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Figure 3. (left,top): Simulated plane. (left,bottom): Simulated Gaussian surface. (right): Origin of the
laser scanner in Cartesian and polar coordinates. We call θ = VA,ϕ = HA.

The Gaussian surface has the equation z = 1
2π52 e−

1
2 (

x2

52 +
y2

52 ) and is shown in Figure 3 (left top).

For each surface, the PC were generated by varying x ∈
[
−1 1

]
, y ∈

[
−1 1

]
. Two samplings

were chosen: case (i) 400 observations and case (ii) 1000 observations per scanning line, resulting in PC
of size 400*400 and 1000*1000, respectively. These cases are chosen to study the impact of the density
of the PC on the estimation of the Hurst parameter.

4.2. Noise Simulation

The simulated Cartesian coordinates were backwards transformed into polar coordinates
[VA, HA, r] and noise component wise:

• to the vertical and horizontal angles is added a Gaussian noise with a standard deviation of
0.0001◦ generated with the Matlab function randn,

• to the range r is added a fGn noise with a standard deviation of 0.005 m. We generated noise
vectors with three different Hurst exponents: 0.6 (nearly Gaussian), 0.7, and 0.9 (strong LRD).

Line Wise Noise

We did not generate one noise vector for the whole observations. Instead, we added to each
scanning line an independent noise vector; see Figure 4 for an illustration of the chosen strategy.
We generated as many noise vectors as scanning lines, which size depend on the chosen sampling
(case (i) or (ii)).

Figure 4. Explanation of the concept of line wise noise. One noise vector is added to each line for
a constant x independently. In this example, from ti = 1 to ti = 10 is added one noise vector. A new
one is added starting from ti = 11. The same procedure is repeated for as many lines as the point
clouds contain.
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Thus, the noise is not added as a whole to the observations. We justify this line wise strategy
by the fact that TLS observations are recorded in such a way that the elapsed time between the last
observation of one line and the first of the following line is much longer than the time between two
observations inside one line. Using this modelization, we are able to place ourselves in the context
of a more general and potentially time varying correlation structure during the scanning process,
answering the challenge (iii) mentioned in the introduction. This effect can be caused, e.g., by changing
object properties or atmospheric conditions.

4.3. Estimation of the Hurst Exponent from the Residuals

In the following, we will compare the estimates of H with the three previously described estimators.
An application to a real case scenario is presented in Section 4.5, as well as a generalization of the
results in Section 4.6.

We start with the approximation of the plane (Section 4.1, Figure 3, left bottom). We approximate
the PC with a cubic B-spline surface and fix the numbers of CP to estimate to 4, which is justified by
the simple geometry of the simulated object [60]. Intentionally, we are not searching from an optimal
functional model, which could be based on an iterative method using information criteria [37]. We take
a reference value of Hre f = 0.6 for the simulated noise. This reference value is close to H = 0.5 (white
noise) and is challenging to estimate accurately.

Interestingly, this scenario is difficult to fit with B-splines due to the unfavorable orientation of
the plane in space; it leads to a so-called strong “border effect” in the B-spline surface approximation,
which is not solved entirely by a higher knot multiplicity. This effect can be visually seen in the
plot of the residuals by a strong increase of the variance at the beginning of each line (Figure 5
left). The correlation structure of the residuals is not dependent on the stationarity (or not) of the
residual’s variance. Consequently, we allowed ourselves to disregard the corresponding inaccurately
approximated first epochs of each lines; exactly the same results as those presented in the next section
were found. We interpret this effect as being due to the self-similarity property of the noise and, thus,
we did not intend to suppress it.

Figure 5. (left): Residuals of the plane adjustment versus time (top: case 1, the whole residuals, middle:
case 2, the first 10,000 values, bottom: case 3 the first 1000 values corresponding to one scanning line).
The x-axis corresponds to the time, exemplarily in (s), whereas the y-axis is the residuals, exemplarily
in (m). (right): The corresponding PSD as a log–log plot. F is given in Hz and the PSD in dB/Hz.
No additional angle noise.

4.3.1. Impact of Model Misspecification: No Noise Angle

In order to highlight the impact of both the model misspecification and the angle noise on
the estimation, we firstly noised the simulated range only. On the contrary to real data analysis,
the simulation framework allows for this flexibility.

The obtained range residuals of the adjustment are shown in Figure 5. They are plotted
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• case 1: as a whole in Figure 5 (left top), i.e., each 1000 observations correspond to one line;
• case 2: the first 10 lines (Figure 5 left middle) and;
• case 3: only the first line in Figure 5 (left bottom).

Although the whole residuals may visually appear as white noise with a slight variance increase
in the between t = 4e5 and t = 7e5 (unit of time) due to the scanning configuration (Figure 3, left top),
we identify repetitive pattern for each approximated scanned line (Figure 3, left middle); they are likely
to influence negatively the estimators of the Hurst parameter that are acting in the frequency domain
such as the WhiE.

The PSD for the three cases (1–3) corresponding to Figure 5 (left) are plotted in Figure 5 (right).
We note that it has strong similarities with the one of the simulated noise for the whole range
residuals. The expected power law decay is kept nearly intact, which is beneficial to the wavelet and
WhiE estimator. Additional frequencies for −2.5 < log10( f ) < 1 are visible, which we link with the
aforementioned repetitive pattern due to model misspecifications. For decreasing sample size (Figure 5,
right bottom), the low frequency domain of the analyzed residuals from the first scanning line does
not follow exactly the one of the original noise. It is possible to compensate for that effect using the
GHE by decreasing τmax; this corresponds to down-weighting the impact of the low frequencies in the
estimation of H.

For the sake of convenience and without lack of generality, we will carry our explanation with the
residuals of the first line.

We computed the Hurst exponent for case 1 and 3 with the chosen three methods. Case 2 is of
minor interest and was only presented to show the pattern of the residuals. For case 1, the whole
residuals are considered in the estimation of H, leading in a longer time series, whereas for case 3 we
take the mean of the H estimated over smaller samples. For case 3, the standard deviation as well as
the min/max values of H can be given (one Hurst exponent is estimated for each line). The results are
presented in Table 1. We added the estimation of the Hurst exponent from the original generated noise
for comparison purpose.

Table 1. Estimation of the Hurst parameters from the residuals for case 1 and case 3, for the three
estimators under consideration. We give additionally the standard deviation of the estimation,
when available. Case without additional angle noise, Hre f = 0.6.

GHE WhiE WE

Case 1
H

0.60
(std 8×10−4)

0.54
(std 0.14) 0.61

Noise
0.60

(std 4×10 −4) 0.54
(std 0.12) 0.60

Case 3
mean(H)
min/max

std(H)

0.61
0.51/0.72

0.03

0.7
0.5/0.9

0.14

0.60
0.35/0.72

0.07

Noise
mean(H)
min/max

std(H)

0.59
0.55/0.65

0.02

0.7
0.5/0.9

0.14

0.60
0.37/0.70

0.06

Table 1 shows that from the three estimators, the WhiE performs worst. This holds true particularly
for case 3, for which the Hurst exponent for both the simulated noise and the residuals are overestimated;
this effect was expected due to the small samples under consideration (1000 observations) and is related
in the literature as the main drawback of this estimator—under the assumption that the noise is fGn.
For case 1 (whole residuals), the WhiE has a better performance regarding case 3 due to the frequency
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averaging but remains a poorer estimate compared with the values given by the GHE and the WE;
both estimators provide the true H. The GHE is less affected by the sample size than the wavelet
estimator, i.e., in case 3 the standard deviation of H for the WE is higher than for GHE for both the
noise and the residuals.

From this simulation and without additional noise on the angles, the preference goes towards
the GHE when the H exponent has to be evaluated for each line, i.e., for small samples. This is a nice
result when temporal variations of the parameter are expected ([61]), since they will be detected with
a higher trustworthiness than with other estimators.

Similar results are obtained for Hre f = 0.7 and Hre f = 0.9, and are not presented for the sake of
shortness and readability of this article.

4.3.2. Impact of Model Misspecification and Noise Angle

In a second step, we added a noise with a standard deviation of 1×10−4◦ to the angle components.
In order to be able to visually identify the difference between the slope of the PSD for the noise to the
one of the residuals—affected by additional white noise—we consider the case Hre f = 0.9 (see Figure 6).
This is a challenging exponent to estimate, since the corresponding process is close to a flicker noise.
Results for other H are similar when the same methodology is applied.

Figure 6. The PSD of the residuals for case 1 (top), case 2 (middle), and case 3 (bottom). The Hurst
exponent for the simulated noise is Hre f = 0.9. A plane was approximated with 1000 observations per
line. Log–log plot. Case with additional angle noise.

From Figure 6, the impact of the additional noise coming from the angles and propagating in the
range residuals can be clearly identified in the high frequency domain, i.e., from log10( f ) >−0.6 for
case 1, and log10( f ) >−0.4 for case 3. This corresponds to a noise at −40 dB/Hz for case 1, −45 dB/Hz
for case 2, and −57 dB/Hz for case 3, approximately.

The corresponding Hurst exponents were estimated and the results are presented in Table 2.
As previously, we also give the results obtained for the simulated noise.
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Table 2. Estimation of the Hurst parameters from the residuals for case 1 and case 3, with the
three estimators under consideration. We additionally give the standard deviation of the estimation,
when available. Additional angle noise, Hre f = 0.9.

Before Filtering
After Filtering Case 1: cutoff log10

(
fc

)
= −0.6

Case 3: cutoff log10

(
fc

)
= −0.4

GHE WhiE WE GHE WhiE WE

Case 1
H

0.71
(std 0.01)

0.53
(std 0.3) 0.71 0.87

(std 0.01)
0.63

(std 0.3) 0.98

Noise 0.89
(std 3×10−4)

0.7
(std 0.2) 0.90

Case 3
mean(H)
min/max

std(H)

0.71
0.56/0.86

0.05

0.67
0.50/0.96

0.15

0.71
0.51/0.92

0.08

0.89
0.76/0.96

0.03

3
1.52/4.58

1.51
0.96

Noise
mean(H)
min/max

std(H)

0.86
0.75/0.95

0.03

0.64
0.51/0.75

0.20

0.83
0.74/0.98

0.08

The first remark to draw from Table 2 is the stronger difficulty to estimate the Hurst parameter
from the true fGn for small samples (case 3) than for longer sample (case 1). The mean values are slightly
below the true one of Hre f = 0.9 for the GHE and WE estimators, with a higher standard deviation
than in the previous case with Hre f = 0.6. Clearly, the WhiE performs poorly and systematically
underestimates the true parameter.

The second remark is the impossibility to extract the correct, or a value close to the correct Hurst
exponent, independently of the case under consideration. The noise of the angles, as well as the noise
induced by the fitting, leads to a strong underestimation of H close to 0.7. The decrease towards
H = 1

2 (a white noise) is due to the increase of white noise in the signal. As previously, the WhiE
estimates poorly H (0.53 for case 1). It is shown to be thus strongly affected by additional white noise
on the residuals.

The analysis of the PSD (Figure 7) for case 1 and 3 highlights the impact of additional white
noise. From Equation (9) and Equation (13), we notice that the GHE and WE need both low and
high frequencies to perform the approximation of the Hurst exponent with trustworthiness; it seems
advantageous to filter the high frequency noise of the residuals. In this contribution, we propose to
apply a lowpass Butterworth filter of first order on the residuals from the cutoff frequency at which the
PSD kicks towards white noise. This choice is not justified by empirical findings and we propose in the
following to detail the reasons why we opted for the Butterworth filter.

Figure 7. The PSD of the residuals for case 1 (top) and case 3 (bottom). The Hurst exponent for the
simulated noise is Hre f = 0.9. A plane is approximated with 1000 observations per line. Case with
additional angle noise. The red curve corresponds to the PSD of the simulated noise, the blue curve to
the PSD of the residuals and the green to the filtered residuals.
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Why a Butterworth Filter

A sharp low pass filtering would lead to an abrupt decrease of the PSD from the cutoff frequency of
the filter; this effect is here unwanted as the estimation of H necessitates the whole range of frequencies,
which would not be given any more. We prefer, thus, the “smooth and gentle” Butterworth filter of
first order; it allows a continuous decrease of the high frequencies from the cutoff frequency. This leads
to a filtering shown Figure 7 (green line), where the PSD of the filtered signal has the same decrease
as the reference noise from log10( f ) = −2 for case 1 and log10( f ) = 0 for case 3. The filtering leads
to an estimate of the Hurst exponent of 0.87 (std 0.01) and 0.89 (std 0.03) with the GHE for case 1
and 3, respectively (see Table 2). τmax was fixed to 20, as proposed in the literature [51]. Increasing
τmax leads to a slight decrease of H of 0.2 for τmax = 40 with an increase of the std to 0.03, whereas
τmax =5 is linked with an increase of H of 0.3 by a decrease of the std to 0.008. Thus, a balance has to be
found to fix τmax optimally. A deep analysis of the PSD, i.e., the amount of power at low frequencies is
necessary; whereas τmax can be used to filter unwanted low frequencies due to model misspecification,
the cutoff frequency acts on the high frequency domain of the PSD.

With the chosen cutoff frequency, the WE overestimates H. Using a cutoff frequency of
log10( fc) =−0.35, instead of log10( fc) =0.4, for case 3 yields H = 0.88. Similar results are obtained
for case 1 with the WE by increasing log10( fc) to −0.55. Unfortunately, the GHE decreases to 0.83 in
both cases. However, considering that (1) no prior knowledge of the Hurst exponent was available,
(2) additional white noise affects the residuals, and (3) model misspecification are present, this remains
a good approximation of the true H of 0.9. Indeed, this value of the Hurst parameter is known to be
challenging to estimate since it is close to the limit between fGn and fBm.

Why First Order?

The answer is strongly related to the previous one: as shown in Figure 2 from the Bode plot,
the flatness of the filter is of main importance to ensure smooth transition in the PSD of the filtered signal.

4.3.3. Sensitivity Analysis: Impact of the Cutoff Frequency

In this section, we propose to analyze the sensitivity of the estimated H exponent regarding the
chosen cutoff frequency. Figure 8 summarizes the results for case 1 (top) and 3 (bottom) by varying
log10( f ) from to −0.7 to −0.25.

Figure 8. Sensitivity analysis of the estimated H from the residuals of the B-spline surface fitting by
varying the cutoff frequency. A plane is estimated with 1000 observations per line and the simulated
noise is fGn with Hre f =0.9. Case 1 corresponds to the whole residuals, case 3 to the first line. Case with
additional angle noise. The red curve corresponds to the GHE, the blue curve to the WE.

With great evidence, the GHE is much less sensitive to the cutoff frequency than the WE. A linear
dependency can be found, with a variation of H from 0.88 to 0.78 for the chosen range of cutoff
frequencies and from 0.87 to 0.80 for case 1 and 3, respectively. H, estimated with WE, has a much
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higher range of values—from 1 to 0.68 and to 1.15 to 0.8 for case 1 and 3, respectively. From these
results, and considering that we placed ourselves intentionally in a challenging estimating scenario
with a strong Hurst exponent, we recommend using the GHE instead of the WE when the residuals are
filtered and small samples are considered.

4.3.4. Small Samples

In this section, we place ourselves in case (i) as described in Section 4.1. and generate smaller
samples of 400 observations per line. We chose three values for H: 0.6, 0.7, and 0.9, and apply
our methodology to filter the residuals from additional white noise and/or results from model
misspecifications. We identify the cutoff frequency fc visually by plotting (1) the PSD of the whole
residuals for case 1 and (2) the PSD of 10 randomly chosen lines for case 3 and averaging the identified
cutoff frequencies. The Hurst exponent is estimated with the GHE; due to their asymptotic properties,
the WE and the WhiE are known to perform poorly for small samples [62].

For Hre f = 0.6, the PSD is nearly similar to a white noise (see Figure 1). This leads to a stronger
difficulty to identify the PSD kick. Nevertheless, we were able to identify with a high confidence
the correct cutoff frequency and a value of H =0.60 could be estimated for case 1 for log10( fc) =−0.5.
We link this result with the use of a Butterworth filter of the first order and the low sensitivity of the
GHE to a misspecification of the cutoff frequency. The same cutoffwas used for the two other simulated
Hre f . This result strongly confirms the feasibility of extracting the Hurst exponent from residuals of
regression B-splines, in the presence of both functional misspecifications and additional unknown
noise. The cutoff frequency depends on the noise angle variance, as illustrated in Table 3. Increasing
the σHA = σVA to 0.001◦ instead of 0.0001◦ yields a different cutoff frequency. We intentionally
do not present this result in order not to overload the readers with simulation results that lead to
similar conclusions.

Table 3. Estimation of the Hurst parameters from the residuals for case 1 and case 3, with the GHE and
with additional angle noise for two standard deviations (1×10−4◦ and 1×10−3◦). Hre f = 0.6, 0.7, and 0.9.
The cutoff frequencies ( fc) are visually determined.

Std Noise Angle 1 × 10−4◦ Std Noise Angle 1 × 10−3◦

Case 1
Cutoff

log10(f) = −0.5

Case 3
Cutoff

log10(f) = −0.25

Case 1 Case 3

Hre f = 0.6 0.60 (std 0.05) 0.63 (std 0.03)

Hre f = 0.7 0.68 (std 0.02) 0.70 (std 0.03)

log10( fc) = −0.5
0.66 (std 0.08)

log10( fc) = −0.4
0.71 (std 0.07)

log10( fc) = −0.25
0.66 (std 0.03)

log10( fc) = −0.55
0.72 (std 0.07)

Hre f = 0.9 0.88 (std 0.02) 0.87 (std 0.04)

4.4. Result for Gaussian Surface

The second example corresponds to a simulated Gaussian surface (case (ii), Section 4.1.). Ten CP
in the two directions were estimated with B-splines of order three. The stationary reference noise
was simulated with Hre f = 0.7 and 1000 observations per line. Similarly to the previous simulations,
we do not aim to optimally fit the surfaces so that the impact of potential misspecification can be
considered. In Figure 9 (left), the PSD of the residuals together with the PSD of the simulated noise are
shown; Figure 9 (right) represents the residuals for case 1 and 3 respectively, following the previous
section. This latter figure highlights the lack of repetitive patterns in the residuals plotted per line (case
3). Only a steady increase of the variance towards the middle of the surface can be seen, which is
coherent with the Gaussian form of the surface (Figure 2 left bottom). This behavior does not affect
the estimation of the Hurst parameter, which was 0.72 (std 1×10−3) for case 1 and 0.71 (std 0.01) for
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case 3 with or without filtering. From the PSD, a low additional white noise from log10( fc)= 0 could
be identified, which did not affect the determination of H. We interpret this lack of additional white
noise in the residuals as coming from the goodness of the surface approximation, i.e., the B-splines
themselves are acting as a low pass filter so that no additional noise coming from the angles could drift
into the residuals in that case. However, we were able to decrease the estimated Hurst parameter for
case 1 to 0.69 (std 5×10−4) by decreasing τmax to 10, i.e., decreasing the impact of the low frequencies. In
this case, the B-spline LS system filters the low frequencies domain strongly, which could be accounted
for by acting on τmax.

Figure 9. (left): Residuals of the B-spline approximation for a Gaussian surface. Case 1 (top);
the whole residuals and case 3: the 1000 first observations corresponding to one scanning line. (right):
The corresponding PSD (red the original noise, blue the residuals).

This correction highlights the potential of our methodology to identify and filter model
misspecification from the LS residuals. It is and remains based on a visual analysis of the PSD
and an understanding of the residuals as prior to the estimation of the Hurst parameter. It is not
recommended to use a bandpass Butterworth (or any other filter such as a notch filter) to filter specific
frequencies. This was shown to strongly affect the determination of the Hurst exponent by creating
an artificial decrease of frequencies amplitude in the middle of the frequency range, where a regular
decrease is of main importance for the determination of H.

4.5. Application to Real Data

We propose to apply the proposed methodology to a real case scenario. Unfortunately, the true
correlation structure is unknown; the development of a model based on a physical explanation of the
TLS correlation is beyond the scope of this paper and led to further studies.

A white plane of size 1 m*1 m was scanned at a distance of 10 m with a Z+F 2016F using
the scanning modus “extremely high”, with which 1 Mio. per s can be recorded. The scanning
configuration is presented in Figure 10 (left); it is optimal and corresponds to the simulated data with
no tilt and the TLS pointing in the direction of the z-axis. The obtained point cloud was pre-processed
to avoid edge effects and outliers, and cut using a free software. We finally approximated the data with
a cubic B-spline, following the methodology presented in Section 2. The residuals for one scanning line
are plotted in Figure 10 (right, top), together with the corresponding PSD (Figure 10, right, bottom,
blue line). We visually identified a cutoff frequency of log10( fc) =0, which we used to filter the residuals
with a Butterworth filter (Figure 10, bottom, yellow line). As for the simulations, the results obtained
with the three Hurst estimators proposed in this contribution differ. Without filtering, we found values
of 0.85 for the GHE with τmax =20 (which was chosen due to the lack of additional low frequencies
from inaccurate functional model), 1.01 (i.e., flicker noise) for the WhiE, and 0.61 for the WE. This last
result highlights that the WE is affected by white noise—the value found was close to 0.5—and by
the small number of observations used (900 per line). The tendency for the WhiE to overestimate the
Hurst parameter with respect to the GHE (Table 1) is additionally shown. Using the visually identified
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cutoff frequency, the Hurst estimator was increased to 0.88 for the GHE, but stayed constant for the
WE; this estimator is definitively not a relevant choice for the case study under consideration. A high
value of 1.61 was found for the WhiE, which seems not usable with the filtered residuals, i.e., the WhiE
being a spectral estimator is affected by the strong decrease of the PSD at high frequencies.

Figure 10. (left): The schematic scanning configuration: no tilt and a distance of 10 m to the center
of the coordinate system. Right, top: residuals of the B-spline approximation for the plane under
consideration. (right,bottom): The corresponding PSD. The blue line is a reference fGn with Hre f = 0.9,
the red line corresponds to the residuals and the yellow one to the filtered residuals with log10( fc) = 0.

From Figure 10 (right bottom) the plausibility of considering the noise of the TLS range as being
fGn is confirmed; the blue line corresponds to a reference fGn of 0.9 and is nearly parallel to the yellow
one from the filtered residuals.

This short case study validates the proposed methodology for a real case scenario: it is feasible
to estimate the Hurst parameter from the range residuals of a plane scanned with a TLS. Further
studies will be carried out in a next future to investigate more deeply the correlation structure.
This latter is expected to depend on, e.g., the scanning rate, distance from the plane to the TLS,
or atmospheric conditions.

4.6. Summary: A Methodology to Extract the Hurst Parameter from the B-Spline Residuals

In this section, we summarize our methodology to extract the Hurst parameter of the underlying
noise from TLS range measurements from LS residuals (Figure 11). We recall that the noise is simulated
line wise as a fGn with a given Hurst parameter varying from 0.5–1 (persistent correlations). Working
with real observations this assumption has to be tested by analyzing the stationarity of the time series
as well as the power law of its PSD.

We start with the raw polar observations, which are to be transformed into Cartesian coordinates.
After having parametrized the point cloud, a B-spline surface approximation is performed. The choice
of the order of the B-splines is left to the user (e.g., cubic B-splines), as well as the method to fix the
knot vector optimally or/and the number of CP to estimate. The residuals of the approximation are
transformed backwards into polar coordinates; only the range residuals are further analyzed. They are
plotted as a whole and line wise to visually identify the potential impact of model misspecification (low
frequencies, repetitive pattern). These patterns could act—as a snow ball effect—on the determination
of the Hurst parameter. As an important tool to understand the structure of the residuals, the PSD is
plotted against the frequencies (a log–log plot should be used for a better visualization). Additional
white noise or model misspecification can slide into the frequency domain; they are identified and
filtered with a low pass Butterworth filter of first order. We recommend the use of the generalized
Hurst estimator. This latter was shown to be robust to slight uncertainties in the determination of the
cutoff frequency, as well as less sensitive to small samples effect, compared with the wavelet estimator.
Thus, temporal variations of the Hurst exponent can be analyzed by making a line wise analysis of the
Hurst parameters.
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Figure 11. Summary of the methodology to extract the Hurst parameter from the range residuals of
a B-spline approximation from a TLS point cloud.

5. Conclusions

In this contribution, we have developed and validated an innovative yet simple strategy to
extract the correlation structure of the underlying observation noise from the residuals of a B-spline
surface approximation. This determination is neither based on least-squares estimation or collocation,
nor parametric, and has the main advantages of being easy to use and computationally efficient.

Our case study dealt with TLS raw observations, having in mind to analyze the correlations of
the range observations to perform more rigorous and trustworthy statistical tests for deformation of
scanned objects. This is a highly relevant application for avoiding and/or quantifying the potential
risk related to the deformation of structures such as dams or bridges. Moreover, knowledge of the
correlation structure could serve to predict future deformations.

The range measurements of TLS observations are known to be temporally correlated. We guess
from physical consideration that the power spectral density of the noise could be represented by
a power law. The framework of LRD allows description of such kinds of noise accurately. In this study,
we chose to model the correlation structure of the TLS range measurements by a stationary persistent
fGn. The fGn is widely used to describe all kinds of noise in various domains and can be fully described
by means of its Hurst exponent (related to the fractal dimension) and its variance. There exist various
estimators for the Hurst exponent. In this contribution, we compared the performance of one of each
family: the generalized Hurst estimator, the Whittle likelihood estimator and the wavelet estimator.
We simulated small and longer samples, as well as observations noise with different Hurst exponents.
Our goal was to determine as accurately as possible, from the B-splines range residuals, the reference
parameter. Regression B-spline surface fitting can be applied to nearly every noisy and scattered point
cloud, without limitation to specific surfaces such as circle or plane. Even if they are structurally
correlated, the residuals of the approximation still contain information about the correlation and noise
structure of the raw observations.

Unfortunately, as in every approximation model, misspecifications are likely to arise.
They introduce additional frequencies in the residuals, which affect the determination of the Hurst
parameter. Simulating a plane, we identified unwanted white noise as strongly affecting the estimation.
A low pass Butterworth filter of the first order applied to the residuals was able to correct the bias
induced by an unwanted additional white noise. The generalized Hurst estimator was shown to be
robust against slight over or underestimation of the cutoff frequency of the filter. The Whittle likelihood
performs badly in estimating H, which was linked to the potential non-stationarity of the residuals, i.e.,
the assumption that the residuals should be fGn is mandatory for this estimator. The wavelet estimator
performs ideally in absence of white noise and could be shown to be sensitive to the choice of the cutoff
frequency. We interpreted this behavior as being linked with non-averaging, compared with the GHE.
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Simulating a Gaussian surface, the impact of model misspecification in the low frequency domain was
highlighted and filtered adequately with a high pass Butterworth filter to improve the determination
of the Hurst exponent.

For both simulated cases, similar conclusions were drawn; the Hurst exponent can be well
determined with the GHE, provided that a prefiltering of the residuals with the smooth Butterworth
filter of first order is performed. The cutoff frequency could be visually identified from the PSD of the
residuals (line wise or as a whole). The feasibility of the proposed methodology was confirmed using
real data from a plane scanned with a TLS with the “extremely high” resolution.

This powerful way to identify the noise structure from the residuals paves the way for a deeper
study of the correlation dependency of TLS range measurements, independent of specific calibration
procedures. Due to the high accuracy and precision of the determination of the fractal parameter,
potential atmospheric parameters could be deduced from the B-spline residuals, as well as sensor
characteristics. This analysis will be the topic of a later study with real data. The estimation of the
range variance remains to be solved. A proposal could be based on the calibration of the LS system
with white noise.
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