2Me is more basic than NHj3, since its N
atom is more electron rich. What may be surprising, however, is that the order of basicity of
NH3 and the methylamines in water is NHz < NMe3 < NH2Me < NHMe;. NMe3 seems out of
order, being less basic than expected given its three electron-donating methyl groups. This
is because its conjugate acid NHMes* is poorly solvated, since it has only one N-bound H atom
available to participate in hydrogen bonding with water. In the gas phase, the order of
basicity is NH3 < NH;Me < NHMe; < NMes, which is what one would expect based solely on

inductive effects when solvation is not an issue.

5.8. An MO Picture of Lewis Acid-Base Reactivity; Steric and Electronic Effects

Understanding trends in Lewis acid-base reactivity is more complicated than understanding
Brgnsted acid-base reactivity, since now both the acid and the base can vary. MO theory can
be used to discuss electronic factors that influence Lewis acid-base strength. Recall that a
Lewis acid accepts a pair of electrons to form a covalent bond, while a Lewis base donates a
pair of electrons to form a covalent bond. This definition suggests that we must consider the
MOs of both the Lewis acid and the Lewis base. We need not, however, go through the trouble
of considering all the different MOs for each species. Instead, we can gain a good qualitative
understanding of the bonding by considering only the frontier MOs of each species. The
frontier MO concept, devised by Kenichi Fukui (1918-1998, Nobel Prize in Chemistry 1981)
states that the most important MO for the reactivity of an electron-donating species is the

highest-energy occupied MO (HOMO), while the most important MO for the reactivity of an
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electron-accepting species is the lowest-energy unoccupied MO (LUMO). Thus, when
considering Lewis acid-base reactions, we consider the HOMO of the Lewis base and the
LUMO of the Lewis acid; it is primarily these two orbitals which will interact to form a new

o-bonding MO in the Lewis acid-base adduct that is the product of the reaction.3”

Let us consider the reaction between the common Lewis acid BF3 and the common Lewis
base NH3 (see Figure 5.1). The HOMO of NH3 has primarily N 2p, character (approximate
energy -13.18 eV), while the LUMO of BF3 has primarily B 2p character (approximate energy
-8.30 eV). This relatively high-energy filled orbital and relatively low-energy empty orbital
can interact to form a new o-bonding and a new o-antibonding MO, as shown in the simple
orbital interaction diagram in Figure 5.3. Since we have two electrons to distribute between
these two new MOs, the bonding MO is filled and the antibonding MO is empty, and we thus

have formed a new o bond.

BFs, NH,

Figure 5.3. A simple HOMO/LUMO interaction diagram for Lewis acid-base adduct

formation.

37 When discussing species with unpaired electrons, such as organic radicals and many
transition metal ions, we must also consider orbitals containing a single, unpaired electron;
such orbitals are known as singly-occupied MOs (SOMOs).
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Several factors are involved in the relative strengths of Lewis acids and bases. First and
foremost, the Lewis base HOMO and the Lewis acid LUMO must have matching symmetry, so
that their interaction in a o fashion leads to nonzero overlap.3® Steric effects are also, in
general, important in Lewis acid-base chemistry, unlike in Brgnsted acid-base chemistry,
where one of the reacting partners is always the very small H*. For instance, one measure of
the strength of a Lewis bases is its standard enthalpy of reaction AH° with the common Lewis
acid BF3: the more negative the value of AH® (i.e. the more exothermic the Lewis acid-base
reaction), the stronger the Lewis base. For instance, we might well expect methylamines to
be stronger bases than NH3, since methyl groups are more electron-donating than H. Yet the
order of Lewis base strength with respect to BF3 is NH3z < NMe3 < NH2Me < NHMe;. The
reason NMejs is “out of order” is that there are steric clashes in its approach to BF3 to form a
new o bond: it cannot approach as closely, and thus the orbital overlap (and bond strength)

is not as great as it would be with an inductively similar, but smaller, Lewis base.

Inductive effects are, however, still important, as can be seen by the fact that NHMe and
NHMe; are stronger Lewis bases with respect to BF3 than NH3 is, despite their greater bulk.
Similarly, NF3 is a very weak Lewis base indeed, because of the inductively electron-
withdrawing effect of the F atoms, which are more electronegative than N. Inductive effects
matter for the Lewis acid, as well: BF3, with its electronegative F, is a stronger Lewis acid
toward amine bases (more negative AH® for adduct formation) than BMes is, since the F
atoms make the B atom more electron-deficient. In this case, inductive and steric effects act

in the same direction, since F is both smaller and more electron-withdrawing that methyl.

In some cases, a Lewis base will be very electron-rich, and a Lewis acid very electron-
deficient, but each will be so sterically hindered that the adduct formation reaction cannot

proceed to any significant extent. A good example of such a pair is the Lewis acid B(C¢Fs5)3

38 “Matching symmetry” here means that the frontier MOs belong to the same irrep in the
point group corresponding to the new molecule (the Lewis acid-base adduct). The HOMO of
NH3 and the LUMO of BF3 belong to different irreps in the free molecules, since the molecules
belong to different point groups (NH3z is €3y, and BFz is D35). However, both the staggered and
the eclipsed conformations of the adduct F3sB-NH3 belong to the point group C3y, and in this
point group, both frontier orbitals have A; symmetry.
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and the Lewis base P(‘Bu)s. Such Lewis acid-base pairs have been termed “frustrated Lewis
pairs,” or FLPs for short, since their electronic (inductive) inclination to form an adduct is
“frustrated” by their steric bulk. FLPs will often react together with a small molecule, which
behaves as a Lewis acid to the frustrated Lewis base, and as a Lewis base to the frustrated
Lewis acid. Examples of this sort of reactivity include the heterolytic cleavage of the H-H o
bond in H», addition across the C-C w-bond in 1-hexene, and addition across one of the C-0
m bonds in CO2, as shown in Figure 5.4 below. FLP chemistry is currently a very active

research area.

(tBu)3<-|?—H + H—%)(CGFS);;
Hy
D,
P(Bu); + B(CgFs)3 gl > (CSF5)3%> o
CO,

®
(Bu)sR  B(CeFs)s

o

O

Figure 5.4. Reactivity of the B(C¢Fs)3/P(!Bu)s frustrated Lewis pair with small

molecules.

When assessing the strengths of Lewis acids and bases, we not only must consider both steric
and electronic effects, but we also must consider the fact that a set of Lewis bases might have
one order of strength with respect to one Lewis acid, but a different order of strength with
respect to another, and vice versa. There is thus no single parameter for Lewis acid strength,
nor a single parameter for Lewis base strength, comparable to the K, and K}, values for
Brgnsted acids and bases, respectively. If favorable adduct formation is to occur (large,
negative values of AH° assuming enthalpy is more important than entropy), we must

consider whether the members of the Lewis acid-base pair are a good “match” for each other,
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rather than an absolute scale of strength. The predominant model for this phenomenon is

discussed in the following section.

5.9. Hard-Soft Acid-Base (HSAB) Theory

The predominant way (though not the only way) in which chemists organize species
according to their Lewis acid-base reactivity is by using the hard-soft acid-base (HSAB)
theory, pioneered by Ralph Pearson (1919-2022). Pearson proposed that Lewis acids and
bases could be described as either “hard” or “soft,” and that the formation of hard acid-hard
base and soft acid-soft base adducts was highly favorable, while the formation of hard acid-
soft base and soft acid-hard base adducts was not. What makes a Lewis acid or base hard or
soft? Pearson noted that soft acids and bases tend to be highly polarizable species, whereas
hard acids and bases are not very polarizable. Recall that the polarizability a is a measure of
the dipole moment ping that can be induced in an atom, ion, or molecule by an external
electric field E, or Mina = aE. The polarizability tensor is a 3 x 3 matrix with 9 components,
but only a qualitative understanding of polarizability is necessary to understand HSAB
theory. For our purposes here, it is important to note that species with a high charge/size
ratio3? tend to be less polarizable, since their electrons are more tightly held, and thus

respond less to an external electric field.

The HSAB concept can be understood in terms of MO theory. Highly polarizable (soft) bases
tend to have relatively high-energy HOMOs, and soft acids tend to have relatively low-energy
LUMOs, so the energy difference between the HOMO of the base and the LUMO of the acid is
small. In general, when two basis orbitals interact to form a new pair of bonding and
antibonding MOs, the magnitude of the orbital interaction (i.e. the degree to which the new
bonding MO is stabilized, and the new antibonding MO is destabilized) is inversely

proportional to the difference in energy between the basis orbitals: basis orbitals with

39 The sign of the charge matters here; it is not merely a question of the magnitude of the
charge. For instance, S?- is a more polarizable (softer) Lewis base than HS-, because a 2-
charge is considered lower than a 1- charge. Similarly, for neutral Lewis acids or bases with
significant dipole moments, the partial charge on the reactive atom is relevant.
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similar energies thus have stronger interactions.#® What this means is that soft acid-soft base
interactions lead to strong covalent bonds. In contrast, hard bases tend to have low-energy
HOMOs (often based on strongly electronegative elements such as 0), and hard acids tend to
have high-energy LUMOs, so the covalent portion of a hard acid-hard base interaction is
weak. General orbital interaction diagrams for soft acid-soft base and hard acid-hard base

interactions are shown in Figure 5.5 below.

LUMO \\\\ ‘\\ “‘\ “\
-~ HOMO
4 M- HOMO
soft acid soft base hard acid hard base

Figure 5.5. Frontier orbital interactions in soft-soft and hard-hard Lewis acid-base

interactions.

The above MO discussion should not be understood to mean that hard acid-hard base
interactions are energetically unfavorable. Electrostatic, but noncovalent, interactions, such
as the Coulombic attractions between an anionic Lewis base and a cationic Lewis acid or
between the negative end of a strongly dipolar Lewis base with the positive end of a strongly

dipolar Lewis acid, can be very strong indeed, even though they are not covalent. Orbital

40 For a mathematical justification of this rule, see pages 15-26 of Orbital Interactions in
Chemistry, 2nd edition, by Thomas A. Albright, Jeremy K. Burdett, and Myung-Hwan
Whangbo, John Wiley & Sons: Hoboken, NJ, 2013.
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Figure 18.12. Orbital interactions in the coordination of linear NO.

The situation is different for bent NO. If we consider the ligand as neutral NO, the singly
occupied m-antibonding MO can donate le into a metal d AO that also contains le. The
resulting bond is o between the metal and N, even though it is N-O m antibonding. In valence
bond terms, one might consider the N atom of bent NO to be sp2-hybridized, whereas it is sp-
hybridized in linear NO. Thus, bent neutral NO is considered a 1le ligand. Alternatively, we
may consider bent NO ligands to be bound NO-, isoelectronic to Oz, donating 2e (in a o sense),
from a m-antibonding ligand MO. A sketch of the orbital interaction involved in the

coordination of bent NO is shown in Figure 18.13 below.

Figure 18.13. The key orbital interaction involved in the coordination of bent NO.

In a given complex, the energy difference between linear and bent NO is sometimes small; in
such cases, molecules with the linear geometry can be in equilibrium with those in the bent

geometry, as in the example shown in Figure 18.14 below.

Figure 18.14. An example of an equilibrium between linear and bent NO ligands.
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Note that when a bent NO ligand becomes linear, this corresponds to a decrease of 2e in the
electron count at the metal (from 18e with linear NO to 16e with bent NO, in this case).
Concomitantly, the metal’s formal oxidation state increases by 2, since linear NO is counted
as NO* and bent NO as NO-. The linear — bent geometrical change can be thought of as a
transfer of electron density from the metal to NO, and for this reason NO, with its variable

geometry, is often described as a redox-active or “non-innocent” ligand.

NO became highly significant to biologists and biochemists, as well as coordination chemists,
in the 1980s. Biologists had known that there existed an “endothelium-derived relaxing
factor” (EDRF), a molecule produced by the endothelium (the cells lining blood and lymph
vessels) that induced muscle relaxation and vasodilation (the widening of blood vessels).
The discovery that NO was the EDRF121 was a breakthrough in biochemistry, and the 1998
Nobel Prize in Physiology or Medicine was awarded to Robert Furchgott of SUNY Downstate
Medical Center (1916-2009), Louis Ignarro of the UCLA School of Medicine (b. 1941), and
Ferid Murad of George Washington University (1936-2023) for their work in identifying NO
as the EDRF.

The vasodilatory effect of NO is due to its ability as a ligand. The heme enzyme soluble
guanylate cyclase (sGC) catalyzes the conversion of guanosine triphosphate (GTP) to cyclic
guanosine monophosphate (cGMP). Without NO, sGC does not function to catalyze this
reaction, but coordination of NO to the heme Fe of sGC activates it toward catalysis. The
cGMP thus produced activates enzymes that lower Ca?* levels; since proteins involved in
muscle contraction require Ca?* to function, the lowering of Ca?* levels induces muscle

relaxation.

There exists an interesting feedback loop involving the synthesis of NO. Endogenous NO is
produced from the amino acid L-arginine in a reaction catalyzed by the heme-containing

enzymes nitric oxide synthase (NOS), shown in Figure 18.15 on the following page.

121 Some sources do not state that NO is the singular EDRF. Instead, they hold that there exist
multiple EDRFs, including both NO and other molecules that release NO in the body, such as
nitrosothiols (general formula RSNO).
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Figure 18.15. Production of NO from L-arginine.

NOS enzymes are themselves inhibited by NO, by binding of NO to the heme Fe centers. As
high concentrations of NO are toxic (see below), this helps prevent too much NO from being
produced in a cell signaling context. Additionally, endothelial NOS (eNOS) can bind
calmodulin, a protein that itself binds Ca?*. The binding of calmodulin and Ca?* activates
eNOS toward catalysis. Thus, under high Ca?* concentration (required for muscle
contraction), eNOS is activated and produces NO, leading to muscle relaxation. At low Ca?*
concentration, eNOS will not be active, and NO will no longer be produced as a signaling

molecule to lower Ca2* levels further.

Several drugs that act as vasodilators function by increasing NO concentrations.
Nitroglycerin and amyl nitrite release NO upon reaction with physiological thiols, while
sodium nitroprusside, a rare example of a transition metal-containing pharmaceutical,
slowly releases NO on its own. Given the toxicity of CN- (by its binding to, and inactivation of,
the heme enzyme cytochrome c oxidase in the mitochondrial electron transport chain), one
might wonder why Naz[Fe(CN)s(NO)] is a safe drug. The answer is that the [Fe(CN)s(NO)]?#
complex anion does not release CN- quickly, as it is Fe(II) with strong-field ligands, and thus
low-spin db, and the ligand field activation energy for dissociative substitution on low-spin
d® complexes is large. (The enzyme rhodanase converts small amounts of CN- to SCN-, which
is less toxic and readily excreted.) The erectile dysfunction drug sildenafil (trade name
Viagra) is also a vasodilator, but does not act by releasing NO directly: rather, it prolongs

vasodilation by inhibiting the enzyme that degrades cGMP, the messenger molecule whose
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production is activated by NO. The structures of these drugs are shown in Figure 18.16

below.

o NO2 NG ’TIOCN 20
® ~d -
0 O. )\/\ ,N\\ 2 Na /Fe
O,N J\/ NO, 0" "o NC” | “CN
CN
nitroglycerin -~ : . : sildenafil
(glyceryl trinitrate) amyl nitrite sodium nitroprusside (Viagra)

Figure 18.16. Some vasodilatory drugs.

In addition to muscle relaxation and vasodilation, NO is involved in immune response. High
NO concentrations are cytotoxic, and macrophages (a type of white blood cell) have been
shown to produce NO at (local) high concentration in order to kill tumor cells. Some of the
toxicity of NO may be due to its reaction with the radical anion superoxide (O2°), one of the
common reactive oxygen species that can arise in biological systems, to form the
peroxynitrite anion, ONOO-, a “linear” isomer of the familiar, trigonal planar nitrate anion, as

shown in Figure 18.17 below.

oR
000

.N=O + @O-O'

Figure 18.17. Formation of peroxynitrite from NO and superoxide.

While peroxynitrite is itself a closed-shell species, it can exert toxic effects by reacting with
COz to form the nitrosoperoxycarbonate anion (ONOOCO;"), which undergoes O-0 homolytic
bond cleavage to yield two radicals, NO2 and the carbonate radical anion CO3" (not to be
confused with regular carbonate, CO3%), both of which are harmful oxidants. Additionally,
peroxynitrite can be protonated to yield peroxynitrous acid (ONOOH), a weak acid with pK,
= 6.8, which can undergo O-0 homolysis to form NOz and the famously toxic hydroxyl radical

(OH). These reactions are shown in Figure 18.18 on the following page.
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Figure 18.18. Reactions of peroxynitrite that yield toxic radical species.

18.6. Soft-Acid Metals and Toxicity

In Sections 5.9-5.11, we discussed Pearson’s hard and soft acid-base (HSAB) theory for
trends in Lewis acid-base reactivity, and in Section 11.11, we applied this theory to the
nucleophilicity of different ligands in associative ligand substitution on Pt(II) complexes. We
saw that, while nucleophilicity in organic substitution reactions often tracks fairly well with
Brgnsted basicity, this is not so in Pt chemistry, as softer bases prefer to bind to the soft acid
Pt2*, while harder bases prefer to bind to the hard acid H*. An additional, and very important,
application of HSAB theory is to toxicology, medicinal chemistry, and environmental

chemistry, concerning the relative toxicities of metal ions.

Compounds of metals are often pollutants, with toxic effects on humans and other life forms.
Many metal ions with high oxidation states are toxic due to their ability to oxidize the organic
molecules of life (compounds of Cr¢*, or “hexavalent chromium,” compounds are notorious
in this regard), but among those with fairly low metal oxidation states, soft acid metal
compounds are generally the most toxic. For instance, Pb compounds can cause neurological
problems in children, and anemia generally, Hg compounds are potent neurotoxins, Cd
compounds cause the weakening of bones and are teratogens (reproductive toxins), T1,SO04
was once widely used as a rat poison, and arsenic should be familiar to any reader of murder
mysteries (in Renaissance France, As4O¢ was known as poudre de succession, or “inheritance
powder”). There are exceptions to this trend: for instance, Ag* and Au* are very soft acids,
but their salts are not very toxic. Nevertheless, the trend does suggest that it is worth being

especially cautious when handling soft-acid metal compounds in the laboratory.
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While there are many mechanisms by which a given chemical may be toxic to life, the most
common way in which soft-acid metals are poisonous is their coordination to sulfur-
containing groups on proteins. Recall that the amino acid cysteine has the side chain -CH>SH,
and methionine has the side chain ~-CH2CH2SCH3. The sulfur atoms of these amino acids are
both soft bases, and will coordinate strongly to soft metal ions such as Hg?*. (In fact, the older
term “mercaptan” for thiols is a contraction of the Latin phrase mercurium captans,
“capturing mercury.”) When cysteine or methionine side chains are accessible on the
outsides of proteins, metal ions bind to them, which alters the proteins’ shapes and functions,
almost invariably for the worse. Two cysteine side chains can be attached to each other to
form the so-called cystine residue -CH;S-SCH>-, with a fairly weak S-S disulfide bond; this
bond is very important to the structure of many proteins, and it can easily be broken by a
soft-acid (thiophilic) metal. As an example of enzymatic disruption, the anemia caused by
lead poisoning is caused by the binding of lead to cysteine residues in enzymes that
synthesize heme, the prosthetic group in hemoglobin. This prevents the enzymes from

functioning correctly, and a heme deficiency (anemia) results.

The HSAB principle has been exploited in medicine. During World War [, Winford Lee Lewis
(1878-1943), a professor of chemistry at Northwestern University, left his academic position
to develop chemical weapons for the US military. He developed the soft-acid arsenic poison
dichloro(trans-2-chloroethenyl)arsine, a powerful vesicant (blistering agent) popularly
dubbed “Lewisite.” As it happened, World War [ ended before Lewisite could be used on the
battlefield, and it has fortunately never actually been used in combat. However, fear that it
would be used by the Nazis in World War II spurred the development, at Oxford University,
of an antidote to Lewisite poisoning, the soft sulfur base 2,3-dimercaptopropanol or
dimercaprol, sometimes known as “British anti-Lewisite,” or BAL. The structures of Lewisite

and dimercaprol are shown in Figure 18.19 on the following page.

While Lewisite was never used on the battlefield, its antidote dimercaprol has been used as
an effective antidote to many non-military cases of heavy metal poisoning. In particular, it
allowed sufferers of Wilson’s disease, a genetic disorder in which the body accumulates

copper, to live normal lives (although it has been replaced for this purpose by later

511



medications with milder side effects). Lewis, the chemical-weapons designer, ended up

making a significantly net positive contribution to human well-being, though perhaps not to

his credit.
Cl
AS SH
c—7 HO\)\/SH
Lewisite Dimercaprol

Figure 18.18. The structures of Lewisite and dimercaprol.

The toxicity of arsenic may also help explain an interesting feature of classical mythology. In
general, the ancient Greeks and Romans portrayed their deities as, essentially, like human
beings in perfect physical health. A notable exception to this is the god of fire and
metalworking, known as Hephaestus ("Hdaiotog) to the Greeks and Vulcan (Vulcanus or
Volcanus) to the Romans. Unlike his Olympian peers, Hephaestus was consistently portrayed
as walking with a limp. While a sure knowledge of why he was so portrayed must remain lost
to the mists of antiquity, some chemists, physicians, and archaeologists have speculated that

Hephaestus’ limp may have its roots in an early example of an occupational illness.

Humans realized early on that pure copper metal was too soft for many uses in tools and
weapons, but that alloys of copper with other metals are harder and stronger. Traditionally,
the term “bronze” has been used to refer to alloys of copper with tin, while alloys of copper
with zinc are called “brass.” However, since copper was alloyed with a wide variety of other
elements in antiquity, archaeologists now often use the term “bronze” more generally, to

describe any alloy whose main component is copper. The nature of the alloys can be specified

»” « »” «

in more detail as “tin bronze,” “zinc bronze,” “arsenic bronze,” etc.
As it happens, mines yielding tin are fairly rare in the area around the Mediterranean,!??

copper was commonly alloyed with arsenic to yield objects of arsenic bronze. Once present

122 Tin was primarily acquired and sold by the Phoenicians, a seafaring people living in the
coastal areas of what is now Lebanon and Syria (and whose alphabet was adapted into our
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in an alloy, the arsenic will not leach out readily: arsenic poisoning would be the least of the
concerns of a warrior wounded by an arsenic bronze sword or spear. The preparation of
these alloys, however, entailed considerable risk for blacksmiths. At the temperatures used
to cast metal objects in a forge, arsenic will react with Oz in the air to form the oxide As4Os,
which, at forge temperatures, will be sufficiently volatile to be harmful to human health. In
particular, chronic arsenic exposure by inhalation can cause peripheral neuropathy, in some
cases leading to a limp. As Hephaestus was the patron god of blacksmiths, his limp may

reflect a common malady among his worshippers.

18.7. Platinum-Based Anticancer Drugs

One of the biggest “inorganic” success stories in medicine is the use of cisplatin, cis-
Pt(NH3)Cl;, as an anticancer drug. It is effective as a chemotherapeutic agent against many
cancers, and especially against testicular cancer; the use of cisplatin increased the testicular
cancer cure rate from about 10% to over 85%. Since the discovery of cisplatin, several other
Pt-based anticancer drugs have been developed, some of whose structures are shown in

Figure 18.19 on the following page.123

The synthesis and structure of cisplatin were known by the end of the 1800s; recall that Pt(II)
coordination chemistry was thoroughly studied early on in the history of transition metal
chemistry. Knowledge of its medicinal use came later, and it is a good example of serendipity
in science. In 1965, the biophysicist Barnett Rosenberg (1926-2009) of Michigan State
University was studying the effects of electric fields on the cell division of the bacterium
Escherichia coli, and he found that the electric field apparently had a cytostatic effect: it
stopped the E. coli from dividing. Further research, however, indicated that the cytostatic

effect was due to chemicals produced during the experiments, rather than due to the electric

own, by way of Greek and Etruscan intermediaries). Some Phoenicians may have sailed west
through the Strait of Gibraltar to reach what is now northwestern France and southern
England, where tin-bearing mines are plentiful.

123 Note that all of these drugs are Pt(II) complexes except satraplatin, which is a Pt(IV)
species. It is generally believed that satraplatin is actually a prodrug: it is reduced in the body
to a Pt(II) species which has the cytostatic effect.
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field directly. Rosenberg used Pt electrodes in his experiments, since elemental Pt was
widely held to be chemically inert. It is true that, under many conditions, elemental Pt is
oxidized less readily than most transition metals. In Rosenberg’s experiments, however,
passage of an electric current via the Pt electrode into the buffer solution used, which
contained NH4C], resulted in the oxidation of Pt atoms at the electrode surface to form
soluble Pt compounds, including cisplatin. Later tests using independently prepared
cisplatin showed that it inhibited the division of both bacteria and animal tumor cells, and

cisplatin received FDA approval in 1978 for the treatment of testicular and ovarian cancers.
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Figure 18.19. Structures of some platinum-containing anticancer drugs.

Cisplatin exerts its cytostatic effect by damaging DNA enough that replication is arrested.
Cisplatin is relatively water-sensitive, and when dissolved in water will form the
monocationic aqua complex cis-Pt(NH3)2(OH2)Cl* and the dicationic diaqua complex cis-
Pt(NH3)2(OHz)22* according to the following ligand substitution reactions:

cis-Pt(NHz)2Clz + H20 — cis-Pt(NH3)2(OHz)Cl* + CI-

cis-Pt(NHz)2(OH2)Cl* + H20 — cis-Pt(NH3)2(OH2)2%* + CI-
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The water ligands of cis-Pt(NHz)2(OH2)Cl* and cis-Pt(NH3)2(OHz)22* are themselves readily
displaced by other N-donor ligands, in particular the N-7 position of guanine, one of the DNA
bases. A second guanine N-7 may then displace the other water ligand or the CI, thus cross-

linking two portions of DNA. Guanine, with N-7 labeled, is shown in Figure 18.20 below.

o N-7
N/
HN
>
HQNJ\\N ”

guanine

Figure 18.20. Guanine and position 7.

This cross-linking sometimes connects two strands of DNA with a Pt bridge, but the Pt more
often links two guanines in the same strand of DNA, inducing a bend or “kink” in the
structure. In 1996, the group of Stephen Lippard (b. 1940) at MIT solved the X-ray crystal
structure of a cisplatin-bound DNA strand with such an intrastrand kink. This DNA damage
can then prevent replication and induce apoptosis (programmed cell death). The aquation
of cisplatin to form more reactive cationic complexes is undesirable if it occurs outside of
cells. Some of the side effects of cisplatin may be due to the reaction of cis-Pt(NH3)2(OH2)Cl*
or cis-Pt(NH3)2(OHz)22* with cysteine thiol groups of proteins: recall that Pt(I[) compounds
are fairly soft acids. This aquation is minimized in medical settings by the intravenous
administration of cisplatin in a saline (NaCl) solution: the Cl- in the saline inhibits aquation
by Le Chatelier’s principle. This aquation is also minimized in blood, as the Cl- concentration

in blood is significantly higher than that in cells.

The mechanism of action of cisplatin is (perhaps surprisingly) fairly similar to that of a class
of organic anticancer drugs called alkylating agents. Anticancer alkylating agents generally
contain two good leaving groups that can be displaced (in an Sx2 reaction) by N-7 of guanine,
as well as a nucleophilic atom in the molecule that enhances alkylation by the anchimeric

effect. They are thus able to cross-link two guanines by an organic group, as opposed to Pt.
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The investigation of alkylating agents in cancer therapy actually goes back to the use of
chemical weapons in World War I. One frequently used such weapon was bis(2-
chloroethyl)thioether, commonly known as “mustard gas” (actually a liquid, dispersed as an
aerosol), a powerful vesicant. It was found that soldiers who had been injured by mustard
gas exposure, but who survived, tended to display low white blood cell counts, which
spurred efforts to use it and related compounds to treat white blood cell cancers such as
lymphoma and leukemia. The related nitrogen-containing alkylating agent mustine was the
first cancer chemotherapy drug to be used in humans, and the more complex
cyclophosphamide is widely used today. The structures of these sulfur- and nitrogen-

containing “mustard” agents are shown in Figure 18.21 below.

Cl Cl
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Figure 18.21. Structures of mustard-type alkylating agents.
Because of the similarity of the mechanisms of action of alkylating agents and cisplatin

(cross-linking guanine bases), cisplatin and other Pt anticancer drugs are often called “non-

classical alkylating agents,” although they of course have no alkyl groups to add to DNA.
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