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PREFACE

This textbook was developed with the goal of introducing the concepts of measurement

and instrumentation to engineering students who have learned the underlying theory and

need to develop the hands-on tools needed to make useful measurements in their engi-

neering careers. The book is an outgrowth of the Measurement and Automation course

taught at the University of Oklahoma. While the course is geared towards students ma-

joring in Electrical or Computer Engineering, it is broadly applicable to all engineering

majors. Engineers in research, industry, and manufacturing all deal with data acquisition

and measurement at some point, but often times they do not have a solid understanding of

what it means to measure something; what does the measurement really tell us about the

thing being measured? How accurate is the measurement? How do we find out whether

it is accurate? In a computer-based measurement system, how do we get the real-world

phenomenon being measured into the computer? How does this process affect the reli-

ability and accuracy of the measurements? This text attempts to answer these questions

and give the student some insight into the concepts of making measurements and just

what we can do or cannot do with the measurement information.

This textbook is aimed at senior-level students who have taken most of their math

and engineering courses. Therefore, it will not go into too much detail on the numerous

background concepts such as circuits, statics, and differential equations. Rather, it will

employ these concepts in measurement scenarios. The text should also be very useful for

graduate students who need to do data acquisition for their research.

A note on references: Most of the information in this book was developed from the

authors’ personal knowledge, but references are used to help cover some of the topics.

The textbooks that are referenced are typically ones used in undergraduate and graduate

courses. Hand written course notes that have been organized and kept over the years

have also been a valuable source of information in creating this book. Some information

from Internet sources have also been incorporated and noted. There are some fair-usage

images from the Internet (that are specifically noted), but most figures in the text have

been created de novo by the authors.
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Chapter 1

1.1 Introduction

As the title of this text is Measurement and Instrumentation, it is appropriate that we

begin with a brief discussion on concepts pertaining to taking measurements. It is broadly

accepted that all engineering disciplines find the need, at times, to measure things. But

why do we measure things? We measure things to gain information about that thing. What

we do with that information varies widely, and our goals in acquiring the information play

a role in how we make our measurements. For the moment we will focus on our desire to

gain information about a thing (i.e. the device, process, or physical quantity that is being

measured).

When we measure a thing, we are generally interested in some physical aspect such

as length, weight, pressure, vibration, or any other of the many physical properties that

something can have. If that thing is a process, then we might be interested in something

less concrete; perhaps the number of people entering a store during a certain period of

time. Regardless of the thing being measured, each measurement consists of two funda-

mental components that are both necessary to achieve the status of being a measurement.

These elements are: magnitude and units. Both components are equally important, and

neither of them provides enough information about the measurement on its own. For

example, if I weigh a book and say,“it weighs two” this does not convey a satisfactory

amount of information. If I say, “the book weighs pounds,” this also is not useful. It is

only a useful measurement if the description includes both the magnitude and units, such

as “the book weighs two pounds.” This simple example ignores the critical issue of how

good the measurement is. We will get to the topics of measurement accuracy and error in

section 1.3, but for now, the reader should be comfortable with the fundamental idea of

what comprises a measurement.

When we specify a number for the magnitude of a measurement, we all understand

what the enumeration used to represent the magnitude means. However, the units present

a different historical tale. While the concept of units has existed as long as the concept of

enumeration, the meaning of a unit has much more recently been codified into a uniform

concept that scientists, engineers, and everyday people accept. Centuries ago, everyone
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understood what was meant when using descriptive phrases with enumeration, such as

3 cows, 2 horses, 5 buckets, etc. However, the specific engineering units that we rely

on, such as length, weight, pressure, etc., were not well developed. Biblical references to

length are often in cubits, for example, while the Greeks in ancient times used the stade to

denote units of length. We owe the modern concept of fixed, verifiable units to the Age of

Enlightenment. It was the French philosophers of the late 18th and early 19th century who

understood the need to standardize units so that scientific experiments could be replicated

for verification, bridges could be more accurately built, and civil infrastructure could be

made more uniform (ensuring more efficient use of materials!). The end result is that in

the 21st century we have a clear definition of specifically what one second is, what one

foot is, what one kilogram is, etc. These units are defined by standards and the ability of

all measuring devices to measure is defined with respect to these standards. The main

concept to understand is that a measurement system must provide both a magnitude and

unit of the physical quantity being measured for it to be meaningful.

1.2 Measurement Systems

We make measurements with a measurement system. The thing being measured is

called the measurand. A measurement system can be as simple as a ruler, or as complex as

a scanning electron-microscope. In general, we can divide measurement systems into two

broad categories: analog and digital. An analog measurement does not require a computer

or processor to perform the measurement, whereas a digital measurement requires some

type of computing power that can digitize the physical representation of the measurand.

In either case, the system has some sensor that physically interacts with the measurand.

For example, a ruler is placed next to the object whose length we wish to measure. In this

case the measurement system incorporates the human who reads and interprets the scale

on the ruler. Sometimes the signal (the representation of the feature we are measuring) is

modified, or conditioned. This occurs in a spring-based scale, for example. The spring

that is displaced when one steps on a scale is only displaced a short distance, but through

an internal mechanism this produces a much larger deflection in the scale readout dial.

A digital measuring system has many of the same elements as an analog measuring

system, but with two significant differences. First, the sensor that interfaces with the

environment almost always transduces (converts from one form to another) the physical
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feature into an electrical signal. Secondly, after any signal conditioning is performed, the

digital measurement system also incorporates a device that converts the electrical signal

into a discrete set of digital values. This is called analog-to-digital (A/D) conversion. The

A/D converter is itself a measuring device that assigns a binary value to the voltage or

current level being sensed. This will be discussed in more depth in Chapter 2. Figure

1.1 shows block diagrams of both an analog and a digital measuring system. In both

systems some analog signal conditioning is often present. There are many types of analog

signal conditioning that can be utilized to improve the measurement system. Some of

these are amplification, analog filtering, and conversion from one type of electrical out-

put to another. A Wheatstone Bridge (discussed in Section 4.1.3) is a popular method

to convert a sensor that has an electrical output of resistance to a voltage so that it can

be more easily displayed or digitized. Digital filtering is another form of signal condi-

tioning that is used after the signal is digitized. Digital filters are very flexible and can

be used to create very specific and unique filters (for example to eliminate 60 Hz line noise).

Figure 1.1. Analog and Digital Measuring Systems: The digital system also includes an analog-to-
digital conversion block (called digitization in the diagram). The signal conditioning block is
not present in some situations.

1.2.1 Measurement Error

The goal of a measurement system is to find the cosmic truth about the measurand.

However, it must be clearly understood that cosmic truth about a measurand is only a
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concept–there is no realizable system that measures cosmic truth. Indeed, we cannot know

the truth; if we had a way of knowing the truth, we would not need to make measurements!

However, all measuring systems made by humans incur measurement error in the system.

This applies to both analog and digital measuring systems. However, a good measuring

system can measure something closely enough that the difference between the result and

cosmic truth has no practical effect on our design or decision-making. For example, if

we have a manufacturing process that produces a designed shaft tolerance of +/- 0.001

inches (one mil), and our quality control measuring device is accurate to 0.000001 inches

(one micron), then our measuring device can achieve a result that is as good as cosmic

truth from our design specification perspective. The point is that all measuring systems

(or devices) have some measurement error associated with them. Therefore, it must be

understood that measurement error is an inescapable part of measuring something.

Measurement error is defined as the difference between the measured value and the true

value:

ε(i) = xmeasured(i) − xtruth(i)

Assuming the measurand has reached a steady state condition (see section 1.2.6 for

more details on steady state) there are two broad categories of error: deterministic and

random.

• Deterministic errors (also referred to as systematic errors) are those that have a static

or known time-dependent behavior. These often show up as a bias in the data

set. The term bias is often used interchangeably with the term “DC offset” because

measuring systems often use transducers that produce electrical signals that include

a DC offset voltage.

• Random errors are those whose value at any given time cannot be known but will

fall within some range of possible values. Random errors typically follow some

type of statistical distribution (the Gaussian distribution is the most commonly

assumed form). Random errors are not repeatable from one trial to the next, while

deterministic errors (especially DC offsets) are repeatable. In general, we can define

random errors mathematically as the difference between the measured value and

the average of all measured values.

εn[ti] = xn[ti] − xave[ti]

The average (or mean) value is obtained by taking repeated measurements from the

same measurand. If we only take one measurement we can make no assessment about
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the veracity of that single measurement. It is only with repeated measurements that we

can statistically assess the behavior of the system. Taking repeated measurements of a

static measurand at a fixed time interval (e.g. measuring a 3.3V reference voltage once

each second for an hour) is a straightforward process, but taking repeated measurements

of a dynamic measurand such as an Electrocardiogram (ECG) signal that represents the

electrical activity of the heart is much more complicated. The ECG signal through one

heart beat cycle is repeated thousands of times each day. For this dynamic, but repeatable,

signal, the statistical assessment of error is made across the different trials, but at the same

time point within the cycle of the signal. This is shown for ten trials in Figure 1.2. The

reader can see that the random error at a set time point (ti) for any of the time trials (xn)

can be found by subtracting the mean value of all trials at that time point according to

Equation 1.1.

Figure 1.2. Time versus Trial Averaging: The bottom waveform shows multiple instances of an ECG
beat averaged together. The error for any given trial is taken as the difference between the trial
value at some time ti and the average at that same time point.

It is important to recognize that the random errors are not affected by deterministic

error. In order to assess the random error the mean value must be removed from the

recorded data. On the other hand, deterministic error is found by taking the difference

between the mean value of the trials and the true value. This creates a conundrum given

that we have already asserted that we cannot ever really know the true value. Indeed,

any fixed bias must be inferred by testing our measurement system against a known
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measurand. This is accomplished by calibration. For example, if we measure a certified

3.3V source and it consistently measures 3.8V, then we know that our measurement sys-

tem has a deterministic error of 0.5V and that bias (or DC offset) can be easily removed.

Furthermore, in many statistical digital signal processing applications the behavior of the

channel between the source and the measurement system can be assessed based on the

random component, so the bias error is generally removed whenever possible. Sources

of random error arise from the electrical noise that is coupled into the signal path and

also the electronics involved in measuring devices (thermal noise in the capacitors, resis-

tors, circuit board traces, etc.). Sources of deterministic (or systematic) error are generally

system-related and can be addressed through calibration procedures.

1.2.2 Uncertainty

In engineering, the concepts of uncertainty and error are considered separately, though

they are related. Generally, statisticians think of error as the same thing as uncertainty, but

in engineering, we define error specifically as being the difference between a measured

value and the true value. As discussed above, the true value is a theoretical concept and

cannot be exactly known. Uncertainty is considered to be the range of values, or the

envelope of values, which our measurement system may return; it should be apparent

that the true value is taken to exist somewhere in the space of uncertainty. The term

space of uncertainty is used to encourage the reader to think in multiple dimensions. For

example, in a three-dimensional position measurement (e.g. Global Positioning System,

or GPS) the space of uncertainty is a three-dimensional volume. There is some uncertainty

associated with the latitude measurement, another uncertainty associated with the longi-

tude measurement, and yet a third uncertainty associated with the altitude measurement.

The altitude (or vertical) uncertainty is usually larger for this system, so the volume is

more ellipsoidal than spherical. To summarize: the error in any given measurement is the

difference between the measurement and the truth, and the uncertainty is the range about

the truth in which we expect the error to exist.

1.2.3 Precision and Accuracy

Random and deterministic errors cause us to question the validity of a measurement,

or series of measurements. Furthermore, we must decide how to assess the validity of a

group of measurements that all vary somewhat in value. To do this we use two concepts:

precision and accuracy.
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When determining how accurate a measurement is, the percent error (% Error) is usu-

ally used as the performance metric. The % Error is defined in Equation 1.3 as

%Error = 100 ·
(Measured Value − True Value)

True Value
(1.1)

Precision is defined as the repeatability of a measurement. For example, if we use a

caliper to measure a steel shaft with a nominal diameter of three inches, and we make

four measurements of: 3.121”, 3.122”, 3.122”, 3.123”; we say that the caliper has good

precision because the variance between the measurements is very small (i.e. the difference

between each individual measurement and the mean is small). However, if we know that

the steel shaft’s diameter has a true value of 3.000” (perhaps this shaft is a standard for

calibration), then the caliper that we used has a significant systematic bias in its results that

is an average value of 0.122”. This leads to the second concept, accuracy, which describes

how close the average of the readings is to the true value. If we used another caliper

that measured: 2.938”, 3.019”, 3.048”, and 2.991”; we get an average of 2.999”, which is

only one mil (0.001”) from the nominal value. The difference between the mean value and

each of the individual measurements is larger than the first group, so our second caliper

is obviously much less precise, but the mean value of the measurements ended up being

much more accurate. Figure 1.3 demonstrates the concepts of precision and accuracy by

representing the nominal measurand value as the center of a target.

Example 1.1 The true value of temperature is known to be 27.1◦C. The system is at steady state

and five measurements are made and the results are: 26.93◦C, 26.89◦C, 27.23◦C, 27.31◦C, and

27.05◦C. What is likely the primary type of error that is occurring? Estimate the measured value

and the % Error from these readings.

Solution: Since the system is at steady state and the readings are above and below the

true value instead of consistently high or low, random errors are likely the primary cause

of the error. To minimize the error the average of the 5 readings can be taken as

26.93 + 26.89 + 27.23 + 27.31 + 27.05
5

= 27.082

Estimated measured value = 27.082◦C

% Error = 100 ·
Measured Value − True Value

True Value
= 100 ·

27.082 − 27.1
27.1

= −0.06642%
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Figure 1.3. Precision versus Accuracy: The left panel shows a very precise grouping of hits on the target,
but it is not accurate if we take the center as the desired target point. The right panel shows a
much larger spread, but the spread is centered on the central point of the target, meaning the
grouping is less precise, but more accurate.

Example 1.2 The true value of temperature is known to be 27.1 ◦C. Several measurements are

made and they are all very nearly equal to 27.5 ◦C. What is likely the primary type of error that is

occurring? Find the % Error.

Solution: Since the readings are consistently above the true value, bias errors are likely

the primary cause of the error.

% Error = 100 ·
Measured Value − True Value

True Value
= 100 ·

27.5 − 27.1
27.1

= +1.476015%

It seems evident that we would like to achieve both precision and accuracy in any

measurement system, but the reality is that we cannot always achieve this. As with many

other things in practice, there are often tradeoffs between the two. Inaccuracy can be

improved if the bias causing the inaccuracy can be determined and removed. On the other

hand, poor precision can be overcome with multiple trials. The number of trials required

depends on how imprecise the measuring system is. In either case (precision or accuracy),

the measurement system or device can only be assessed against some known standard.

This leads us to the idea of calibration.
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1.2.4 Calibration

How do we know whether our measurement system or device is precise, accurate,

both, or neither? And does it really matter how precise or accurate the system is? The

answer to the second question is equivocal! If you are trying to determine if an outlet is

live or not, using a multimeter that shows 117 Vac is good enough. It may actually be 115

Vac, or 120 Vac, but since the goal is simply to determine whether the outlet is live, the

exact value is not critical. On the other hand, the intensity of a pixel in a grayscale medical

image could indicate whether a tumor is malignant or benign. In that case, it is imperative

that the grayscale intensity of the pixels be assessed by some method that ensures some

level of correctness. To determine the correctness of a measuring system, it must be used

to measure a standard value that has a known pedigree and value. Scales are calibrated

by known weight standards. Devices for measuring length are calibrated to known length

standards. In the case of the medical imaging monitors, the output is what is questioned,

so the pixels are set to output various levels and a second device that is known to provide

an accurate measurement is used to assess the luminance. Many scientific instruments

must be calibrated prior to using them in experiments so that true physical laws can be

established. While the physicist is concerned with the calibration of equipment for an

experiment, a machinist is likewise concerned with the calibration of a micrometer when

turning a shaft down to a desired diameter.

Whatever the measurement system and measurand, even after calibration a measure-

ment can only be guaranteed to a certain level. Clearly a ruler that has sub-markings at

1/8” cannot measure differences in the 1/32” range. But often the thing being measured

will fall between two of the sub-markings. In this case, we say the measurement can

be accurate to within ±1/2 of the sub-markings. For a ruler marked at intervals of 1/32”

the accuracy is ±1/64”. In other words, if the length of a measurand falls somewhere in

between two 1/32” marks, our measurement of the length will be in error by, at most, 1/64”.

Unit standards vary by industry. Many industries are moving toward the MKS system

of measurements (meter-kilogram-second), but in the United States we still frequently

encounter units in the FPS system (foot-pound-second). The choice of units is critical and

must be observed by all parties involved in any large project. A glaring example of this

issue occurred in the software for the Mars Climate Observer which famously crashed on

the surface of Mars in 1999 during the attempt to land. The Jet Propulsion Labs (JPL) soft-

ware controlling the thrusters during landing was expecting acceleration measurements

9



in MKS units. Lockheed Martin was tasked with the software for the acceleration mea-

surements and was providing those measurement values in FPS units. The specification

called for MKS units, but the error was missed on both sides during the entire process

prior to launch [LA Times, Oct 1, 1999]. Students get frustrated with professors who dock

exam or homework points for missing units, but the preceding example is precisely why

we constantly propound units, units, units!

Calibration is usually accomplished by using the measurement system to measure a

known standard. Many measurements are taken against multiple known standards. Often,

the resulting calibration employs some sort of best fit line because the actual measure-

ments all have some error relative to the expected value based on the use of a standard.

For example, to calibrate a measurement system for concentration of a chemical substance,

one might use tightly controlled solutions of known concentration. The resulting plot of

increasing concentrations might look like that shown in Figure 1.4. Because the concentra-

tions being used are known to increase linearly, the measurements are likewise expected

to increase linearly. Indeed, they generally do, as a trend, but from one measurement point

to the next they might not follow the linear trend of the data set very closely. Often, we

use a best-fit line for the calibration if the measurement is expected to increase or decrease

linearly. How good is our best-fit estimate? This can be assessed using the R2 value. This

value is a measure of the goodness of fit between an estimate of the linear relationship, and

the actual data points. R2 ranges between 0 and 1 (or 0% and 100%), where a value of 0

indicates no fit, and a value of 1 indicates a perfect fit.

Figure 1.4. Calibration from data points: Measurement data is taken for known values over a range of
values. Then a best-fit line is estimated to provide calibration for the measuring system. The
data are created for this example.
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The preceding example assumes that the trend line of a data set can be reasonably fit

with a line. Sometimes this is not the case. There is generally some spread (variance) in

the measured data set, relative to the standard being used, and there may be times when

the best-fit line cannot pass through the data such that the line stays within the variance

of every point. This can occur when the measuring device has some nonlinearities. The

design goal of a measuring system is to minimize or eliminate nonlinearity if possible.

1.2.5 Linearity

Most measurement devices and systems make measurements over a clearly defined

range of values. For example, a meter stick can measure something that is a few cen-

timeters in length, to something that is one meter in length. One concern that must be

addressed is whether or not the accuracy of the measurement is linear. For example, if

we weigh things with a scale, is it just as accurate when weighing a five-pound item as it

is when weighing a 100-pound item? Another example of the issue of linearity occurred

in most cars built before the latter part of the 20th century. All cable-driven speedometers

were only linear over a certain range. To compensate for this, many manufacturers de-

signed the speedometer to make measurements well into the hundreds of miles per hour

(mph) even though the cars themselves were not capable of reaching the top indicated

speed on the speedometer. This type of speedometer design was used to increase the

indicator accuracy at the typical speeds at which the cars were driven because at this

measurement range the speeds were much more linear, as demonstrated in Figure 1.5.
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Figure 1.5. Nonlinearity effects: Actual speedometer measurement is in error, but in a non-linear way.
However, the significant non-linearities occur at the extremes of the scale (just a few miles per
hour, or in excess of 70 miles per hour; both conditions of minor importance for typical driving
speeds).

1.2.6 Static versus Dynamic

Finally, let us discuss the concept of static versus dynamic measurements. In a static

measurement system, we expect any instantaneous measurement to be representative of

the measurand. On the other hand, in a dynamic measurement system, we expect the

measurand to be changing with time, and the system response to be adjusting in time as

well. Sometimes the system response in a dynamic setting may lag the actual physical

change. For example, a thermocouple’s voltage changes take some finite amount of time

to adjust to the current ambient temperature; the metals both have temperature related

characteristics that keep them from instantaneously changing. Thus, the measurement

of temperature using a thermocouple may lag by some time from the actual temperature

change. The time it takes for a measurement system to respond to a changing measurand

is the response time. In general, we want to choose a sensor or measurement system with a

response time faster than the expected dynamic changes in the measurand.

We can also consider the response behavior of a measurement system in terms of fre-

quency, recalling that frequency and time are inversely related. In this case, a measurand

that changes more often (at a higher frequency) calls for a measurement system that has a

faster response time. This information is often presented in terms of bandwidth. A sensor

or measurement system is specified as having a frequency response between some low
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frequency and some high frequency. For example, a particular accelerometer on the mar-

ket has a specified bandwidth between DC and 100 Hz. One can readily guess that if the

measurand is a vibration above 100 Hz, the accelerometer will not be able to accurately

represent the vibration signal. This is because its bandwidth limitations don’t allow it to

respond quickly enough to the dynamic measurand.

The output signal of electronic components generally contains decaying exponential

functions (e−αt) that approach zero as the signal reaches steady state. The signal often

oscillates around the final value a few cycles before it settles to its final steady state value.

These effects are demonstrated graphically in Figure 1.6. In this figure the input sensor

detects a near-instantaneous change in the measurand. However, the measurement sys-

tem response time is limited by its front-end electronics and responds more slowly. Two

responses are shown: the exponential response time, and an exponential response with a

small oscillation. Either way, it is evident that the first few milliseconds of readings from

the measurement system should be disregarded as invalid because steady state has not

been reached.

Figure 1.6. Response Time: Measurement system response time compared to step change in system input.
Note that whether the response is a first-order or second-order response, there is a finite amount
of time before the output is representative of the input.
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A more specific example can be found in a common signal conditioning electronic

component called an Operational Amplifier (Op Amp). The Op Amp has a feature called

slew-rate that prevents its output from being able to instantaneously respond to a sudden

change in input voltage. The slew rate is typically approximated as a linear function and

typically defined as the change in voltage divided by the change in time (SR = ∆V/∆t). A

parameter called full power bandwidth (FPB) is used to describe whether a sinusoidal input

will result in slew rate distortion. FPB is defined as:

FPB =
SR

2π · Vo,max

General-purpose Op Amps typically have slew rates less than 1 µV/s. This means that if

the voltage signal going into an Op Amp changes at a faster rate than the slew rate for that

Op Amp (as published in its datasheet) then the signal coming out of the Op Amp will

be distorted because it is incapable of changing voltage fast enough. Example 1.3 shows

more details of how slew rate distortion occurs when using Op Amps.

Example 1.3 Will slew rate distortion occur if a 10 kHz sinusoidal signal with an amplitude

of 4 Volts is input into a LM324 Op Amp configured for unity gain (i.e. the output voltage

should equal the input voltage)? What is the maximum amplitude of the 10 kHz sinusoid before

slew rate distortion occurs? Assume the 10 kHz sinusoid has the following equation: A·sin(2π· f ·t)

Solution: The LM324 is a general-purpose Op Amp that is produced and sold by many

different companies. For example, the datasheet for the LM324 sold by Texas Instruments

is shown at the following link: http://www.ti.com/lit/ds/symlink/lm324-n.pdf. Fig-

ure 7 of the datasheet in the link shows a graph that can be used to estimate the slew

rate for the LM324. It shows that if a square wave goes into the LM324, then the front

edge of the square wave input is converted to a ramp function output that changes by

approximately 2.4 Volts in 5 µs. From this figure the slew rate is approximated as:

SR =
2.4V
5µs

= 0.48V/µs

The fastest changing part of a sine wave occurs at the zero crossing. If the time difference

between each sample is 1µs the most extreme change in voltage per time can be found from:
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• @ time = 0→ v(0) = 4 · sin(2π · 10, 000 · t) = 4 · sin(2π · 10, 000 · 0) = 0 Volts

• @ time = 1µs→ v(1µs) = 4 · sin(2π · 10, 000 · 0.000001) = 0.2512 Volts

Since the voltage at t = 1µs is less than 0.48 Volts, then slew rate distortion will not occur.

The sinusoidal signal (dashed blue line) and the slew rate limit (solid red line) are shown

in the figure below (left).

To determine the maximum amplitude of the 10 kHz sinusoid before slew rate distortion

occurs the following equation needs to be used to solve for the maximum amplitude, Amax.

Amax · sin(2π · 10, 000 · 0.000001) = 0.48Volts→ Amax = 7.644Volts.

We can use the maximum amplitude in the full power bandwidth equation to show that

the maximum frequency at this amplitude is, in fact, 10 KHz.

FPB =
SR

2π · Vo,max
=

0.48
2π · 7.644

≈ 10, 000 Hz.

Figure 1.7 below (right) shows that the max amplitude before slew rate distortion occurs

is 7.644.

Figure 1.7. Slew Rate Example: In the left plot, the slew rate slope is steeper than any part of the sine
wave signal, so no distortion will occur. In the plot on the right, the slew rate slope exactly
coincides with the sine wave signal. No distortion should occur, because the signal does not
exceed the slew rate. However, if the amplitude of the sine wave increased, then slew-rate
distortion would occur.
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1.3 Conclusion

The remainder of this book will go deeper into some of the concepts mentioned in this

introduction, as well as go into many more advanced topics related to measurement and

instrumentation. Chapter 2 presents the fundamental elements of data acquisition. The

concepts of measurement noise and signal conditioning are thoroughly covered in Chap-

ter 3. Sensor types and mechanisms are discussed in Chapter 4. An overview of statistics

and distributions as they relate to measurements are covered in Chapter 5. Summaries of

some of the projects used in the Measurement and Automation course at OU are shown

in chapters 6 though 8. These projects apply many of the concepts covered in chapters

1 through 5 and will be useful in gaining a deeper understanding of measurement and

instrumentation even if you aren’t taking the course at OU. Finally, since LabVIEW is

used for the Measurement and Automation course and is a highly recommended software

package for measurement systems, a detailed tutorial for LabVIEW is provided in the

Appendix. It is recommended that the Appendix be reviewed before going through the

projects in chapters 6 through 8. Additionally, it is important to note that numerous prac-

tical examples are included throughout this book to help students internalize and apply

the theory they are learning.
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Chapter 2

2.1 Data Acquisition

Data acquisition as a concept can be applied in both the analog and digital domains.

The first step in data acquisition is to identify a physical phenomenon that is of interest.

Next, a transducer must be used to transform that physical phenomenon into a physical

quantity that can be measured. Finally, data is acquired (i.e. measurements are made)

that represents the physical phenomenon. This process can be demonstrated by a sim-

ple analog measurement system called a Bourdon tube, as shown in Figure 2.1. In most

small airplanes the instrument panel contains a vacuum gauge that measures the amount

of vacuum produced by the engine and in older aircraft a Bourdon tube is used for the

vacuum measurement. In this example, the physical phenomenon is the suction (negative

pressure) in the engine’s pipes, the transducer is the Bourdon tube (it converts negative

pressure to a mechanical movement), and the measurement of vacuum is shown on the

dial. The Bourdon tube is a soft metal tube that can bend slightly under pressure. The end

of the tube is connected to a lever (and sometimes gearing) that moves the needle on its

pivot. In this case, the data acquisition system is strictly analog and the data representing

vacuum is only displayed instead of acquired by a computer.

Figure 2.1. Analog Measurement System: The vacuum gauge from a small airplane typically uses a
Bourdon tube to transduce the amount of vacuum (suction) produced by the engine to drive
instruments that require vacuum. The scale is calibrated by using a known vacuum source.
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However, in this text we are much more interested in digital measurement systems

because nearly all in-depth engineering analysis is based on data that is acquired by a

computer. There are several reasons for this. First, computerized systems are generally

much more consistent than manual analysis methods. Computerized system can also hold

lots of data and can process the data easily, but manual analysis methods are intractable

on large volumes of data. Finally, digital signal processing of the data as they are collected

is very powerful and can be used to improve the measurement system in many ways (e.g.

filtering out 60 Hz noise). If we were to measure vacuum with a computer-based system,

we would still need a transducer, but it would convert vacuum (negative pressure) into an

electrical signal. Voltage, current, and resistance are the most common electrical signals

produced by transducers. Data acquisition (DAQ) hardware units are typically configured

with voltage inputs, so we will focus on transducers with voltage outputs in this chapter.

However, if a transducer converts a physical quantity to current or resistance, instead of

voltage, an electrical conversion can be performed using various methods. For example,

current can be converted to voltage using a Bipolar Junction Transistor (BJT) and resis-

tance can be converted to voltage using a Wheatstone Bridge signal conditioning circuit (as

described in Section 4.1.3). Chapters 3 and 4 will explain many additional measurement

system details, but for the purpose of describing data acquisition in this chapter let us

assume that we have a transducer that produces a change in voltage that is proportional

to any change in the physical phenomenon. We will also use the term sensor instead of

transducer because sensors are physical components used in measurement systems that

serve the function of the transducer.

2.2 Computer-based Data Acquisition

2.2.1 Analog-to-Digital Conversion

Typically, a voltage-based sensor will have a defined range of voltage over which it

operates in a predictably linear fashion. For example, a pressure sensor may be calibrated

to produce an output of 0 to 5 volts for a pressure range of 0 inches of mercury down to

a pressure of -10 inches of mercury (i.e. vacuum, or suction). At positive pressures, the

voltage output would remain at 0 volts, while at negative pressures below -10 inches of

mercury the voltage would be limited to 5 volts. The range of voltages over which the sen-

sor operates is referred to as its dynamic range or span. The mathematically-minded reader

might note that the output voltage from the sensor in this example could be considered a

real-valued scalar. In other words, the output voltage is an element of the continuous set
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of real (as in the set of reals, R) values between 0 and 5. This set of continuous values

is, of course, infinite in number. The question that arises from this example is how can

we identify an infinite number of voltages between 0 and 5 volts inside a computer with a finite

number of binary digits with which to represent numbers? The answer to that questions is that

we cannot do it! The solution is to digitize the voltage with what is called an analog-to-digital

converter or A/D converter (ADC). An ADC employs a set number of binary digits (n bits)

to represent the values it is converting. Therefore, the infinite number of different values

in the dynamic range is limited by the number of distinct values that can be produced by

n bits. The number of distinct values (or steps) is given by:

# values = 2n (2.1)

This leads us to our first significant element in data acquisition. Specifically, we can

determine the resolution of our ADC by dividing the dynamic range of the sensor by the

number of steps produced by using n bits:

ADC resolution =
Dynamic Range

2n (2.2)

When the dynamic range is in Volts then ADC resolution has units of Volts/step. If the

dynamic range is in different units than the resolution units will change accordingly.

Example 2.1 Using a current range from 4 to 20 mA (which is a common standard in mea-

surement and control systems and described in this link: https://en.wikipedia.org/wiki/

Current_loop), calculate the resolution when using four different A to D converters with the

following numbers of bits: a) 3, b) 12, c) 16, d) 24.

Solution:

The dynamic range is equal to the max – min⇒ Dynamic Range = 20 – 4 = 16 mA
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a) n = 3⇒ Resolution =
Range

(2n)
=

16mA
(23)

= 2 mA/step

b) n = 12⇒ Resolution =
Range

(2n)
=

16mA
(212)

= 0.003906 mA/step or 3.906 µA/step

c) n = 16⇒ Resolution =
Range

(2n)
=

16mA
(216)

= 0.000244 mA/step or 0.244 µA/step

d) n = 24⇒ Resolution =
Range

(2n)
=

16mA
(224)

= 9.54E − 7 mA/step or 0.954 nA/step

This example shows that if a resolution no greater than 1 nA/step is desired for a 4 to 20

mA measurement range, a 24-bit A to D converter is a good choice because it meets the

specifications, but doesn’t include extra bits that results in wasted memory and increased

cost of the system. Likewise, if a resolution no greater than 4 µA/step is desired a 12-bit

A to D converter is the ideal choice. Even though the 16-bit and 24-bit converters would

also have sufficient resolution (i.e. less than 4 µA/step), they have extra bits that are not

needed and wasteful.

For example, if you needed “no greater than” 1.6 µA/step, which (a, b, c, or d) is the best

option?

Answer: 16-bit ADC

Example 2.2 If a 3-bit ADC is used in a measurement system that has a range of 0 to 5V, correlate

each of the binary numbers that make up the 8 steps to a specific voltage value. If a sensor with a

near 100% accuracy measured a value of 2.36 V with an ADC that had an infinite number of bits

and there were no other errors in the measurement system, what bias error results from the 3-bit

ADC.

Solution:

n = 3⇒ Resolution =
Range

2n =
5
23 = 0.625 V/step
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The 8 states resulting from using 3 bits could be set as follows:

• 000⇒ 0 V

• 001⇒ 0.625 V

• 010⇒ 1.25 V

• 011⇒ 1.875 V

• 100⇒ 2.5 V

• 101⇒ 3.125 V

• 110⇒ 3.75 V

• 111⇒ 4.375 V

Notice that the highest possible value (4.375 V) is one

step less than the maximum of the 5 Volt range. Cut-

ting off a large portion of the dynamic range is a signif-

icant problem in this example, but in a practical ADC

the number of bits is much larger than 3 so there is not

much of a loss in range. For example, the lowest num-

ber of bits that is typically used is 8 bits and if an 8-bit

ADC was used in this example the resolution would

be 0.0195 V/step and the highest voltage at 11111111

would equal 4.98 Volts.

In this hypothetical example with perfect accuracy and no errors, the measurement of 2.36

V is considered the True Value. When using the 3-bit ADC, 2.36 V would be mapped to the

closest binary number of 2.5 V (from the binary 100 state). The resulting bias error is 2.5 –

2.36 = 0.14 V and the % Error could be calculated as:

% Error = 100 ·
Measured Value – True Value

True Value
= 100 ·

2.5–2.36
2.36

= 5.9322 %

Another way to understand the effect of ADC resolution is to look at the quantization

error, which is the difference between the value from the sensor sent to the ADC and the

value that it is mapped to in the ADC. The quantization error is found by multiplying the

resolution from equation 2.2 by±0.5. The±0.5 is used because the ADC system must create

an integer number, so an ambiguous voltage that falls in between two integer values will

be either rounded down or up. Therefore, the error is never greater than one half of the

resolution. This can be explained by looking at the simple 3-bit ADC in example 2.2. The

resolution was calculated to be 0.625 V/step so the maximum quantization error is ±0.3125

Volts. This means that the worst possible error between the actual value and the value that

was digitized by the ADC is±0.3125 V. The following example explains this in more detail.
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Example 2.3 If a 4-bit ADC is used in a measurement system that has a range of -12V to +12V,

determine the worst possible error magnitude that will occur due to the measurement being digitized

(i.e. quantization error). Also, determine which measured values would produce the worst possible

error magnitude.

Solution:

n = 4⇒ Resolution =
Range

2n =
24 V

16 steps
= 1.5 V/step

The worst possible error would be equal to ±0.5 · 1.5V = ±0.75V

The measured values that would have a 0.75 V error magnitude are the 15 voltages that

fall at the midpoints between the 16 steps of the 4-bit ADC. The values of the 16 steps

that correspond with bit values of 0000 to 1111 are as follows: {-12, -10.5, -9, -7.5, -6, -4.5,

-3, -1.5, 0, 1.5, 3, 4.5, 6, 7.5, 9, 10.5} and the 15 midpoints between these 16 values that

represent the different 4-bit combinations are: {-11.25, -9.75, -8.25, -6.75, -5.25, -3.75, -2.25,

-0.75, 0.75, 2.25, 3.75, 5.25, 6.75, 8.25, 9.75}. All 15 of these measurements would have an

error magnitude of 0.75 Volts.

The quantization error is illustrated in Figure 2.2. It shows that a sensor’s output

voltage signal (in black) is changing over time. The steps in red denote the quantized

binary values that the ADC system is capable of computing. As the voltage rises, the

quantized value takes on the integer below the actual voltage value until the actual voltage

gets halfway between the current quantized integer and the next higher quantized integer.

At this point the ADC then rounds up to the higher quantized integer value. Thus, the

ambiguity in the quantized voltage is half of the quantization step size.
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Figure 2.2. Quantization Ambiguity: Because binary values come in one-bit quanta, an ADC system
cannot resolve voltage changes less than half of the step size represented by a one-bit change.
The red line represents the quantized voltage value, while the black line represents the voltage
being measured. It can be seen that the quantized value stays the same until the change in
voltage exceeds one-half of the step size.

In examples 2.1, 2.2, and 2.3, the limits of the ADC were set to values of 4 to 20 mA,

0 to 5V, and -12 to +12 volts respectively. It should be noted that these limits are almost

always user-adjustable in data acquisition systems. However, if the ADC limits can be set

by the user it should be immediately obvious that the user could set the limits improperly

and produce an undesirable result. If the range is set too wide, then the resolution is

much larger than it needs to be and if the range is set too narrow the signal will exceed the

user-specified limits and will be capped at the max or min levels. Neither case is desirable

but setting the limits too narrow is far worse because it will produce false results. For

example, if the sensor voltage ranges from 0 to 5 volts, and the ADC limits are set to ±2

volts, whenever the sensor voltage exceeds 2 volts, the ADC output will remain at 2 volts.

The sensor’s voltage signal is being clipped by the system and this produces non-linear

behavior, which is undesirable. On the other hand, setting the ADC limits much larger

than the sensor voltage range will always keep the result linear, but the resolution will be

reduced. The following example shows how this happens.
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Example 2.4 If a 12-bit ADC is used with a sensor that should fall between ±2 volts, but the

range was over-conservatively set to ±10 volts, what happens?

Solution

Even though the sensor has an actual range of 4 volts, the ADC is set to handle a range of

20 volts. In this case the maximum quantization error is:

±0.5
20
212

= ±0.5
20

4096
≈ ±2.441 (mV)

If the range was set to the proper value of ±2 volts this error is drastically improved.

±0.5
4

212
= ±0.5

4
4096

≈ ±0.488 (mV)

By inflating the range to ±10 V, the maximum quantization error that can occur in the

ADC process is 1.953 millivolts (or 400 %) higher than it needs to be.

Example 2.5 A sensor has an output voltage range from 0 to 5 volts. Knowing that the cost of an

ADC device is directly proportional to the number of conversion bits, you are tasked with determin-

ing the minimum number of bits that can provide a resolution of no larger than 0.5 millivolts/step

in order to choose an ADC unit.

Solution: By rearranging Equation 2.2, we have:

2n =
5 − 0

2.25 × 10−6 = 10000

⇓

n ≈ 13.288
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Obviously, we cannot have a fractional number of bits, and since 13 bits isn’t enough

(213 = 8192 < 10000), we must choose at least 14 bits. Practically speaking, most ADC

units come with bits counted in factors of 2, so one might find a 12-bit ADC, a 14-bit ADC,

or a 16-bit ADC. When looking at those choices the 14-bit ADC is the best choice and the

resolution will be about 0.3 millivolts/step which is 40% better than the 0.5 millivolts/step

resolution limit that was specified.

The ambiguity in measurement that is illustrated in Figure 2.2 is called quantization

noise. The effect of this quantization noise is measured in terms of the root-mean-square

(RMS) of the ambiguity. RMS is a standard tool used to assess the power in a zero-mean

process. The quantity of interest is squared, and its mean is taken. Then, the square root

of the mean is computed. Letting the error be represented by ε, then we compute the

quantization noise power as

Vq(RMS) =

√√
1
Q

∫ +
Q
2

−
Q
2

ε2dε

=

√√√
1
Q

[
ε3

3

]+
Q
2

−
Q
2

Vq(RMS) =
Q
√

12
(2.3)

where Q is the single-bit quantum step (i.e. the voltage range divided by 2n). An im-

portant value in digital systems is the signal-to-noise ratio (SNR) based on the number

of bits being used. SNR is found by taking the ratio of the signal’s power to the noise

power associated with the quantization noise. Signal power is estimated by assuming a

zero-mean, sinusoidal signal that ranges between the maximum and minimum values of

the ADC. Recall that a sinusoid represented by A sin (ωt) has an RMS value given by
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VRMS =

[
1

2π

∫ 2π

0
A sin2 (ωt) dω

]1
2

⇓

VRMS =
A
√

2
(2.4)

Calling the peak-to-peak value (i.e. the maximum voltage range of the ADC) Vrange, then

the presumed sinusoid is represented by
Vrange

2 sin (ωt), so the RMS of this signal is

VRMS =

Vrange

2
√

2
(2.5)

We note that Vrange can also be represented as a function of the number of bits the system

uses, and the quantization step, Q, namely

Vrange = 2NQ (2.6)

Combining equations 2.5 and 2.6, we get

VRMS =
2NQ

2
√

2
(2.7)

SNR, as stated above, is given by taking the ratio of the signal power (Eq 2.7) to the quan-

tization noise power (Eq 2.3). This is typically computed in dB to achieve the following:
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SNR = 20 log
(

VRMS

Vq(RMS)

)

= 20 log


2NQ
2
√

2
Q
√

12


= 20 log

(
2N
√

3
√

2

)

= 20 log 2N + 20 log

√
3
√

2

SNR = 6.02N + 1.76 (dB) (2.8)

This is an important finding because it shows that we can improve the SNR due to

quantization error by about 6 dB for every bit we add to the conversion. At the time of

writing, many smart phones use 24-bit ADCs. In the future as miniaturization continues,

the SNR inside smartphones might need to be increased and Equation 2.8 can be used to in-

form that decision. Of course, the engineer should be prepared to assess the requirements

of any given project and determine the best (in terms of cost, ease of implementation, abil-

ity to meet specification, reliability, manufacturability, etc.) ADC system to implement. In

the measurement and instrumentation environment this decision is primarily driven by

the nature of the measurand and the sensor you are using to measure it.

2.2.2 Sampling Rate

Once we have an analog-to-digital converter (ADC) that can generate a digital represen-

tation of the measured voltage signal, another question to be answered is how often should

we make a measurement? Recalling the nature of our real-world voltage source (from some

sensor), we know that the sensor output exists for all time, t ∈ R. But it should be obvious

that we cannot convert a voltage to a digital value at every instant in time, as this would

require the computer system to hold an infinite number of data points. However, we do

not want our system to miss any important information in the incoming sensor signal, so
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deciding how often to store a value of the sensor signal for use in the computer-based ac-

quisition system is critical. This area is typically more difficult for students to understand,

because it requires a thorough understanding of the concept that a time-varying signal

can be represented as an infinite summation of weighted sinusoids. This section will dis-

cuss the Fourier Transform, the Nyquist criterion, and how these relate to data acquisition.

2.2.2.1 Fourier Series and Fourier Transform

A thorough examination of the underlying math for the Fourier Transform is outside

the scope of this book. However, this section will attempt to present a layman’s version

of the Fourier Transform to help the reader better understand sampling theory. Fourier

asserted that any signal could be represented as an infinite sum of weighted sinusoids.

However, if we start with a simpler signal model called the Fourier Series, the concept may

be easier to comprehend. Using the Fourier Series, a periodic signal with a fundamental

frequency f0 can be represented by an infinite sum of sinusoids, where each sinusoidal

term has a frequency that is an integer multiple (i.e. harmonic) of f0. For example, if we

combine the odd harmonics of a sine wave of form A · sin (2π f0t) with the amplitude (A)

of each harmonic scaled with the correct weight, we can generate a square wave!

The following equation shows the Fourier series for a square wave with amplitude

(A), and a fundamental frequency ( f0), that is created by taking an infinite sum of odd

harmonic sine waves. The bolded numbers are the odd harmonics. All of the even har-

monics in a square wave have Fourier coefficients of zero so they are not included.

v(t) =
4 · A
π

[
sin (1 · 2π f0 · t)

1
+

sin (3 · 2π f0 · t)
3

+
sin (5 · 2π f0 · t)

5
+ · · ·

sin (N · 2π f0 · t)
N

]
For more information on generating square waves, see: http://www.allaboutcircuits.

com/textbook/alternating-current/chpt-7/square-wave-signals/

This equation is plotted in Figure 2.3, where a sine wave with a fundamental frequency

of f0 has been added to the first four odd harmonics (k = 3, 5, 7, and 9), each with a

successively smaller weighting coefficient. Fourier’s theory states that the summation

of harmonics is infinite, and it is clear in the figure that the resulting square wave has

significant distortion when only summing a few harmonics. However, if we sum the first

200 odd harmonics (as shown in Figure 2.4), the transitions become much sharper and the

only distortion is at the discontinuity.
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Figure 2.3. Square Wave from Four Odd Harmonics: A periodic square wave can be produced, using
the theory developed by Fourier, by adding the odd harmonics of a sine wave, and giving each
odd harmonic a smaller weighting coefficient. Note that we can still imagine that all the even
harmonics are summed as well, but their weighting coefficients are all zero.

Figure 2.4. Square Wave from many Odd Harmonics: The square wave in this graph was produced by
summing 200 odd harmonics of the fundamental sine wave. In this case the waveform looks
very much like a square wave, except for the ringing at the edge of each transition.

Fourier series analysis will next be performed on a triangle wave with amplitude (A)

and fundamental frequency ( f0). In similar fashion to the square wave shown in the
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previous figures, the triangle wave can be created by taking an infinite sum of odd har-

monic sine waves, but with different Fourier coefficients and alternating signs of each term:

v(t) =
8 · A
π2

[
sin (1 · 2π f0 · t)

1
−

sin (3 · 2π f0 · t)
9

+
sin (5 · 2π f0 · t)

25
− · · · +

sin (N · 2π f0 · t)
N2

]
The following Wikipedia links show the Fourier Series equations for the square wave

and triangle wave and also have the option to play the sound of the waveforms with

different numbers of terms:

https://en.wikipedia.org/wiki/Square_wave

https://en.wikipedia.org/wiki/Triangle_wave

Being able to create plots like those shown in Figure 2.3 and 2.4 in MATLAB(or another

software package) is a very important skill for engineers. The student is exposed to

MATLABin many Sophomore, Junior, and Senior level courses and is not explicitly ex-

plained here, beyond the references in examples, as shown. Reviewing this Appendix

would be beneficial before proceeding to Example 2.6.

Example 2.6 In a similar fashion to how Figures 2.3 and 2.4 were created, write a MATLABprogram

that displays square wave and triangle wave approximations as different numbers of terms of the

Fourier series are used. Try to do this on your own before looking at the solution below. The results

are shown in Figure 2.5

Solution

% Solution - Plotting a square wave and triangle wave from sinusoids
N = 10; % Number of sinusoidal terms
fo = 60; %Fundamental Frequency
= 1/fo; %Period
A = 1; % Amplitude
Num T = 3; %Number of periods to plot
Num pts per period = 500; % # of points per period
tfinal = Num T*T;
dt = T/Num pts per period;
t = 0:dt:tfinal;
sq = 0*t; % This is the square wave signal
tr=sq; % This is the triangle wave signal
for j=1:N-1
k = 2*j-1; %This is the harmonic for the square wave
k t = 2*(j-1)+1; %This is the harmonic for the triangle wave
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sq = sq+(A*4/pi)*sin(2*pi*fo*t*k)/k;
tr = tr+(-1)ĵ*(A*8/pi2̂)*sin(2*pi*fo*t*k t)/(k t2̂);
end
% If you want to display multiple trials you can add
% a subplot command here.
plot(t,sq,’k’)
hold % This allows the triangle plot to overlay the square wave plot
plot(t,tr,’r’)
hold off
% Manually change the 10 to match the N that is used
grid on, title (’10 sinusoidal terms’)
% The axis command is used to display the waveforms properly.
axis([0, tfinal, -A-0.2*A, A+0.2*A])
% The following figure shows four trials of this program and the
% graphs displayed using a 2 x 2 subplot

Figure 2.5. Example 2.6 Square and Triangle Waves: By adding more sinusoids, the square wave
approximation is improved. The triangle wave is approximated very well even with a low
number of harmonics.

While the Fourier Series has been shown to create periodic signals from a sum of

sinusoids, the Fourier Transform can be used in a more complicated fashion to create
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either periodic or aperiodic signals. It can be shown that the set of complex exponen-

tials of form e jωkt creates an orthogonal basis set for ωk ∈ R (i.e. the dot product of

< e jωkt, e jωlt >= 0∀k, l ∈ Z, k , l). When generating a time-domain signal from a sum of

weighted sinusoids, the weight of each sinusoid is determined by taking the dot product

of the original time-domain signal, x(t), with each basis vector. The specific definition is

given by:

X(ω) =

∫ +∞

−∞

x(t)e− jωtdt

This is the well-known Fourier Transform that determines the magnitude of each con-

tributing sinusoid to the signal x(t). It should be noted that X(ω) ∈ C, so the magnitude is

found by:

|X(ω)| = [X(ω) · X∗(ω)]
1
2

The Fourier Transform allows us to represent a signal in the frequency domain. This is an

important finding, because when we want to filter signals, we design filters based on their

frequency response so it is essential to have a mathematical tool that allows us to characterize

a signal (or system, for that matter) in the frequency domain.

So, how does all this Fourier mumbo-jumbo tie into sampling theory (prepare yourself

for a mathematical journey in the following pages)? Sampling rate and frequency are re-

lated, so we wish to assess the Fourier Transform of a discretized (sampled) signal. When

we take the Fourier Transform of a discrete signal, we must frame the dot product in a

discrete format. Specifically, we write the Discrete Time Fourier Transform as:

X
(
e jω

)
=

+∞∑
k=−∞

x[n]e− jωk (2.9)

Consider the periodicity of the term e jωk. For any given frequency, ω0, we know that

e j(ω0+2πk)n = e jω0n. This is simply a mathematical notation that states that the complex

exponential is a sinusoidal signal that is 2π-periodic. If we apply this to Equation 2.9

above, we arrive at:
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X
(
e j(ω+m2π)

)
=

+∞∑
k=−∞

x[n]e− j(ω+m2π)k m ∈ Z

=

+∞∑
k=−∞

x[n]e− jωke− jm2πk

=

+∞∑
k=−∞

x[n]e− jωk
(
e− jm2π

)k

=

+∞∑
k=−∞

x[n]e− jωk (1)k

=

+∞∑
k=−∞

x[n]e− jωk

This is a powerful result, because it tells us that the Discrete Time Fourier Transform

(DTFT) is completely defined on an interval of 2π. In fact, it is common in a Signals and

Systems textbook to show that the DTFT repeats itself every 2π, though the basic interval is

taken to be−π toπ (rather than 0 to 2π). This is shown for some notional DTFT in Figure 2.6.

Figure 2.6. Periodicity of the DTFT: The basic frequency spectrum of a discrete signal is completely
defined on the interval from −π to π. Since the basis vectors are periodic themselves, the base
spectrum repeats itself on every 2π interval.

We can view this in another way to understand why the repeated spectra might overlap

and cause ambiguity. If we create a pulse train on some fixed interval, we can write this as:
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p(t) =

+∞∑
k=−∞

δ (t − kT)

where T is the sampling period. If we sample some signal, x(t) at sampling interval of T, we

can represent the sampled signal as:

xs(t) = x(t) · p(t)

= x(t) ·
+∞∑

k=−∞

δ (t − kT)

=

+∞∑
k=−∞

x(kT)δ (t − kT)

We relate this to frequency content by looking at the result in the Fourier domain. How-

ever, the careful reader will note that the process is a multiplication in the time domain,

which is represented by a convolution in the frequency domain (which is a more difficult

mathematical calculation)! Indeed, using the duality property, it can be seen that:

xs(t) = x(t) · p(t)

⇓ F compute Fourier Transform of both sides

Xs( jω) =
1

2π
X( jω) ∗ P( jω)

=
1

2π

∫ +∞

−∞

X( jθ)P
(
j(ω − θ)

)
dθ

We do not know the specifics of our notional signal, x(t), but we do know that the

Fourier Transform of a pulse train is given by:

P( jω) =
2π
Ts

+∞∑
k=−∞

δ (ω − kωs)

=
2π
Ts

+∞∑
k=−∞

δ

(
ω −

2πk
Ts

)

Then rewriting the convolution integral, we have:

34



Xs( jω) =
1

2π

∫ +∞

−∞

X( jθ)

2π
Ts

∑
k

δ(ω − θs)

 dθ

=
1
Ts

∑
k

X
(
j(ω − kωs)

)
The student should recognize that this is simply the base Fourier Transform of x(t), namely

X( jω) shifted by kωs for all k ∈ Z. Applying this result to the periodic set of spectra shown

in Figure 2.6, the periods can be couched in terms of the sampling frequency, ωs = 1
Ts

.

This is shown in Figure 2.7 below. This figure also indicates the maximum and minimum

frequency components of the actual signal, x(t).

Figure 2.7. DTFT of a Sampled Signal: For a sampled signal, the centers of the periodically repeated
spectra occur at intervals of ωs. This is the rad/s sampling rate associated with the sample
interval Ts The maximum and minimum frequencies associated with the original signal (that
is sampled) are shown. Note that the minimum of the next repeated version of the spectrum is
greater than the maximum of the previous spectrum, so that there is no overlap.

What happens if the actual frequency content in the signal, x(t), exceeds that of the

sampling rate? If this occurs, then there is overlap between versions of the spectrum, creat-

ing a zone of ambiguity. This is shown in Figure 2.8. In this case, the higher frequencies of

the base spectrum overlap with the lower negative frequencies of the following repeated

spectrum. The ambiguity arises in that we do not know if the represented frequency is the

negative reflection of a higher frequency, or the positive version of lower frequency. When

this occurs, it is referred to as aliasing. Essentially, we think that the frequency is one value,

but is it actually a different value. Hopefully it is clear that, because the difference between

spectrum centers is ωs, the sampling rate must ensure that ωs > 2ωmax to ensure that there
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is no overlap between the periodic representations of X(e jω). This leads us directly to the

Nyquist Sampling criterion, which states that, in order to accurately represent a signal via

sampling, we must sample the signal at a sampling rate greater than twice the maximum

frequency content of the signal. In other words, if fmax is the highest frequency component

in the signal x(t), then the sampling rate must be greater than twice fmax. In practical, and

succinct, terms (accounting for the real world and converting from rad/s):

ωs > 2ωmax or fs > 2 fmax

Figure 2.8. DTFT of a Under-Sampled Signal: When the sampling interval is too long (i.e. the sampling
frequency is too low), there is an overlap zone between the periodic versions of the spectrum of
x(t). This is called aliasing.

One can determine what the aliased frequency will be for a given sinusoidal input that

is under sampled. This is given by the following algorithm:

N = mod
(
int

(
fsignal

fs/2

)
, 2

)
⇓

falias = N
fs
2

+ (−1)N mod
(

fsignal, fs/2
)

where mod() is the modular function (taken with 2 here), int fixes the division result to

be an integer (truncates the fractional portion), fsignal is the input sinusoid, and fs is the

sampling frequency.
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Example 2.6 Assume that a data acquisition system is sampling the input at 1000 samples per

second (1000 Hz). For the following input frequencies, determine the perceived alias frequency:

700 Hz, 1200 Hz, 3400 Hz. (Note: These frequencies are all greater than 500 Hz (i.e. fs/2), so

aliasing will occur).

Solution

Computing each step for the 1200 Hz input, we get:

int
( 1200
1000/2

)
= 2

⇓

N = mod (2, 2)

= 0

⇓

falias = 0 · 500 + (−1)0mod (1200, 1000/2)

= 200

Applying the same process to the 700 Hz and 3400 Hz inputs, we can determine that

Input Frequency Alias (Observed) Frequency

700 300

1200 200

3400 400

The reader may note that the alias frequency in the table, in the presence of under-sampling,

is the frequency the user observes out of the DAQ device, and is not the true frequency

(thus the term alias).

When we discuss signal conditioning in Chapter 3, we will specifically cover the anti-

aliasing filter. However, this concept should not be mysterious. To prevent aliasing, we

simply need to make sure that no frequency content greater than fs/2 is present in the

signal. In other words, the anti-aliasing filter is simply a lowpass filter that ensures that
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the signal frequency content is less than 1/2 of the sampling frequency.

2.3 Digital-to-Analog Output

Analog-to-digital conversion for data acquisition is a primary component of computer-

based instrumentation and measurement. However, a closely related process is creating

analog output voltages from discrete data stored or generated in the computer. By defini-

tion, we assume that the Nyquist sampling requirement ( fs > 2 fmax) is met. But the digital

system can only output a discrete set of voltages, and the output voltage is generally held

constant until the next sampling cycle. This quantization produces a stair-step signal that

would not be pleasing in an audio or visual application. This is solved by passing the

digital output signal through a lowpass filter to smooth out the stairsteps. Indeed, the

lowpass filter is chosen based on the sampling criterion. For a given digital sample rate

at the output, we know that the analog signal being represented can contain no frequency

greater than one half of the sampling rate. Therefore, the lowpass filter is designed to

block frequencies above fs/2 and it should be evident that the frequency content in the

step transitions we want to remove is much higher than fs/2. Figure 2.9 shows the sampled

voltage value in steps, as generated by the first step of the digital-to-analog conversion

process. The figure also shows the lowpass-filtered output that can be considered the final

output of the conversion process.

Figure 2.9. Digital-to-analog conversion with lowpass filter: During digital-to-analog conversion,
the computer outputs a discrete voltage based on the binary digits (n-bit conversion) and holds
that value until the next sample cycle. This is shown in blue. The sampled discrete signal is
then filtered with a lowpass filter before final output (shown in red).
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2.4 Conclusion

The two fundamental parameters to be addressed in data acquisition are dynamic range

and sampling rate. These should be considered a minimum set of parameters to verify

prior to data acquisition. If these two foundational concepts have not been addressed, the

data should be considered hopelessly useless. Indeed, once these two items have been

adequately accounted for, we have merely reduced the ambiguity associated with data

acquisition to its minimum. But we must realize that ambiguity (aka uncertainty) still

exists. Another key to minimizing the uncertainty regards signal conditioning. Signal

conditioning can occur in the analog world, as well as the digital world. Because this

text is concerned with measurement and instrumentation, we will confine ourselves to a

discussion of the analog world. Specifically, we often need to condition (e.g. filter, amplify,

etc.) the native analog signal in order to adequately digitize it. The next chapter discusses

the concepts of signal conditioning.
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Chapter 3

3.1 Signal Conditioning

To connect a measurand to a data acquisition system the signal usually needs to be

conditioned. By this, we mean that we need to alter it in ways that ensure that the infor-

mation conveyed by the signal remains present, but the signal itself is more amenable to

detection and digitization. The most commonly needed types of signal conditioning are

amplification and filtering. Recall that we showed in Figure 1.1 that signal conditioning

can either be done in the analog or digital domain. There are many software-based solu-

tions to accomplish amplification and filtering in the digital domain. One option is to use

the Express Virtual Instruments (VIs) inside of LabVIEW as shown in Figure 3.1. When

performing data acquisition in LabVIEW, as described in section A.2.8, using the Express

VIs shown below are frequently used for digital signal conditioning purposes.

Figure 3.1. Digital Signal Conditioning Examples in LabVIEW: The left screen shot is from the Filter
Express VI and the right screen shot is from the Scaling and Mapping Express VI.

Alternatively, analog signal conditioning occurs prior to the signal being digitized, and

the amplification and filtering functions are implemented with electronic hardware. The

following section shows a real-world system that relies heavily on hardware-based ampli-

fication and filtering to work. In addition to amplification and filtering, another form of

analog signal conditioning involves converting a sensor’s electrical output from one form

to another. The two most common electrical conversions are resistance-to-voltage and
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current-to-voltage. These two types of signal conditioning will be discussed in Chapter 4

when sensors are covered.

3.2 ECG - A Practical Signal Conditioning Example

The heart generates an electrical signal that evinces itself on the body surface. We call

the recording of this electrical activity the electrocardiogram (ECG). Hopefully, the reader

recognizes that the ECG traces of heart activity that are commonly seen on the monitors of

Hollywood shows have undergone significant signal conditioning. To begin with, amplifi-

cation is a necessity because the ECG signal is produced by processing the signals coming

from multiple electrodes that are positioned around the body and these signals have am-

plitudes on the order of microvolts. Filtering is also needed to remove the unwanted

signals that make it harder to interpret the information received from the electrodes. The

ECG signal conditioning system typically consists of multiple sub-systems, as shown in

Figure 3.2. The first stage is generally used when the target signal source is extremely small

and the instrumentation amplifier (discussed in section 3.5.2) is the preferred method to

amplify this small signal. The next two stages are filters, which will be covered in section

3.5.4. The last stage is where most of the amplification (i.e. voltage gain) occurs and it

can be accomplished using many different types of amplifier configurations. Section 3.5

will begin with providing an overview of these amplifier configurations before moving

on to the more complicated topics of instrumentation amplifiers and filters. The primary

goal of this chapter is to explain the various sub-systems in Figure 3.2 in more detail and

provide a better understanding of how amplification and filtering can be applied in any

measurement system. First, however, the issue of noise will be discussed more thoroughly.

Figure 3.2. ECG amplifier block diagram: In the ECG amplifier, the first stage is typically an instrumen-
tation amplifier. This is followed by a highpass filter and then a lowpass filter. The lowpass block
indicates a choice between 150 Hz cutoff or 250 Hz cutoff, depending on sampling and desired
resolution. Large gain stages are often saved until the end so that no unwanted frequencies are
amplified, making them harder to filter out.
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3.3 Noise and the Common Mode Rejection Ratio

Before introducing amplifiers, the concept of noise needs to be addressed. By the term

noise, we mean in this text any signal value that does not represent the actual signal-of-interest.

As mentioned in Chapter 1, measurements never represent cosmic truth. The deviance

between the sampled value and the actual true value is the error, and we generally con-

sider the error to be the noise component of a signal. The errors that contribute to noise

can be in the environment, as well as the measurement system itself. For mathematical

modeling purposes it is beneficial to break up the incoming signal, x(t), into different

terms, as follows:

x(t) = s(t) + η(t)

where s(t) is the desired signal (the signal-of-interest), and η(t) is the time-changing noise.

In Figure 3.3 the blue plot shows a recorded ECG signal with noise, and the red plot shows

what we think is the true ECG.

Figure 3.3. Measured ECG with noise: Acquired (measured) ECG signal, x(t), with measurement noise
is shown in blue. The red trace is the expected ECG signal, x(t).

While one might expect that filtering is the only way to remove noise, the way the

amplifier is configured and designed also plays a large role in noise reduction. There is a

metric called the Common Mode Rejection Ratio (CMRR) that helps to quantify how well

an amplifier rejects noise. Some amplifier configurations are better at noise reduction than
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others, as we will discover next.

3.4 Amplifier Concepts

In most cases, the primary purpose of an amplifier is to supply gain. Gain, G, is a term

in electronics that is usually defined as the output voltage divided by the input voltage

(G = Vout/Vin). While the gain term is occasionally used in reference to a current gain,

the term is predominantly used in conjunction with voltage gain and that will be the case

in this book. Amplifiers can be configured as either single-ended or differential. Figure

3.4 shows a simplified diagram of these two types of amplifiers. More details of these

amplifiers will be described in the following sections.

Figure 3.4. Single-ended versus Differential Amplifiers: The single-ended amplifier assumes that the
incoming signal is a single signal referenced to the same system ground as the amplifier. On
the other hand, the differential amplifier assumes two separate input signals, each referenced to
ground.

In a basic Electronics course, the student learns about inverting and non-inverting am-

plifier configurations. Each of these configurations (see section 3.5.1 for more details) are

considered single-ended amplifiers. In the single-ended amplifier, a signal, si(t), is per-

turbed by some noise, η(t), such that the signal is represented as vi(t) = si(t) + η(t). Since

the secondary terminal (- is the inverting terminal and + is the non-inverting terminal) is

connected directly to system ground, the resulting output, vo(t), is the input signal, vi(t),

multiplied by the gain, G, of the amplifier, as shown in the equation below. Note that the

noise, η(t), is amplified along with the desired signal, si(t). Therefore, the signal-to-noise

ratio (SNR) of the output is no better than the SNR of the input signal. In summary, noise

being amplified is a major drawback of the single-ended amplifier as denoted by the red

term in the equation below.
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Single-ended Amplifier:

vo(t) = G · vi(t)

= G ·
[(

si(t) + η(t)
)]

= G · si(t) + G · η(t) (3.1)

Conversely, in a differential amplifier, we do not ground one of the terminals, but have

two separate inputs, v1(t) and v2(t), that are assumed to have the same noise, η(t). In this

case, the resulting output, vo(t), is the gain, G, of the amplifier multiplied by the difference

between the two inputs. If these inputs are: v1(t) = s1(t) + η(t) and v2(t) = s2(t) + η(t), then

the gain equation is:

Differential amplifier:

vo(t) = G · [v2(t) − v1(t)]

= G ·
[
s2(t) + η(t) − s1(t) − η(t)

]
= G · [s2(t) − s1(t)] (3.2)

Note that the differential output voltage equation implies the complete rejection of all noise

associated with the inputs. This is unrealistic in real systems and will be discussed in more

detail in Section 3.5.2. While the noise is not completely removed with the differential am-

plifier, most of it is and the majority of the output signal is simply the gain, G, multiplied

by the difference between the signals of interest, s2(t) and s1(t). The goal of the differential

amplifier, then, is to maximize the signal and minimize the effect of the noise. The ECG

amplifier works in precisely this manner. In the classic ECG amplifier, the ground point

is taken as the right leg. At least two other voltage points are recorded; for example, the

right arm and the left arm. The amplifier takes the single-ended signal of the left arm,

with respect to ground, and subtracts it from the single-ended signal of the right arm, with

respect to ground. Indeed, the instrumentation amplifier of Figure 3.2 is a differential am-

plifier made up of multiple op-amps to achieve the noise-reduction goal (see Section 3.5.3).
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3.5 Amplifiers Circuits

An amplifier is most commonly implemented with an integrated circuit (IC) called an

Operational Amplifier (or Op Amp). Op Amps have very large input resistance, small

output resistance, and an internal (or Open Loop) gain that is also very large. Op Amp

circuits can be designed with simple gain equations (Equations 3.1, 3.2, and 3.3) when they

are considered to be ideal. There are several primary assumptions needed for an Op Amp

to be considered ideal. These are: Input resistance =∞, output resistance = 0, internal (or

open loop) gain =∞, the Op Amp is capable of sourcing infinite current, and the Common

Mode Rejection Ratio (CMRR) is infinite. The last three of these assumptions are related

to the two most common situations that can produce major inaccuracies with the ideal Op

Amp model.

1. When the output of the Op Amp is connected to a load with a very small resistance

the Op Amp cannot supply enough current to produce the voltage (Vo = I · RL)

across the load resistor that is specified by the ideal gain equations. The load of

the Op Amp is a term that describes the resistance connected between the output of

the Op Amp and ground. The load resistance can either be a physical resistor or a

component that acts like a resistor (e.g. 8Ω speaker). Example 3.5 at the end of this

section demonstrates this situation.

2. When the signal going into the Op Amp has a high frequency the open loop gain

decreases and causes inaccuracies in the ideal gain equations. Example 3.6 at the

end of this section demonstrates this situation.

3. If the calculated CMRR is higher than the value in the data sheet then the ideal

equations will not hold (see Example 3.7).

Other than examples 3.5 and 3.6 we will assume all Op Amps are ideal in this book. For

more information about the ideal assumptions and other details of Op Amps see Module

7 of the following book: https://shareok.org/handle/11244/51946.

3.5.1 Inverting and Non-Inverting Single-Ended Amplifiers

The single-ended version of the Op Amp comes in two basic configurations: inverting

and non-inverting. Figures 3.5 and 3.6 show how these amplifiers are configured and the

output voltage equations. Recall that the output voltage is equal to the gain multiplied by
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the input voltage.

Figure 3.5. Inverting Op-Amp configuration: In the inverting configuration the input is applied to the
negative terminal of the op-amp, and the positive terminal is connected to ground. Thus the
output is the subtraction of 0 − Vin and will be negative if Vin is positive and positive if Vin is
negative.

Figure 3.6. Non-Inverting Op-Amp configuration: In the non-inverting configuration the input is
connected to the positive input terminal of the Op Amp. Under the assumption of negligible
current flow through R1, the output is dependent on Vin − 0.

In Figures 3.5 and 3.6, only the input and output pins of the Op Amps are shown for

simplicity. In reality, Op Amps are active devices, so they also require positive and negative

supply (or rail) voltages, ±Vcc, in order to function. Some Op Amp ICs can operate with

a single supply, where the negative supply is connected to ground. The rail voltages are

critical to how the Op Amp circuit functions because they specify the limits of the output

voltage, as demonstrated in the following example.
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Example 3.1 Determine the output voltage of an Op Amp, that is assumed to be ideal, for the

following cases.

a) Non-inverting configuration with ±5V rails, 1V DC input, R1 = 1 kΩ, and R2 = 3.3 kΩ.

b) Non-inverting configuration with ±12V rails, 5V DC input, R1 = 1 kΩ and R2 = 10 kΩ.

c) Non-inverting configuration with a single 5V rail, 2V DC input, R1 = 10 kΩ and R2 = 1

kΩ.

d) Inverting configuration with ±12V rails, 2V DC input, R1 = 1 kΩ and R2 = 4.7 kΩ.

e) Inverting configuration with ±24V rails, 3V DC input, R1 = 1 kΩ and R2 = 10 kΩ.

f ) Inverting configuration with ±5V rails, 2V DC input, R1 = 10 kΩ and R2 = 1 kΩ.

g) Inverting configuration with a single 5V rail, 2V DC input, R1 = 10 kΩ and R2 = 4.7 kΩ.

Solutions

a) Non-inverting configuration: ±5V rails, 1V DC input, R1 = 1 kΩ, R2 = 3.3 kΩ:

G = 1 +
3.3
1

= 4.3 V/V

Vo = 1 V · 4.3 V/V = 4.3 V

(4.3 V is < 5 V rail, so it won’t be clipped)

b) Non-inverting configuration: ±12V rails, 5V DC input, R1 = 1 kΩ, R2 = 10 kΩ:

G = 1 +
10
1

= 11 V/V

Vo = 5 V · 11 V/V = 55 V

(55 V is > 12 V rail, so it will be clipped to 12 V)
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c) Non-inverting configuration: single 5V rail, 2V DC input, R1 = 10 kΩ, R2 = 1 kΩ: The

5V single rail means the positive supply is 5V and the negative supply is grounded.

G = 1 +
1
10

= 1.1 V/V
(Note that the minimum gain for a non-inverting

Op-amp is 1 V/V)

Vo = 2 V · 1.1 V/V = 2.2 V

(2.2 V is < 5 V rail, so it won’t be clipped)

d) Inverting configuration: ±12V rails, 2V DC input, R1 = 1 kΩ, R2 = 4.7 kΩ:

G =
−4.7

1
= −4.7 V/V

Vo = 2 V · −4.7 V/V = −9.4 V

(-9.4 V is > -12 V rail, so it won’t be clipped)

e) Inverting configuration: ±24V rails, 3V DC input, R1 = 1 kΩ, R2 = 10 kΩ:

G =
−10

1
= −10 V/V

Vo = 3 V · −10 V/V = −30 V

(-30 V is < -24 V rail, so it will be clipped to -24 V)

f) Inverting configuration: ±5V rails, 2V DC input, R1 = 10 kΩ, R2 = 1 kΩ:

G =
−1
10

= −0.1 V/V

Vo = 2 V · −0.1 V/V = −0.2 V

(-0.2 V is > -5 V rail, so it won’t be clipped)

This last scenario shows that, unlike non-inverting Op Amps that have a minimum

gain of 1 V/V, inverting Op Amps can be used to produce fractional gains that reduce

(or attenuate) the input voltage instead of amplifying it.
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g) Inverting configuration: single 5V rail, 2V DC input, R1 = 10 kΩ, R2 = 4.7 kΩ:

G =
−4.7
10

= −0.47 V/V

Vo = 2 V · −0.47 V/V = −0.94 V

(-0.94 V is < ground–the lower rail–so it will be clipped to 0 V)

When choosing between these configurations for a specific application, the non-

inverting configuration is a better choice when R1 isn’t much greater than the source

resistance, Rs. Rs is the resistance between the input voltage source and R1. In the inverting

configuration the source resistance, Rs, is in series with R1 so the denominator of the gain

equation increases, and the overall gain is reduced (Recall: G = −R2/R1 for an inverting

Op Amp). For the non-inverting configuration, the gain doesn’t change when connected

to a source resistance because any resistance connected between the input voltage source

and the + terminal of the Op Amp has no effect on the gain. Example 3.2 demonstrates

this concept further using a simulation software called Multisim.

Example 3.2 If a 1 Volt DC source is connected to an inverting Op Amp with a 50 Ω cable

determine the output voltage. For this example, the following resistors are used: R1 = 100 Ω, R2

= 200 Ω, and RL = 1 kΩ. Also, determine by how much percentage the output voltage is reduced

due to the 50 Ω cable.

Solution

The following Multisim schematic shows the simulation of this circuit along with the

calculations. If the source resistance, Rs, was reduced to 0 Ω then the gain would be:

-200/100 = -2 V/V and the output voltage would be equal to: Vout = G · Vi = −2 · 1 = −2V.

Therefore, the 50 Ω cable in the circuit below results in a Vout reduction of: (2 - 1.33)/2 =

33.5%.
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Figure 3.7. Inverting Op-Amp Circuit for Example 3.2: The inverting configuration has the disadvan-
tage that the load resistance may be of a similar magnitude as the source resistance, which can
significantly affect the results.

Notes from Example 3.2: For the inverting Op Amp, the output current, Io, flows into

the Op Amp. This is called sinking. The magnitude of Io is determined using Kirchhoff’s

Current Law (KCL), which states the current going into a node or branch (IR2 and IRL) is

equal to the current going out of a node or branch (Io). Each individual current through a

resistor can be calculated using Ohm’s Law (IR = ∆V/R). For example, the current flowing

through resistor R2 is equal to (0 - 1.33)/200 = -0.00667 A = -6.67 mA.

The virtual short is another important concept for Op Amp. The virtual short simply

means that the voltages on the + and - terminals of the Op Amp amplifier are forced to be

approximately equal (i.e. V(−) = V(+)) when there is a feedback wire or resistor between

the output and the V(-) pin. In Figure 3.7 the resistor R2 is used as feedback. If R2 were not

included in that circuit the Op Amp would act like a comparator and the output would

either go to the negative rail. When an Op Amp is used as a comparator (i.e. no feedback

is added) the output goes to the negative rail when V(-) > V(+) and it goes to the positive

rail when V(+) = V(-). The virtual short equation can be used to solve for the currents and

voltages in the Op Amp circuit without even using the gain equation, as shown below:

• The voltage at the node above Vi is equal to 1V.

• Voltage at V(−) = V(+) = 0V. The current through both Rs and R1 equals (1-0)/150 =

6.67 mA.

• Since no current can flow into either Op Amp terminal IR1 is forced to be equal to

IR2.

• Vo = V(−) − VR2 = V(−) − IR2 · R2 = 0 − 0.00667A · 200Ω = −1.33 V.
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For help with this type of basic circuit analysis see Module 1 of the following book:

https://shareok.org/handle/11244/52245

Example 3.3 If a 1 Volt DC source is connected to a non-inverting Op Amp with a 50 Ω cable

determine the output voltage. For this example, use the same resistor values as those used in

Example 3.2.

Solution

The following Multisim schematic shows the simulation of this circuit along with the

calculations.

Figure 3.8. Non-inverting Op-Amp Circuit for Example 3.3: In the non-inverting configuration, the
input goes directly to the Op Amp positive terminal, which has a resistance on the order of
Mega-Ohms, or even Giga-Ohms, so the source resistance is nearly irrelevant.

Example 3.3 shows how the 50 Ω source resistance has no noticeable effect on the circuit,

which is much different than what was seen in Example 3.2 where Vout was reduced by

33.5%.

Examples 3.1 through 3.3 showed how Op Amps amplify DC inputs, but AC signals

are also frequently amplified with Op Amps. Example 3.4 shows an AC signal that is
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amplified by both an inverting and a non-inverting amplifier. With AC, the signal’s peak-

to-peak voltage will be used for the probes instead of the DC voltage. The peak-to-peak

voltage of a symmetric sinusoid is equal to twice the amplitude. For example, a 120 Vrms,

60 Hz sine wave from a standard AC wall outlet has the following equation:

v(t) = 120
√

2 · sin (2 · π · 60 · t)

Note: The Amplitude (or peak voltage of a symmetrical sine wave) is equal to the RMS

voltage multiplied by
√

2 (e.g. 120 Vrms = 169.7 Vpk). The peak-to-peak voltage is equal to

2 · 169.7 = 339.4 V. This signal is plotted in Figure 3.9. This is how this signal would look

if it were plotted on an oscilloscope.

Figure 3.9. Standard AC outlet signal in U.S. homes (120 Vrms, 60 Hz sinusoid) The RMS value does
not represent peak value for an RMS representation. RMS is used with sinusoidal signals that
are zero-mean as a way to indicate something related to a mean value. RMS takes the square
of all signal values, computes the mean of the squared values, and then takes the square of the
mean value.

It should be noted that the 120 Vrms signal coming from the AC wall outlet is not

typically connected directly to Op Amps due to power rating and voltage rail lim-

itations. For this book, the LM324 Op Amp will be frequently referenced and the

datasheet for the Texas Instruments version of this IC can be see at the following link:

(http://www.ti.com/lit/ds/symlink/lm324-n.pdf). The LM324 is a general-purpose

Op Amp that has a limit of ±32V for its voltage rails and around 1 Watt for its power

dissipation limit. While specialized power electronic devices can be used to handle higher
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voltages, step down transformers are usually the preferred method of converting the 120

Vrms signal to lower levels that are compatible with standard electronic components, such

as the LM324.

Example 3.4 Design an Op Amp circuit that contains one inverting Op Amp and one non-

inverting Op Amp that converts a standard wall AC outlet signal to two sinusoids that have

peak-to-peak voltages of 15 Vpp and 50 Vpp. To allow general purpose electronic components for

this design assume a 10:1 step-down transformer is used to reduce the 120 Vrms AC wall outlet

signal to 12 Vrms. It is desired that only E12 series 10% tolerance standard resistor values can be

used (see www.resistorguide.com for more details) and the output voltage needs to be within

1% of the desired output.

Solution

After the 10:1 step-down transformer, the peak-to-peak voltage of the signal is 33.94 Vpp.

• Only the inverting amplifier can have a gain less than 1 V/V so it must be used to

produce the 15 Vpp output. The gain needs to be equal to: G = 15/33.94 = 0.442 V/V

• The ideal gain equation of an inverting amplifier is equal to: G = −R2/R1

• Standard resistor values that would produce a ratio close to this are R2 = 1.2 kΩ and

R1 = 2.7 kΩ. The peak-to-peak output voltage expected from this ratio is equal to:

Vo,pp = 33.94Vpp · ‖(−1.2/2.7)‖ V/V = 15.08 Vpp. Since the peak to peak voltage is

always a positive value the absolute value of the gain was used in the output voltage

calculation.

• The non-inverting amplifier cannot have a gain less than 1 V/V so it must be used

to produce the 50 Vpp signal since the design specifies using only one inverting

configuration and one non-inverting configuration. The gain needs to be equal to:

G = 50/33.94 = 1.473 V/V

• The ideal gain equation of a non-inverting amplifier is equal to: G = 1 + R2/R1

• If 1 + R2/R1 is set equal to 1.473 the resistor ratio R2/R1 is equal to 0.473. The closest

standard resistor values that would produce a ratio close to this are: R2 = 470 Ω and

R1 = 1 kΩ. The peak to-peak-output voltage expected from this ratio is equal to:

Vo,pp = 339.4Vpp ·(1 + 470/1000) = 49.89 Vpp
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The probes in the following Multisim schematic show the expected output values match

closely to the calculations and are within 1% of the desired values.

Figure 3.10. Circuit for Example 3.4 that uses 3 terminal virtual Op Amps in Multisim Virtual
Op Amps behave like ideal Op Amps in Multisim, so they can source the needed voltage or
current regardless of the circuit design. Clearly, this does bot reflect reality, unless the user
has exercised good circuit design.

The following figure shows how to connect the Multisim Oscilloscopes to the circuit to

show the plots. The colors can be changed on the wires that go into the (+) terminal of

channels A and/or B on the oscilloscope to modify the color of the plot. The (-) terminal on

the oscilloscope can be left unconnected if it is supposed to be grounded, because Multisim

makes that assumption.

Figure 3.11. Circuit for Example 3.4 connected to Multisim 2-channel oscilloscopes The virtual
oscilloscope in Multisim is an excellent tool for predicting circuit behavior.
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The following shows the oscilloscope plots, XSC1 and XSC2, from the non-inverting

and inverting Op Amp circuits, respectively. The oscilloscope cursors are used to measure

the amplitude and half period. Notice that the inverting Op Amp flips the polarity of (or

“inverts”) the input signal. Notice in the scope plots that the absolute time values (T1 and

T2) are different, but the differential time values (T2-T1) are the same for each instance.

Only the differential time (i.e. difference of time between the two cursors) should be used

in Multisim.

Figure 3.12. Multisim oscilloscope plot (Left = Non-inverting output, Right = Inverting output)
In the left panel the non-inverting circuit provides a small gain of the input signal, and
matches the sign of the incoming signal. The right panel shows the inverting amplifier that
attenuates the output, and also causes the output to be the negative of the input.

All Multisim circuits in the previous example use the 3-terminal virtual Op Amp.

These components are simplified Op Amp models that allow several internal parameters

to be adjusted such as: Input Resistance, Output Resistance, Open Loop Gain, and the

level of the voltage rails. The default voltage supply values of the 3 terminal Op Amp are

±12 V, which would only allow a 24 Vpp sine wave to come out of this Op Amp, so the

levels had to be increased for this simulation. Multisim also has actual Op Amp ICs that

can be simulated. Figure 3.13 shows the same circuit from Example 3.4 implemented with

one LM324 quad Op Amp.

Note: The LM324 has 4 Op Amps inside the chip, but only two are used in this example.

All 4 Op Amps inside the LM324 must use the same voltage rails so only one ±Vcc is set

and a red x is shown for all other voltage rails. It also should be noticed that Multisim

requires the negative voltage rail to be placed on the top (where the inverting (-) input is)
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and this is the opposite from the standard notation, where the positive voltage rail is on

top and the negative voltage rail is on bottom.

Figure 3.13. Circuit for Example 3.4 that uses LM324 Op Amps in Multisim When we use actual
integrated circuit (IC) models in Multisim, the models attempt to account for real-world
issues live power supply, etc, so the output attempts to reflect real-world results if the circuit
is not designed properly.

Before moving on to differential amplifiers the two most common situations that pro-

duce major inaccuracies with the ideal Op Amp model, that were discussed at the begin-

ning of this section, will be demonstrated. The first situation is when the output of the Op

Amp is connected to a load with a very small resistance. This situation results in the Op

Amp not being able to supply enough current to produce the voltage (Vo = I ·RL) across the

load resistor that is specified by the corresponding ideal gain equation (Vo = −R2/R1 · Vin

for inverting and Vo = 1 + R2/R1 · Vin for non-inverting).

Example 3.5 If a 10 Ω load resistor is added to the output of the inverting Op Amp in Example

3.4, show that the ideal gain equation (3.1) is not accurate when using an actual Op Amp like the

LM324 but is accurate with the 3-terminal virtual Op Amp.

Solution
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