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Figure 5. The 2-tuple modified HOQ.

Step 7. After obtaining the modified matrix, the importance of CRs should be integrated to reach
the final relationships between CRs and ECs. The result is presented in Table 13. Therefore, the rank of
integrated ECs priority is EC2 ( EC4 ( EC1 ( EC5 ( EC3.

Table 13. The integrated ECs priority.

EC1 EC2 EC3 EC4 EC5

Priority (s9
1, 0.07) (s9

1, 0.13) (s9
1,−0.18) (s9

1, 0.11) (s9
1,−0.16)

Step 8. The basic priority of ECs is computed according to Equations (7) and (14) and Table 13.
The minimum value of linguistic term set is (sn(t)

min , αn(t)) = (s9
0
, 0). The ultimate weights of ECs are

(s9
0, 0.215) (s9

0, 0.228) (s9
0, 0.165) (s9

0, 0.223) (s9
0, 0.169).

Step 9. End.

4.3. Managerial Tips

The outcomes of this study are beneficial to planning and selecting the appropriate emergency
routes. Moreover, the ranking result can be outlined that decision makers should be paid more
attention to management ability. The result indicates that crowd density has a significant influence on
emergency route evaluation. Subsequently decision makers should concentrate on these two aspects
in order to design and select emergency routes.

In addition, the proposed model is sufficient robust and could be easily implemented in practices
for GDM problems. DMs can choose their linguistic preference to evaluate the correlation and
relationship between CRs and ECs. Furthermore, the importance of ECs can be adjusted appropriately
according to the actual circumstance.
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5. Conclusions and Future Research

A systematic GDM approach for prioritizing ECs in QFD under the multi-granularity 2-tuple
linguistic environment is proposed in this paper. The provided method allows experts from QFD team
to evaluate the relationship and correlations between CRs and ECs in accordance with their experience
and preference. For the sake of guaranteeing accurate information, the 2-tuple linguistic representation
addressing the vague and imprecise information is utilized. Based on the linguistic hierarchy, different
granularities originating from different experts are translated into a basic linguistic term we set in
advance. The BWM is applied to determine the importance of CRs, which is simple and quick to
represent customers’ advice.

BM can capture inter-relationships among the aggregated information by taking the conjunction
among each pairs of aggregated arguments, for instance, correlations among CRs. Therefore, the
2TLWGBM operator is applied to aggregate the evaluation matrix and the importance of CRs. In
addition, correlations could have an impact on relationship between CRs and ECs. A modified matrix
reflecting the influence is determined in this paper. Compared with other approaches in terms of
calculating weight, a method that can lessen the subjectivity of assessment is put forward. Finally, a
case study has been calculated and is presented to verify the effectiveness of the proposed method.

In this study, prioritizing ECs in QFD is extended to 2-tuple linguistic environment, in which
all evaluation matrices from experts are represented by 2-tuple. For one thing, an appropriate and
applicable BM operator is employed to deal with the aggregation problem, which should be suitable for
accurately prioritizing ECs in QFD. Moreover, the degree of similarity is introduced to determine the
weight that responds to the effect of correlations, which could obtain a more objective modified matrix.

In future research, the proposed method can be applied to supplier selection, green buildings and
new product development. In addition, other GDM approaches can be integrated into QFD to rank the
ECs, and consensus can be considered. A more reasonable aggregation operator should be developed
and applied to QFD. In real life, plenty of problems might be complex and changeful. Establishing a
dynamic HOQ is necessary.
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Abstract: For mathematical fuzzy logic systems, the study of corresponding algebraic structures
plays an important role. Pseudo-BCI algebra is a class of non-classical logic algebras, which is
closely related to various non-commutative fuzzy logic systems. The aim of this paper is focus on
the structure of a special class of pseudo-BCI algebras in which every element is quasi-maximal
(call it QM-pseudo-BCI algebras in this paper). First, the new notions of quasi-maximal element
and quasi-left unit element in pseudo-BCK algebras and pseudo-BCI algebras are proposed and
some properties are discussed. Second, the following structure theorem of QM-pseudo-BCI algebra
is proved: every QM-pseudo-BCI algebra is a KG-union of a quasi-alternating BCK-algebra and
an anti-group pseudo-BCI algebra. Third, the new notion of weak associative pseudo-BCI algebra
(WA-pseudo-BCI algebra) is introduced and the following result is proved: every WA-pseudo-BCI
algebra is a KG-union of a quasi-alternating BCK-algebra and an Abel group.

Keywords: fuzzy logic; pseudo-BCI algebra; quasi-maximal element; KG-union; quasi-alternating
BCK-algebra

1. Introduction

In the study of t-norm based fuzzy logic systems [1–9], algebraic systems (such as residuated lattices,
BL-algebras, MTL-algebras, pseudo-BL algebras, pseudo-MTL algebras, et al.) play an important role.
In this paper, we discuss pseudo-BCI/BCK algebras which are connected with non-commutative fuzzy
logic systems (such that non-commutative residuared lattices, pseudo-BL/pseudo-MTL algebras).

BCK-algebras and BCI-algebras were introduced by Iséki [10] as algebras induced by Meredith’s
implicational logics BCK and BCI. The name of BCK-algebra and BCI-algebra originates from the
combinatories B, C, K, I in combinatory logic. The notion of pseudo-BCK algebra was introduced
by G. Georgescu and A. Iorgulescu in [11] as a non-commutative extension of BCK-algebras.
Then, as common generalization of pseudo-BCK algebras and BCI-algebras, W.A. Dudek and Y.B.
Jun introduced the concept of pseudo-BCI algebra in [12]. In fact, there are many other non-classical
logic algebraic systems related to BCK- and BCI-algebras, such as BCC-algebra, BZ-algebra and so
forth, some monographs and papers on these topics can be found in [7–9,13–18].

Pseudo-BCI-algebras are algebraic models of some extension of a noncommutative version of
the BCI-logic, the corresponding logic is called pseudo-BCI logic [19]. P. Emanovský and J. Kühr
studied some properties of pseudo-BCI algebras, X.L. Xin et al. [20] investigated monadic pseudo
BCI-algebras and corresponding logics and some authors discussed the filter (ideal) theory of
pseudo-BCI algebras [21–28]. Moreover, some notions of period, state and soft set are applied to
pseudo-BCI algebras [29–31].

In this paper, we further study the structure characterizations of pseudo-BCI algebras. By using
the notions of quasi-maximal element, quasi-left unit element, KG-union and direct product, we give
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the structure theorem of the class of pseudo-BCI algebras in which every element is quasi-maximal
(call they QM-pseudo-BCI algebras). Moreover, we introduce weak associative property in pseudo-BCI
algebras, discuss basic properties of weak associative pseudo-BCI algebra (WA-pseudo-BCI algebra)
and establish the structure theorem of WA-pseudo-BCI algebra.

It should be noted that the original definition of pseudo-BCI/BCK algebra is different from the
definition used in this paper. They are dual. We think that the logical semantics of this algebraic
structure can be better represented by using the present definition.

2. Preliminaries

Definition 1 ([10,16]). An algebra (A;→, 1) of type (2,0) is called a BCI-algebra if the following conditions are
satisfied for all x, y, z from A:

(1) x → y ≤ (y→ z) → (x → z),
(2) x ≤ (x → y) → y,
(3) x ≤ x,
(4) x ≤ y, y ≤ x imply x = y, where x ≤ y means x → y = 1 . An algebra (A;→, 1) of type (2,0) is called

a BCK-algebra if it is a BCI-algebra and satisfies:
(5) x → 1 = 1, ∀x ∈ A.

Definition 2 ([10,16]). A BCK-algebra (A;→, 1) is called bounded if there exists unique element 0 such that
0→ x = 1 for any x ∈ A.

Definition 3 ([13,14]). A BCK-algebra (A; →, 1) is called quasi-alternating BCK-algebra if it satisfies the
following axiom: ∀ x, y ∈ X, x 	= y implies x→ y = y.

Definition 4 ([9,11]). A pseudo-BCK algebra is a structure (A; ≤,→, �, 1), where “≤” is a binary relation
on A, “→” and “�” are binary operations on A and “1” is an element of A, verifying the axioms: for all
x, y, z ∈ A,

(1) x → y ≤ ( y→ z ) � ( x→ z ), x � y ≤ ( y � z )→ ( x � z ),
(2) x ≤ (x → y) � y, x ≤ (x � y)→ y
(3) x ≤ x,
(4) x ≤ 1,
(5) x ≤ y, y ≤ x ⇒ x = y,
(6) x ≤ y � x → y = 1⇔ x � y = 1.

If (A;≤,→, �, 1) is a pseudo-BCK algebra satisfying x→ y = x � y for all x, y ∈ A, then (A;→, 1)
is a BCK-algebra.

Proposition 1 ([9,11]). Let (A; ≤,→, �, 1) be a pseudo-BCK algebra, then A satisfy the following properties
(∀x, y, z ∈ A):

(1) x ≤ y⇒ y→ z ≤ x → z, y � z ≤ x � z
(2) x ≤ y, y ≤ z⇒ x ≤ z,
(3) x � (y→ z) = y→ (x � z),
(4) x ≤ y→ z⇔ y ≤ x � z,
(5) x → y ≤ (z→ x)→ (z→ y), x � y ≤ (z � x) � (z � y),
(6) x ≤ y→ x, x ≤ y � x,
(7) 1→ x = x, 1 � x = x,
(8) x ≤ y⇒ z→ x ≤ z→ y, z � x ≤ z � y,
(9) ((y→ x) � x)→ x = y→ x, ((y � x)→ x) � x = y � x.
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Definition 5 ([[12]). A pseudo-BCI algebra is a structure (A; ≤,→, �, 1), where “≤” is a binary relation
on A, “→” and “�” are binary operations on A and “1” is an element of A, verifying the axioms: for all
x, y, z ∈ A,

(1) x → y ≤ (y→ z) � (x → z), x � y ≤ (y � z)→ (x � z),
(2) x ≤ (x → y) � y, x ≤ (x � y)→ y,
(3) x ≤ x,
(4) if x ≤ y and y ≤ x, then x = y,
(5) x ≤ y iff x → y = 1 iff x � y = 1.

Note that, every pseudo-BCI algebra satisfying x → y = x � y for all x, y ∈ A is a BCI-algebra.

Proposition 2 ([12,22,24]). Let (A; ≤, →, �, 1) be a pseudo-BCI algebra, then A satisfy the following
properties (∀x, y, z ∈ A):

(1) if 1 ≤ x, then x = 1,
(2) if x ≤ y, then y→ z ≤ x → z and y � z ≤ x � z,
(3) if x ≤ y and y ≤ z, then x ≤ z,
(4) x � (y→ z) = y→ (x � z),
(5) x ≤ y→ z, iff y ≤ x � z
(6) x → y ≤ (z→ x)→ (z→ y), x � y ≤ (z � x) � (z � y),
(7) if x ≤ y, then z→ x ≤ z→ y and z � x ≤ z � y,
(8) 1→ x = x, 1 � x = x,
(9) ((y→ x) � x)→ x = y→ x, ((y � x)→ x) � x = y � x,
(10) x → y ≤ (y→ x) � 1, x � y ≤ (y � x)→ 1,
(11) (x→ y)→ 1 = (x→ 1)� (y→ 1),(x� y)� 1 = (x� 1)→ (y→ 1)
(12) x → 1 = x � 1 .

Definition 6 ([10,24]). A pseudo-BCI algebra A is said to be an anti-grouped pseudo-BCI algebra if it satisfies
the following identities:

f or any x ∈ A, (x → 1)→ 1 = x or (x � 1) � 1 = x.

Proposition 3 ([24]). A pseudo-BCI algebra A is anti-grouped if and only if it satisfies:

(G1) for all x, y, z ∈ A, (x→ y)→ (x→ z) = y→ z and
(G2) for all x, y, z ∈ A, (x � y) � (x � z) = y � z.

Proposition 4 ([24]). Let A = (A; ≤,→, �, 1) be an anti-grouped pseudo-BCI algebra. Define Φ(A) = (A; +,
−, 1) by

x + y = (x → 1)→ y = (y � 1) � x, ∀x, y ∈ A;

−x = x → 1 = x � 1, ∀x ∈ A.

Then Φ(A) is a group. Conversely, let G = (G; +, −, 1) be a group. Define Ψ(G) = (G; ≤,→, �, 1), where

x → y = (−x) + y, x � y = y + (−x), ∀x, y ∈ G;

x ≤ y i f and only i f (−x) + y = 1 (or y + (−x) = 1), ∀x, y ∈ G.

Then,Ψ(G) is an anti-grouped pseudo-BCI algebra. Moreover, the mapping Φ and Ψ are mutually inverse.
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Definition 7 ([27]). Let (A; ≤,→, �, 1) be a pseudo-BCI algebra. Denote

K(A) = {x ∈ A|x ≤ 1};

AG(A) = {x ∈ A|(x → 1)→ 1 = x}.
We say that K(A) is the pseudo-BCK part of A and AG(A) is the anti-grouped part of A.

Definition 8 ([28]). A pseudo-BCI algebra A is said to be a T-type if it satisfies the following identities:
(T1) for all x ∈ A, (x → 1) → 1 = x → 1 , or (x � 1) � 1 = x � 1.

Proposition 5 ([28]). A pseudo-BCI algebra A is T-type if and only if it satisfies:
(T2) for all x ∈ A, x→ (x → 1) = 1, or x � (x � 1) = 1.

3. Some New Concepts and Results

By the definition of pseudo-BCI/BCK algebra, we know that the direct product of two
pseudo-BCI/BCK algebras is a pseudo-BCI/BCK algebra. That is, we have the following lemma.

Lemma 1 ([20]). Let (X; → X , � X , 1X ) and (Y; → Y , � Y, 1Y ) be two pseudo-BCI algebras. Define two
binary operators→, � on X×Y as follwos: for any (x1, y1), (x2, y2) ∈ X×Y,

(x1, y1) → (x2, y2) = (x1 → X x2, y1 → Yy2);

(x1, y1) � (x2, y2) = ( x1 � X x2y1 � Yy2);

and denote 1 = (1X, 1Y). Then (X×Y;→, �, 1) is a pseudo-BCI algebra.

By the results in [18,20], we can easy to verify that the following lemma (the proof is omitted).

Lemma 2. Let (K;→, �, 1) be a pseudo-BCK algebra, (G;→, �, 1) an anti-grouped pseudo-BCI algebra and
K∩G = {1}. Denote A = KG b and define the operations→, � on A as follows:

x → y =

⎧⎪⎪⎨⎪⎪⎩
x → y i f x, y ∈ K or x, y ∈ G

y i f x ∈ K, y ∈ G

x → 1 i f y ∈ K{1}, x ∈ G

x � y =

⎧⎪⎪⎨⎪⎪⎩
x � y i f x, y ∈ K or x, y ∈ G

y i f x ∈ K, y ∈ G

x � 1 i f y ∈ K{1}, x ∈ G

Then (A;→, �, 1) is a pseudo-BCI algebra.

Definition 9. Let K be a pseudo-BCK algebra and G be an anti-grouped pseudo-BCI algebra, K∩G = {1}. If the
operators→, � are defined on A = K∪G according to Lemma 2, then (A;→, �, 1) is a pseudo-BCI algebra,
we call A to be a KG-union of K and G and denote by A = K⊕KGG.

Definition 10. Let (X, ≤) is a partial ordered set with 1 as a constant element. For x in X, we call x a
quasi-maximal element of X, if for any a ∈ X, x ≤ a⇒ x = a or a = 1.

Definition 11. Let (G,*) be a grouoid, x ∈ G. Then x is called a quasi-left unit element of G, if it satisfies:

∀y ∈ G, x ∗ y = y when x 	= y.

309



Symmetry 2018, 10, 465

Theorem 1. Let (A; ≤,→, �, 1) be pseudo-BCK algebra. Then the following conditions are equivalent:

(a1) ∀x ∈ A, x is a quasi-maximal element;
(a2) ∀x ∈ A, y ∈ A− {1}, x ≤ y implies x = y;
(a3) ∀x ∈ A, x is a quasi-left unit elemen w.r.t →,� , that is, x 	= y implies x → y = y and x � y = y ;
(a4) ∀x, y ∈ A, x 	= y implies x → y = y ;
(a5) ∀x, y ∈ A, x 	= y implies x � y = y .

Proof. (a1)⇒ (a2) : Suppose that x ∈ A, y ∈ A− {1} and x ≤ y.
Case 1: If x = 1, it is follows that 1 = x ≤ y ≤ 1, that is, x = y = 1.
Case 2: If x 	= 1, by (a1) and Definition 10, from x ≤ y and y 	= 1, we have x = y. Therefore,

(a2) hold.
(a2)⇒ (a3) : For any x, y in A, by Proposition 1 (6) and Definition 4 (2), we have x ≤ y→ x ,

y ≤ x → y, x ≤ (x → y) � y . Assume x 	= y. If y→ x = 1 , then x → y 	= 1 (since, if x → y = 1 ,
then form y→ x = 1 and x → y = 1 we get x = y, this is contradictory to the hypothesis x 	= y).
Thus, from y ≤ x → y and x → y 	= 1, using (a2) we have y = x → y .

If y→ x 	= 1 , from this and x ≤ y→ x and applying (a2), we have x = y→ x . Thus,

(i) when (x → y) � y = 1 , we can get x → y ≤ y ≤ x → y , that is, y = x → y ;
(ii) when (x → y) � y 	= 1 , from this and x ≤ (x → y) � y, using (a2) we have x = (x → y) � y.

Combine the aforementioned conclusion x = y→ x , we can get

x = y→ x = y→ ((x → y) � y) = (x → y) � (y→ y) = (x → y) � 1 = 1,

It follows that y = 1→ y = x → y .
Therefore, based on the above cases we know that x 	= y implies y = x → y .
Similarly, we can prove that x 	= y implies y = x � y .
(a3)⇒ (a4): Obviously.
(a4)⇒ (a5): Suppose x 	= y. Applying (a4), x→ y = y. Also, by Definition 4 (2), x ≤ (x � y)→ y ,

thus x → [(x � y)→ y] = 1 .
Case 1: If x 	= (x � y)→ y , using (a4), x → [(x � y)→ y] = [(x � y)→ y]. Hence,

(x � y)→ y = 1. Moreover,

y→ (x � y) = x � (y→ y) = x � 1 = 1.

Therefore, y = x � y. Case 2: If x = (x � y)→ y , then x � y = y . In fact, if x � y 	= y ,
using (a4), (x � y)→ y = y, it follows that x = y, this is a contradiction with x 	= y.

By above results we know that (a5) hold.
(a5)⇒ (a1): Assume that x ∈ X, a ∈ X and x ≤ a. Then x � a = 1 . If x 	= a, by (a5), x � a = a ,

then a = x � a = 1 . This means that x ≤ a implies x = a or a = 1. �
By Theorem 1 and Definition 3 we get

Corollary 1. Let (A; ≤,→, �, 1) be a pseudo-BCK algebra. Then every element of A is quasi-maximal if and
only if A is a quasi-alternating BCK-algebra.

4. The Class of Pseudo-BCI Algebras in Which Every Element is Quasi-Maximal

Example 1. Let A = {a, b, c, d, e, f, g, 1}. Define operations→ and � on A as following Cayley Tables 1 and 2.
Then A is pseudo-BCI algebra in which every element is quasi-maximal.
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Table 1. The Cayley table of operation→.

→ a b c d e f g 1

a 1 b c d e f g 1
b a 1 c d e f g 1
c c c 1 f g d e c
d d d e 1 c g f d
e f f g c 1 e d f
f e e d g f 1 c e
g g g c d e f 1 g
1 a b c d e f g 1

Table 2. The Cayley table of operation �.

� a b c d e f g 1

a 1 b c d e f g 1
b a 1 c d e f g 1
c c c 1 f g d e c
d d d e 1 c g f d
e f f g c 1 e d f
f e e d g f 1 c e
g g g c d e f 1 g
1 a b c d e f g 1

Definition 12. A pseudo-BCI/BCK algebra A is said to be a QM-pseudo-BCI/BCK algebra if every element of A
is quasi-maximal.

Theorem 2. Let (A; ≤,→, �, 1) be a pseudo-BCI algebra. Then A is a QM-pseudo-BCI algebra if and only if
it satisfies:

f or any x, y ∈ A− {1}, x ≤ y⇒ x = y.

Proof. If A is a QM-pseudo-BCI algebra, by Definitions 10 and 12, the above condition is satisfied.
Conversely, assume that x, y ∈ A, x ≤ y. If x = 1, then 1 = x ≤ y, it follows that x = y = 1,

by Proposition 2 (1). If x 	= 1, y 	= 1, then x = y by the condition. This means that x is a quasi- maximal
element in A, hence, A is a QM-pseudo-BCI algebra. �

By Theorem 1 we know that a pseudo-BCK algebra is a QM-pseudo-BCK algebra if and only if it
is a quasi-alternating BCK-algebra. It will be proved that any QM-pseudo-BCI algebra is constructed
by the combination of a quasi-alternating BCK-algebra and an anti-grouped pseudo- BCI algebra
(a group-like algebra).

Lemma 3 ([27]). Let A be a pseudo-BCI algebra, K(A) the pseudo-BCK part of A. If AG(A) = (A − K(A))∪{1}
is subalgebra of A, then (∀x, y ∈ A)

(1) If x ∈ K(A) and y ∈ A− K(A), then x → y = x � y = y.
(2) If x ∈ A− K(A) and y ∈ K(A), then x→ y = x � y = x → 1.

Applying the results in [24,27] we can easy to verify that the following lemma is true (the proof
is omitted).

Lemma 4. Let A be an anti-grouped pseudo-BCI algebra. Then

(1) for any x, y in A, x ≤ y implies x = y;
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(2) for any x, y in A, x = (x → y) � y = (x � y)→ y.

Theorem 3. Let A be a pseudo-BCI algebra, K(A) the pseudo-BCK part of A and AG(A) the anti-grouped part
of A. The following statements are equivalent:

(1) A is a QM-pseudo-BCI algebra;
(2) K(A) is quasi-alternating BCK-algebras and AG(A) = (A − K(A)) ∪ {1};
(3) ∀x, y ∈ A, x 	= y implies (x → y) � y = (x → 1)→ 1;
(4) ∀x, y ∈ A, x 	= y implies (x � y)→ y = (x → 1)→ 1;
(5) ∀x, y ∈ A, x 	= y implies (x → y)→ y = (x → 1)→ 1;
(6) ∀x, y ∈ A, x 	= y implies (x � y) � y = (x → 1)→ 1.

Proof. (1)⇒ (2): Suppose that A is a QM-pseudo-BCI algebra. Then, for all x, y ∈ K(A), by Corollary
1, we can know K(A) is quasi-alternating BCK-algebras. If x ∈ A − K(A), then x → 1 	= 1
and (x → 1)→ 1 	= 1. Since x ≤ (x → 1)→ 1 , by Definition 12 we have x = (x → 1)→ 1 . Thus,
(A − K(A))∪{1} ⊆ AG(A). On the other hand, obviously, AG(A) ⊆ (A − K(A))∪{1}. Hence AG(A) =
(A − K(A))∪{1}.

(2)⇒ (3): Assume that (2) hold. For any x, y in A, x 	= y,
Case 1: x, y ∈ K(A). Then x → 1 = y→ 1 = 1. Because K(A) is quasi-alternating BCK-algebra,

using Theorem 1, x → y = y . Thus

(x → y) � y = y � y = 1 = 1→ 1 = (x → 1)→ 1.

Case 2: x, y ∈ AG(A). Since AG(A) is an anti-grouped pseudo-BCI subalgebra of A, then by
Lemma 4 we get

(x → y) � y = x = (x → 1)→ 1.

Case 3: x ∈ K(A), y ∈ AG(A). Then x → 1 = 1. Applying Lemma 3 (1), x → y = y. Then

(x → y) � y = y � y = 1 = 1→ 1 = (x → 1)→ 1.

Case 4: x ∈ AG(A), y ∈ K(A). Then x = (x→ 1)→ 1, y→ 1 = 1. Applying Lemma 3 (2),
x→ y = x→ 1. When x = 1, then (x→ y) � y = (x→ 1)→ 1; when x 	= 1, then x→ 1 ∈ A− K(A),
using Lemma 3 (2),

(x → 1) � y = (x → 1)→ 1

Hence,
(x → y) � y = (x → 1) � y = (x → 1)→ 1.

(3)⇒ (1): Assume that x ≤ y and x 	= y. We will prove that y = 1. By (3), we have

y = 1 � y = (x → y) � y = (x → 1)→ 1.

Case 1: when x ∈ K(A), then x → 1 = 1 , so y = 1. Case 2: when x ∈ X − K(A),
then (x → 1)→ 1 = x , so y = x, this is a contradiction with x 	= y.

Therefore, for all x ∈ A, x is a quasi-maximal element of A.
(4)⇒ (2): Suppose (4) hold. For any x, y in A.
If x, y ∈ K(A), x 	= y, by (4),

(x � y)→ y = (x → 1)→ 1 = 1.
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Then, x � y ≤ y. Since K(A) is a pseudo-BCK subalgebra of A, using Proposition 1 (6), y ≤ x � y .
It follows that y ≤ x � y ≤ y , that is, x � y = y . Thus, applying Theorem 1, K(A) is a quasi-
alternating BCK-algebra.

If x ∈ A− K(A), we prove that (x → 1)→ 1 = x . Assume (x → 1)→ 1 	= x, by (4), we have

{[(x → 1)→ 1] � x} → x = {[(x → 1)→ 1]→ 1} → 1.

Using Proposition 2 (9) and (12),

{[(x → 1)→ 1]→ 1} → 1 = (x → 1)→ 1.

Thus
{[(x → 1)→ 1] � x} → x = (x → 1)→ 1.

Moreover, applying Proposition 2 (9), (11) and (12) we have

{[(x → 1)→ 1] � x} → 1
= {[(x → 1)→ 1] � 1} → (x � 1)
= {[(x → 1) � 1]→ 1} → (x � 1)
= (x → 1)→ (x � 1)
= 1.

This means that ((x → 1)→ 1)→ x ∈ K(A). By Lemma 3 (1),

{[(x → 1)→ 1] � x} → x = x.

Hence, (x→ 1)→ 1 = x . This is contraction with (x→ 1)→ 1 	= x. Therefore, (x→ 1)→ 1 = x
and x ∈ AG(A). It follows that (A− K(A))∪{1}⊆ AG(A). Obviously, AG(A)⊆ (A− K(A))∪{1}. So AG(A)
= (A − K(A))∪{1}.

(2)⇒ (4): It is similar to (2)⇒ (3). It follows that (4)⇔ (2).
Similarly, we can prove (5)⇔ (2), (6)⇔ (2). �

Theorem 4. Let (A; ≤, →, �, 1) be a pseudo-BCI algebra, AG(A) the anti-grouped part of A, K(A) the
pseudo-BCK part of A. Then A is a QM-pseudo-BCI algebra if and only if K(A) is a quasi-alternating BCK-algebra
and A = K(A)⊕KGAG(A).

Proof. If A is a QM-pseudo-BCI algebra, then K(A) is a quasi-alternating BCK-algebra and
A = K(A)⊕KGAG(A), by Lemma 3 and Theorem 3.

Conversely, if K(A) is a quasi-alternating BCK-algebra, then every element in K(A) is quasi-maximal;
if A = K(A)⊕KGAG(A), then AG(A) = (A − K(A))∪{1}, it follows that every element in A − K(A) is
quasi-maximal. By Definition 12, we know that A is a QM-pseudo-BCI algebra. �

5. Weak Associative Pseudo-BCI Algebras

Definition 13. A pseudo-BCI/BCK algebra A is said to be weak associative, if it satisfies:

f or any, y, z ∈ A, (x → y)→ z = x → (y→ z) when (x 	= y, x 	= z).

Example 2 Let A = {a, b, c, d, e, f, 1}. Define operation→ on A as following Cayley Table 3. Then A is a weak
associative pseudo-BCI algebra, where � =→ .
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Table 3. The Cayley table of the operation→.

→ a b c d e f 1

a 1 b c d e f 1
b a 1 c d e f 1
c a b 1 d e f 1
d d d d 1 f e d
e e e e f 1 d e
f f f f e d 1 f
1 a b c d e f 1

Theorem 5. Let (A; ≤, →, �, 1) be a weak associative pseudo-BCI algebra. Then A is a QM-pseudo-BCI
algebra and a T-type pseudo-BCI algebra.

Proof. For any x, y in A, x 	= y, then (by Definition 13)

(x → y)→ y = x → (y→ y) = x → 1.

Thus, if x 	= 1, then (x → 1)→ 1 = x → 1. Obviously, when x = 1, (x → 1)→ 1 = x → 1.
Hence, from Definition 13 we get that for any x, y in A, x 	= y ⇒ (x → y)→ y = (x → 1)→ 1.
Applying Theorem 3 (5) we know that A is a QM-pseudo-BCI algebra.

Moreover, we already prove that (x → 1)→ 1 = x → 1 for any x in A, by Definition 8 we know
that A is a T-type pseudo-BCI algebra. �

The inverse of Theorem 5 is not true. Since (d → c ) → c 	= d→ 1, so the QM-pseudo-BCI algebra
in Example 1 is not weak associative. The following example shows that a T-type pseudo-BCI algebra
may be not a QM-pseudo-BCI algebra.

Example 3. Let A = {a, b, c, d, 1}. Define operations → and � on A as following Cayley Tables 4 and 5.
Then A is a T-type pseudo-BCI algebra but it is not a QM-pseudo-BCI algebra, since

(b→ c)→ a = a 	= 1 = b→ (c→ a).

Table 4. The operation→ in the T-type pseudo-BCI algebra.

→ a b c d 1

a 1 1 1 d 1
b b 1 1 d 1
c b b 1 d 1
d d d d 1 d
1 a b c d 1

Table 5. The operation � in the T-type pseudo-BCI algebra.

� a b c d 1

a 1 1 1 d 1
b c 1 1 d 1
c a b 1 d 1
d d d d 1 d
1 a b c d 1

Lemma 5 ([16,24]). Let (A;→, 1) be a BCI-algebra. Then the following statements are equivalent:
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(1) A is associative, that is, (x → y)→ z = x → (y→ z) for any x, y, z in A;
(2) for any x in A, x → 1 = x;
(3) for all x, y in A, x→ y = y→ x.

Theorem 6. Let (A; ≤,→, �, 1) be a weak associative pseudo-BCI algebra, AG(A) the anti-grouped part of A,
K(A) the pseudo-BCK part of A. Then

(1) K(A) is quasi-alternating BCK-algebra and AG(A) = (A − K(A))∪{1};
(2) For any x in AG(A), x → 1 = x � 1 = x ;
(3) For any x, y in A, x → y = x � y, that is, A is a BCI-algebra;
(4) AG(A) is an Abel group, that is, AG(A) is associative BCI-algebra.

Proof. (1) It follows from Theorems 5 and 3.
(2) For any x in AG(A), then (x → 1)→ 1 = x. We will prove that x → 1 = x.
If x = 1, obviously, x → 1 = x.
If x 	= 1, then (x → 1)→ 1 = x → 1 by Definition 13. Thus,

x → 1 = (x → 1)→ 1 = x.

Applying Proposition 2 (12) we have

x � 1 = x → 1 = x.

(3) For any x, y in A,

(i) when x, y in K(A), by (1), K(A) is a BCK-algebra, so x → y = x � y;
(ii) when x, y in (A − K(A)), by (1) and (2), applying Proposition 2 (11),

x → y = (x → y)→ 1 = (x → 1) � (y→ 1) = x � y;

(iii) when x in K(A), y in (A − K(A)), using Lemma 3 (1), x → y = x � y;
(iv) when y in K(A), x in (A − K(A)), using Lemma 3 (2), x → y = x � y;

Therefore, for all x, y in A, x→ y = x � y. It follows that A is a BCI-algebra.
(4) Applying (2), by Lemma 5 we know that AG(A) is an Abel group, that is, AG(A) is associative

BCI-algebra. �
From Theorems 6 and 4 we immediately get

Theorem 7. Let (A; ≤, →, �, 1) be a pseudo-BCI algebra, AG(A) the anti-grouped part of A, K(A) the
pseudo-BCK part of A. Then A is a weak associative pseudo-BCI algebra if and only if K(A) is a quasi-alternating
BCK-algebra, AG(A) is an Abelian group and A = K(A)⊕KGAG(A).

Theorem 8. Let (A; ≤,→, �, 1) be a pseudo-BCI algebra. Then the following conditions are equivalent:

(1) for any x, y, z ∈ A, (x → y)→ z = x → (y→ z) when (x 	= y, x 	= z);
(2) for any x, y, z ∈ A, (x � y) � z = x � (y � z) when (x 	= y, x 	= z);
(3) for any x, y, z ∈ A, (x → y) � z = x → (y � z) when (x 	= y, x 	= z);
(4) for any x, y, z ∈ A, (x � y)→ z = x � (y→ z) when (x 	= y, x 	= z).

Proof. (1)⇒ (2) : It follows from Definition 13 and Theorem 6.
(2)⇒ (1) : Similar to the discussion process from Definition 13 to Theorem 6, we can obtain a

result similar to Theorem 6. That is, from (2) we can get that A is a BCI-algebra. Hence, (2) implies (1).
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Similarly, (3)⇔ (1) and (4)⇔ (1). �
Finally, we discuss the relationships among general pseudo-BCI algebras, QM-pseudo-BCI

algebras and weak associative pseudo-BCI algebras (WA-pseudo-BCI algebras).
In fact, in every T-type pseudo-BCI algebra, there is a maximal WA-pseudo-BCI subalgebra.

That is, if (A; ≤,→, �, 1) is a T-type pseudo-BCI algebra, AG(A) the anti-grouped part of A, K(A) the
pseudo-BCK part of A, then Kqm(A)∪AG(A) is a WA-pseudo-BCI subalgebra of A, where Kqm(A) is the
set of all quasi-maximal element in K(A). For example, {c, d, 1} is a WA-pseudo-BCI subalgebra of the
pseudo-BCI algebra A in Example 3.

In general, in every pseudo-BCI algebra, there is a maximal QM-pseudo-BCI subalgebra. That is,
if (A; ≤,→, �, 1) is a pseudo-BCI algebra, AG(A) the anti-grouped part of A, K(A) the pseudo-BCK
part of A, then Kqm(A)∪AG(A) is a QM-pseudo-BCI subalgebra of A, where Kqm(A) is the set of all
quasi-maximal element in K(A).

6. Conclusions

In the study of pseudo-BCI algebras, the structures of various special pseudo-BCI algebras
are naturally an important problem. At present, the structures of several subclasses such as
quasi-alternating pseudo-BCI algebras and anti-grouped pseudo-BCI algebras are clear. In this paper,
we have studied an important subclass of pseudo-BCI algebras, that is, QM-pseudo-BCI algebras in
which every element is quasi-maximal. We obtain a very clear structure theorem of this subclass. At the
same time, we have studied a class of more special pseudo-BCI algebras, that is, weak associative
(WA) pseudo-BCI algebras in which every element is weak associative and obtained the structure
theorem of this subclass. These results enrich the research content of pseudo-BCI algebras and clearly
presented the relationships between various subclasses, which can be illustrated as Figure 1. Finally,
we show that the two types of pseudo-BCI algebras are very important, since (1) every pseudo-BCI
algebra contains a subalgebra which is QM-pseudo-BCI algebra, (2) every T-type pseudo-BCI algebra
contains a subalgebra which is WA-pseudo-BCI algebra. As a further study direction, we will discuss
the integration of related topics in the light of some new research findings in [32–34].

 
Figure 1. Main results in this paper.
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Abstract: Let P be a planar point set with no three points collinear, k points of P be a k-hole of P if the
k points are the vertices of a convex polygon without points of P. This article proves 13 is the smallest
integer such that any planar points set containing at least 13 points with no three points collinear,
contains a 3-hole, a 4-hole and a 5-hole which are pairwise disjoint.

Keywords: planar point set; convex polygon; disjoint holes

1. Introduction

In this paper, we deal with the finite planar point set P in general position, that is to say, no three
points in P are collinear. In 1935, Erdős and Szekeres [1], posed a famous combinational geometry
question: Whether for every positive integer m ≥ 3, there exists a smallest integer ES(m), such that any
set of n points (n ≥ ES(m)), contains a subset of m points which are the vertices of a convex polygon.
It is a long standing open problem to evaluate the exact value of ES(m). Erdős and Szekeres [2] showed
that ES(m) ≥ 2m−2 + 1, which is also conjectured to be sharp. We have known that ES(4) = 5 and
ES(5) = 9. Then by using computer, Szekeres and Peters [3] proved that ES(6) = 17. The value of
ES(m) for all m > 6 is unknown.

For a planar point set P, let k points of P be a k-hole of P if the k points are the vertices of
a convex polygon whose interior contains no points of P. Erdős posed another famous question in
1978. He asked whether for every positive integer k, there exists a smallest integer H(k), such that
any set of at least H(k) points in the plane, contains a k-hole. It is obvious that H(3) = 3. Esther Klein
showed H(4) = 5. Harborth [4] determined H(5) = 10, and also gave the configuration of nine points
with no empty convex pentagons. Horton [5] showed that it was possible to construct arbitrarily
large set of points without a 7-hole, That is to say H(k) does not exist for k ≥ 7. The existence of
H(6) had been proved by Gerken [6] and Nicolás [7], independently. In [8], Urabe first studied the
disjoint holes problems when hewas considering the question about partitioning of planar point sets.
Let Ch(P) stand for the convex hull of a point set P. A family of holes {Hi}i∈I is called pairwise
disjoint if Ch(Hi) ∩ Ch(Hj) = ∅, i 	= j; i ∈ I, j ∈ I. These holes are disjoint with each other. Determine
the smallest integer n(k1, ..., kl), k1 ≤ k2 ≤ ... ≤ kl , such that any set of at least n(k1, ..., kl) points of
the plane, contains a ki-hole for every i, 1 ≤ i ≤ l, where the holes are disjoint. From [9], we know
n(2, 4) = 6, n(3, 3) = 6. Urabe [8] showed that n(3, 4) = 7, while Hosono and Urabe [10] showed that
n(4, 4) = 9. In [11], Hosono and Urabe also gave n(3, 5) = 10, 12 ≤ n(4, 5) ≤ 14 and 16 ≤ n(5, 5) ≤ 20.
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The result n(3, 4) = 7 and n(4, 5) ≤ 14 were re-authentication by Wu and Ding [12]. Hosono and
Urabe [9] proved n(4, 5) ≤ 13. n(4, 5) = 12 by Bhattacharya and Das was published in [13], who also
discussed the convex polygons and pseudo-triangles [14]. Hosono and Urabe also changed the lower
bound on H(5, 5) to 17 [9], and Bhattacharya and Das showed the upper bound on n(5, 5) to 19 [15].
Recently, more detailed discussions about two holes are published in [16]. Hosono and Urabe in [9]
showed n(2, 3, 4) = 9, n(2, 3, 5) = 11, n(4, 4, 4) = 16. We showed n(3, 3, 5) = 12 in [17]. We have
proved that n(3, 3, 5) = 12 [17], n(4, 4, 5) ≤ 16 [18] and also discuss a disjoint holes problem in
preference [19]. In this paper, we will continue discussing this problem and prove that n(3, 4, 5) = 13.

2. Definitions

The vertices are on convex hull of the given points,from the remaining interior points. Let V(P)
denote a set of the vertices and I(P) be a set of the interior points of P. |P| stands for the number of
points contained in P. Let p1, p2, ..., pk be k points of P, we know that p1, p2, ..., pk be a k-hole H when
the k points are the vertices of a convex polygon whose interior does not contain any point of P. And we
simply say H = (p1 p2...pk)k. As in [9], let l(a, b) be the line passing points a and b. Determine the
closed half-plane with l(a, b), who contains c or does not contain c by H(c; ab) or H(c̄; ab), respectively.
R is a region in the plane. An interior point of R is an element of a given point set P in its interior,
and we say R is empty when R contains no interior points, and simply R = ∅. The interior region of
the angular domain determined by the points a, b and c is a convex cone. It is denoted by γ(a; b, c). a
is the apex. b and c are on the boundary of the angular domain. If γ(a; b, c) is not empty, we define
an interior point of γ(a; b, c) be attack point α(a; b, c), such that γ(a; b, α(a; b, c)) is empty, as shown in
Figure 1.

Figure 1. Figure of attack point.

For β = b or β = c of γ(a; b, c), let β
′

be a point such that a is on the line segment ββ
′ . γ(a; b

′
, c)

means that a lies on the segment bb′ . Let v1, v2, v3, v4 ∈ P and (v1v2v3v4)4 be a 4-hole, as shown in
Figure 2. We name l(v3, v4) a separating line, denoted by SL(v3, v4) or SL4 for simple, when all of the
remaining points of P locate in H(v1; v3v4).

Figure 2. Figure of separating line.

We identify indices modulo t, when indexing a set of t points.
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3. Main Result and Proof

Theorem 1. [9] For any planar point set with at least 13 points in general position, if there exists a separating
line SL4, which separates a 4-hole from all of the remaining points, we always can find a 3-hole, a 4-hole and
a 5-hole which are pairwise disjoint.

From [20], we know that 13 ≤ n(3, 4, 5) ≤ 14. In this note we will give the exact value of n(3, 4, 5),
that is the following theorem.

Theorem 2. n(3, 4, 5) = 13, that is to say, 13 is the smallest integer such that any planar point set with at
least 13 points in general position, we always can find a 3-hole, a 4-hole and a 5-hole which are pairwise disjoint.

Proof. Let P be a 13 points set. CH(P) = {v1, v2, ..., vl}. If we can find a 5-hole and a disjoint convex
region with at least 7 points remained, we are done by n(3, 4) = 7 [8]. That is to say, if we find a straight
line which separates a 5-hole from at least 7 points remained, the result is correct. We call such a line
a cutting line through two points u and v in P, denoted by L5(u, v). If we can find a 4-hole and the
vertices number of the remaining points is more than 4, we are done by Theorem 1, where the two
parts are disjoint. That is to say, if we can find such a cutting line through two points m and n in
P, denoted by L4(m, n), our conclusion is correct. Therefore, in the following proof, if we can find
a cutting line L5(u, v) or L4(m, n), our conclusion must be true.

In the following, we will assume there does not exist a separating line SL4. Then there must exist
a point pi, such that γ(pi; vi, v

′
i−1) and γ(pi; vi−1, v

′
i) are empty, as shown in Figure 3. Considering the

13 points, it is easy to know the conclusion is obvious right when |V(P)| ≥ 7. Next, we discuss the
considerations that 3 ≤ |V(P)| ≤ 6.

Figure 3. Figure of point determined by two separating lines.

Case 1 |V(P)| = 6.

Let vi ∈ V(P) for i = 1, 2, ...6. As shown in Figure 4, we have the points pi for i = 1, 2, ...6,
such that the shaded region is empty and we have 1 point p7 remained.

Figure 4. Figure of |V(P)| = 6

321



Symmetry 2018, 10, 447

As the isomorphism of geometry from Figure 4, we only discuss one case. And the rest could be
obtained in the same way.

Assume γ(v1; p1, v3)∩ γ(v3; v1, p2) = ∅. We have a cutting line L5(v1, α(v1; v3, v6)).
Assume γ(v1; p1, v3)∩ γ(v3; v1, p2) �= ∅. We have a cutting line L5(v1, p4).

Case 2 |V(P)| = 5.

Let vi ∈ V(P) for i = 1, 2, 3, 4, 5. We have 5 friend points pi for i = 1, 2, 3, 4, 5 as shown in
Figure 5. Then we have 3 points r1, r2, r3 remained.

Figure 5. Figure of |V(P)| = 5.

Assume γ(p1; v
′
1, p3)∩ γ(p2; v

′
3, v

′
2) = ∅. We have a cutting line L5(p1, α(p1; p3, v

′
2)).

Assume γ(p3; v
′
3, p5)∩ γ(p4; v

′
4, v

′
5) = ∅. We have a cutting line L5(p3, α(p3; p5, p1)).

Assume γ(p1; v
′
1, p3) ∩ γ(p2; v

′
3, v

′
2) �= ∅ and γ(p3; v

′
3, p5) ∩ γ(p4; v

′
4, v

′
5) �= ∅. Suppose

γ(p1; v
′
2, p3) ∩ γ(p5; v

′
5, p3) = ∅. If γ(p1; v

′
1, p3) ∩ γ(p2; v

′
3, v

′
2) has two of the remaining

points say r1, r2, r3 ∈ γ(p5; p3, v5), let r1 = α(p3; p1, v
′
4): and if r2 ∈ γ(r1; p2, p

′
3) �= ∅,

we have a cutting line L5(r1, p3); and if r2 ∈ γ(r1; p
′
1, p3), we have (v2v3 p2)3, (p1r1r2 p3v1)5 and

a 4-hole from the remaining points; and if r2 ∈ γ(r1; p2, p
′
1), we have a cutting line L5(p1, r1).

If γ(p5; p3, v5)∩ γ(v4; p3, p4) has two of the remaining points, symmetrically, the conclusion is also
right. Suppose γ(p1; v

′
2, p3)∩ γ(p5; v

′
5, p3) �= ∅. We may suppose r1 ∈ γ(p1; v

′
1, p3)∩ γ(p2; v

′
3, v

′
2),

r2 ∈ γ(p1; v
′
2, p3)∩ γ(p5; v

′
5, p3), r3 ∈ γ(p3; v4, p5) ∩ γ(p4; v

′
4, v

′
5). If γ(r2; p1, p

′
3) �= ∅, we have

(v2v3 p2)3, (p1r1 p3r2v1)5 and a 4-hole from the remaining points. If γ(r2; p3, p
′
1) �= ∅, we have

(v2v3 p2)3, (r2 p1r1 p3α(r2; p3, p
′
1))5 and a 4-hole from the remaining points. If γ(r2; p1, p

′
3) = ∅ and

γ(r2; p3, p
′
1) = ∅, we have (v4v5 p4)3, (r3 p5v1r2 p3)5 and a 4-hole from the remaining points.

Case 3 |V(P)| = 4.

Let vi ∈ V(P) for i = 1, 2, 3, 4. We have 4 friend points pi for i = 1, 2, 3, 4. Then we have 5 points
r1, r2, r3, r4, r5 remained as shown in Figure 6.
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Figure 6. Figure of |V(P)| = 4.

If γ(p1; v
′
1, v

′
2) ∩ H(p1; p2 p4) = ∅ or γ(p3; v

′
3, v

′
4) ∩ H(p3; p2 p4) = ∅, we have a cutting

line L5(p4, α(p4; p2, v
′
1)) or L5(p4, α(p4; p2, v

′
4)). Then we will consider that γ(p1; v

′
1, v

′
2) ∩

H(p1; p2 p4) �= ∅ and γ(p3; v
′
3, v

′
4)∩ H(p3; p2 p4) �= ∅.

Assume one of the five points say r1 ∈ γ(p1; v
′
1, v

′
2) ∩ H(p1; p2 p4) and the remaining

four say ri ∈ γ(p3; v
′
3, v

′
4) ∩ H(p3; p2 p4), i = 2, 3, 4, 5. (If γ(p1; v

′
1, v

′
2) ∩ H(p1; p2 p4) has four

points and γ(p1; v
′
1, v

′
2) ∩ H(p1; p2 p4) has one point, symmetrically, the conclusion is also right).

Let r2 = α(p4; p2, v
′
1).

Suppose r1 ∈ γ(p1; v
′
1, p2) or r1 ∈ γ(p1; v

′
2, p4). We always have a cutting line L5(p2, p4).

Suppose r1 ∈ γ(p1; p4, r2)∩ H(p1; p2 p4)). We have (v1v4 p4)3, (p1v2 p2r2r1)5 and a 4-hole from the
remaining points. Suppose r1 ∈ γ(p1; p2, r2)∩ H(p1; p2 p4). We have (v2v3 p2)3, (p1v1 p4r2r1)5 and
a 4-hole from the remaining points.

Assume two of the five points, say r1, r2 ∈ γ(p1; v
′
1, v

′
2)∩ H(p1; p2 p4) and the remaining three

say ri ∈ γ(p3; v
′
3, v

′
4)∩ H(p3; p2 p4), i = 3, 4, 5. (If γ(p1; v

′
1, v

′
2)∩ H(p1; p2 p4) has three points and

γ(p1; v
′
1, v

′
2)∩ H(p1; p2 p4) has two points, symmetrically, our conclusion is also right.)

Suppose γ(p2; v1, p4) = ∅. If γ(p2; v1, p1) �= ∅, let r1 = α(p2; v1, p1), we have (r2 p1v2)3,
(p4v1r1 p2α(p2; p4, v

′
2))5 and a 4-hole from the remaining points. If γ(p2; v1, p1) = ∅, we have

(r1r2v2)3, (p4v1 p1 p2α(p2; p4, v
′
2))5 and a 4-hole from the remaining points. Suppose γ(p2; v1, p4) �=

∅. Let r1 = α(p2; p4, v1). If r2 ∈ γ(r1; p1, p
′
2), we have (v1v4 p4)3, (r1r2 p1v2 p2)5 and a 4-hole from

the remaining points. If r2 ∈ γ(r1; p1, p
′
4), we have (v2 p2v3)3, (v1 p1r2r1 p4)5 and a 4-hole from the

remaining points. If r2 ∈ γ(r1; p2, p
′
4), we have (v1v2 p1)3, (p4r1r2 p2α(p2; p4, v

′
2)5 and a 4-hole from

the remaining points.

Case 4 |V(P)| = 3.

Let v1, v2, v3 ∈ V(P). We have 3 friend points p1, p2, p3 and 7 points remained. As shown in
Figure 7, denote γ(p1; v

′
2, p3)∩ γ(p3; v

′
3, p1) = T1, γ(p1; v

′
1, p2)∩ γ(p2; v

′
3, p1) = T2, γ(p2; v

′
2, p3)∩

γ(p3; v
′
1, p1) = T3.

Without loss of generality, we assume |T3| ≥ |T1| ≥ |T2|.
(1) |T3| = 7.

We have a cutting line L5(p2, α(p2; p3, v
′
2))).

(2) |T3| = 6.

Name the remaining one r1. If r1 ∈ γ(p3; v
′
3, p1) or r1 ∈ γ(p2; v

′
3, p1), we have a cutting line

L5(p2, p3). If r1 ∈ γ(p3; p1, p2) ∩ γ(p1; p2, p3): and if γ(r1; p3, p
′
1) �= ∅, we have a cutting line
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L5(r1, α(r1; p3, p
′
1)); and if γ(r1; p3, p

′
1) = ∅, we have (v1v3 p3)3, (r1 p1v2 p2α(r1; p2, p

′
1))5 and a

4-hole from the remaining points.

(3) |T3| = 5.

Name the remaining two points r1, r2. Then we will discuss the region γ(p3; v1, p1), as shown in
Figure 8.

Figure 7. Figure of |V(P)| = 5.

Figure 8. Figure of |T3| = 5

Assume γ(p3; v1, p1) = ∅. (If γ(p1; p2, v2) = ∅, by the similar reason our conclusion is also
right.) Let r1 = α(p3; p1, p2). Suppose r1 ∈ γ(p2; p1, p3).

If r2 ∈ γ(r1; p3, p
′
1), we have a cutting line L5(p3, r2). If r2 ∈ γ(p2; r1, p1): and if γ(r1; p3, p

′
1) �=

∅, we have (r2 p2v2)3, (p3v1 p1r1α(r1; p3, p
′
1))5 and a 4-hole from the remaining points; and if

γ(r1; p3, p
′
1) = ∅, we have (v1v2 p1)3, (p3r1r2 p2α(p2; p3, v3))5 and a 4-hole from the remaining points.

Suppose r1 ∈ γ(p2; p1, v
′
3). If r2 ∈ γ(r1; p3, p

′
1), we have a cutting line L5(p3, r2). If r2 ∈ γ(r1; p

′
1, p

′
3),

we have (r1v2 p2)3, (p3v1 p1r1α(r1; p3, p2))5 and a 4-hole from the remaining points.
Assume γ(p3; v1, p1) �= ∅ and γ(p1; p2, v2) �= ∅. Then we suppose γ(p3; v1, p1) has one point

say r1 and γ(p1; p2, v2) has one point say r2. If γ(r1; p1, p
′
2) �= ∅, we have a cutting line L5(p2, r1).

If γ(r1; p1, p
′
2) = ∅, we have a cutting line L5(r1, α(r1; p2, p3).

(4) |T3| = 4.
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Name the remaining three points r1, r2, r3. Then we will discuss the region γ(p3; p1, v
′
3), as shown

in Figure 9.

Figure 9. Figure of |T3| = 4

(a) Assume r1, r2, r3 ∈ γ(p3; p1, v
′
3). Let r1 = α(p3; p1, v

′
3). We have (v1 p2 p3)3, (r1 p1v2 p2 p3)5 and

a 4-hole from the remaining points.
(b) Assume two of ri, i = 1, 2, 3, say r1, r2 ∈ γ(p3; p1, v

′
3). Suppose r3 ∈ γ(p2; p1, p3) ∩

γ(p3; p1, p2). If γ(r3; p1, p
′
2) �= ∅: we have a 4-hole from {r4, r5, r6, r7, v3},

(p1v2 p2r3α(r3; p1, p
′
2))5 and a 3-hole from the remaining points. If γ(r3; p1, p

′
2) �= ∅,

we have(r3 p1v2 p2α(r3; p2, p
′
1))5, (r1r2v1)3 and a 4-hole from the remaining points.

If γ(r3; p1, p
′
2) = ∅ and γ(r3; p1, p

′
2) = ∅, we have a cutting line L4(p2, r3).

(c) Assume one of ri, i = 1, 2, 3, say r1 ∈ γ(p3; p1, v
′
3).

Suppose γ(r3; p1, v2) = ∅. We have a cutting line L5(p3, r2).

Suppose γ(p3; p1, v2) �= ∅. Let r2 = α(p3; p1, v2). If r2 ∈ γ(p1; v
′
1, p2), we have a cutting

line L5(r2, α(r2; p3, p2)). Then we suppose r2 ∈ γ(p1; p2, p3). If r1 ∈ γ(r2; p
′
2, p1): and if

r3 ∈ γ(r2; p3, p
′
1), we have a cutting line L5(r2, r3); and if r3 ∈ γ(r2; p2, p

′
1), we have (v1r1 p3)3,

(p1v2 p2r3r2)5 and a 4-hole from the remaining points; and if r3 ∈ γ(r2; p2, v2), we have
(v1v3 p3)3, (r1 p1v2r3r2)5 and a 4-hole from the remaining points; and if r3 ∈ γ(r2; v2, p

′
3),

we have a cutting line L5(v2, p3). If r1 ∈ γ(r2; p
′
2, p3): and if r3 ∈ γ(r2; p3, p

′
1), we have a cutting

line L5(r2, α(r2; p3, p
′
1)); and if r3 ∈ γ(r2; p2, p

′
1), we have (v1r1 p3)3, (r2 p1v2 p2r3)5 and a 4-hole

from the remaining points; and if r3 ∈ γ(r2; r
′
1, p2), we have (v1v2 p1)3, (p3r1r2r3 p2)5 and

a 4-hole from the remaining points; and if r3 ∈ γ(r2; v2, r
′
1), we have (v1v3 p3)3, (r1 p1v2r3r2)5 and

a 4-hole from the remaining points; and if r3 ∈ γ(r2; p
′
3, v2), we have (v1r1 p1)3, (p3r2r3v2 p2)5

and a 4-hole from the remaining points.
(d) Assume γ(p3; p1, v

′
3) = ∅. By the same reason, we also assume γ(p1; p2, v

′
1) = ∅. Then we will

discuss the region γ(v1; p1, p2), as shown in Figure 10.
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Figure 10. Figure of |T3| = 4 with shaded region nonempty.

(d1) Suppose γ(v1; p1, p2) = ∅. Let r1 = α(p1; p3, p2) within (p1 p2 p3).

If γ(r1; p1, p
′
3) �= ∅, we have (v2v3 p2)3, (r1 p3v1 p1α(r1; p1, p

′
3))5 and a 4-hole from the

remaining points.

If γ(r1; p1, p
′
3) = ∅: and if γ(r1; p3, p

′
1) �= ∅, we have (v2v3 p2)3,

(p3v1 p1r1α(r1; p3, p1))5 and a 4-hole from the remaining points; and if γ(r1; p3, p
′
1) = ∅,

let r2 = α(r1; p
′
3, p

′
1) within (p1 p2 p3), we have (v1v3 p3)3, (r1 p1v2r2r3)5 and a 4-hole

from the remaining points when r3 ∈ γ(r2; r1, v
′
2)∩ γ(r1; r2, p

′
1), we have (v1 p1r1 p3)4,

(r3r2v2 p2α(r3; p2, r2))5 and a 3-hole from the remaining points when r3 ∈ γ(r2; p
′
1, v

′
2)

and γ(p3; p2, v
′
1) ∩ γ(r3; p2, r

′
2) �= ∅, we have (v1v2 p1)3, (p3r1r2r3α(r3; p3, r

′
2))5 and

a 4-hole from the remaining points when r3 ∈ γ(r2; p
′
1, v

′
2) and γ(p3; p2, v

′
1) ∩

γ(r3; p2, r
′
2) = ∅, we have (v1r1 p3)3, (p1v2 p2r3r2)5 and a 4-hole from the remaining

points when r3 ∈ γ(r2; p
′
1, p2), we have (v1v2 p1)3, (p3r1r2r3 p2)5 and a 4-hole from the

remaining points when r3 ∈ γ(r2; r
′
1, p2).

(d2) Suppose γ(v1; p1, p2) has one of the r1, r2, r3, say r1 ∈ γ(r1; p1, p2). Let r2 = α(p2; p1, p3).

If r2 ∈ γ(r1; p2, p3), we have (v2v3 p2)3, (r1 p1v1 p3r2)5 and a 4-hole from the
remaining points.

If r2 ∈ γ(r1; p1, p3): and if r3 ∈ γ(r2; r1, p3), we have (v1v2 p1)3, (r3r2r1 p2 p3)5 and
a 4-hole from the remaining points; and if r3 ∈ γ(r2; p3, p

′
1), we have (v2v3 p2)3,

(v1 p1r2r3 p3)5 and a 4-hole from the remaining points; and if r3 ∈ γ(r2; p
′
1, v

′
1),

we have a cutting line L5(r1, α(r1; p2, p
′
1)) when γ(r1; p2, p

′
1) �= ∅, we have (v2v3 p2)3,

(r3r2 p1r1α(r3; r1, r
′
2))5 and a 4-hole from the remaining points when γ(r1; p2, p

′
1) = ∅

and γ(r3; r1, r
′
2) �= ∅, we have (r1 p1v2 p2)4, (p3v1r2r3α(r3; p3, r

′
2))5 and a 3-hole from the

remaining points when γ(r1; p2, p
′
1) = ∅ and γ(r3; r1, r

′
2) = ∅.

If r2 ∈ γ(r1; p2, p3), we have (v2v3 p2)3, (p3v1 p1r1r2)5 and a 4-hole from the
remaining points.

(d3) Suppose γ(v1; p1, p2) has two of the points r1, r2, r3, say r1, r2 ∈ γ(r1; p1, p2).
Let r1 = α(p2; p1, p3).

If γ(r1; p2, p
′
1) �= ∅, we have a cutting line L5(r1, α(r1; p2, p

′
1)).

If γ(r1; p2, p
′
1) = ∅, let r2 = α(p1; p2, p2): and if r2 ∈ γ(v1; p2, p3), we have a cutting

line L5(r2, r3) when r3 ∈ γ(r2; p1, p3), we have (v1 p1v2)3, (p3r2r3r1 p2)5 and a 4-hole
from the remaining points when r3 ∈ γ(r2; p3, r1), we have (v2v3 p2)3, (r2v1 p1r1 p3)5
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and a 4-hole from the remaining points when r3 ∈ γ(r1; r2, p
′
1), we have (v1 p3v3)3,

(r1 p1v2 p2r3)5 and a 4-hole from the remaining points when r3 ∈ γ(r1; p2, p
′
1); and if

r2 ∈ γ(v1; p1, p2), we have (p1r1 p2v2)4, (p1v1r1r3α(r3; p3, r
′
2))5 and a 3-hole from

the remaining points when γ(r2; r3, p
′
1) ∩ γ(p2; p3, v

′
2) �= ∅, we have a cutting line

L5(r1, α(r1; p2, p
′
1)), when γ(r1; p2, p

′
1) �= ∅, we have (v1v3 p3)3, (r3r2 p1r1α(r1; r3, p

′
1))5

and a 4-hole from the remaining points when γ(r2; r3, p
′
1) ∩ γ(p2; p3, v

′
2) = ∅ and

γ(r1; p2, p
′
1) = ∅.

(d4) Suppose γ(v1; p1, p2) has all of the three points r1, r2, r3. Let r1 = α(p1; p3, p2),
r2 = α(p1; p2, p3).

If γ(r1; p3, p
′
1) �= ∅ or γ(r2; p2, p

′
1) �= ∅, we always have a cutting line L5.

If γ(r1; p3, p
′
1) = ∅ and γ(r2; p2, p

′
1) = ∅: and if r3 ∈ γ(r1; p1, p

′
3), we have a cutting

line L5(p3, r1); and if r3 ∈ γ(r1; p
′
3, p2)∩ γ(r2; p

′
2, r1), we have (v1v2 p1)3, (p3r1r3r2 p2)5

and a 4-hole from the remaining points; and if r3 ∈ γ(r2; p1, p
′
2), we have a cutting

line L5(p2, r2); and if r3 ∈ γ(r2; p
′
1, v

′
2), we have (v1 p1r1 p3)4, (r3r2v2 p2α(r3; p2, r

′
2))5

and a 3-hole from the remaining points when γ(r3; p2, r
′
2) ∩ γ(v1; p2, p3) �= ∅,

we have (v2v3 p2)3, (r1 p1r2r3α(r3; p3, r
′
2))5 and a 4-hole from the remaining points when

γ(r3; p2, r
′
2)∩ γ(v1; p2, p3) �= ∅.

(5) |T3| = 3. Let r1, r2, r3 ∈ T3.

(a) |T1| = 3.

Let r4, r5, r6 ∈ T1. Name the remaining one point r7. Assume r7 ∈ γ(v2; p3, p2), as shown in
Figure 11.

Figure 11. Figure of |T1| = 3.

Symmetrically, our conclusion is also right when r7 ∈ γ(v2; p3, p1). Let r4 = α(p3; p1, v
′
3).

We have (r5r6v1)3, (r4 p1v2r7 p3)5 and a 4-hole from the remaining points.
(b) |T1| = 2.

Let r4, r5 ∈ T1. Name the remaining two points r6, r7.

(b1) |T2| = 2. Let r6, r7 ∈ T2.

Assume γ(v1; p1, p2) = ∅. Let r4 = α(p2; v1, p3). Suppose r5 ∈ γ(r4; p
′
2, p3).

We have a cutting line L5(p1, p3). Suppose r5 ∈ γ(r4; v
′
1, p3). If γ(r5; p3, r

′
4) �= ∅,

we have a cutting line L5(r5, α(r5; p3, v
′
4)). If γ(r5; p3, r

′
4) = ∅, we have a cutting

line L5(r1, α(r1; p1, p2) where r1 = α(p1; p3, p2). Suppose r5 ∈ γ(r4; p
′
2, v

′
1). We have

(r6r7v2)3, (r4v1 p1 p2r5)5 and a 4-hole from the remaining points.
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Assume γ(v1; p1, p2) has one of r4, r5. Let r4 ∈ α(v1; p1, p2). Suppose r5 ∈ α(r4; p
′
1, v1).

If γ(r4; p2, v
′
1) = ∅, we have (r2r3v3)3, (r5r4 p2r1 p3)5 and a 4-hole from the remaining

points where r1 = α(p2; p3, v3). If γ(r4; p2, v
′
1) �= ∅, we have (p1v2r7)3, (v1r4r6 p2r5)5

and a 4-hole from the remaining points where r6 = α(r4; p2, v
′
1).

Assume γ(v1; p1, p2) has r4, r5. Let r4 ∈ α(p2; v1, p1), r1 = α(p2; p3, v3). we have
(r2r3v3)3, (p2r1 p3v1r4)5 and a 4-hole from the remaining points.

(b2) |T2| = 1.

Let r6 ∈ T2 and r7 ∈ (p1 p2 p3), as shown in Figure 12.

Figure 12. Figure of |T2| = 1.

Assume r6 ∈ γ(r7; p
′
3, p2). We have (r2r3v3)3, (p3r7r6 p2r1)5 and a 4-hole from the

remaining points where r1 = α(p2; p3, v3). Assume r6 ∈ γ(r7; p
′
3, v2). We have (r4r5v1)3,

(p1v2r6r7 p3)5 and a 4-hole from the remaining points. Assume r6 ∈ γ(r7; p1, v2).
If γ(r7; r

′
6, p2) �= ∅, we have (r2r3v3)3, (p6r7r1 p2v2)5 and a 4-hole from the remaining

points where r1 = α(r7; p2, r
′
6). If γ(r7; r

′
6, p2) = ∅, we have (v2v3 p2)3, (p1r6r7r1 p3)5

and a 4-hole from the remaining points where r1 = α(r7; p3, p
′
1).

(b3) |T2| = 0.

Let r6, r7 ∈ (p1 p2 p3). Then we will discuss the region γ(p3; p1, v1), as shown in Figure 13.

Figure 13. Figure of |T2| = 0.
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Assume γ(p3; p1, v1) = ∅. Suppose γ(r6; p3, v
′
2) �= ∅. We have (p3 p1v2r6α(r6; p3, v

′
2))5,

(r4r5v1)3 and a 4-hole from the remaining points. Suppose γ(r6; p3, v
′
2) = ∅.

If γ(r7; r
′
6, p2)∩ γ(p2; r7, v

′
2) �= ∅, we have (r2r3v3)3, (r6v2 p2r1r7)5 and a 4-hole from

the remaining points where r1 = α(r7; p2, r
′
6). If γ(r7; r

′
6, p2) ∩ γ(p2; r7, v

′
2) = ∅,

we have (v2v3 p2)3, (r1r7r6 p1α(r1; p1, p3))5 and a 4-hole from the remaining points where
r1 = α(p1; r7, p3) within γ(p3; p2, v3).

Assume γ(p3; p2, v1) = ∅. We have (r2r3v3)3, (r1 p3r6v2 p2)5 and a 4-hole from the
remaining points where r1 = α(p3; p2, v3) and r6 = α(p3; v2, p1).

Assume γ(p3; p1, v2) �= ∅ and γ(p3; p1, v2) �= ∅. We may assume r6 ∈ γ(p3; p1, v2)

and r7 ∈ γ(p3; p1, v2). Suppose r7 ∈ γ(r6; p2, p
′
1). We have (r4r5v1)3, (r6r7 p2v2 p1)5

and a 4-hole from the remaining points. Suppose r7 ∈ γ(r6; p3, p
′
1). If γ(r7; r

′
6, p2) �=

∅, we have (r2r3v3)3, (r7r6v2 p2r1)5 and a 4-hole from the remaining points where
r1 = α(p2; r7, v

′
2). If γ(r7; r

′
6, p2) = ∅: and if γ(r7; p1, v1) = ∅, we have (r2v3 p2)3,

(v1 p1r6r7r4)5 and a 4-hole from the remaining points where r4 = α(r7; p1, p3) within
γ(p3; p1, v1); and if γ(r7; p1, v1) �= ∅, we have (r2v3 p2)3, (r4 p1r6r7r1)5 and a 4-hole from
the remaining points where r4 = α(r7; p1, v1).

(c) |T1| = 1. Let r4 ∈ T1.

(c1) |T2| = 1. Let r5 ∈ T2 and r6, r7 ∈ (p1 p2 p3).

Firstly, consider r4 ∈ γ(v1; p1, p2), then we will discuss the region γ(v1; p1, p2) ∩
(p1 p2 p3) = ∅, as shown in Figure 14.

Figure 14. Figure of |T1| = 1 and |T2| = 1.

Assume γ(v1; p1, p2) ∩ (p1 p2 p3) = ∅. We have a cutting line L5(r4, α(r4; p2, p
′
1)).

Assume γ(v1; p1, p2) ∩ (p1 p2 p3) �= ∅. Let r6 = α(p2; p1, v1). If γ(r6; p2, p
′
1) �= ∅,

we have a cutting line L5(r4, α(r6; p2, p
′
1)). Then we may assume γ(r6; p2, p

′
1) = ∅.

Suppose r5 ∈ γ(r6; v2, r
′
4). If r7 ∈ γ(r6; p

′
2, r4), we have (p1v2r5)3,

(r4r7r6 p2α(r4; p2, p3))5 and a 4-hole from the remaining points. If r7 ∈ γ(r6; p
′
1, r4),

we have a cutting line L5(r4, r6).

Suppose r5 ∈ γ(r6; v2, p1). If γ(r6; r
′
5, p

′
1) �= ∅, we have (v1r4 p1)3,

(r6r5v2 p2α(r6; p2, r
′
5))5 and a 4-hole from the remaining points. If γ(r6; r

′
5, p

′
1) = ∅:

and if r7 ∈ γ(r6; r4, r
′
5), we have (v2v3 p2)3, (r4 p1r5r6r7)5 and a 4-hole from the

remaining points; and if r7 ∈ γ(r6; r4, p
′
2), we have (p1v2r5)3, (r4r7r6 p2α(r4; p2, p3))5

and a 4-hole from the remaining points. Suppose r5 ∈ γ(r6; p2, r
′
4). If r7 ∈ γ(r6; p

′
2, r4),
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we have (p1v2r5)3, (p2r6r7r4α(r4; p2, p3))5 and a 4-hole from the remaining points.
If r7 ∈ γ(r6; r4, p2) ∩ H(r6; r4 p2), we have (p1v2r6r5)3, (p3r4r7 p2α(p3; p2, v

′
1))5 and a

3-hole from the remaining points. If r7 ∈ γ(p2; r4, v1), we have (v1v2 p1)3, (r1r6r5 p2r7)5

and a 4-hole from the remaining points. If r7 ∈ γ(p2; v1, p3), we have (p1v2r5)3,
(v1r4r6 p2r7)5 and a 4-hole from the remaining points.

Secondly, consider r4 ∈ γ(v1; p2, p3), then we will discuss the region γ(r4; p2, p3) ∩
(p1 p2 p3) = ∅, as shown in Figure 15.

Figure 15. Figure of |T1| = 1 and |T2| = 1 with shaded region nonempty.

Assume γ(r4; p2, p3) ∩ (p1 p2 p3) = ∅. We have (r2r3v3)3, (r1 p3r4r6 p2)5 and a 4-hole
from the remaining points where r1 = α(p3; p2, v3), r6 = α(r4; p2, p1). Assume
γ(r4; p1, p2)∩ (p1 p2 p3) = ∅. We have L5(p2, r4). Assume γ(r4; p2, p3)∩ (p1 p2 p3) �=
∅ and γ(r4; p1, p2) ∩ (p1 p2 p3) �= ∅. Then we may assume r6 ∈ γ(r4; p2, p3), r7 ∈
γ(r4; p1, p2). Suppose r6 ∈ γ(r4; v

′
1, p3) ∩ (p1 p2 p3). If γ(r6; r

′
4, p3) �= ∅, we have

(p1r5 p2r7)4, (v1r4r6r1 p3)5 and (r2r3v3)3 where r1 = α(r6; p3, r
′
4). If γ(r6; r

′
4, p3) = ∅:

and if r7 ∈ γ(r4; v1, p2) ∩ γ(v1; p2, r4), we have L5(p2; r4); and if r7 ∈ γ(r4; r5, p2) ∩
γ(p2; p1, v1), we have L5(r4; r7); and if r7 ∈ γ(r4; p1, r5), we have (v1v2 p1)3,
(r4r7r5 p2r6)5 and a 4-hole from the remaining points. Suppose r6 ∈ γ(r4; v

′
1, p2) ∩

(p1 p2 p3). If r7 ∈ γ(v1; p1, p2)∩ (p1 p2 p3), we have (r5v2 p1)3, (v1r7 p2r6r4)5 and a 4-hole
from the remaining points. If r7 ∈ γ(v1; p2, r4)∩ γ(r4; p1, p2): and if r7 ∈ γ(r7; r

′
4, p1),

we have L5(r4, r7); and if r5 ∈ γ(r7; r
′
4, p2), we have (v1v2 p1)3, (r4r7r5 p2r6)5 and a 4-hole

from the remaining points.
(c2) |T2| = 0.

Denote r1, r2, r3 ∈ T3, r4 ∈ T2, r5, r6, r7 ∈ (p1 p2 p3). Let r5 = α(p3; p1, p2)

within (p1 p2 p3). If γ(r5; p
′
1, p3) �= ∅, we have L5(r5; α(r5; p3, p

′
1)). Then we assume

γ(r5; p
′
1, p3) = ∅, and we will discuss the region γ(r5; p1, p2)∩ (p1 p2 p3) = ∅, as hown

in Figure 16.

330



Symmetry 2018, 10, 447

Figure 16. Figure of |T1| = 1 and |T2| = 0.

Assume γ(r5; p1, p2)∩ (p1 p2 p3) = ∅, we have (v1r4 p3)3, (r5 p1v2 p2α(p2; r5, p3))5 and
a 4-hole from the remaining points.

Assume γ(r5; p2, p3)∩ (p1 p2 p3) = ∅. Let p6 = α(r5; p2, p
′
3). Suppose r4 ∈ γ(r5; p3, r

′
6).

We have (r2r3v3)3, (p2r1 p3r4α(r4; p2, p
′
3))5 and a 4-hole from the remaining points where

r1 = α(p2; p3, v
′
2). Suppose r4 ∈ γ(r5; p1, r

′
6). We have (r2r3r4)3, (p2r1 p3r5r6)5 and

a 4-hole from the remaining points where r1 = α(p2; p3, v
′
2).

Assume γ(r5; p1, p2)∩ (p1 p2 p3) �= ∅ and γ(r5; p2, p3)∩ (p1 p2 p3) �= ∅. Without loss
of generality, we suppose r6 ∈ γ(r5; p1, p2), r7 ∈ γ(r5; p2, p3).

Firstly, we may assume r6 ∈ γ(r5; v2, p2). Suppose r4 ∈ γ(r6; p7, p
′
2). We have L5(p2, r6).

Suppose r4 ∈ γ(r5; r
′
6, p1) ∩ H(r5; r6 p2). We have a cutting line L5(r5, r6). Suppose

r4 ∈ γ(r6; p
′
6, p

′
1). If r7 ∈ γ(r4; p2, p3), we have (v1v2 p1)3, (v4r5r6 p2r7)5 and a 4-hole

from the remaining points. If r7 ∈ γ(p2; r4, p5), we have (v3r2r3)3, (v1 p1r6r5)4 and
(p3r4r7 p2r1)5 where r1 = α(p2; p3, v

′
2).

Secondly, we have may assume r6 ∈ γ(r5; v2, p
′
3), we have (v1 p1r4)3, (r5r6v2 p2r7)5 and

a 4-hole from the remaining points.

(d) |T1| = 0. |T2| = 0.

Let r4, r5, r6, r7 ∈ (p1 p2 p3). And r1 = α(p3; p2, v3), r4 = α(p3; p2, p1), r5 = α(p2; p1, r4).
If γ(r4; p2, p

′
3) �= ∅, we have (r2r3v3)3, (p2r1 p3r4α(r4; p2, p

′
3))5 and a 4-hole from the

remaining points. Assume r5 ∈ γ(r4; p1, p3). If γ(r5; p2, p
′
1) �= ∅, we have a cutting

line L5(r5; α(r5; p2, p
′
1)). Then we will discuss the region γ(v4; p1, p

′
2) ∩ (p1 p2 p3) and

γ(r4; p1, p
′
3)∩ γ(p1; p5, r4), as shown in Figure 17.
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Figure 17. Figure of |T1| = 1 and |T2| = 0 with shaded region nonempty.

Assume γ(v4; p1, p
′
2)∩ (p1 p2 p3) = ∅. We have (r7r5v2)3, (r4 p3v1 p1r6)5 and a 4-hole from the

remaining points where r6 = α(r4; p1, p
′
3).

Assume γ(r4; p1, p
′
3) ∩ γ(p1; p5, r4) = ∅. Let r6 = α(p1; p3, r4). Suppose r7 ∈ γ(r6; r4, p

′
1).

We have (v1v2 p1)3, (p2r4r7r6r5)5 and a 4-hole from the remaining points. Suppose
r7 ∈ γ(r6; r4, v

′
1)∩ γ(r4; p1, p

′
2). We have (r1r2r3)3, (p1v2 p2r5)4 and (r4 p3v1r6r7)5. Suppose

r7 ∈ γ(r6; r5, v
′
1) ∩ γ(r4; p1, p

′
2). We have (v3r2r3)3, (r4 p2r1 p3)4 and (r6v1 p2r5r7)5. Suppose

r7 ∈ γ(r6; r5, p
′
2). We have (v1v2 p2)3, (r4 p3r6r7r5)5 and a 4-hole from the remaining points.

Suppose r7 ∈ γ(r6; p1, r
′
3). We have a cutting line L5(p3, r6).

Assume γ(v4; p1, p
′
2) ∩ (p1 p2 p3) �= ∅ and γ(r4; p1, p

′
3) ∩ γ(p1; p5, r4) �= ∅. Without loss of

generality, assume r6 ∈ γ(r4; p1, p
′
2)∩ (p1 p2 p3), r7 ∈ γ(r4; p1, p

′
3)∩ γ(p1; p5, r

′
4).

Suppose r6 ∈ γ(r5; p3, p
′
1). We have a cutting line L5(r6, α(r6; p1, p

′
3).

Suppose r6 ∈ γ(r5; p3, p1)∩γ(v1; r4, p3). If r7 ∈ γ(r5; p3, p
′
2)∩γ(p1; r5, r4), we have (v2 p2r5)3,

(v1 p1r7r4r6)5 and a 4-hole from the remaining points. If r7 ∈ γ(r5; p
′
3, p

′
1) ∩ γ(r4; p1, p

′
3),

we have (v2 p2 p3)3, (v1 p1r5r7r6)5 and a 4-hole from the remaining points.

Suppose r6 ∈ γ(r5; p3, p1) ∩ γ(v1; r1, p1). If r7 ∈ γ(r6; r4, v
′
1), we have (v1r6r7r4 p3)5,

(p1v2 p2r5)4 and (r1r2r3)3. If r7 ∈ γ(r6; r5, v
′
1), we have (v2v3 p2)3, (v1 p1r5r7r6)5 and a 4-hole

from the remaining points.

(6) |T3| = 2.

Let r1, r2 ∈ T3 and r1 = α(p2; p3, v
′
1). Assume r2 ∈ γ(r1; p2, v3). We have (p2r1r2v3)4 and the

remaining 9 points are in H(v3; p2 p3), as shown in Figure 18.
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Figure 18. Figure of |T3| = 2.

By the discussion of Part One, we know our conclusion is right. Assume r2 ∈ γ(r1; p
′
3, v2).

We have (p3r1r2v2)4. By the discussion of Part One, we know our conclusion is also right. Assume
r2 ∈ γ(r1; p

′
3, p2). We have a cutting line L5(p2, α(p2; p3, p1)).

(7) |T3| = 1.

Let r1 ∈ T3, r2 ∈ T1, r3 ∈ T2 and r4, r5, r6, r7 ∈ (p1 p2 p3). Let r4 = α(p3; p2, p1) within (p1 p2 p3).
Assume r4 ∈ γ(p3; p1, v1), as shown in Figure 19.

Figure 19. Figure of |T3| = 1.

If r2 ∈ γ(v1; p2, p3), we have a cutting line L5(r2, α(r2; p2, p1)). If r2 ∈ γ(v1; p2, p1), we have
a cutting line L5(v1, α(v1; p2, p1)). Assume r4 ∈ γ(p3; p2, v1). If γ(r4; p3, p

′
2) �= ∅, we have a

cutting line L5(r4, α(r4; p3, p
′
2)). If γ(r4; p2, p

′
3) �= ∅, we have a cutting line L5(r4; α(r4; p2, p

′
3)).

If γ(r4; p3, p
′
2) = ∅ and γ(r4; p2, p

′
3) = ∅: and if r1 ∈ γ(r4; p2, v3), we have (r4 p3v3r1)4; and if

r1 ∈ γ(r4; p3, v3), we have (p2r4r1v3)4. Then the remaining 9 points are all in H(v3; p2 p3). By the
discussion of Part One, our conclusion is right.

(8) |T3| = 0.
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Then |T2| = 0, |T1| = 0 and ri ∈ (p1 p2 p3) for i = 1, ..., 7. Let r1 = α(p1; p3, p2).
If r1 ∈ γ(p1; p3, v3), as shown in Figure 20.

Figure 20. Figure of |T1| = 0 and |T2| = 0.

We have (v1 p1r1 p3)4 and the remaining 9 points are all in H(p3; p1r1). By the discussion of Part
One, our conclusion is right. If r1 ∈ γ(p1; p3, v3): and if γ(r1; p1, p

′
3) = ∅, we have (v1 p3r1 p1)4

and the remaining 9 points are all in H(v1; p3r1); and if γ(r1; p1, p
′
3) �= ∅, we have a cutting line

L5(r1, α(r1; p1, p
′
3)).

4. Conclusions

In this paper, we discuss a classical discrete geometry problem. After detailed proof, conclusion
shows that a general planar point set contains a 3-hole, a 4-hole and a 5-hole, with at least 13 points.
As 30 ≤ n(6) ≤ 463 [16,21] and n(7) does not exist, the proposed theorem will contribute to the
theoretical research to some degree. Discrete geometry is a meaningful tool to study social networks.
Therefore, our conclusion could be used to deal with some complex network problems. For example,
under the environment of competition social structure, the structural holes which have been studied
by many economists, are part of an important research branch of discrete geometry.
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[CrossRef]
4. Harborth, H. Konvexe Funfeck in ebenen Punktmengen. Elem. Math. 1978, 33, 116–118.
5. Horton, J. Sets with no empty convex 7-gons. Can. Math. Bull. 1983, 26, 482–484. [CrossRef]
6. Gerken, T. Empty convex hexagons in planar point sets. Discret. Comput. Geom. 2008, 39, 239–272. [CrossRef]
7. Nicolás, C. The empty hexagon theorem. Discret. Comput. Geom. 2007, 38, 389–397. [CrossRef]
8. Urabe, M. On a partition into convex polygons. Discret. Appl. Math. 1996, 64, 179–191. [CrossRef]

334



Symmetry 2018, 10, 447

9. Hosono, K.; Urabe, M. A minimal planar point set with specified disjoint empty convex subsets. Lect. Notes
Comput. Sci. 2008, 4535, 90–100.

10. Hosono, K.; Urabe, M. On the number of disjoint convex quadrilaterals for a planar point set. Comput. Geom.
Theory Appl. 2001, 20, 97–104. [CrossRef]

11. Hosono, K.; Urabe, M. On the minimum size of a point set containing two non-intersecting empty convex
polygons. Lect. Notes Comput. Sci. 2005, 3742, 117–122.

12. Wu, L.; Ding, R. Reconfirmation of two results on disjoint empty convex polygons. Lect. Notes Comput. Sci.
2007, 4381, 216–220.

13. Bhattacharya, B.; Das, S. On the minimum size of a point set containing a 5-hole and a disjoint 4-hole.
Stud. Sci. Math. Hung. 2011, 48, 445–457. [CrossRef]

14. Bhattacharya, B.B. Sandip Das, On pseudo-convex partitions of a planar point set. Discret. Math.
2013, 313, 2401–2408. [CrossRef]

15. Bhattacharya, B.; Das, S. Disjoint Empty Convex Pentagons in Planar Point Sets. Period. Math. Hung.
2013, 66, 73–86. [CrossRef]

16. Hosono, K.; Urabe, M. Specifed holes with pairwise disjoint interiors in planar point sets. AKCE Int. J.
Graph. Comb. 2018. [CrossRef]

17. You, X.; Wei, X. On the minimum size of a point set containing a 5-hole and double disjoint 3-holes.
Math. Notes 2013, 97, 951–960. [CrossRef]

18. You, X.; Wei, X. A note on the upper bound for disjoint convex partitions. Math. Notes 2014, 96, 268–274.
[CrossRef]

19. You, X.; Wei, X. A note on the value about a disjoint convex partition problem. Ars Comb. 2014, 115, 459–465.
20. You, X.; Chen, T. A note on the value about a disjoint convex partition problem. Math. Notes, 2018, 104, 135–149.
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Abstract: From the perspective of the degrees of classification error, we proposed graded rough
intuitionistic fuzzy sets as the extension of classic rough intuitionistic fuzzy sets. Firstly, combining
dominance relation of graded rough sets with dominance relation in intuitionistic fuzzy ordered
information systems, we designed type-I dominance relation and type-II dominance relation. Type-I
dominance relation reduces the errors caused by single theory and improves the precision of ordering.
Type-II dominance relation decreases the limitation of ordering by single theory. After that, we
proposed graded rough intuitionistic fuzzy sets based on type-I dominance relation and type-II
dominance relation. Furthermore, from the viewpoint of multi-granulation, we further established
multi-granulation graded rough intuitionistic fuzzy sets models based on type-I dominance relation
and type-II dominance relation. Meanwhile, some properties of these models were discussed. Finally,
the validity of these models was verified by an algorithm and some relative examples.

Keywords: graded rough sets; rough intuitionistic fuzzy sets; dominance relation; logical conjunction
operation; logical disjunction operation; multi-granulation

1. Introduction

Pawlak proposed a rough set model in 1982, which is a significant method in dealing with
uncertain, incomplete, and inaccurate information [1]. Its key strategy is to consider the lower and
upper approximations based on precise classification.

As a tool, the classic rough set is based on precise classification. It is too restrictive for some
problems in the real world. Considering this defect of classic rough sets, Yao proposed the graded
rough sets (GRS) model [2]. Then researchers paid more attention to it and relative literatures began
to accumulate on its theory and application. GRS can be defined as the lower approximation being
Rk(X) = {x||[x]R| − |[x]R ∩ X| ≤ k, x ∈ U} and the upper approximation being Rk(X) = {x||[x]R ∩
X| > k, x ∈ U}. |[x]R ∩ X| is the absolute number of the elements of |[x]R| inside X and should be
called internal grade, |[x]R| − |[x]R ∩ X| is the absolute number of the elements of |[x]R| outside X
and should be called external grade. Rk(X) means union of the elements whose equivalence class’
internal-grade about X is greater than k, Rk(X) means union of the elements whose equivalence class’
external grade about X is at most k [3].

In the view of granular computing [4], the classic rough set is a single-granulation rough set.
However, in the real world, we need multiple granularities to analyze and solve problems and Qian et
al. proposed multi-granulation rough sets solving this issue [5]. Subsequently, multi-granulation rough
sets were extended in References [6–9]. In addition, in the viewpoint of the degrees of classification
error, Hu et al. and Wang et al. established a novel model of multi-granulation graded covering
rough sets [10,11]. Simultaneously, Wu et al. constructed graded multi-granulation rough sets [12].

Symmetry 2018, 10, 446; doi:10.3390/sym10100446 www.mdpi.com/journal/symmetry336
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References [13–17] discussed GRS in a multi-granulation environment. Moreover, for GRS, it has been
studied that the equivalence relation has been extended to the dominance relation [13,14], the limited
tolerance relation [17] and so forth [10,11]. In general, all these aforementioned studies have naturally
contributed to the development of GRS.

Inspired by the research reported in References [5,13–17], intuitionistic fuzzy sets (IFS) are also a
theory which describe uncertainty [18]. IFS consisting of a membership function and a non-membership
function are commonly encountered in uncertainty, imprecision, and vagueness [18]. The notion of IFS,
proposed by Atanassov, was initially developed in the framework of fuzzy sets [19]. Furthermore, it
can describe the “fuzzy concept” of “not this and not that”, that is to say, neutral state or neutral degree,
thus it is more precise to portray the ambiguous nature of the objective world. IFS theory is applicable
in decision-making, logical planning, medical diagnosis, machine learning, and market forecasting, etc.
Applications of IFS have attracted people’s attention and achieved fruitful results [20–27].

In recent years, IFS have been a hot research topic in uncertain information systems [6,28–30].
For example, in the development of IFS theory, Ai et al. proposed intuitionistic fuzzy line integrals
and gave their concrete values in Reference [31]. Zhang et al. researched the fuzzy logic algebraic
system and neutrosophic sets as generalizations of IFS in References [23,26,27]. Furthermore, Guo et al.
provided the dominance relation of intuitionistic fuzzy information systems [30].

Both rough sets and IFS not only describe uncertain information but also have strong
complementarity in practical problems. As such many researchers have studied the combination
of rough sets and IFS, namely, rough intuitionistic fuzzy sets (RIFS) and intuitionistic fuzzy rough
sets (IFRS) [32]. For example, Huang et al., Gong et al., Zhang et al., He et al., and Tiwari et al.
effectively developed IFRS respectively from uncertainty measures, variable precision rough sets,
dominance–based rough sets, interval-valued IFS, and attribute selection [29,30,33–35]. Additionally,
Zhang and Chen, Zhang and Yang, Huang et al. studied dominance relation of IFRS [19–21]. With
respect to RIFS, Xue et al. provided a multi-granulation covering the RIFS model [9].

The above models did not consider the classification of some degrees of error [6–9,29,30,33,36]
in dominance relation on GRS and dominance relation in intuitionistic fuzzy ordered information
systems [37]. Therefore, in this paper, firstly, we introduce GRS into RIFS to get graded rough
intuitionistic fuzzy sets (GRIFS) solving this problem. Then, considering the need for more precise
sequence information in the real world, based on dominance relation of GRS and an intuitionistic fuzzy
ordered information system, we respectively perform logical conjunction and disjunction operation to
gain type-I dominance relation and type-II dominance relation. After that, we use type-I dominance
relation and type-II dominance relation thereby replacing equivalence relation to generalize GRIFS.
We design two novel models of GRIFS based on type-I dominance relation and type-II dominance
relation. In addition, to accommodate a complex environment, we further extend GRIFS models based
on type-I dominance relation and type-II dominance relation, respectively, to multi-granulation GRIFS
models based on type-I dominance relation and type-II dominance relation. These models present a
new path to extract more flexible and accurate information.

The rest of this paper is organized as follows. In Section 2, some basic concepts of IFS and GRS,
RIFS are briefly reviewed, at the same time, we give the definition of GRS based on dominance relation.
In Section 3, we respectively propose two novel models of GRIFS models based on type-I dominance
relation and type-II dominance relation and verify the validity of these two models. In Section 4,
the basic concepts of multi-granulation RIFS are given. Then, we propose multi-granulation GRIFS
models based on type-I dominance relation and type-II dominance relation, and provide the concepts
of optimistic and pessimistic multi-granulation GRIFS models based on type-I dominance relation
and type-II dominance relation, respectively. In Section 5, we use an algorithm and example to study
and illustrate the multi-granulation GRIFS models based on type-I dominance relation and type-II
dominance relation, respectively. In Section 6, we conclude the paper and illuminate on future research.
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2. Preliminaries

Definition 1 ([22]). Let U be a non-empty classic universe of discourse. U is denoted by:

A = {< x, μA(x), νA(x) > |x ∈ U},

A can be viewed as IFS on U, where μA(x) : U → [0, 1] and νA(x) : U → [0, 1] . μA(x) and νA(x) are
denoted as membership and non-membership degrees of the element x in A, satisfying 0 ≤ μA(x) + νA(x) ≤ 1.
For ∀ x ∈ U, the hesitancy degree is πA(x) = 1− μA(x)− νA(x), noticeably, πA(x) : U → [0, 1] . ∀ A, B ∈
IFS(U), the basic operations of A and B are given as follows:

(1) A ⊆ B⇔ μA(x) ≤ μB(x), νA(x) ≥ νB(x), ∀x ∈ U,
(2) A = B⇔ μA(x) = μB(x), νA(x) = νB(x), ∀x ∈ U,
(3) A ∪ B = {< x, max{μA(x), μB(x)}, min{νA(x), νB(x)} > |x ∈ U},
(4) A ∩ B = {< x, min{μA(x), μB(x)}, max{νA(x), νB(x)} > |x ∈ U},
(5) ∼ A = {< x, νA(x), μA(x) > |x ∈ U}.

Definition 2 ([2]). Let (U, R) be an approximation space, assume k ∈ N, where N is the natural number set.
Then GRS can be defined as follows:

Rk(X) = {x||[x]R| − |[x]R ∩ X| ≤ k, x ∈ U},
Rk(X) = {x||[x]R ∩ X| > k, x ∈ U}.

Rk(X) and Rk(X) can be considered as the lower and upper approximations of X with respect to the graded
k. Then we call the pair (Rk(X), Rk(X)) GRS. When k = 0, R0(X) = R(X), R0(X) = R(X). However, in
general, Rk(X)Rk(X), Rk(X)Rk(X).

In Reference [4], the positive and negative domains of X are given as follows:

POS(X) = Rk(X) ∩ Rk(X), NEG(X) = ¬(Rk(X) ∪ Rk(X)).

Definition 3 ([36]). If we denote R≥a = {(xi, xj) ∈ U ×U : f (xi) ≥ f (xj), ∀a ∈ A} where A is a subset of
the attributes set and f (x) is the value of attribute a, then [x]≥a is referred to as the dominance class of dominance
relation R≥a . Moreover, we denote approximation space based on dominance relations by S = (U, R≥a ).

Definition 4. Let (U, R≥a ) be an information approximation. U/R≥a is the set of dominance classes induced by
a dominance relation R≥a , and [x]≥a is called the dominance class containing x. Assume k ∈ N, where N is the
natural number set. GRS based on dominance relation can be defined:

R≥k (X) = {x||[x]≥a | − |[x]≥a ∩ X| ≤ k, x ∈ U},
R≥k (X) = {x||[x]≥a ∩ X| > k, x ∈ U}.

When k = 0, (R≥0 (X), R≥0 (X)) will be rough sets based on dominance relation.

Example 1. Suppose there are nine patients U = {x1, x2, x3, x4, x5, x6, x7, x8, x9}, they may suffer from a cold.
According to their fever, we get U/R≥a = {{x1, x2, x4}, {x3, x8}, {x6, x8}, {x5, x7, x8, x9}}, X ⊆ U. Then
suppose X = {x1, x2, x4, x7, x9}, we can obtain GRS based on dominance relation.

The demonstration process is given as follows:
Suppose k = 1, then we can get,

[x1]
≥
a = [x2]

≥
a = [x4]

≥
a = {x1, x2, x4}, [x3]

≥
a = [x8]

≥
a = {x3, x8}, [x6]

≥
a = [x8]

≥
a = {x6, x8},

[x5]
≥
a = [x7]

≥
a = [x8]

≥
a = [x9]

≥
a = {x5, x7, x8, x9}.
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Then, we can calculate R≥1 (X), R≥1 (X) and POS(X), NEG(X).

R≥1 (X) = {x1, x2, x4}, R≥1 (X) = {x1, x2, x4, x5, x7, x8, x9}.

POS(X) = R≥1 (X) ∩ R≥1 (X) = {x1, x2, x4} ∩ {x1, x2, x4, x5, x7, x8, x9} = {x1, x2, x4},
NEG(X) = ¬(R≥1 (X) ∪ R≥1 (X)) = ¬({x1, x2, x4} ∪ {x1, x2, x4, x5, x7, x8, x9}) = {x3, x6}.

Through the above analysis, we can see x1, x2, and x4 patients suffering from a cold disease and x3 and x6
patients not having a cold disease.

When k = 0, (R≥0 (X), R≥0 (X)) will be rough sets based on dominance relation.

Definition 5 ([8,32,35]). Let X be a non-empty set and R be an equivalence relation on X. Let B be IFS in X
with the membership function μB(x) and non-membership function νB(x). The lower and upper approximations,
respectively, of B are IFS of the quotient set X/R with

(1) Membership function defined by

μR(B)(Xi) = inf{μB(x)| x ∈ Xi}, μR(B)(Xi) = sup{μB(x)| x ∈ Xi}.

(2) Non-membership function defined by

νR(B)(Xi) = sup{νB(x)| x ∈ Xi}, νR(B)(Xi) = inf{νB(x)| x ∈ Xi}.

In this way, we can prove R(B) and R(B) are IFS.
For ∀x ∈ Xi, we can obtain,

μB(x) + νB(x) ≤ 1, μB(x) ≤ 1− νB(x),sup{μB(x)| x ∈ Xi} ≤ sup{1− νB(x)| x ∈ Xi},sup{μB(x)| x ∈ Xi} ≤ 1− inf{νB

Hence R(B) is IFS. Similarly, we can prove that R(B) is IFS. The RIFS of R(B) and R(B) are given
as ollows:

R(B) = {< x, inf
y∈[x]i

μB(y), sup
y∈[x]i

νB(y) > |x ∈ U},

R(B) = {< x, sup
y∈[x]i

μB(y), inf
y∈[x]i

νB(y) > |x ∈ U}.

3. GRIFS Model Based on Dominance Relation

In this section, we propose a GRIFS model based on dominance relation. Moreover, this model
contains a GRIFS model based on type-I dominance relation and GRIFS model based on type-II
dominance relation, respectively. Then we employ an example to demonstrate the validity of these
two models, and finish by discussing some basic properties of these two models.

Definition 6 ([37]). If (U, A, V, f ) is an intuitionistic fuzzy ordered information system, so (R′)≥a =

{(x, y) ∈ U ×U| fa(y) ≥ fa(x), ∀a ∈ A} can be called dominance relation in the intuitionistic fuzzy ordered
information system.

[x]≥
′

a = {y|(x, y) ∈ (R′)≥a , ∀a ∈ A, y ∈ U}
= {y|μa(y) ≥ μa(x), νa(y) ≤ νa(x), ∀a ∈ A, y ∈ U}

[x]≥
′

a is dominance class of x in terms of dominance relation (R′)≥a .
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3.1. GRIFS Model Based on Type-I Dominance Relation

Definition 7. Let IS≥I
= (U, A, V, f ) be an intuitionistic fuzzy ordered information system and R≥a be a

dominance relation of the attribute set A. Suppose X is the GRS of R≥a on U, a ∈ A, and IFS B on U about
attribute a satisfies dominance relation (R′)≥a . The lower approximation R≥

I

k (B) and the upper approximation

R≥
I

k (B) with respect to the graded k are given as follows:
When k ≥ 1, we can gain,

R≥
I

k (B) = {< x, inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μB(y) ∧ μ′B(y)), sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νB(y) ∨ ν′B(y)) > |x ∈ U},

R≥
I

k (B) = {< x, sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μB(y) ∨ μ′B(y)), inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νB(y) ∧ ν′B(y)) > |x ∈ U}.

μ′B(y) =
|R≥k (X) ∩ R≥k (X)|

|U| , ν′B(y) =
|¬(R≥k (X) ∪ R≥k (X))|

|U| .

Obviously, 0 ≤ μ′B(y) ≤ 1, 0 ≤ ν′B(y) ≤ 1, j = 1, 2, · · · , n.
When k = 0, μ′B(y) and ν′B(y) degenerate to be calculated by the classical rough set. However, under these

circumstances, the model is still valid, we call this model RIFS based on type-I dominance relation.
Note that, in GRIFS model based on type-I dominance relation, we let [x]≥a and [x]≥

′
a perform a conjunction

operation ∧, this is to say ≥I means
j∧

s=1
(([x]≥a )s ∧ [x]≥

′
a ).

Note that,
j∧

s=1
(([x]≥a )s ∧ [x]≥

′
a ) in GRIFS model based on type-I dominance relation, if x have j dominance

classes [x]≥a of dominance relation R≥a on GRS, we perform a conjunction operation ∧ of j dominance classes
[x]≥a and [x]≥

′
a .

According to Definition 7, the following theorem can be obtained.

Theorem 1. Let IS≥I
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, and B be IFS on

U. Then a GRIFS model based on type-I dominance relation has these following properties:

(1) R≥
I

k (B) ⊆ B ⊆ R≥
I

k (B),

(2) A ⊆ B, R≥
I

k (A) ⊆ R≥
I

k (B), R≥
I

k (A) ⊆ R≥
I

k (B),

(3) R≥
I

k (A ∩ B) = R≥
I

k (A) ∩ R≥
I

k (B), R≥
I

k (A ∪ B) = R≥
I

k (A) ∪ R≥
I

k (B).

Proof. (1) From Definition 7, we can get,

inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μB(y) ∧ μ′B(y)) ≤ μB(x) ≤ sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μB(y) ∨ μ′B(y))⇔ μ
R≥I

k (B)
(x) ≤ μB(x) ≤ μ

R≥
I

k (B)
(x),

sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νB(y) ∨ ν′B(y)) ≥ νB(x) ≥ inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νB(y) ∧ ν′B(y))⇔ ν
R≥I

k (B)
(x) ≥ νB(x) ≥ ν

R≥
I

k (B)
(x),

Hence, R≥
I

k (B) ⊆ B ⊆ R≥
I

k (B).

(2) Based on Definition 1 and A ⊆ B,

Thus we can get, μA(x) ≤ μB(x), νA(x) ≥ νB(x).
From Definition 7, we can get, μ′A(y) = μ′B(y), ν′A(y) = ν′B(y).
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Then, in the GRIFS model based on type-I dominance relation, we can get,

inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μA(y) ∧ μ′A(y)) ≤ inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μB(y) ∧ μ′B(y))⇔ μ
R≥I

k (A)
(x) ≤ μ

R≥I
k (B)

(x),

sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νA(y) ∨ ν′A(y)) ≥ sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νB(y) ∨ ν′B(y))⇔ ν
R≥I

k (A)
(x) ≥ ν

R≥I
k (B)

(x).

Thus we can get, R≥
I

k (A) ⊆ R≥
I

k (B).

In the same way, we can get, R≥
I

k (A) ⊆ R≥
I

k (B).

(3) From Definition 7, we can get,

μ
R≥I

k (A∩B)
(x) = inf

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μA∩B(y) ∧ μ′A∩B(y)) = ( inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μA(y) ∧ μ′A(y))) ∧ ( inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(μB(y) ∧ μ′B(y)))

= μ
R≥I

k (A)
(x) ∧ μ

R≥I
k (B)

(x),

ν
R≥I

k (A∩B)
(x) = sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νA∩B(y) ∨ ν′A∩B(y)) = ( sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νA(y) ∨ ν′A(y))) ∧ ( sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

(νB(y) ∨ ν′B(y)))

= ν
R≥I

k (A)
(x) ∧ ν

R≥I
k (B)

(x),

Thus we can get, R≥
I

k (A ∩ B) = R≥
I

k (A) ∩ R≥
I

k (B).

In the same way, we can get R≥
I

k (A ∪ B) = R≥
I

k (A) ∪ R≥
I

k (B). �

Example 2. In a city, the court administration needs to recruit 3 staff. Applicants who pass the application,
preliminary examination of qualifications, written examination, interview, qualification review, political
review, and physical examination can be employed. In order to facilitate the calculation, we simplify the
enrollment process to qualification review, written test, interview. At present, 12 people have passed the
preliminary examination of qualifications, and 9 of them have passed the written examination (administrative
professional ability test and application). U = {x1, x2, x3, x4, x5, x6, x7, x8, x9} is the domain. We can get
U/R≥a = {{x1, x2, x4}, {x3, x8}, {x7}, {x4, x5, x6, x9}} according to the “excellent” and “pass” of the two
results. In addition, through the interview of 9 people, the following IFS can be obtained, and we suppose
X = {x1, x4, x5, x6, x9}, X ⊆ U.

B =

{
[0.9, 0]

x1
,
[0.8, 0.1]

x2
,
[0.65, 0.3]

x3
,
[0.85, 0.1]

x4
,
[0.95, 0.05]

x5
,
[0.7, 0.3]

x6
,
[0.5, 0.2]

x7
,
[0.87, 0.1]

x8
,
[0.75, 0.2]

x9

}
.

To solve the above problems, we can use the model described in References [38,39], which are
rough sets based on dominance relation.

First, according to U/R≥a , we can get,

R≥(X) = {x4, x5, x6, x9}, R≥(X) = {x1, x2, x4, x5, x6, x9},

Through rough sets based on dominance relation, we can get some applicants with better written
test scores. However, regarding IFS B, we cannot use rough sets based on dominance relation to handle
the data. Therefore, we are even less able to get the final result with the model. To process the interview
data, we need to use another model, described in Reference [40]. Through data processing, we can
obtain the dominance classes as follows:

[x1]
≥′
a = {x1}, [x2]

≥′
a = {x2, x4, x5, x8}, [x3]

≥′
a = {x3, x4, x5, x6, x8, x9}, [x4]

≥′
a = {x4, x5},

[x5]
≥′
a = {x5}, [x6]

≥′
a = {x6, x8, x9}, [x7]

≥′
a = {x7, x8, x9}, [x8]

≥′
a = {x8}, [x9]

≥′
a = {x9}.
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From the above analysis, we can get,

x5 ≥ x1 ≥ x8 ≥ x4 ≥ x2 ≥ x9 ≥ x6 ≥ x3 ≥ x7

Through dominance relation in the intuitionistic fuzzy ordered information system, we can get
some applicants with better interview results, but we still cannot get the final results. To get this
result, we need to analyze the applicants who have better written test scores and better written test
scores. Based on the above conclusions, we can determine that only x5 and x4 applicants meet the
requirements. However, the performance of others is not certain. If they only need one or two staff,
then this analysis can help us to choose the applicant. However, we need 3 applicants, so we cannot
get the result in this way. However, there is a model in Definition 6 that can help us get the results.
The calculation process is as follows:

According to Example 1, when k = 1, we can get

R≥1 (X) = {x1, x2, x4, x5, x6, x7, x9}, R≥1 (X) = {x1, x2, x4, x5, x6, x7, x9},

According to Definitions 7 and 8, we can then get,

μ′B(y) =
|R≥1 (X) ∩ R≥1 (X)|

|U| =
7
9
≈ 0.78, ν′B(y) =

|¬(R≥1 (X) ∪ R≥1 (X))|
|U| =

2
9
≈ 0.22.

So, according to Definition 6 and Example 1, we can compute the conjunction operation of [x]≥a
and [x]≥

′
a , and the results are as Table 1.

Table 1. The conjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∧[x]≥
′

a

x1 {x1, x2, x4} {x1} {x1}
x2 {x1, x2, x4} {x2, x4, x5, x8} {x2, x4}
x3 {x3, x8} {x3, x4, x5, x6, x8, x9} {x3, x8}
x4 {x1, x2, x4}, {x4, x5, x6, x9} {x4, x5} {x4}
x5 {x4, x5, x6, x9} {x5} {x5}
x6 {x4, x5, x6, x9} {x6, x8, x9} {x6, x9}
x7 {x7} {x7, x8, x9} {x7}
x8 {x3, x8} {x8} {x8}
x9 {x4, x5, x6, x9} {x9} {x9}

GRIFS model based on type-I dominance relation can be obtained as follows:

R≥
I

1 (B) =
{

[0.78,0.22]
x1

, [0.78,0.22]
x2

, [0.65,0.3]
x3

, [0.78,0.22]
x4

, [0.78,0.22]
x5

, [0.7,0.3]
x6

, [0.5,0.22]
x7

, [0.78,0.22]
x8

, [0.75,0.22]
x9

}
,

R≥
I

1 (B) =
{

[0.9,0]
x1

, [0.85,0.1]
x2

, [0.78,0.1]
x3

, [0.85,0.1]
x4

, [0.95,0.05]
x5

, [0.87,0.1]
x6

, [0.78,0.1]
x7

, [0.87,0.1]
x8

, [0.78,0.2]
x9

}
.

Comprehensive analysis R≥
I

1 (B) and R≥
I

1 (B), we can conclude that x5, x1, x8, x2 and x4 applicants
are more suitable for the position in the pessimistic situation. From this example we can see that our
model is able to handle more complicated situations than the previous theories, and it can help us get
more accurate results.

3.2. GRIFS Model Based on Type-II Dominance Relation

Definition 8. Let U be a non-empty set and A be the attribute set on U, and a ∈ A, R≥a is a dominance relation
of attribute A. Let X be GRS of R≥a on U, and IFS B on U about attribute a satisfies dominance relation (R′)≥a .
The lower and upper approximations of B with respect to the graded k are given as follows:
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When k ≥ 1, we can get,

R≥
Π

k (B) = {< x, inf
y∈(

j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

(μB(y) ∧ μ′B(y)), sup

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

(νB(y) ∨ ν′B(y)) > |x ∈ U},

R≥
Π

k (B) = {< x, sup

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

(μB(y) ∨ μ′B(y)), inf
y∈(

j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

(νB(y) ∧ ν′B(y)) > |x ∈ U}.

μ′B(y) =
|R≥k (X) ∩ R≥k (X)|

|U| , ν′B(y) =
|¬(R≥k (X) ∪ R≥k (X))|

|U| .

Obviously, 0 ≤ μ′B(y) ≤ 1, 0 ≤ ν′B(y) ≤ 1, j = 1, 2, · · · , n.
When k = 0, μ′B(y) and ν′B(y) are calculated from the classical rough set. However, under these

circumstances the model is still valid and we call this model RIFS based on type-II dominance relation.
Note that in the GRIFS model based on type-II dominance relation, we perform a disjunction operation ∨

on [x]≥a and [x]≥
′

a , this is to say ≥Π means
j∨

s=1
(([x]≥a )s ∨ [x]≥

′
a ).

Note that,
j∨

s=1
(([x]≥a )s ∨ [x]≥

′
a ) in the GRIFS model based on type-II dominance relation. If x have j

dominance classes [x]≥a of dominance relation R≥a on GRS, we perform a disjunction operation ∨ of j dominance
classes [x]≥a and [x]≥

′
a , respectively.

According to Definition 8, the following theorem can be obtained.

Theorem 2. Let IS≥Π
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, and B be IFS

on U. Then GRIFS model based on type-II dominance relation will have the following properties:

(1) R≥
Π

k (B) ⊆ B ⊆ R≥
Π

k (B),

(2) A ⊆ B, R≥
Π

k (A) ⊆ R≥
Π

k (B), R≥
Π

k (A) ⊆ R≥
Π

k (B),

(3) R≥
Π

k (A ∩ B) = R≥
Π

k (A) ∩ R≥
Π

k (B), R≥
Π

k (A ∪ B) = R≥
Π

k (A) ∪ R≥
Π

k (B).

Proof. The proving process of Theorem 2 is similar to Theorem 1. �

Example 3. Nine senior university students are going to graduate from a computer department and they
want to work for a famous internet company. Let U = {x1, x2, x3, x4, x5, x6, x7, x8, x9} be the domain. The
company has a campus recruitment at this university. Based on their confidence in programming skills, we get
the following IFS B whether they succeed in the campus recruitment or not. At the same time, according to
programming skills grades in school, U/R≥a = {{x1, x2, x4}, {x4, x5, x6, x9}, {x3, x8}, {x7}} can be obtained.
We suppose X = {x1, x4, x5, x6, x9}, X ⊆ U.

B =

{
[0.9, 0]

x1
,
[0.8, 0.1]

x2
,
[0.65, 0.3]

x3
,
[0.85, 0.1]

x4
,
[0.95, 0.05]

x5
,
[0.7, 0.3]

x6
,
[0.5, 0.2]

x7
,
[0.87, 0.1]

x8
,
[0.75, 0.2]

x9

}
.

We can try to use rough sets based on dominance relation to solve the above problems, as
described in Reference [38].

First, according to U/R≥a , we can get the result as follows.

R≥(X) = {x4, x5, x6, x9}, R≥(X) = {x1, x2, x4, x5, x6, x9},
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From the upper and lower approximations, we can get that x4, x5, x6 and x9 students may pass the
campus interview. However, we cannot use the rough set based on dominance relation to deal with
the data of the test scores of their programming skills. In order to process B, we need to use another
model, outlined in Reference [40]. The result is as follows:

x5 ≥ x1 ≥ x8 ≥ x4 ≥ x2 ≥ x9 ≥ x6 ≥ x3 ≥ x7

Through IFS, we can get that x4, x2, x1 and x7 students are better than other students. From the
above analysis, we can get student x4 who can be successful in the interview. However, we are not sure
about other students. At the same time, from the process of analysis, we find that different models
are built for the examples, and the predicted results will have deviation. Our model is based on GRS
based on dominance relation and the dominance relation in intuitionistic fuzzy ordered information
system. Thus, we can use the model to predict the campus interview.

Consequently, according to Definition 8 and Example 1, we can compute the disjunction operation
of [x]≥a and [x]≥

′
a , the results are as Table 2.

Table 2. The disjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∨[x]≥
′

a

x1 {x1, x2, x4} {x1} {x1, x2, x4}
x2 {x1, x2, x4} {x2, x4, x5, x8} {x1, x2, x4, x5, x8}
x3 {x3, x8} {x3, x4, x5, x6, x8, x9} {x3, x4, x5, x6, x8, x9}
x4 {x1, x2, x4}, {x4, x5, x6, x9} {x4, x5} {x1, x2, x4, x5, x6, x9}
x5 {x4, x5, x6, x9} {x5} {x4, x5, x6, x9}
x6 {x4, x5, x6, x9} {x6, x8, x9} {x4, x5, x6, x8, x9}
x7 {x7} {x7, x8, x9} {x7, x8, x9}
x8 {x3, x8} {x8} {x3, x8}
x9 {x4, x5, x6, x9} {x9} {x4, x5, x6, x9}

GRIFS model based on type-II dominance relation can be obtained as follows:

R≥
Π

1 (B) =
{

[0.78,0.22]
x1

, [0.78,0.22]
x2

, [0.65,0.3]
x3

, [0.7,0.22]
x4

, [0.7,0.22]
x5

, [0.7,0.3]
x6

, [0.5,0.22]
x7

, [0.65,0.3]
x8

, [0.7,0.3]
x9

}
,

R≥
Π

1 (B) =
{

[0.9,0]
x1

, [0.95,0]
x2

, [0.95,0.05]
x3

, [0.95,0]
x4

, [0.95,0.05]
x5

, [0.95,0.05]
x6

, [0.87,0.1]
x7

, [0.87,0.1]
x8

, [0.95,0.05]
x9

}
.

Through the above analysis, the students’ interviews prediction can be obtained. x4, x2 and
x1 students are better than others. From this example, the model can help us to analyze the
same situation though two kinds of dominance relations. Therefore, this example can be analyzed
more comprehensively

4. Multi-Granulation GRIFS Models Based on Dominance Relation

In this section, we give the multi-granulation RIFS conception, and then propose optimistic and
pessimistic multi-granulation GRIFS models based on type-I dominance relation and type-II dominance
relation, respectively. These four models are constructed by multiple granularities GRIFS models based
on type-I and type-II dominance relation. Finally, we discuss some properties of these models.
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Definition 9 ([39]). Let IS =< U, A, V, f > be an information system, A1, A2, · · · , Am ⊆ A, and RAi is an
equivalence relation of x in terms of attribute set A. [x]Ai

is the equivalence class of RAi , ∀B ⊆ U, B is IFS.
Then the optimistic multi-granulation lower and upper approximations of Ai can be defined as follows:

m
∑

i=1
RO

Ai
(B) = {< x, μ m

∑
i=1

RO
Ai
(B)

(x), ν m
∑

i=1
RO

Ai
(B)

(x) > |x ∈ U},

m
∑

i=1
RO

Ai
(B) = {< x, μ m

∑
i=1

RO
Ai
(B)

(x), ν m
∑

i=1
RO

Ai
(B)

(x) > |x ∈ U},

μ m
∑

i=1
RO

Ai
(B)

(x) =
m∨

i=1
inf

y∈[x]Ai

μB(y), ν m
∑

i=1
RO

Ai
(B)

(x) =
m∧

i=1
sup

y∈[x]Ai

νB(y),

μ m
∑

i=1
RO

Ai
(B)

(x) =
m∧

i=1
sup

y∈[x]Ai

μB(y), ν m
∑

i=1
RO

Ai
(B)

(x) =
m∨

i=1
inf

y∈[x]Ai

νB(y).

where [x]Ai
is the equivalence class of x in terms of the equivalence relation Ai. [x]A1

, [x]A2
, · · · , [x]Am

are m
equivalence classes, and ∨ is a disjunction operation.

Definition 10 ([39]). Let IS =< U, A, V, f > be an information system, A1, A2, · · · , Am ⊆ A, and RAi is
an equivalence relation of x in terms of attribute set A. [x]Ai

is the equivalence class of RAi , ∀B ⊆ U, B is IFS.
Then the pessimistic multi-granulation lower and upper approximations of Ai can be easily obtained by:

m
∑

i=1
Rp

Ai
(B) = {< x, μ m

∑
i=1

Rp
Ai
(B)

(x), ν m
∑

i=1
Rp

Ai
(B)

(x) > |x ∈ U},

m
∑

i=1
Rp

Ai
(B) = {< x, μ m

∑
i=1

Rp
Ai
(B)

(x), ν m
∑

i=1
Rp

Ai
(B)

(x) > |x ∈ U},

μ m
∑

i=1
RP

Ai
(B)

(x) =
m∧

i=1
inf

y∈[x]Ai

μB(y), ν m
∑

i=1
RP

Ai
(B)

(x) =
m∨

i=1
sup

y∈[x]Ai

νB(y),

μ m
∑

i=1
RP

Ai
(B)

(x) =
m∨

i=1
sup

y∈[x]Ai

μB(y), ν m
∑

i=1
RP

Ai
(B)

(x) =
m∧

i=1
inf

y∈[x]Ai

νB(y).

where [x]Ai
is the equivalence class of x in terms of the equivalence relation Ai. [x]A1

, [x]A2
, · · · , [x]Am

are m
equivalence classes, and ∧ is a conjunction operation.

4.1. GRIFS Model Based on Type-I Dominance Relation

Definition 11. Let IS≥I
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, A1, A2, · · · ,

Am ⊆ A. (R≥a )i is a dominance relation of x in terms of attribute Ai, a ∈ Ai, where ([x]≥a )i is the dominance
class of (R≥a )i. Suppose X is GRS of (R≥a )i and B is IFS on U. IFS B with respect to attribute a satisfies
dominance relation ((R′)≥a )i. Therefore, the lower and upper approximations of B with respect to the graded k
are given as follows:

When k ≥ 1, we can get,

m
∑

i=1
RO

Ai

≥I

(k)

(B) = {< x, μ
m
∑

i=1
RO

Ai

≥I

(k)

(B)
(x), ν

m
∑

i=1
RO

Ai

≥I

(k)

(B)
(x) > |x ∈ U},

m
∑

i=1
RO

Ai

≥I

(k)
(B) = {< x, μ

m
∑

i=1
RO

Ai

≥I

(k)
(B)

(x), ν
m
∑

i=1
RO

Ai

≥I

(k)
(B)

(x) > |x ∈ U},

μ′Bi
(y) = |R≥k (X)∩R≥k (X)|

|U| , ν′Bi
(y) = |¬(R≥k (X)∪R≥k (X))|

|U| .
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We can get GRS in A1, A2, · · · , Am, then there will be μ′B1
(y), μ′B2

(y), μ′B3
(y), · · · , μ′Bm

(y) and
ν′B1

(y), ν′B2
(y), ν′B3

(y), · · · , ν′Bm
(y). Subsequently, we can obtain,

μ
m
∑

i=1
RO

Ai

≥I

(k)

(B)
(x) =

m∨
i=1

inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(μB(y) ∧ μ′Bi
(y)), ν

m
∑

i=1
RO

Ai

≥I

(k)

(B)
(x) =

m∧
i=1

sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(νB(y) ∨ ν′Bi
(y)),

μ
m
∑

i=1
RO

Ai

≥I

(k)
(B)

(x) =
m∧

i=1
sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(μB(y) ∨ μ′Bi
(y)), ν

m
∑

i=1
RO

Ai

≥I

(k)
(B)

(x) =
m∨

i=1
inf

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(νB(y) ∧ ν′Bi
(y)).

Obviously, 0 ≤ μ′B(y) ≤ 1, 0 ≤ ν′B(y) ≤ 1, j = 1, 2, · · · , n.

When
m
∑

i=1
RO

Ai

≥I

(k)

(B) 	= m
∑

i=1
RO

Ai

≥I

(k)
(B), B is an optimistic multi-granulation GRIFS model based on type-I

dominance relation.
When k = 0, μ′Bi

(y) and ν′Bi
(y) are calculated through the classical rough set. However, under these

circumstances the model is still valid and we call this model an optimistic multi-granulation RIFS based on
type-I dominance relation.

Definition 12. Let IS≥I
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, A1, A2, · · · ,

Am ⊆ A. (R≥a )i is a dominance relation of x in terms of attribute Ai, where ([x]≥a )i is the dominance class of
(R≥a )i. Suppose X is GRS of (R≥a )i and B is IFS on U. IFS B about attribute a satisfies dominance relation
((R′)≥a )i, a ∈ Ai. Then the lower and upper approximations of B with respect to the graded k are given as
follows:

When k ≥ 1, we can get,

m
∑

i=1
Rp

Ai

≥I

(k)

(B) = {< x, μ
m
∑

i=1
Rp

Ai

≥I

(k)

(B)
(x), ν

m
∑

i=1
Rp

Ai

≥I

(k)

(B)
(x) > |x ∈ U},

m
∑

i=1
Rp

Ai

≥I

(k)
(B) = {< x, μ

m
∑

i=1
Rp

Ai

≥I

(k)
(B)

(x), ν
m
∑

i=1
Rp

Ai

≥I

(k)
(B)

(x) > |x ∈ U},

μ′Bi
(y) =

|R≥k (X) ∩ R≥k (X)|
|U| , ν′Bi

(y) =
|¬(R≥k (X) ∪ R≥k (X))|

|U| .

We can obtain GRS in A1, A2, · · · , Am, then there will be μ′B1
(y), μ′B2

(y), μ′B3
(y), · · · , μ′Bm

(y) and
ν′B1

(y), ν′B2
(y), ν′B3

(y), · · · , ν′Bm
(y). Subsequently, we can obtain,

μ
m
∑

i=1
Rp

Ai

≥I

(k)

(B)
(x) =

m∧
i=1

inf
y∈(

j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(μB(y) ∧ μ′Bi
(y)), ν

m
∑

i=1
Rp

Ai

≥I

(k)

(B)
(x) =

m∨
i=1

sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(νB(y) ∨ ν′Bi
(y)),

μ
m
∑

i=1
Rp

Ai

≥I

(k)
(B)

(x) =
m∨

i=1
sup

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(μB(y) ∨ μ′Bi
(y)), ν

m
∑

i=1
Rp

Ai

≥I

(k)
(B)

(x) =
m∧

i=1
inf

y∈(
j
∧

s=1
(([x]≥a )s∧[x]≥

′
a ))

i

(νB(y) ∧ ν′Bi
(y)).

Obviously, 0 ≤ μ′B(y) ≤ 1, 0 ≤ ν′B(y) ≤ 1, j = 1, 2, · · · , n.

When
m
∑

i=1
Rp

Ai

≥I

(k)

(B) 	= m
∑

i=1
Rp

Ai

≥I

(k)
(B), B is a pessimistic multi-granulation GRIFS model based on type-I

dominance relation.
When k = 0, μ′Bi

(y) and ν′Bi
(y) are calculated through the classical rough set. However, under these

circumstances the model is still valid and we call this model a pessimistic multi-granulation RIFS based on
type-I dominance relation.
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Note that, (
j∧

s=1
(([x]≥a )s ∧ [x]≥

′
a ))

i
in multi-granulation GRIFS models based on type-I dominance relation.

If x have j dominance classes [x]≥a of dominance relation R≥a on GRS, we perform a conjunction operation ∧ of j
dominance classes [x]≥a and [x]≥

′
a , respectively.

Note that multi-granulation GRIFS models based on type-I dominance relation are formed by combining
multiple granularities GRIFS models based on type-I dominance relation.

According to Definitions 11 and 12, the following theorem can be obtained.

Theorem 3. Let IS≥I
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, A1, A2, · · · ,

Am ⊆ A, and B be IFS on U. Then the optimistic and pessimistic multi-granulation GRIFS models based on
type-I dominance relation have the following properties:

m

∑
i=1

RO
Ai

≥I

(k)

(B) =
m∪

i=1
RAi
≥I

(k)
(B),

m

∑
i=1

RO
Ai

≥I

(k)

(B) =
m∩

i=1
RAi

≥I

(k)(B).

m

∑
i=1

Rp
Ai

≥I

(k)

(B) =
m∩

i=1
RAi
≥I

(k)
(B),

m

∑
i=1

Rp
Ai

≥I

(k)

(B) =
m∪

i=1
RAi

≥I

(k)(B).

Proof. One can derive them from Definitions 7, 11, and 12. �

4.2. GRIFS Model Based on Type-II Dominance Relation

Definition 13. Let IS≥Π
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, A1, A2,

· · · , Am ⊆ A, and U be the universe of discourse. (R≥a )i is a dominance relation of x in terms of attribute
Ai, a ∈ Ai, where ([x]≥a )i is the dominance class of (R≥a )i. Suppose X is GRS of (R≥a )i and B is IFS on U.
IFS B about attribute a satisfies dominance relation ((R′)≥a )i. So the lower and upper approximations of B with
respect to the graded k are given as follows:

When k ≥ 1, we can get,

m
∑

i=1
RO

Ai

≥Π

(k)

(B) = {< x, μ
m
∑

i=1
RO

Ai

≥Π

(k)

(B)
(x), ν

m
∑

i=1
RO

Ai

≥Π

(k)

(B)
(x) > |x ∈ U},

m
∑

i=1
RO

Ai

≥Π

(k)
(B) = {< x, μ

m
∑

i=1
RO

Ai

≥Π

(k)
(B)

(x), ν
m
∑

i=1
RO

Ai

≥Π

(k)
(B)

(x) > |x ∈ U},

μ′Bi
(y) = |R≥k (X)∩R≥k (X)|

|U| , ν′Bi
(y) = |¬(R≥k (X)∪R≥k (X))|

|U| .

We can obtain GRS in A1, A2, · · · , Am, then there will be μ′B1
(y), μ′B2

(y), μ′B3
(y), · · · , μ′Bm

(y) and
ν′B1

(y), ν′B2
(y), ν′B3

(y), · · · , ν′Bm
(y). Subsequently, we can obtain,

μ
m
∑

i=1
RO

Ai

≥Π

(k)

(B)
(x) =

m∨
i=1

inf
y∈(

j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(μB(y) ∧ μ′Bi
(y)), ν

m
∑

i=1
RO

Ai

≥Π

(k)

(B)
(x) =

m∧
i=1

sup

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(νB(y) ∨ ν′Bi
(y)),

μ
m
∑

i=1
RO

Ai

≥Π

(k)
(B)

(x) =
m∧

i=1
sup

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(μB(y) ∨ μ′Bi
(y)), ν

m
∑

i=1
RO

Ai

≥Π

(k)
(B)

(x) =
m∨

i=1
inf

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(νB(y) ∧ ν′Bi
(y)).

Obviously, 0 ≤ μ′B(y) ≤ 1, 0 ≤ ν′B(y) ≤ 1, j = 1, 2, · · · , n.
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When
m
∑

i=1
RO

Ai

≥Π

(k)

(B) 	= m
∑

i=1
RO

Ai

≥Π

(k)
(B), B is an optimistic multi-granulation GRIFS model based on type-II

dominance relation.
When k = 0, μ′Bi

(y) and ν′Bi
(y) are calculated from the classical rough set. Under these circumstances,

the model is still valid.

Definition 14. Let IS≥Π
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, A1, A2, · · · ,

Am ⊆ A. (R≥a )i is a dominance relation of x in terms of attribute Ai, a ∈ Ai, where ([x]≥a )i is the dominance
class of (R≥a )i. Suppose X is GRS of (R≥a )i on U and B is IFS on U. IFS B with respect to attribute a satisfies
dominance relation ((R′)≥a )i. Then lower and upper approximations of B with respect to the graded k are as
follows:

When k ≥ 1, we can get,

m

∑
i=1

Rp
Ai

≥Π

(k)

(B) = {< x, μ
m
∑

i=1
Rp

Ai

≥Π

(k)

(B)
(x), ν

m
∑

i=1
Rp

Ai

≥Π

(k)

(B)
(x) > |x ∈ U},

m

∑
i=1

Rp
Ai

≥Π

(k)

(B) = {< x, μ
m
∑

i=1
Rp

Ai

≥Π

(k)
(B)

(x), ν
m
∑

i=1
Rp

Ai

≥Π

(k)
(B)

(x) > |x ∈ U},

μ′Bi
(y) =

|R≥k (X) ∩ R≥k (X)|
|U| , ν′Bi

(y) =
|¬(R≥k (X) ∪ R≥k (X))|

|U| .

We can obtain GRS in A1, A2, · · · , Am, then there will be μ′B1
(y), μ′B2

(y), μ′B3
(y), · · · , μ′Bm

(y) and
ν′B1

(y), ν′B2
(y), ν′B3

(y), · · · , ν′Bm
(y). Subsequently, we can obtain,

μ
m
∑

i=1
Rp

Ai

≥Π

(k)

(B)
(x) =

m∧
i=1

inf
y∈(

j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(μB(y) ∧ μ′Bi
(y)), ν

m
∑

i=1
Rp

Ai

≥Π

(k)

(B)
(x) =

m∨
i=1

sup

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(νB(y) ∨ ν′Bi
(y)),

μ
m
∑

i=1
Rp

Ai

≥Π

(k)
(B)

(x) =
m∨

i=1
sup

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(μB(y) ∨ μ′Bi
(y)), ν

m
∑

i=1
Rp

Ai

≥Π

(k)
(B)

(x) =
m∧

i=1
inf

y∈(
j
∨

s=1
(([x]≥a )s∨[x]≥

′
a ))

i

(νB(y) ∧ ν′Bi
(y)).

Obviously, 0 ≤ μ′B(y) ≤ 1, 0 ≤ ν′B(y) ≤ 1, j = 1, 2, · · · , n.

When
m
∑

i=1
Rp

Ai

≥Π

(k)

(B) 	= m
∑

i=1
Rp

Ai

≥Π

(k)
(B), B is a pessimistic multi-granulation GRIFS model based on type-II

dominance relation.
When k = 0, μ′Bi

(y) and ν′Bi
(y) are calculated from the classical rough set. Under these circumstances,

the model is still valid.

Note that, in (
j∨

s=1
(([x]≥a )s ∨ [x]≥

′
a ))

i
, if x have j dominance classes [x]≥a of dominance relation R≥a on

GRS, we perform a disjunction operation ∨ of j dominance classes [x]≥a and [x]≥
′

a , respectively.
Note that multi-granulation GRIFS models based on type-II dominance relation are formed by combining

multiple granularities GRIFS models based on type-II dominance relation.

According to Definitions 13 and 14, the following theorem can be obtained.

348



Symmetry 2018, 10, 446

Theorem 4. Let IS≥Π
=< U, A, V, f > be an intuitionistic fuzzy ordered information system, A1, A2, · · · ,

Am ⊆ A, and IFS B ⊆ U. Then optimistic and pessimistic multi-granulation GRIFS models based on type-II
dominance relation have the following properties:

m

∑
i=1

RO
Ai

≥Π

(k)

(B) =
m∪

i=1
RAi
≥Π

(k)
(B),

m

∑
i=1

RO
Ai

≥Π

(k)

(B) =
m∩

i=1
RAi

≥Π

(k) (B),

m

∑
i=1

Rp
Ai

≥Π

(k)

(B) =
m∩

i=1
RAi
≥Π

(k)
(B),

m

∑
i=1

Rp
Ai

≥Π

(k)

(B) =
m∪

i=1
RAi

≥Π

(k) (B).

Proof. One can derive them from Definitions 7, 13 and 14. �

5. Algorithm and Example Analysis

5.1. Algorithm

Through Examples 1–3, we can conclude that the GRIFS model is effective, and now we use
multi-granulation GRIFS models based on dominance relation to predict results under the same
situations again as Algorithm 1.

Algorithm 1. Computing multi-granulation GRIFS models based on dominance relation.

Input: IS =< U, A, V, f >, X ⊆ U, IFS B ⊆ U, k is a natural number
Output: Multi-granulation GRIFS models based on dominance relation
1:if (U 	= φ and A 	= φ)
2: if can build up GRS
3: if (k ≥ 1 && i = 1 to m && a ∈ Ai)
4: compute μ′B(y) and ν′B(y), [x]

≥
a and [x]≥

′
a , for each Ai ⊆ A;

5: then compute ∧ and ∨ of μB(y) and μ′Bi
(y), ν′Bi

(y) and νB(y) and compute ∧ and ∨ of [x]≥a and

[x]≥
′

a ;

6: if (x ∈ U && ∀y ∈ (
j∗

s=1
(([x]≥a )s ∗ [x]≥

′
a ))

i
)

7: for (i = 1 to m && 1 ≤ j ≤ n)
8: compute μ m

∑
i=1

RΔ
Ai

≥•

(k)

(B)
(x), ν m

∑
i=1

RΔ
Ai

≥•

(k)

(B)
(x), μ

m
∑

i=1
RΔ

Ai

≥•

(k)
(B)

(x), ν
m
∑

i=1
RΔ

Ai

≥•

(k)
(B)

(x);

9: end

10: compute
m
∑

i=1
RΔ

Ai

≥•

(k)

(B),
m
∑

i=1
RΔ

Ai

≥•

(k)
(B).

11: end

12: end

13: end

14:else

return NULL
15:end

Note that Δ represents optimistic and pessimistic and ∗ means ∧ or ∨ operation, and in

(
j∗

s=1
(([x]≥a )s ∗ [x]≥

′
a ))

i
, (

j∗
s=1

(([x]≥a )s ∗ [x]≥
′

a ))
i

represent (
j∧

s=1
(([x]≥a )s ∧ [x]≥

′
a ))

i
or (

j∨
s=1

(([x]≥a )s ∨ [x]≥
′

a ))
i

in this algorithm. • represents I or II.
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Through this algorithm, we next illustrate these models by example again.

5.2. An Illustrative Example

We use this example to illustrate Algorithm 1 of multi-granulation GRIFS models based on type-I
and type-II dominance relation. According to Algorithm 1, we will not discuss this case where k is 0.
There are 9 patients. Let U = {x1, x2, x3, x4, x5, x6, x7, x8, x9} be the domain. Next, we analyzed these 9
patients from these symptoms of fever and salivation. The set of condition attributes are A = {fever,
salivation, streaming nose}. For fever, we can get U/R≥ = {{x1, x2, x4}, {x3, x8}, {x7}, {x4, x5, x6, x9}},
for salivation there is U/R≥ = {{x1}, {x1, x4}, {x3, x5, x6}, {x5, x6}, {x6, x9}, {x2, x7, x8}}, and for
streaming nose U/R≥ = {{x1}, {x1, x2, x4}, {x3, x5, x6}, {x4, x6, x7, x9}, {x2, x7, x8}}. According to the
cold disease, these patients have the have the following IFS

B =

{
[0.9, 0]

x1
,
[0.8, 0.1]

x2
,
[0.65, 0.3]

x3
,
[0.85, 0.1]

x4
,
[0.95, 0.05]

x5
,
[0.7, 0.3]

x6
,
[0.5, 0.2]

x7
,
[0.87, 0.1]

x8
,
[0.75, 0.2]

x9

}
.

Suppose X = {x1, x4, x5, x6, x9}, k = 1. Then we can obtain multi-granulation GRIFS models
based on type-I and type-II dominance relation through Definitions 11–14. Results are as follows.

For fever, according to U/R≥, we can get,

R≥1 (X) = {x1, x2, x4, x5, x6, x7, x9}, R≥1 (X) = {x1, x2, x4, x5, x6, x7, x9},
μ′B1

(y) = |R≥1 (X)∩R≥1 (X)|
|U| = 7

9 ≈ 0.78, ν′B1
(y) = |¬(R≥1 (X)∪R≥1 (X))|

|U| = 2
9 ≈ 0.22.

Similarly, for salivation and streaming nose, the results are as follows:

μ′B2
(y) =

6
9
≈ 0.67, ν′B2

(y) =
3
9
≈ 0.33. μ′B2

(y) =
8
9
≈ 0.89, ν′B2

(y) =
1
9
≈ 0.11.

According to Definitions 11–14, we can obtain multi-granulation GRIFS models based on type-I
dominance relation and type-II dominance relation.

For μ′B1
(y) and ν′B1

(y), μ′B2
(y) and ν′B2

(y) and μ′B3
(y) and ν′B3

(y), the results are the followings as
Table 3.

Table 3. The conjunction and disjunction operation of μB(y) and μ′B1
(y).

x x1 x2 x3 x4 x5 x6 x7 x8 x9

μB(y) 0.9 0.8 0.65 0.85 0.95 0.7 0.5 0.87 0.75
μB(y) 0 0.1 0.3 0.1 0.05 0.3 0.2 0.1 0.2

μB(y) ∧ μ′B1
(y) 0.78 0.78 0.65 0.78 0.78 0.7 0.5 0.72 0.75

νB(y) ∧ ν′B1
(y) 0.22 0.22 0.3 0.22 0.22 0.3 0.22 0.22 0.22

μB(y) ∨ μ′B1
(y) 0.9 0.8 0.78 0.85 0.95 0.78 0.78 0.78 0.78

νB(y) ∧ ν′B1
(y) 0 0.1 0.22 0.1 0.05 0.22 0.2 0.1 0.2

μB(y) ∧ μ′B2
(y) 0.67 0.67 0.65 0.67 0.67 0.67 0.5 0.6 0.67

νB(y) ∨ ν′B2
(y) 0.33 0.33 0.33 0.33 0.33 0.33 0.33 0.33 0.33

μB(y) ∨ μ′B2
(y) 0.89 0.8 0.67 0.85 0.95 0.7 0.67 0.67 0.75

νB(y) ∧ ν′B2
(y) 0.11 0.1 0.3 0.1 0.05 0.3 0.2 0.1 0.2

μB(y) ∧ μ′B3
(y) 0.9 0.8 0.65 0.85 0.89 0.7 0.5 0.87 0.75

νB(y) ∨ ν′B3
(y) 0 0.11 0.3 0.11 0.11 0.3 0.2 0.11 0.2

μB(y) ∨ μ′B3
(y) 0.9 0.89 0.89 0.89 0.95 0.89 0.89 0.89 0.89

νB(y) ∧ ν′B3
(y) 0 0.1 0.11 0.1 0.05 0.11 0.11 0.1 0.11

Then, according to Definition 6, for B, we can get [x]≥
′

a . Then, the conjunction operation of [x]≥a
and [x]≥

′
a can be computed as Table 1.
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For fever, we can get GRIFS based on type-I dominance relation as follows:

R≥
I

1 (B) =
{

[0.78,0.22]
x1

, [0.78,0.22]
x2

, [0.65,0.3]
x3

, [0.78,0.22]
x4

, [0.78,0.22]
x5

, [0.7,0.3]
x6

, [0.5,0.22]
x7

, [0.78,0.22]
x8

, [0.75,0.22]
x9

}
,

R≥
I

1 (B) =
{

[0.9,0]
x1

, [0.85,0.1]
x2

, [0.78,0.1]
x3

, [0.85,0.1]
x4

, [0.95,0.05]
x5

, [0.87,0.1]
x6

, [0.78,0.1]
x7

, [0.87,0.1]
x8

, [0.78,0.2]
x9

}
.

For streaming nose, similar to Table 1, we can obtain [x]≥a ∧ [x]≥
′

a as Table 4.

Table 4. The conjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∧[x]≥
′

a

x1 {x1}, {x1, x2, x4} {x1} {x1}
x2 {x1, x2, x4}, {x2, x7, x8} {x2, x4, x5, x8} {x2}
x3 {x3, x5, x6} {x3, x4, x5, x6, x8, x9} {x3, x5, x6}
x4 {x1, x2, x4}, {x4, x6, x7, x9} {x4, x5} {x4}
x5 {x3, x5, x6} {x5} {x5}
x6 {x3, x5, x6}, {x4, x6, x7, x9} {x6, x8, x9} {x6}
x7 {x2, x7, x8}, {x4, x6, x7, x9} {x7, x8, x9} {x7}
x8 {x2, x7, x8} {x8} {x8}
x9 {x4, x6, x7, x9} {x9} {x9}

For salivation, similar to Table 1, we can obtain [x]≥a ∧ [x]≥
′

a as Table 5.

Table 5. The conjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∧[x]≥
′

a

x1 {x1, x2} {x1} {x1}
x2 {x1, x2}, {x2, x4} {x2, x4, x5, x8} {x2}
x3 {x3, x8} {x3, x4, x5, x6, x8, x9} {x3, x8}
x4 {x2, x4} {x4, x5} {x4}
x5 {x5, x6} {x5} {x5}
x6 {x5, x6} {x6, x8, x9} {x6}
x7 {x7, x9}, {x7, x8, x9} {x7, x8, x9} {x7, x9}
x8 {x3, x8}, {x7, x8, x9} {x8} {x8}
x9 {x7, x9}, {x7, x8, x9} {x9} {x9}

For streaming nose, we can get GRIFS based on type-I dominance relation as follows:

R≥
I

1 (B) =
{

[0.9,0.11]
x1

, [0.8,0.11]
x2

, [0.65,0.3]
x3

, [0.85,0.11]
x4

, [0.89,0.11]
x5

, [0.7,0.3]
x6

, [0.5,0.2]
x7

, [0.87,0.11]
x8

,
[0.75,0.2]

x9

}
,

R≥
I

1 (B) =
{

[0.9,0]
x1

, [0.89,0.1]
x2

, [0.95,0.05]
x3

, [0.89,0.1]
x4

, [0.95,0.05]
x5

, [0.89,0.11]
x6

, [0.89,0.11]
x7

, [0.89,0.1]
x8

,
[0.89,0.11]

x9

}
.

For salivation, we can get GRIFS based on type-I dominance relation as follows:

R≥
I

1 (B) =
{

[0.67,0.33]
x1

, [0.67,0.33]
x2

, [0.65,0.33]
x3

, [0.67,0.33]
x4

, [0.67,0.33]
x5

, [0.67,0.33]
x6

, [0.67,0.33]
x7

, [0.67,0.33]
x8

,
[0.67,0.33]

x9

}
,

R≥
I

1 (B) =
{

[0.9,0]
x1

, [0.8,0.1]
x2

, [0.87,0.1]
x3

, [0.85,0.1]
x4

, [0.95,0.05]
x5

, [0.7,0.3]
x6

, [0.75,0.2]
x7

, [0.87,0.1]
x8

, [0.75,0.2]
x9

}
.
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For [x2]
≥
a = {x1, x2}, [x2]

≥
a = {x2, x4} and [x2]

≥′
a = {x2, x4, x5, x8}, based on Definitions 11–14,

we should perform the conjunction operation of them, respectively.

([x1]
≥
a ∧ [x1]

≥′
a ) ∧ ([x1]

≥
a ∧ [x1]

≥′
a ) = ({x1} ∧ {x1, x1, x4}) ∧ ({x1, x2} ∧ {x1, x2, x4}) = {x1} ∧ {x1, x2} = {x1}.

Similarly, for x2, x4, x6 and x7, we can get the results as Tables 4 and 5.
Therefore, according to the Definitions 11 and 12 and the above calculations, we can get

multi-granulation GRIFS models based on a type-I dominance relation as follows:

3
∑

i=1
RO

Ai

≥I

1

(B) =
{

[0.89,0.11]
x1

, [0.8,0.11]
x2

, [0.65,0.3]
x3

, [0.85,0.11]
x4

, [0.89,0.11]
x5

, [0.7,0.3]
x6

, [0.67,0.2]
x7

, [0.87,0.11]
x8

, [0.75,0.2]
x9

}
,

3
∑

i=1
RO

Ai

≥I

1
(B) =

{
[0.9,0]

x1
, [0.8,0.1]

x2
, [0.78,0.1]

x3
, [0.85,0.1]

x4
, [0.95,0.05]

x5
, [0.7,0.3]

x6
, [0.75,0.2]

x7
, [0.87,0.1]

x8
, [0.75,0.2]

x9

}
.

3
∑

i=1
RP

Ai

≥I

1

(B) =
{

[0.67,0.33]
x1

, [0.67,0.33]
x2

, [0.65,0.33]
x3

, [0.67,0.33]
x4

, [0.67,0.33]
x5

, [0.67,0.33]
x6

, [0.5,0.33]
x7

, [0.67,0.33]
x8

,

[0.67,0.33]
x9

}
,

3
∑

i=1
RP

Ai

≥I

1
(B) =

{
[0.89,0]

x1
, [0.85,0.1]

x2
, [0.95,0.05]

x3
, [0.85,0.1]

x4
, [0.95,0.05]

x5
, [0.87,0.05]

x6
, [0.78,0.1]

x7
, [0.87,0.1]

x8
, [0.78,0.1]

x9

}
.

From the above results, Figures 1 and 2 can be drawn as follows:
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v(GRIFS type-I) streaming nose

Figure 1. The lower approximation of GRIFS based on type-I dominance relation, as well as optimistic
and pessimistic multi-granulation GRIFS based on type-I dominance relation.

For Figure 1, we can obtain,

μ(y)OI1 ≥ μ(y)GIn1Θ μ(y)GI f 1Θ(y)GIs1 ≥ μ(y)PI1,ν(y)GIs1 ≥ ν(y)PI1 ≥ ν(y)OI1 = ν(y)GI f 1 ≥ ν(y)GIn1;
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Note:

Θ represents ≤ or ≥;
μ(y)GI f 1 and ν(y)GI f 1 represent GRIFS type-I dominance relation (fever);
μ(y)GIs1 and ν(y)GIs1 represent GRIFS type-I dominance relation (salivation);
μ(y)GIn1 and ν(y)GIn1 represent GRIFS type-I dominance relation (streaming nose);
μ(y)OI1 and ν(y)OI1 represent optimistic multi-granulation GRIFS type-I dominance relation;
μ(y)PI1 and ν(y)PI1 represent pessimistic multi-granulation GRIFS type-I dominance relation;

From Figure 1, we can get that x1, x2, x4, x5 and x8 patients have the disease, and x7 patients do
not have the disease.
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Figure 2. The upper approximation of GRIFS based on type-I dominance relation, as well as optimistic
and pessimistic multi-granulation GRIFS based on type-I dominance relation.

Then, from Figure 2, we can obtain,

μ(y)OI2 = μ(y)GIn2 ≥ μ(y)PI2Θ μ(y)GIs2Θ μ(y)GI f 2,ν(y)GIs2 ≥ ν(y)OI2Θ ν(y)PI2Θ ν(y)GI f 2 ≥ ν(y)GIn2;

Note:

Θ represents ≤ or ≥;
μ(y)GI f 2 and ν(y)GI f 2 represent GRIFS type-I dominance relation (fever);
μ(y)GIs2 and ν(y)GIs2 represent GRIFS type-I dominance relation (salivation);
μ(y)GIn2 and ν(y)GIn2 represent GRIFS type-I dominance relation (streaming nose);
μ(y)OI2 and ν(y)OI2 represent optimistic multi-granulation GRIFS type-I dominance relation;
μ(y)PI2 and ν(y)PI2 represent pessimistic multi-granulation GRIFS type-I dominance relation;

From Figure 2, we can get that x1, x2, x3, x4, x5, x6, x8, and x9 patients have the disease, and x6

patients do not have the disease.
For multi-granulation GRIFS models based on type-II dominance relation, the calculations for

this model are similar to multi-granulation GRIFS models based on type-I dominance relation.
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Firstly, for streaming nose, we can compute the disjunction operation of [x]≥a and [x]≥
′

a , and the
results are as Table 6.

Table 6. The disjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∨[x]≥
′

a

x1 {x1}, {x1, x2, x4} {x1} {x1, x2, x4}
x2 {x1, x2, x4}, {x2, x7, x8} {x2, x4, x5, x8} {x1, x2, x4, x5, x7, x8}
x3 {x3, x5, x6} {x3, x4, x5, x6, x8, x9} {x3, x4, x5, x6, x8, x9}
x4 {x1, x2, x4}, {x4, x6, x7, x9} {x4, x5} {x1, x2, x4, x5, x6, x7, x9}
x5 {x3, x5, x6} {x5} {x3, x5, x6}
x6 {x3, x5, x6}, {x4, x6, x7, x9} {x6, x8, x9} {x3, x4, x5, x6, x7, x8, x9}
x7 {x2, x7, x8}, {x4, x6, x7, x9} {x7, x8, x9} {x2, x4, x6, x7, x8, x9}
x8 {x2, x7, x8} {x8} {x2, x7, x8}
x9 {x4, x6, x7, x9} {x9} {x4, x6, x7, x9}

Next, for salivation, we can compute the disjunction operation of [x]≥a and [x]≥
′

a , and the results
are as Table 7.

Table 7. The disjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∨[x]≥
′

a

x1 {x1, x2} {x1} {x1, x2}
x2 {x1, x2}, {x2, x4} {x2, x4, x5, x8} {x1, x2, x4, x5, x8}
x3 {x3, x8} {x3, x4, x5, x6, x8, x9} {x3, x4, x5, x6, x8, x9}
x4 {x2, x4} {x4, x5} {x2, x4, x5}
x5 {x5, x6} {x5} {x5, x6}
x6 {x5, x6} {x6, x8, x9} {x5, x6, x8, x9}
x7 {x7, x9}, {x7, x8, x9} {x7, x8, x9} {x7, x8, x9}
x8 {x3, x8}, {x7, x8, x9} {x8} {x3, x7, x8, x9}
x9 {x7, x9}, {x7, x8, x9} {x9} {x7, x8, x9}

Then, for fever, we compute the disjunction operation of [x]≥a and [x]≥
′

a , and these results are
shown as Table 8.

Table 8. The disjunction operation of [x]≥a and [x]≥
′

a .

x [x]≥a [x]≥
′

a [x]≥a ∨[x]≥
′

a

x1 {x1, x2, x4} {x1} {x1, x2, x4}
x2 {x1, x2, x4} {x2, x4, x5, x8} {x1, x2, x4, x5, x8}
x3 {x3, x8} {x3, x4, x5, x6, x8, x9} {x3, x4, x5, x6, x8, x9}
x4 {x1, x2, x4}, {x4, x5, x6, x9} {x4, x5} {x1, x2, x4, x5, x6, x9}
x5 {x4, x5, x6, x9} {x5} {x4, x5, x6, x9}
x6 {x4, x5, x6, x9} {x6, x8, x9} {x4, x5, x6, x8, x9}
x7 {x7} {x7, x8, x9} {x7, x8, x9}
x8 {x3, x8} {x8} {x3, x8}
x9 {x4, x5, x6, x9} {x9} {x4, x5, x6, x9}

For streaming nose, we can get GRIFS based on type-II dominance relation,

R≥
Π

1 (B) =
{

[0.8,0.11]
x1

, [0.5,0.2]
x2

, [0.65,0.3]
x3

, [0.5,0.3]
x4

, [0.65,0.3]
x5

, [0.5,0.3]
x6

, [0.5,0.3]
x7

, [0.5,0.2]
x8

, [0.5,0.3]
x9

}
,

R≥
Π

1 (B) =
{

[0.9,0]
x1

, [0.95,0]
x2

, [0.95,0.05]
x3

, [0.95,0]
x4

, [0.95,0.05]
x5

, [0.95,0.05]
x6

, [0.89,0.1]
x7

, [0.89,0.1]
x8

, [0.89,0.1]
x9

}
.
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For salivation, we can get GRIFS based on type-II dominance relation,

R≥
Π

1 (B) =
{

[0.67,0.33]
x1

, [0.67,0.33]
x2

, [0.65,0.33]
x3

, [0.67,0.33]
x4

, [0.67,0.33]
x5

, [0.67,0.33]
x6

, [0.5,0.33]
x7

, [0.5,0.33]
x8

,
[0.5,0.33]

x9

}
,

R≥
Π

1 (B) =
{

[0.9,0]
x1

, [0.95,0]
x2

, [0.95,0.05]
x3

, [0.95,0.05]
x4

, [0.95,0.05]
x5

, [0.95,0.05]
x6

, [0.87,0.1]
x7

, [0.87,0.1]
x8

, [0.87,0.1]
x9

}
.

For fever, GRIFS type-II dominance relation can be calculated as follows:

R≥
Π

1 (B) =
{

[0.78,0.22]
x1

, [0.78,0.22]
x2

, [0.65,0.3]
x3

, [0.7,0.22]
x4

, [0.7,0.22]
x5

, [0.7,0.3]
x6

, [0.5,0.22]
x7

, [0.65,0.3]
x8

, [0.7,0.3]
x9

}
,

R≥
Π

1 (B) =
{

[0.9,0]
x1

, [0.95,0]
x2

, [0.95,0.05]
x3

, [0.95,0]
x4

, [0.95,0.05]
x5

, [0.95,0.05]
x6

, [0.87,0.1]
x7

, [0.87,0.1]
x8

, [0.95,0.05]
x9

}
.

Based on Definitions 13 and 14, the condition of these patients based on multi-granulation GRIFS
type-II dominance relation can be obtained as follows:

3
∑

i=1
RO

Ai

≥Π

1

(B) =
{

[0.8,0.11]
x1

, [0.78,0.2]
x2

, [0.65,0.3]
x3

, [0.7,0.22]
x4

, [0.7,0.3]
x5

, [0.7,0.3]
x6

, [0.5,0.22]
x7

, [0.65,0.2]
x8

, [0.7,0.3]
x9

}
,

3
∑

i=1
RO

Ai

≥Π

1
(B) =

{
[0.9,0]

x1
, [0.95,0]

x2
, [0.95,0.05]

x3
, [0.95,0.05]

x4
, [0.95,0.05]

x5
, [0.95,0.05]

x6
, [0.87,0.1]

x7
, [0.87,0.1]

x8
, [0.87,0.1]

x9

}
.

3
∑

i=1
RP

Ai

≥Π

1

(B) =
{

[0.67,0.33]
x1

, [0.5,0.33]
x2

, [0.65,0.33]
x3

, [0.5,0.4]
x4

, [0.65,0.33]
x5

, [0.5,0.33]
x6

, [0.5,0.33]
x7

, [0.5,0.33]
x8

, [0.5,0.33]
x9

}
,

3
∑

i=1
RP

Ai

≥Π

1
(B) =

{
[0.9,0]

x1
, [0.95,0]

x2
, [0.95,0.05]

x3
, [0.95,0]

x4
, [0.95,0.05]

x5
, [0.95,0.05]

x6
, [0.89,0.1]

x7
, [0.89,0.1]

x8
, [0.95,0.05]

x9

}
.

Then, from Figure 3, we can obtain,

μ(y)OΠ3 ≥ μ(y)GΠ f 3Θ μ(y)GΠn3Θ μ(y)GΠs3 ≥ μ(y)PΠ3,ν(y)PΠ3 ≥ ν(y)GΠs3Θ ν(y)OΠ3Θ ν(y)GΠ f 3Θ ν(y)GΠn3;

Note:

Θ represents ≤ or ≥;
μ(y)GΠ f 3 and ν(y)GΠ f 3 represent GRIFS type-II dominance relation (fever);
μ(y)GΠs3 and ν(y)GΠs3 represent GRIFS type-II dominance relation (salivation);
μ(y)GΠn3 and ν(y)GΠn3 represent GRIFS type-II dominance relation (streaming nose);
μ(y)OΠ3 and ν(y)OΠ3 represent optimistic multi-granulation GRIFS type-II dominance relation;
μ(y)PΠ3 and ν(y)PΠ3 represent pessimistic multi-granulation GRIFS type-II dominance relation;

From Figure 3, we can see that x1, x2, x4 patients have the disease, and x3, x5, x6, x7, x8, x9 patients
do not have the disease.

Then, from Figure 4, we can obtain,

μ(y)OΠ4 ≥ μ(y)GΠn4Θ μ(y)GΠ f 4Θ μ(y)GΠs4 ≥ μ(y)PΠ4,ν(y)PΠ4Θ ν(y)GΠs4Θ ν(y)GΠ f 4Θ ν(y)GΠn4Θ ν(y)OΠ4;

Note:

Θ represents ≤ or ≥;
μ(y)GΠ f 4 and ν(y)GΠ f 4 represent GRIFS type-II dominance relation (fever);
μ(y)GΠs4 and ν(y)GΠs4 represent GRIFS type-II dominance relation (salivation);
μ(y)GΠn4 and ν(y)GΠn4 represent GRIFS type-II dominance relation (streaming nose);
μ(y)OΠ4 and ν(y)OΠ4 represent optimistic multi-granulation GRIFS type-II dominance relation;
μ(y)PΠ4 and ν(y)PΠ4 represent pessimistic multi-granulation GRIFS type-II dominance relation;
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From Figure 4, we can see that x1, x2, x3, x4, x5, x6, x7, x8 and x9 patients have the disease.
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Figure 3. The lower approximation of GRIFS based on type-II dominance relation, as well as optimistic
and pessimistic multi-granulation GRIFS based on type-II dominance relation.
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Figure 4. The upper approximation of GRIFS based on type-II dominance relation, as well as optimistic
and pessimistic multi-granulation GRIFS based on type-II dominance relation.
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From Figures 1 and 2, x1, x2, x4 and x8 patients have the disease, x6 and x7 patient do not have the
disease. From Figures 3 and 4, x1, x2 and x4 patients have the disease, x3, x5, x6, x7, x8 and x9 patients
do not have the disease. Furthermore, this example proves the accuracy of Algorithm 1.

This example analyzes and discusses multi-granulation GRIFS models based on dominance
relation. From conjunction and disjunction operations of two kinds of dominance classes perspective,
we analyzed GRIFS models based on type-I dominance relation and type-II dominance relation and
also optimistic and pessimistic multi-granulation GRIFS models based on type-I dominance relation
and type-II dominance relation, respectively. Through the analysis of this example, the validity of
these multi-granulation GRIFS models based on type-I dominance relation and type-II dominance
relation models can be obtained.

6. Conclusions

These theories of GRS and RIFS are extensions of the classical rough set theory. In this paper,
we proposed a series of models on GRIFS based on dominance relation, which were based on the
combination of GRS, RIFS, and dominance relations. Moreover, these models of multi-granulation
GRIFS models based on dominance relation were established on GRIFS models based on dominance
relation using multiple dominance relations on the universe. The validity of these models was
demonstrated by giving examples. Compared with GRS based on dominance relation, GRIFS models
based on dominance relation can be more precise. Compared with GRIFS models based on dominance
relation, multi-granulation GRIFS models based on dominance relation can be more accurate. It can be
demonstrated using the algorithm, and our methods provide a way to combine GRS and RIFS. Our
next work is to study the combination of GRS and variable precision rough sets on the basis of our
proposed methods.
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Abstract: Rough sets provide a useful tool for data preprocessing during data mining. However,
many algorithms related to some problems in rough sets, such as attribute reduction, are greedy ones.
Matroids propose a good platform for greedy algorithms. Therefore, it is important to study the
combination between rough sets and matroids. In this paper, we investigate rough sets and matroids
through their operators, and provide a matroidal method for attribute reduction in information
systems. Firstly, we generalize four operators of rough sets to four operators of matroids through the
interior, closure, exterior and boundary axioms, respectively. Thus, there are four matroids induced
by these four operators of rough sets. Then, we find that these four matroids are the same one, which
implies the relationship about operators between rough sets and matroids. Secondly, a relationship
about operations between matroids and rough sets is presented according to the induced matroid.
Finally, the girth function of matroids is used to compute attribute reduction in information systems.

Keywords: rough set; matroid; operator; attribute reduction

1. Introduction

Rough set theory was proposed by Pawlak [1,2] in 1982 as a mathematical tool to deal with various
types of data in data mining. There are many practical problems have been solved by it, such as
rule extraction [3,4], attribute reduction [5–7], feature selection [8–10] and knowledge discovery [11].
In Pawlak’s rough sets, the relationships of objects are equivalence relations. However, it is well
known that this requirement is excessive in practice [12,13]. Hence, Pawlak’s rough sets have been
extended by relations [14,15], coverings [16–18] and neighborhoods [6,19]. They have been combined
with other theories including topology [20], lattice theory [21,22], graph theory [23,24] and fuzzy set
theory [25,26].

However, many optimization issues related to rough sets, including attribute reduction,
are NP-hard. Therefore, the algorithms to deal with them are often greedy ones [27]. Matroid
theory [28–30] is a generalization of graph and linear algebra theories. It has been used in information
coding [31] and cryptology [32]. Recently, the combination between rough sets and matroids has
attracted many interesting research. For example, Zhu and Wang [33] established a matroidal
structure through the upper approximation number and studied generalized rough sets with matroidal
approaches. Liu and Zhu [34] established a parametric matroid through the lower approximation
operator of rough sets. Li et al. [35,36] used matroidal approaches to investigate rough sets through
closure operators. Su and Zhu [37] presented three types of matroidal structures of covering-based
rough sets. Wang et al. [38] induced a matroid named 2-circuit matroid by equivalence relations, and
equivalently formulated attribute reduction with matroidal approaches. Wang and Zhu used matrix
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approaches to study the 2-circuit matroid [39], and used contraction operation in matroids to study
some relationships between a subset and the upper approximation of this subset in rough sets [40].
Unfortunately, all of these papers never study matroids and rough sets through the positive, negative
and boundary operators of rough sets. Thus, it is necessary to further study rough sets and matroids by
these operators in this paper. In addition, only Wang et al. [38] presented two equivalent descriptions
of attribute reduction by closure operators and rank functions of matroids, respectively. We consider
presenting a novel approach to attribute reduction through the girth function of matroids in this paper.

In this paper, we mainly use the positive operator, the negative operator and the boundary
operator to study matroids and rough sets, and propose a method to compute attribute reduction
in information systems through the girth function of matroids. Firstly, we generalize the positive
(the lower approximation operator), upper approximation, negative and boundary operators of rough
sets to the interior, closure, exterior and boundary operators of matroids respectively. Among them,
the upper and lower approximation operators have been studied in [35]. Thus, there are four matroids
induced by these four operators of rough sets. Then, the relationship between these four matroids
is studied, which implies the relationship about operators between rough sets and matroids. In fact,
these four matroids are the same one. Secondly, a relationship about the restriction operation both in
matroids and rough sets is proposed. Finally, a matroidal approach is proposed to compute attribute
reduction in information systems through the girth function of matroids, and an example about
attribute reduction is solved. Using this matroidal approach, we can compute attribute reduction
through their results “2” and “∞”.

The rest of this paper is organized as follows. Section 2 recalls some basic notions about rough
sets, information systems and matroids. In Section 3, we generalize four operators of rough sets to
four operators of matroids, respectively. In addition, we study the relationship between four matroids
induced by these four operators of rough sets. Moreover, a relationship about operations between
matroids and rough sets is presented. In Section 4, an equivalent formulation of attribute reduction
through the girth function is presented. Based on the equivalent formulation, a novel method is
proposed to compute attribute reduction in information systems. Finally, Section 5 concludes this
paper and indicates further works.

2. Basic Definitions

In this section, we review some notions in Pawlak’s rough sets, information systems and matroids.

2.1. Pawlak’s Rough Sets and Information Systems

The definition of approximation operators is presented in [1,41].
Let R an equivalence relation on U. For any X ⊆ U, a pair of approximation R(X) and R(X) of X

are defined by
R(X) = {x ∈ U : RN(x)

⋂
X 	= ∅},

R(X) = {x ∈ U : RN(x) ⊆ X},
where RN(x) = {y ∈ U : xRy}. R and R are called the upper and lower approximation operators with
respect to R, respectively.

In this paper, U is a nonempty and finite set called universe. Let −X be the complement of X in
U and ∅ be the empty set. We have the following conclusions about R and R.

Proposition 1. Refs. [1,41] Let R be an equivalence relation on U. For any X, Y ⊆ U,

361



Symmetry 2018, 10, 418

(1L) R(U) = U,

(2L) R(φ) = φ,

(3L) R(X) ⊆ X,

(4L) R(X
⋂

Y) = R(X)
⋂

R(Y),

(5L) R(R(X)) = R(X),

(6L) X ⊆ Y ⇒ R(X) ⊆ R(Y),

(7L) R(−R(X)) = −R(X),

(8LH) R(−X) = −R(X),

(1H) R(U) = U,

(2H) R(φ) = φ,

(3H) X ⊆ R(X),

(4H) R(X
⋃

Y) = R(X)
⋃

R(Y),

(5H) R(R(X)) = R(X),

(6H) X ⊆ Y ⇒ R(X) ⊆ R(Y),

(7H) R(−R(X)) = −R(X),

(9LH) R(X) ⊆ R(X).

On the basis of the upper and lower approximation operators with respect to R, one can define
three operators to divide the universe, namely, the negative operator NEGR, the positive operator
POSR and the boundary operator BNDR:

NEGR(X) = U − R(X),

POSR(X) = R(X),

BNDR(X) = R(X)− R(X).

An information system [38] is an ordered pair IS = (U, A), where U is a nonempty finite set of
objects and A is a nonempty finite set of attributes such that a : U → Va for any a ∈ A, where Va is
called the value set of a. For all B ⊆ A, the indiscernibility relation induced by B is defined as follows:

IND(B) = {(x, y) ∈ U ×U : ∀b ∈ B, b(x) = b(y)}.

Definition 1. (Reduct [38]) Let IS = (U, A) be an information system. For all B ⊆ A, B is called a reduct of
IS, if the following two conditions hold:

(1) IND(B) 	= IND(B− b) for any b ∈ B,
(2) IND(B) = IND(A).

2.2. Matroids

Definition 2. (Matroid [29,30]) Let U is a finite set, and I is a nonempty subset of 2U (the set of all subsets of
U). (U, I) is called a matroid, if the following conditions hold:
(I1) If I ∈ I and I′ ⊆ I, then I′ ∈ I.
(I2) If I1, I2 ∈ I and |I1| < |I2|, then there exists e ∈ I2 − I1 such that I1

⋃{e} ∈ I, where |I| denotes the
cardinality of I.

Let M = (U, I) be a matroid. We shall often write U(M) for U and I(M) for I, particularly when
several matroids are being considered. The members of I are the independent sets of M.

Example 1. Let U = {a1, a2, a3, a4, a5} and I = {∅, {a1}, {a2}, {a3}, {a4}, {a5}, {a1, a3}, {a1, a4}, {a1, a5},
{a2, a3}, {a2, a4}, {a2, a5}, {a3, a4}, {a3, a5}, {a4, a5}, {a1, a3, a4}, {a1, a3, a5}, {a1, a4, a5}, {a2, a3, a4}, {a2,
a3, a5}, {a2, a4, a5}}. Then, M = (U, I) is a matroid.

In order to make some expressions brief, some denotations are presented. Let A ⊆ 2U . Then,

Min(A) = {X ∈ A : ∀Y ∈ A, Y ⊆ X ⇒ X = Y},
Max(A) = {X ∈ A : ∀Y ∈ A, X ⊆ Y ⇒ X = Y},
Opp(A) = {X ⊆ U : X 	∈ A}.
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The set of all circuits of M is defined as C(M) = Min(Opp(I)). The rank function rM of M is
denoted by rM(X) = max{|I| : I ⊆ X, I ∈ I} for any X ⊆ U. rM(X) is called the rank of X in M.
The closure operator clM of M is defined as

clM(X) = {u ∈ U : rM(X) = rM(X
⋃{u})} for all X ⊆ U.

We call clM(X) the closure of X in M. X is called a closed set if clM(X) = X, and we denote
the family of all closed sets of M by F(M). The closure axiom of a matroid is introduced in the
following proposition.

Proposition 2. (Closure axiom [29,30]) Let cl be an operator of U. Then, there exists one and only one matroid
M such that cl = clM iff cl satisfies the following four conditions:
(CL1) X ⊆ cl(X) for any X ⊆ U;
(CL2) If X ⊆ Y ⊆ U, then cl(X) ⊆ cl(Y);
(CL3) cl(cl(X)) = cl(X) for any X ⊆ U;
(CL4) For any x, y ∈ U, if y ∈ cl(X

⋃{x})− cl(X), then x ∈ cl(X
⋃{y}).

Example 2. (Continued from Example 1) Let X = {a3, a4}. Then,
C(M) = Min(Opp(I)) = {{a1, a2}, {a3, a4, a5}},
rM(X) = max{|I| : I ⊆ X, I ∈ I} = 2,
clM(X) = {u ∈ U : rM(X) = rM(X

⋃{u})} = {a3, a4, a5},
F(M) = {∅, {a3}, {a4}, {a5}, {a1, a2}, {a1, a2, a3}, {a1, a2, a4}, {a1, a2, a5}, {a3, a4, a5}, {a1, a2, a3, a4, a5}}.

Based on F(M), the interior operator intM of M is defined as

intM(X) =
⋃{Y ⊆ X : U −Y ∈ F(M)} for any X ⊆ U.

intM(X) is called the interior of X in M. X is called a open set if intM(X) = X. The following
proposition shows the interior axiom of a matroid.

Proposition 3. (Interior axiom [29,30]) Let int be an operator of U. Then, there exists one and only one matroid
M such that int = intM iff int satisfies the following four conditions:
(INT1) int(X) ⊆ X for any X ⊆ U,
(INT2) If X ⊆ Y ⊆ U, then int(X) ⊆ int(Y),
(INT3) int(int(X)) = int(X) for any X ⊆ U,
(INT4) For any x, y ∈ U, if y ∈ int(X)− int(X− {x}), then x 	∈ int(X− {y}).

Example 3. (Continued from Example 2) intM(X) =
⋃{Y ⊆ X : U −Y ∈ F(M)} = {a3, a4}.

Based on the closure operator clM, the exterior operator exM and the boundary operator boM of
M are defined as

exM(X) = −clM(X) and boM(X) = clM(X)
⋂

clM(−X) for all X ⊆ U.

exM(X) is called the exterior of X in M, and boM(X) is called the boundary of X in M.
The following two propositions present the exterior and boundary axioms, respectively.

Proposition 4. (Exterior axiom [42]) Let ex be an operator of U. Then, there exists one and only one matroid
M such that ex = exM iff exM satisfies the following four conditions:
(EX1) X

⋂
ex(X) = ∅ for any X ⊆ U;

(EX2) If X ⊆ Y ⊆ U, then ex(Y) ⊆ ex(X);
(EX3) ex(−ex(X)) = ex(X) for any X ⊆ U;
(EX4) For any x, y ∈ U, if y ∈ ex(X)− ex(X

⋃{x}), then x 	∈ ex(X
⋃{y}).
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Proposition 5. (Boundary axiom [42]) Let bo be an operator of U. Then, there exists one and only one matroid
M such that bo = boM iff bo satisfies the following five conditions:
(BO1) bo(X) = bo(−X) for any X ⊆ U;
(BO2) bo(bo(X)) ⊆ bo(X) for any X ⊆ U;
(BO3) X

⋂
Y
⋂
(bo(X)

⋃
bo(Y)) ⊆ X

⋂
Y
⋂

bo(X
⋂

Y) for any X, Y ⊆ U;
(BO4) For any x, y ∈ U, if y ∈ bo(X

⋃{x})− bo(X), then x ∈ bo(X
⋃{y});

(BO5) bo(X
⋃

bo(X)) ⊆ bo(X) for any X ⊆ U.

Example 4. (Continued from Example 2) exM(X) = U − {a3, a4, a5} = {a1, a2},
boM(X) = clM(X)

⋂
clM(−X) = {a3, a4, a5}⋂{a1, a2, a5} = {a5}.

The following proposition shows some relationships between these above four operators, namely
clM, intM, exM and boM.

Proposition 6. Ref. [42] Let M = (U, I) be a matroid. For all X ⊆ U, the following statements hold:
(1) intM(X) = −clM(−X) and clM(X) = −intM(−X);
(2) clM(boM(X)) = boM(X);
(3) boM(exM(X)) = boM(−X).

3. The Relationship about Operators between Rough Sets and Matroids

In this section, four matroids are induced by four operators of rough sets. These four matroids are
induced by the lower approximation operator R (because R = POSR, we only consider R), the upper
approximation operator R, the negative operator NEGR and the boundary operator BNDR through
the interior axiom, the closure axiom, the exterior axiom and the boundary axiom, respectively.
Among them, the upper approximation operator R has been studied in [35]. Then, the relationship
between these four matroids are studied, and we find that these four are the same one. According to
this work, we present the relationship about operators between rough sets and matroids.

3.1. Four Matroids Induced by Four Operators of Rough Sets

In this subsection, we generalize the positive operator (the lower approximation operator),
the upper approximation operator, the negative operator and the boundary operator of rough sets to
the interior operator, the closure operator, the exterior operator and the boundary operator of matroids,
respectively. Firstly, the following lemma is proposed.

Lemma 1. Refs. [1,41] Let R be an equivalence relation on U. For any x, y ∈ U, if x ∈ RN(y), then
y ∈ RN(x).

The following proposition shows that the lower approximation operator R satisfies
the interior axiom of matroids.

Proposition 7. Let R be an equivalence relation on U. Then, R satisfies (INT1), (INT2), (INT3) and
(INT4) of Proposition 3.

Proof. By (1L), (6L) and (5L) of Proposition 1, R satisfies (INT1), (INT2) and (INT3), respectively.
(INT4): For any x, y ∈ U, if y ∈ R(X)− R(X − {x}), then y ∈ R(X) but y 	∈ R(X − {x}). Hence,
RN(y) ⊆ X but RN(y) 	⊆ X− {x}. Therefore, x ∈ RN(y). According to Lemma 1, y ∈ RN(x). Hence,
RN(x) 	⊆ X− {y}, i.e., x 	∈ R(X− {y}).

Inspired by Proposition 7, there is a matroid such that R is its interior operator.
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Definition 3. Let R be an equivalence relation on U. The matroid whose interior operator is R is denoted by
M(R). We say M(R) is the matroid induced by R.

Corollary 1. Let R be an equivalence relation on U. Then, intM(R) = POSR.

Proof. According to Definition 3, intM(R) = R. Since POSR = R, so intM(R) = POSR.

The upper approximation operator R satisfies the closure axiom in [35,38].

Proposition 8. Refs. [35,38] Let R be an equivalence relation on U. Then, R satisfies (CL1), (CL2), (CL3)
and (CL4) of Proposition 2.

Proposition 8 determines the second matroid induced by R.

Definition 4. Let R be an equivalence relation on U. The matroid whose closure operator is R is denoted by
M(R). We say that M(R) is the matroid induced by R.

The negative operator NEGR satisfies the exterior axiom.

Proposition 9. Let R be an equivalence relation on U. Then, NEGR satisfies (EX1), (EX2), (EX3) and
(EX4) of Proposition 4.

Proof. (EX1): For any X ⊆ U, NEGR(X) = U− R(X). According to (3H) of Proposition 1, X ⊆ R(X).
Therefore, X

⋂
NEGR(X) = ∅;

(EX2): According to (6H) of Proposition 1, if X ⊆ Y ⊆ U, then R(X) ⊆ R(Y). Therefore,
U − R(Y) ⊆ U − R(Y), i.e., NEGR(Y) ⊆ NEGR(X);
(EX3): For any X ⊆ U, NEGR(X) = U − R(X). Hence, −NEGR(X) = U − NEGR(X) = U − (U −
R(X)) = R(X). Therefore, NEGR(−NEGR(X)) = NEGR(R(X)) = U − R(R(X)). According to (5H)

of Proposition 1, R(R(X)) = R(X). Hence, NEGR(−NEGR(X)) = U − R(X) = NEGR(X);
(EX4): For any x, y ∈ U, if y ∈ NEGR(X) − NEGR(X

⋃{x}), then y ∈ NEGR(X) but y 	∈
NEGR(X

⋃{x}), i.e., y ∈ U − R(X) but y 	∈ U − R(X
⋃{x}). Since R(X) ⊆ U and R(X

⋃{x}) ⊆ U,
so y ∈ R(X

⋃{x}) but y 	∈ R(X). Hence, RN(y)
⋂
(X
⋃{x}) 	= ∅ but RN(y)

⋂
X = ∅. Therefore,

RN(y)
⋂{x} 	= ∅, i.e., x ∈ RN(y). According to Lemma 1, y ∈ RN(x). Hence, RN(x)

⋂
(X
⋃{y}) 	= ∅,

i.e., x ∈ R(X
⋃{y}). Therefore, x 	∈ U − R(X

⋃{y}), i.e., x 	∈ NEGR(X
⋃{y}).

Proposition 9 determines the third matroid such that NEGR is its exterior operator.

Definition 5. Let R be an equivalence relation on U. The matroid whose exterior operator is NEGR is denoted
by M(NEGR). We say M(NEGR) is the matroid induced by NEGR.

In order to certify the boundary operator BNDR satisfies the boundary axiom, the following two
lemmas are proposed.

Lemma 2. Refs. [1,41] Let R be an equivalence relation on U. For all X, Y ⊆ U, R(X
⋂

Y) ⊆ R(X)
⋂

R(Y).

Lemma 3. Let R be an equivalence relation on U. If X ⊆ Y ⊆ U, then X
⋂

BNDR(Y) ⊆ BNDR(X).

Proof. For any x ∈ X
⋂

BNDR(Y), X
⋂

BNDR(Y) = X
⋂
(R(X) − R(X)) = X

⋂
R(X)

⋂
R(−X)).

Since X ⊆ Y ⊆ U, so −Y ⊆ −X ⊆ U. According to (6H) of Proposition 1, X
⋂

R(X)
⋂

R(−X)) =

X
⋂

R(−X) ⊆ R(X)
⋂

R(−X) = BNDR(X). Hence, x ∈ BNDR(X), i.e., X
⋂

BNDR(Y) ⊆
BNDR(X).

The boundary operator BNDR satisfies the boundary axiom.
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Proposition 10. Let R be an equivalence relation on U. Then, BNDR satisfies (BO1), (BO2), (BO3), (BO4)
and (BO5) of Proposition 5.

Proof. (BO1): According to (8LH) of Proposition 1, R(−X) = −R(X). For any X ⊆ U,

BNDR(−X) = R(−X)− R(−X)

= R(−X)
⋂
(U − R(−X))

= (−R(X))
⋂

R(X)

= R(X)
⋂
(−R(X))

= R(X)− R(X)

= BNDR(X).

(BO2): For any X ⊆ U,

BNDR(BNDR(X)) = R(BNDR(X))− R(BNDR(X))

= R(BNDR(X))
⋂
(U − R(BNDR(X)))

= R(BNDR(X))
⋂
(−R(BNDR(X)))

= R(BNDR(X))
⋂
(R(−BNDR(X)))

⊆ R(BNDR(X))

= R(R(X)− R(X))

= R(R(X)
⋂
(−R(X))).

According to Lemma 1, we know

R(R(X)
⋂
(−R(X))) ⊆ R(R(X))

⋂
R(−R(X))

= R(X)
⋂

R(−R(X))

= R(X)− R(X)

= BNDR(X).

Hence, BNDR(BNDR(X)) ⊆ BNDR(X);
(BO3): For any X, Y ⊆ U, X

⋂
Y
⋂
(BNDR(X)

⋃
BNDR(Y)) = X

⋂
Y
⋂
((R(X) −R(X))

⋃
(R(Y) −

R(Y))) = X
⋂

Y
⋂

((R(X)
⋂

R(−X))
⋃
(R(Y)

⋂
R(−Y))) ⊆ X

⋂
Y
⋂
(R(−X)

⋃
R(−Y)). According

to (4H) of Proposition 1, we know X
⋂

Y
⋂

(R(−X)
⋃

R(−Y)) = X
⋂

Y
⋂

R((−X)
⋃
(−Y)) =

X
⋂

Y
⋂

R(−(X
⋂

Y)). According to (6H) of Proposition 1, we know X
⋂

Y ⊆ R(X
⋂

Y). Therefore,
X
⋂

Y
⋂

R(−(X
⋂

Y)) = X
⋂

Y
⋂

R(−(X
⋂

Y))
⋂

R(X
⋂

Y) = X
⋂

Y
⋂

BNDR(X
⋂

Y).
(BO4): When x = y or x ∈ X, it is straightforward. When y ∈ X, it does not hold. (In fact, we suppose
y ∈ X. If y ∈ BNDR(X

⋃{x}), according to Lemma 3, we know y ∈ X
⋂

BNDR(X
⋃{x}) ⊆ BNDR(X),
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which is contradictory with y ∈ BNDR(X
⋃{x})− BNDR(X). Hence, y 	∈ X.) We only need to prove

it for x 	= y and x, y 	∈ X. If y ∈ BNDR(X
⋃{x})− BNDR(X), since

BNDR(X
⋃ {x})− BNDR(X)

= (R(X
⋃{x})− R(X

⋃{x}))− (R(X)− R(X))

= (R(X
⋃{x}) ⋂ R(−(X

⋃{x})))− (R(X)
⋂

R(−X))

= (R(X
⋃ {x})⋂ R(−(X

⋃{x})))⋂((− R(X))
⋃
(−R(−X)))

= (R(X
⋃{x})⋂ R(−(X

⋃{x}))⋂(−R(X)))
⋃
(R(X

⋃{x})⋂
(R(−(X

⋃{x})))⋂(−R(−X)))

= R(X
⋃{x})⋂ R( −(X

⋃{x}))⋂(−R(X))

= R(X
⋃{x})⋂(−R(X))

⋂
R(−(X

⋃{x}))
= (R(X

⋃ {x})− R(X))
⋂

R(−(X
⋃ {x})),

then y ∈ R(X
⋃{x}) − R(X) and y ∈ R(−(X⋃ {x})). According to Proposition 8, we have x ∈

R(X
⋃{y}). Since y ∈ R(−(X⋃ {x})), so x ∈ R(−(X⋃{y})). Hence, y ∈ R(X

⋃{y})⋂R(−(X⋃{y})),
i.e., y ∈ BNDR(X

⋃{y}).
(BO5): For any X, Y ⊆ U,

BNDR(X
⋃

BNDR(X)) = R(X
⋃

BNDR(X))− R(X
⋃

BNDR(X))

= R(X
⋃

BNDR(X))
⋂

R(−(X
⋃

BNDR(X)))

= R(X
⋃

BNDR(X))
⋂

R((−X)
⋂
(BNDR(−X)))

⊆ R(X
⋃

BNDR(X))
⋂

R(−X)

= R(X
⋃
(R(X)

⋂
R(−X)))

⋂
R(−X)

= R(R(X)
⋂

U)
⋂

R(−X)

= R(R(X))
⋂

R(−X).

According to (5H) and (8LH) of Proposition 1, R(R(X))
⋂

R(−X) = R(X)
⋂

R( −X) = R(X)−
R(X) = BNDR(X). Therefore, BNDR(X

⋃
BNDR(X)) ⊆ BNDR(X).

Proposition 8 determines the fourth matroid such that BNDR is its boundary operator.

Definition 6. Let R be an equivalence relation on U. The matroid whose boundary operator is BNDR is denoted
by M(BNDR). We say that M(BNDR) is the matroid induced by BNDR.

3.2. The Relationship between These Four Matroids

This subsection studies the relationship between these four matroids in the above subsection.
In fact, these four matroids are the same one.

Theorem 1. Let R be an equivalence relation on U. Then,

M(R) = M(R) = M(NEGR) = M(BNDR).

Proof. (1) On one hand, M(R) and M(R) have the same grand U. On the other hand, according
to Definition 3, we know intM(R)(X) = R(X) for any X ⊆ U. By Proposition 6, clM(R)(X) =

−intM(R)(−X) = −R(−X). According to (8LH) of Proposition 1, −R(−X) = R(X). Hence,
clM(R)(X) = R(X). According to Definition 4, clM(R)(X) = R(X). Therefore, clM(R)(X) = clM(R)(X),
i.e., M(R) = M(R).
(2) On one hand, M(R) and M(NEGR) have the same grand U. On the other hand, according to
Definition 4, we know clM(R) = R. For any X ⊆ U, exM(R)(X) = −clM(R)(X) = −R(X) = U −
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R(X) = NEGR(X). By Definition 5, exM(NEGR)
(X) = NEGR(X). Hence, exM(R)(X) = exM(NEGR)

(X),
i.e., M(R) = M(NEGR).
(3) On one hand, M(R) and M(NEGR) have the same grand U. On the other hand, according
to Definition 4, we have clM(R) = R. For all X ⊆ U, boM(R)(X) = clM(R)(X)

⋂
clM(R)(−X) =

R(X)
⋂

R(−X) = R(X)
⋂

R(−X) = R(X) − R(X) = BNDR(X). According to Definition 6,
boM(NEGR)

(X) = BNDR(X). Therefore, boM(R)(X) = boM(NEGR)
(X), i.e., M(R) = M(NEGR).

Definition 7. Let R be an equivalence relation on U. The matroid whose interior operator, closure operator,
exterior operator and boundary operator are R, R, NEGR and BNDR is defined as M(R). We say that M(R) is
the matroid induced by R.

According to the above definition, we have the relationship about operators between rough sets
and matroids as Table 1:

Table 1. The relationship about operators between rough sets and matroids.

M(R) Is the Matroid Induced by R

intM(R) = R = POSR
clM(R) = R
exM(R) = NEGR
boM(R) = BNDR

3.3. The Relationship about Operations between Matroids and Rough Sets

In this subection, a relationship about the restriction operation both in matroids and rough
sets is proposed. First of all, two definitions of these two operations are presented in the following
two definitions.

Definition 8. (Restriction [29,30]) Let M = (U, I) be a matroid. For X ⊆ U, the restriction of M to X is
defined as M|X = (X, IX), where IX = {I ⊆ X : I ∈ I}.

Not that C(M|X) = {C ⊆ X : C ∈ C(M)}. For an equivalence relation R on U, there is also a
definition of restriction of R. For any X ⊆ U, R|X is an equivalence relation called the restriction of R
to X, where R|X = {(x, y) ∈ X× X : (x, y) ∈ R}, X × X is the product set of X and X. According to
Definition 7, M(R|X) is a matroid on X.

In [38], the set of independent sets of M(R) is proposed in the following lemma.

Lemma 4. Ref. [38] Let R be an equivalence relation on U. Then,

I(M(R)) = {X ⊆ U : ∀x, y ∈ X, x 	= y⇒ (x, y) /∈ R}.

Example 5. Let R be an equivalence relation on U with U = {a, b, c, d, e}, and U/R = {{a, b}, {c, d, e}}.
According to Lemma 4, I(M(R)) = {∅, {a}, {b}, {c}, {d}, {e}, {a, c}, {b, c}, {a, d}, {b, d}, {a, e}, {b, e}}.

Proposition 11. Let R be an equivalence relation on U and X ⊆ U. Then, M(R|X) = M(R)|X.

Proof. For any X ⊆ U, R|X is an equivalence relation on X. Thus, M(R|X) is a matroid on X.
By Definition 8, M(R)|X is a matroid on X. Therefore, we need to prove only I(M(R|X)) = I(M(R)|X).
According to Lemma 4, I(M(R|X)) = {Y ⊆ X : ∀x, y ∈ Y, x 	= y ⇒ (x, y) /∈ R|X}, I(M(R)|X) =

{Y ⊆ X : ∀x, y ∈ Y, x 	= y ⇒ (x, y) /∈ R}. On one hand, since R|X ⊆ R, I(M(R)|X) ⊆ I(M(R|X)).
On the other hand, suppose Y ∈ I(M(R|X))− I(M(R)|X). For any x, y ∈ Y, if x 	= y, then (x, y) /∈ R|X
but (x, y) ∈ R. Therefore, x, y /∈ X but x, y ∈ U, i.e., x, y ∈ U − X. Hence, Y ⊆ U − X, which is
contradictory with Y ⊆ X, i.e., Y ∈ I(M(R|X))− I(M(R)|X). Thus, I(M(R|X)) ⊆ I(M(R)|X).
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Example 6. (Continued from Example 5) Let X = {a, b, c}. According to Definition 8,
I(M(R)|X) = {∅, {a}, {b}, {c}, {a, c}, {b, c}}, and M(R)|X = (X, I(M(R)| X)). Since R|X =

{(a, a), (b, b), (c, c), (a, b), (b, a)}, so X/(R|X) = {{a, b}, {c}}. According to Lemma 4, I(M(R|X)) =

{∅, {a}, {b}, {c}, {a, c}, {b, c}}, and M(R|X) = (X, I(M(R|X)). Therefore, M(R|X) = M(R)|X.

4. A Matroidal Approach to Attribute Reduction through the Girth Function

In this section, a matroidal approach is proposed to compute attribute reduction in information
systems through the girth function of matroids.

4.1. An Equivalent Formulation of Attribute Reduction through the Girth Function

Lemma 5. Ref. [15] Let R1 and R2 be two equivalence relations on U, respectively. Then, R1 = R2 if and only
if R1 = R2.

Based on Lemma 5, we propose a necessary and sufficient condition for two equivalence relations
induce the same matroids.

Proposition 12. Let R1 and R2 be two equivalence relations on U, respectively. Then, M(R1) = M(R2) if
and only if R1 = R2.

Proof. According to Definition 7, M(R1) and M(R2) have the same grand U. According to
Proposition 3, Proposition 7 and Lemma 5,

M(R1) = M(R2) ⇔ intM(R1)
= intM(R2)

⇔ R1 = R2

⇔ R1 = R2.

An equivalent formulation of attribute reduction in information systems is presented from the
viewpoint of matroids.

Proposition 13. Let IS = (U, A) be an information system. For all B ⊆ A, B is a reduct of IS if and only if it
satisfies the following two conditions:

(1) For all b ∈ B, M(IND(B)) 	= M(IND(B− b));
(2) M(IND(B)) = M(IND(A)).

Proof. Since IND(A), IND(B) and IND(B − b) are equivalence relations on U, M(IND(A)),
M(IND(B)) and M(IND(B− b)) are matroids on U. According to Proposition 12,

(1) For all b ∈ B, M(IND(B)) 	= M(IND(B− b))⇔ IND(B) 	= IND(B− b);
(2) M(IND(B)) = M(IND(A))⇔ IND(B) = IND(A).

According to Definition 1, it is immediate.

In Proposition 13, the equivalent formulation of attribute reduction is not convenient for us to
compute the attribute reduction. We consider to use the girth function of matroids to compute it.

Definition 9. (Girth function [29,30]) Let M = (U, I) be a matroid. The girth g(M) of M is defined as:

g(M) =

{
min{|C| : C ∈ C(M)}, C(M) 	= ∅;
∞, C(M) = ∅.

For all X ⊆ U, the girth function gM is defined as gM(X) = g(M|X). gM(X) is called the girth of X in M.
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According to Definition 9, the girth function is related to circuits. Thus, the following lemma
presents the family of all circuits of M(R).

Lemma 6. Ref. [38] Let R be an equivalence relation on U. Then,

C(M(R)) = {{x, y} ⊆ U : x 	= y ∧ (x, y) ∈ R}.

Example 7. (Continued from Example 5) C(M(R)) = {{a, b}, {c, d}, {c, e}, {d, e}}.

Based on the characteristics of the matroid induced by an equivalence relation, a type of matroids
is abstracted, which is called a 2-circuit matroid. M is called a 2-circuit matroid if |C| = 2 for all
C ∈ C(M). Note that, if C(M) = ∅, then M is also a 2-circuit matroid. In this section, we don’t
consider this case. The matroid M(R) is a 2-circuit matroid.

Proposition 14. Let R be an equivalence relation on U and X ⊆ U. Then,

g(M(R)) =

{
2, C(M(R)) 	= ∅;
∞, C(M(R)) = ∅;

gM(R)(X) =

{
2, C(M(R)|X) 	= ∅;
∞, C(M(R)|X) = ∅.

Proof. Since M(R) is a 2-circuit matroid, |C| = 2 for all C ∈ C(M(R)). According to Definition 9,
it is immediate.

Corollary 2. Let R be an equivalence relation on U and X ⊆ U. Then,

g(M(R)) =

{
2, ∃x ∈ U, s.t., |RN(x)| ≥ 2;
∞, otherwise,

gM(R)(X) =

{
2, ∃x ∈ X, s.t., |RN(x)

⋂
X| ≥ 2;

∞, otherwise.

Proof. According to Lemma 6,

C(M(R)) 	= ∅ ⇔ ∃x, y ⊆ U, s.t., x 	= y ∧ (x, y) ∈ R

⇔ ∃x ∈ U, s.t., |RN(x)| ≥ 2.

Hence,

g(M(R)) =

{
2, ∃x ∈ U, s.t., |RN(x)| ≥ 2;
∞, otherwise.

Since C(M(R)|X) = {C ⊆ X : C ∈ C(M(R))} = {{x, y} ⊆ X : x 	= y ∧ (x, y) ∈ R},

C(M(R)|X) 	= ∅ ⇔ ∃x, y ⊆ X, s.t., x 	= y ∧ (x, y) ∈ R

⇔ ∃x ∈ U, s.t., |RN(x)
⋂

X| ≥ 2.

Hence,

gM(R)(X) =

{
2, ∃x ∈ X, s.t., |RN(x)

⋂
X| ≥ 2;

∞, otherwise.
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Lemma 7. Refs. [1,41] Let R1 and R2 be two equivalence relations on U, respectively. Then, for any x ∈ U,

(R1
⋂

R2)N(x) = R1N(x)
⋂

R2N(x).

According to Corollary 2, the girth function of the matroid induced by attribute subsets is
presented in the following proposition.

Proposition 15. Let IS = (U, A) be an information system and X ⊆ U. Then, for all B ⊆ A,

g(M(IND(B))) =

⎧⎨⎩ 2, ∃x ∈ U, s.t., | ⋂
Ri∈B

Ri N(x)| ≥ 2;

∞, otherwise,

gM(IND(B))(X) =

⎧⎨⎩ 2, ∃x ∈ X, s.t., |( ⋂
Ri∈B

Ri N(x))
⋂

X| ≥ 2;

∞, otherwise.

Proof. According to Lemma 7 and Corollary 2, it is immediate.

Note that Ri in Ri N denotes the equivalence relation induced by attribute Ri ∈ A. According to
the girth axiom, we know that a matroid is corresponding to one and only one girth function.

Proposition 16. (Girth axiom [29,30]) Let g : 2U → Z+ ⋃{0, ∞} be a function. Then, there exists one and
only one matroid M such that g = gM iff g satisfies the following three conditions:
(G1) If X ⊆ U and g(X) < ∞, then X has a subset Y such that g(X) = g(Y) = |Y|.
(G2) If X ⊆ Y ⊆ U, then g(X) ≥ g(Y).
(G3) If X and Y are distinct subsets of U with g(X) = |X|, g(Y) = |Y|, then g((X

⋃
Y)− {e}) < ∞ for any

e ∈ X
⋂

Y.

Inspired by Propositions 13 and 16, we can use the girth function in matroids to compute
attribute reduction.

Theorem 2. Let IS = (U, A) be an information system. For all B ⊆ A, B is a reduct of IS if and only if it
satisfies the following two conditions:

(1) For all b ∈ B, there exists X ⊆ U such that gM(IND(B))(X) 	= gM(IND(B−b))(X).
(2) For all X ⊆ U, gM(IND(B))(X) = gM(IND(A))(X).

Proof. According to Propositions 13 and 16, it is immediate.

4.2. The Process of the Matroidal Methodology

In this subsection, we give the process of the matroidal approach to compute attribute reduction
in information systems according to the equivalent description in Section 4.1.

In order to obtain all results of an information system IS = (U, A), we need to compute
gM(IND(B))(X) for all B ⊆ A and X ⊆ U based on Theorem 2. According to Definition 1, we know
a reduct of IS will not be ∅. Hence, we only consider B ⊆ A and B 	= ∅. On the other hand, for all
X ⊆ U and B ⊆ A, if |X| ≤ 1, then gM(IND(B))(X) = gM(IND(A))(X). According to Theorem 2, we only
consider X whose |X| ≥ 2. Therefore, the process is shown as follows:

• Input: An information system IS = (U, A), where U = {u1, u2, · · · , un} and A =

{a1, a2, · · · , am}.
• Output: All results of IS.
• Step 1: Suppose Bi ⊂ A (Bi 	= ∅ and i = 1, 2, · · · , 2m − 2), we compute all IND(Bi) and IND(A).
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• Step 2: For any i = 1, 2, · · · , 2m − 2, we compute gM(IND(Bi))
(X) and gM(IND(A))(X) for any

X ⊆ U and |X| ≥ 2.
• Step 3: Obtain all results of IS according to Theorem 2.

4.3. An Applied Example

Example 8. Let us consider the following information system IS = (U, A) as is shown in Table 2.

Table 2. An information system.

a1 a2 a3

u1 0 1 0
u2 1 2 2
u3 1 0 0
u4 2 1 1
u5 1 1 2

Let B1 = {a1}, B2 = {a2}, B3 = {a3}, B4 = {a1, a2}, B5 = {a1, a3}, B6 = {a2, a3}, A = {a1, a1, a3}.
gBi denotes gM(IND(Bi))

for 1 ≤ i ≤ 6 and gA denotes gM(IND(A)). All girth functions induced by attribute
subsets as is shown in Table 3.

Table 3. Girth functions induced by attribute subsets.

gB1
gB2

gB3
gB4

gB5
gB6

gA

u1, u2 ∞ ∞ ∞ ∞ ∞ ∞ ∞
u1, u3 ∞ ∞ 2 ∞ ∞ ∞ ∞
u1, u4 ∞ 2 ∞ ∞ ∞ ∞ ∞
u1, u5 ∞ 2 ∞ ∞ ∞ ∞ ∞
u2, u3 2 ∞ ∞ ∞ ∞ ∞ ∞
u2, u4 ∞ ∞ ∞ ∞ ∞ ∞ ∞
u2, u5 ∞ ∞ 2 ∞ 2 ∞ ∞
u3, u4 ∞ ∞ ∞ ∞ ∞ ∞ ∞
u3, u5 ∞ ∞ ∞ ∞ ∞ ∞ ∞
u4, u5 ∞ 2 ∞ ∞ ∞ ∞ ∞
u1, u2, u3 2 ∞ 2 ∞ ∞ ∞ ∞
u1, u2, u4 ∞ 2 ∞ ∞ ∞ ∞ ∞
u1, u2, u5 ∞ 2 2 ∞ 2 ∞ ∞
u1, u3, u4 ∞ 2 2 ∞ ∞ ∞ ∞
u1, u3, u5 ∞ 2 2 ∞ ∞ ∞ ∞
u1, u4, u5 ∞ 2 ∞ ∞ ∞ ∞ ∞
u2, u3, u4 2 ∞ ∞ ∞ ∞ ∞ ∞
u2, u3, u5 2 ∞ ∞ ∞ 2 ∞ ∞
u2, u4, u5 ∞ 2 2 ∞ 2 ∞ ∞
u3, u4, u5 ∞ 2 ∞ ∞ ∞ ∞ ∞
u1, u2, u3, u4 2 2 2 ∞ ∞ ∞ ∞
u1, u2, u3, u5 2 2 2 ∞ 2 ∞ ∞
u1, u2, u4, u5 ∞ 2 2 ∞ 2 ∞ ∞
u1, u3, u4, u5 ∞ 2 2 ∞ ∞ ∞ ∞
u2, u3, u4, u5 2 2 2 ∞ 2 ∞ ∞
u1, u2, u3, u4, u5 2 2 2 ∞ 2 ∞ ∞

Accordingly, there are two reducts of IS: B4 = {a1, a2} and B6 = {a2, a3}.

5. Conclusions

In this paper, we generalize four operators of rough sets to four operators of matroids through the
interior axiom, the closure axiom, the exterior axiom and the boundary axiom, respectively. Moreover,
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we present a matroidal approach to compute attribute reduction in information systems. The main
conclusions in this paper and the continuous work to do are listed as follows:

1. There are four matroids induced by these four operators of rough sets. In fact, these four matroids
are the same one, which implies the relationship about operators between rough sets and matroids.
In this work, we assume an equivalence relation. However, there are other structures have been
used in rough set theory, among them, tolerance relations [43], similarity relations [44], and binary
relations [15,45]. Hence, they can suggest as a future research, the possibility of extending their
ideas to these types of settings.

2. The girth function of matroids is used to compute attribute reduction in information systems.
This work can be viewed as a bridge linking matroids and information systems in the theoretical
impact. In the practical impact, it is a novel method by which calculations will become algorithmic
and can be implemented by a computer. Based on this work, we can use the girth function of
matroids for attribute reduction in decision systems in the future.

3. In the future, we will further expand the research content of this paper based on some new
studies on neutrosophic sets and related algebraic structures [46–50].
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Abstract: As a generalization of single value neutrosophic rough sets, the concept of multi-granulation
neutrosophic rough sets was proposed by Bo et al., and some basic properties of the pessimistic
(optimistic) multigranulation neutrosophic rough approximation operators were studied. However,
they did not do a comprehensive study on the algebraic structure of the pessimistic (optimistic)
multigranulation neutrosophic rough approximation operators. In the present paper, we will provide
the lattice structure of the pessimistic multigranulation neutrosophic rough approximation operators.
In particular, in the one-dimensional case, for special neutrosophic relations, the completely lattice
isomorphic relationship between upper neutrosophic rough approximation operators and lower
neutrosophic rough approximation operators is proved.

Keywords: neutrosophic set; neutrosophic rough set; pessimistic (optimistic) multigranulation
neutrosophic approximation operators; complete lattice

1. Introduction

In order to deal with imprecise information and inconsistent knowledge, Smarandache [1,2]
first introduced the notion of neutrosophic set by fusing a tri-component set and the non-standard
analysis. A neutrosophic set consists of three membership functions, where every function value is
a real standard or non-standard subset of the nonstandard unit interval ]0−, 1+[. Since then, many
authors have studied various aspects of neutrosophic sets from different points of view, for example,
in order to apply the neutrosophic idea to logics, Rivieccio [3] proposed neutrosophic logics which is a
generalization of fuzzy logics and studied some basic properties. Guo and Cheng [4] and Guo and
Sengur [5] obtained good applications in cluster analysis and image processing by using neutrosophic
sets. Salama and Broumi [6] and Broumi and Smarandache [7] first introduced the concept of rough
neutrosophic sets, handled incomplete and indeterminate information, and studied some operations
and their properties.

In order to apply neutrosophic sets conveniently, Wang et al. [8] proposed single valued
neutrosophic sets by simplifying neutrosophic sets. Single valued neutrosophic sets can also be
viewed as a generalization of intuitionistic fuzzy sets (Atanassov [9]). Single valued neutrosophic sets
have become a new majorly research issue. Ye [10–12] proposed decision making based on correlation
coefficients and weighted correlation coefficient of single valued neutrosophic sets, and gave an
application of proposed methods. Majumdar and Samant [13] studied similarity, distance and entropy
of single valued neutrosophic sets from a theoretical aspect.

Şahin and Küçük [14] gave a subsethood measure of single valued neutrosophic sets based on
distance and showed its effectiveness through an example. We know that there’s a certain connection
among fuzzy rough approximation operators and fuzzy relations (resp., fuzzy topologies, information
systems [15–17]). Hence, Yang et al. [18] firstly proposed neutrosophic relations and studied some
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kinds of kernels and closures of neutrosophic relations. Subsequently they proposed single valued
neutrosophic rough sets [19] by fusing single valued neutrosophic sets and rough sets (Pawlak, [20]),
and they studied some properties of single value neutrosophic upper and lower approximation
operators. As a generalization of single value neutrosophic rough sets, Bao and Yang [21] introduced
p-dimension single valued neutrosophic refined rough sets, and they also gave some properties of
p-dimension single valued neutrosophic upper and lower approximation operators.

As another generalization of single value neutrosophic rough sets, Bo et al. [22] proposed the concept
of multi-granulation neutrosophic rough sets and obtained some basic properties of the pessimistic
(optimistic) multigranulation neutrosophic rough approximation operators. However, the lattice structures
of those rough approximation operators in references [19,21,22], were not well studied. Following this
idea, Zhao and Zhang [23] gave the supremum and infimum of the p-dimension neutrosophic upper
and lower approximation operators, but they did not study the relationship between the p-dimension
neutrosophic upper approximation operators and the p-dimension neutrosophic lower approximation
operators, especially in the one-dimensional case. Inspired by paper [23], a natural problem is: Can the
lattice structure of pessimistic (optimistic) multigranulation neutrosophic approximation operators
be given?

In the present paper, we study the algebraic structure of optimistic (pessimistic) multigranulation
single valued neutrosophic approximation operators.

The structure of the paper is organized as follows. The next section reviews some basic definitions of
neutrosophic sets and one-dimensional multi-granulation rough sets. In Section 3, the lattice structure of
the pessimistic multigranulation neutrosophic rough approximation operators are studied. In Section 4,
for special neutrosophic relations, a one-to-one correspondence relationship between neutrosophic
upper approximation operators and lower approximation operators is given. Finally, Section 5
concludes this article and points out the deficiencies of the current research.

2. Preliminaries

In this section, we briefly recall several definitions of neutrosophic set (here “neutrosophic set”
refers exclusively to “single value neutrosophic set”) and one-dimensional multi-granulation rough set.

Definition 1 ([8]). A neutrosophic set B in X is defined as follows: ∀a ∈ X,

B = (TA(a), IA(a), FA(a)),

where TA(a), IA(a), FA(a) ∈ [0, 1], 0 ≤ supTA(a) + supIA(a) + supFA(a) ≤ 3. The set of all neutrosophic
sets on X will be denoted by SVNS(X).

Definition 2 ([11]). Let C and D be two neutrosophic sets in X, if

TC(a) ≤ TD(a), IC(a) ≥ ID(a) and FC(a) ≥ FD(a)

for each a ∈ X, then we called C is contained in D, i.e., C � D. If C � D and D � C, then we called C is equal
to D, denoted by C = D.

Definition 3 ([18]). Let A and B be two neutrosophic sets in X,

(1) The union of A and B is a s neutrosophic set C, denoted by A � B, where ∀x ∈ X,

TC(a) = max{TA(a), TB(a)}, IC(a) = min{IA(a), IB(a)}, and
FC(a) = min{FA(a), FB(a)}.
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(2) The intersection of A and B is a neutrosophic set D, denoted by A � B, where ∀x ∈ X,

TD(a) = min{TA(a), TB(a)}, ID(a) = max{IA(a), IB(a)}, and
FD(a) = max{FA(a), FB(a)}.

Definition 4 ([18]). A neutrosophic relation R in X is defined as follows:

R = {< (a, b), TR(a, b), IR(a, b), FR(a, b) >| (a, b) ∈ X× X},

where TR : X× X → [0, 1], IR : X× X → [0, 1], FR : X× X → [0, 1] , and

0 ≤ supTR(a, b) + supIR(a, b) + supFR(a, b) ≤ 3.

The family of all neutrosophic relations in X will be denoted by SVNR(X), and the pair (X, R) is called a
neutrosophic approximation space.

Definition 5 ([19]). Let (X, R) be a neutrosophic approximation space, ∀A ∈ SVNS(X), the lower and upper
approximations of A with respect to (X, R), denoted by R(A) and R(A), are two neutrosophic sets whose
membership functions are defined as: ∀a ∈ X,

TR(A)(a) = ∧
b∈X

[FR(a, b) ∨ TA(b)], IR(A)(a) = ∨
b∈X

[(1− IR(a, b)) ∧ IA(b)],

FR(A)(a) = ∨
b∈X

[TR(a, b) ∧ FA(b)], TR(A)(a) = ∨
b∈X

[TR(a, b) ∧ TA(b)],

IR(A)(a) = ∧
b∈X

[IR(a, b) ∨ IA(b)], FR(A)(a) = ∧
b∈X

[FR(a, b) ∨ FA(b)].

The pair (R(A), R(A)) is called the one-dimensional multi-granulation rough set (also called single value
neutrosophic rough set or one-dimension single valued neutrosophic refined rough set) of A with respect to
(X, R). R and R are referred to as the neutrosophic lower and upper approximation operators,respectively.

Lemma 1 ([19]). Let R1 and R2 be two neutrosophic relations in X, ∀A ∈ SVNS(X), we have

(1) R1 � R2(A) = R1(A)� R2(A);
(2) R1 � R2(A) = R1(A)� R2(A);
(3) R1 � R2(A) � R1(A)� R2(A) � R1(A)� R2(A);
(4) R1 � R2(A) � R1(A)� R2(A).

3. The Lattice Structure of the Pessimistic Multigranulation Neutrosophic Rough
Approximation Operators

In this section, set M = {R1, R2, · · · , Rn} = {Ri}i=1,n is called a multigranulation neutrosophic
relations set on X if each Ri is a neutrosophic relation on X. In this case, the pair (X, M) will be called
an n-dimensional multigranulation neutrosophic apptoximation space.

Definition 6 ([22]). Let (X, M) be an n-dimensional multigranulation neutrosophic apptoximation space. We
define two pairs of approximation operators as follows, for all ∀A ∈ SVNS(X) and a ∈ X,

MO(A) = (MO(A), MO
(A)), MP(A) = (MP(A), MP

(A)),

where

TMO(A)(a) = ∨n
i=1TRi(A)(a), IMO(A)(a) = ∧n

i=1 IRi(A)(a), FMO(A)(a) = ∧n
i=1FRi(A)(a).

T
MO

(A)
(a) = ∧n

i=1TRi(A)(a), I
MO

(A)
(a) = ∨n

i=1 IRi(A)(a), F
MO

(A)
(a) = ∨n

i=1FRi(A)(a).
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TMP(A)(a) = ∧n
i=1TRi(A)(a), IMP(A)(a) = ∨n

i=1 IRi(A)(a), FMP(A)(a) = ∨n
i=1FRi(A)(a).

T
MP

(A)
(a) = ∨n

i=1TRi(A)(a), I
MP

(A)
(a) = ∧n

i=1 IRi(A)(a), F
MP

(A)
(a) = ∧n

i=1FRi(A)(a).

Then the pair MO(A) = (MO(A), MO
(A)) is called an optismistic multigranulation neutrosophic rough

set, and the pair MP(A) = (MP(A), MP
(A)) is called an pessimistic multigranulation neutrosophic rough set

MO and MP are referred to as the optimistic and pessimistic multigranulation neutrosophic upper approximation
operators, respectively. Similarly, MO and MP are referred to as the optimistic and pessimistic multigranulation
neutrosophic lower approximation operators, respectively.

Remark 1. If n = 1, then the multigranulation neutrosophic rough set will degenerated to a one-dimensional
multi-granulation rough set (see Definition 5). In the following, the family of all multigranulation neutrosophic
relations set on X will be denoted by n−SVNR(X). Defined a relation) on n−SVNR(X) as follows: M ) N
if and only if Mi � Ni, then (n− SVNR(X),)) is a poset, where M = {Mi}i=1,n and N = {Ni}i=1,n.

∀{Mj}
j∈Λ ⊆ n− SVNR(X), where Mj =

{
Mj

i

}
i=1,n

and Λ be a index set, we can define union and

intersection of Mj as follows:

∨
j∈Λ

Mj =
{
�j∈Λ Mj

i

}
i=1,n

, ∧
j∈Λ

Mj =
{
�j∈Λ Mj

i

}
i=1,n

,

where
T�j∈Λ Mj

i
(a, b) = ∨

j∈Λ
T

Mj
i
(a, b), I�j∈Λ Mj

i
(a, b) = ∧

j∈Λ
I
Mj

i
(a, b),

F�j∈Λ Mj
i
(a, b) = ∧

j∈Λ
F

Mj
i
(a, b), T�j∈Λ Mj

i
(a, b) = ∧

j∈Λ
T

Mj
i
(a, b),

I�j∈Λ Mj
i
(a, b) = ∨

j∈Λ
I
Mj

i
(a, b), F�j∈Λ Mj

i
(a, b) = ∨

j∈Λ
F

Mj
i
(a, b).

Then ∨
j∈Λ

Mj and ∧
j∈Λ

Mj are two multigranulation neutrosophic relations on X, and we easily show that

∨
j∈Λ

Mj and ∧
j∈Λ

Mj are infimum and supremum of
{

Mj}
j∈Λ, respectively. Hence we can easily obtain the

following theorem:

Theorem 1. (n − SVNR(X),),∧,∨) is a complete lattice, X̃n = {Xn, Xn, · · · , Xn︸ ︷︷ ︸
n

} and ∅̃N =

{∅N ,∅N , · · · ,∅N︸ ︷︷ ︸
n

} are its top element and bottom element, respectively, where Xn and ∅N are two

neutrosophic relations in X and defined as follows: ∀(a, b) ∈ X × X, TXN (a, b) = 1, IXN (a, b) = 0,
FXN (a, b) = 0 and T∅N (a, b) = 0, I∅N (a, b) = 1, F∅N (a, b) = 1. In particular, (SVNR(X),�,�,�)
is a complete lattice.

Theorem 2. Let M = {Ri}i=1,n and N = {Qi}i=1,n be two multigranulation neutrosophic relations set on X,
∀A ∈ SVNS(X), we have

(1) M ∨ NO(A) � MO(A)� NO(A), M ∨ NP(A) = MP(A)� NP(A);

(2) M ∨ NO
(A) � MO

(A)� NO
(A), M ∨ NP

(A) = MP
(A)� NP

(A);
(3) M ∧ NO(A) � MO(A) � NO(A) � MO(A) � NO(A), M ∧ NP(A) � MP(A) � NP(A) �

MP(A)� NP(A);

(4) M ∧ NO
(A) � MO

(A)� NO
(A), M ∧ NP

(A) � MP
(A)� NP

(A).
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Proof. We only show that the case of the optimistic multigranulation neutrosophic approximation operators.

(1) ∀a ∈ X, by Lemma 1 and Definition 6, we have the following:

TM∨NO(A)(a)
= ∨n

i=1TRi�Qi(A)(a) = ∨n
i=1TRi(A)�Qi(A)(a)

= ∨n
i=1

[
TRi(A)(a) ∧ TQi(A)(a)

]
≤
[
∨n

i=1TRi(A)(a)
]
∧
[
∨n

i=1TQi(A)(a)
]

= TMO(A)(a) ∧ TNO(A)(a)
= TMO(A)�NO(A)(a),

IM∨NO(A)(a)
= ∧n

i=1 IRi�Qi(A)(a) = ∧n
i=1 IRi(A)�Qi(A)(a)

= ∧n
i=1

[
IRi(A)(a) ∨ IQi(A)(a)

]
≥
[
∧n

i=1 IRi(A)(a)
]
∨
[
∧n

i=1 IQi(A)(a)
]

= IMO(A)(a) ∨ INO(A)(a)
= IMO(A)�NO(A)(a),

FM∨NO(A)(a)
= ∧n

i=1FRi�Qi(A)(a) = ∧n
i=1FRi(A)�Qi(A)(a)

= ∧n
i=1

[
FRi(A)(a) ∨ FQi(A)(a)

]
≥
[
∧n

i=1FRi(A)(a)
]
∨
[
∧n

i=1FQi(A)(a)
]

= FMO(A)(a) ∨ FNO(A)(a)
= FMO(A)�NO(A)(a).

Hence, M ∨ NO(A) � MO(A)� NO(A).
(2) ∀a ∈ X, by Lemma 1 and Definition 6, we have the following:

T
M∨NO

(A)
(a)

= ∧n
i=1TRi�Qi(A)(a) = ∧n

i=1TRi(A)�Qi(A)(a)

= ∧n
i=1

[
TRi(A)(a) ∨ TQi(A)(a)

]
≥
[
∧n

i=1TRi(A)(a)
]
∨
[
∧n

i=1TQi(A)(a)
]

= T
MO

(A)
(a) ∨ T

NO
(A)

(a) = T
MO

(A)�NO
(A)

(a),

I
M∨NO

(A)
(a)

= ∨n
i=1 IRi�Qi(A)(a) = ∨n

i=1 IRi(A)�Qi(A)(a)

= ∨n
i=1

[
IRi(A)(a) ∧ IQi(A)(a)

]
≤
[
∨n

i=1 IRi(A)(a)
]
∧
[
∨n

i=1 IQi(A)(a)
]

= I
MO

(A)
(a) ∧ I

NO
(A)

(a) = I
MO

(A)�NO
(A)

(a),

F
M∨NO

(A)
(a)

= ∨n
i=1FRi�Qi(A)(a) = ∨n

i=1FRi(A)�Qi(A)(a)

= ∨n
i=1

[
FRi(A)(a) ∧ FQi(A)(a)

]
≤
[
∨n

i=1FRi(A)(a)
]
∧
[
∨n

i=1FQi(A)(a)
]

= F
MO

(A)
(a) ∧ F

NO
(A)

(a) = F
MO

(A)�NO
(A)

(a).

Hence, M ∨ NO
(A) � MO

(A)� NO
(A).
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(3) ∀a ∈ X, by Lemma 1 and Definition 6, we have the following:

TM∧NO(A)(a)
= ∨n

i=1TRi�Qi(A)(a) ≥ ∨n
i=1TRi(A)�Qi(A)(a)

= ∨n
i=1

[
TRi(A)(a) ∨ TQi(A)(a)

]
=
[
∨n

i=1TRi(A)(a)
]
∨
[
∨n

i=1TQi(A)(a)
]

= TMO(A)(a) ∨ TNO(A)(a) ≥ TMO(A)(a) ∧ TNO(A)(a),

IM∧NO(A)(a)
= ∧n

i=1 IRi�Qi(A)(a) ≤ ∧n
i=1 IRi(A)�Qi(A)(a)

= ∧n
i=1

[
IRi(A)(a) ∧ IQi(A)(a)

]
=
[
∧n

i=1 IRi(A)(a)
]
∧
[
∧n

i=1 IQi(A)(a)
]

= IMO(A)(a) ∧ INO(A)(a) ≤ IMO(A)(a) ∨ INO(A)(a),

FM∧NO(A)(a)
= ∧n

i=1FRi�Qi(A)(a) ≤ ∧n
i=1FRi(A)�Qi(A)(a)

= ∧n
i=1

[
FRi(A)(a) ∧ FQi(A)(a)

]
=
[
∧n

i=1FRi(A)(a)
]
∧
[
∧n

i=1FQi(A)(a)
]

= FMO(A)(a) ∧ FNO(A)(a) ≤ FMO(A)(a) ∨ FNO(A)(a).

Hence, M ∧ No(A) � Mo(A)� No(A) � Mo(A)� No(A).
(4) ∀a ∈ X, by Lemma 1 and Definition 6, we have the following:

T
M∧NO

(A)
(a)

= ∧n
i=1TRi�Qi(A)(a) ≤ ∧n

i=1TRi(A)�Qi(A)(a)

= ∧n
i=1

[
TRi(A)(a) ∧ TQi(A)(a)

]
=
[
∧n

i=1TRi(A)(a)
]
∧
[
∧n

i=1TQi(A)(a)
]

= T
MO

(A)
(a) ∧ T

NO
(A)

(a) = T
MO

(A)�NO
(A)

(a),

I
M∧NO

(A)
(a)

= ∨n
i=1 IRi�Qi(A)(a) ≥ ∨n

i=1 IRi(A)�Qi(A)(a)

= ∨n
i=1

[
IRi(A)(a) ∨ IQi(A)(a)

]
=
[
∨n

i=1 IRi(A)(a)
]
∨
[
∨n

i=1 IQi(A)(a)
]

= I
MO

(A)
(a) ∨ T

NO
(A)

(a) = I
MO

(A)�NO
(A)

(a),

F
M∧NO

(A)
(a)

= ∨n
i=1FRi�Qi(A)(a) ≥ ∨n

i=1FRi(A)�Qi(A)(a)

= ∨n
i=1

[
FRi(A)(a) ∨ FQi(A)(a)

]
=
[
∨n

i=1FRi(A)(a)
]
∨
[
∨n

i=1FQi(A)(a)
]

= F
MO

(A)
(a) ∨ F

NO
(A)

(a) = F
MO

(A)�NO
(A)

(a).

Hence, M ∧ NO
(A) � MO

(A)� NO
(A). �

From Theorem 2, we can easily obtain the following corollary:
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Corollary 1. Let M = {Ri}i=1,n and N = {Qi}i=1,n be two multigranulation neutrosophic relations set on
X. If M ) N, then ∀A ∈ SVNS(X),

NO(A) � MO(A), NP(A) � MP(A)), MO
(A) � NO

(A), MP
(A) � NP

(A).

Let HP
n =

{
MP | M ∈ n− SVNR(X)

}
and LP

n =
{

MP | M ∈ n− SVNR(X)
}

be the set of
pessimistic multigranulation neutrosophic upper and lower approximation operators in X, respectively.

• Defined a relation ≤̂ on HP
n as follows: MP≤̂NP if and only if MP

(A) � NP
(A) for each

A ∈ SVNS(X). Then (HP
n , ≤̂) is a poset.

• Defined a relation ≤̂ on LP
n as follows: MP≤̂NP if and only if NP(A) � MP(A) for each A ∈

SVNS(X). Then (LP
n , ≤̂) is a poset.

Let HO
n =

{
MO | M ∈ n− SVNR(X)

}
and LO

n =
{

MO | M ∈ n− SVNR(X)
}

be the set of optimistic
multigranulation neutrosophic upper and lower approximation operators in X, respectively.

• Defined a relation ≤̂ on HO
n as follows: MO≤̂NO if and only if MO

(A) � NO
(A) for each

A ∈ SVNS(X). Then (HO
n , ≤̂) is a poset.

• Defined a relation ≤̂ on LO
n as follows: MO≤̂NO if and only if NO(A)) � MO(A) for each

A ∈ SVNS(X). Then (LO
n , ≤̂) is a poset.

Theorem 3. (1) ∀
{

MP
i

}
i∈I
⊆(HP

n , ≤̂) and I be a index set, we can define union and intersection of MP
i

as follows:

∨̂
i∈I

MP
i = ∨

i∈I
Mi

P , ∧̂
i∈I

MP
i = [ ∧

i∈I
Mi]

P
,

where [ ∧
i∈I

Mi] = ∨
{

M ∈ n− SVNR(X) | ∀A ∈ SVNS(X), MP
(A) � �i∈I MP

i (A)
}

. Then ∨̂
i∈I

MP
i and

∧̂
i∈I

MP
i are supremum and infimum of

{
MP

i

}
i∈I

, respectively.

(2) ∀
{

MP
i

}
i∈I
⊆(LP

n , ≤̂) and I be a index set, we can define union and intersection of MP
i as follows:

∨̂
i∈I

MP
i = ∨

i∈I
Mi

P, ∧̂
i∈I

MP
i = [ ∨

i∈I
Mi]

P,

where [ ∨
i∈I

Mi] = ∨
{

M ∈ n− SVNR(X) | ∀A ∈ SVNS(X),�i∈I MP
i (A) � MP(A)

}
. Then ∨̂

i∈I
MP

i and

∧̂
i∈I

MP
i are supremum and infimum of

{
MP

i

}
i∈I

, respectively.

Proof. We only show (1).
Let M = ∨

i∈I
Mi, then Mi ) M for each i ∈ I. By Corollary 1, we have Mi

P
(A) � MP

(A) for

any A ∈ SVNS(X). Thus Mi
P ≤̂MP. If M� is a multigranulation neutrosophic relations set such that

Mi
P≤̂M�P for each i ∈ I, then A ∈ SVNS(X), Mi

P
(A) � M�P

(A). Hence,

MP
(A) = ∨

i∈I
Mi

P
(A) = �i∈I Mi

P
(A) � M�P

(A).

Thus MP≤̂M�P. So ∨̂
i∈I

MP
i = ∨

i∈I
Mi

P is the supremum of
{

MP
i

}
i∈I

.

Let Q = [ ∧
i∈I

Mi], then ∀B ∈ SVNS(X), we have

QP
(B) = [ ∧

i∈I
Mi]

P
(B) � �i∈I MP

i (B) � MP
i (B).
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Thus QP≤̂MP
i for each i ∈ I. If M∗ is a multigranulation neutrosophic relations set such that

M∗P≤̂MP
i for each i ∈ I, then

M∗P
(A) � �i∈I MP

i (A).

By the construction of [ ∧
i∈I

Mi], we can easily obtain M∗ ) [ ∧
i∈I

Mi] = Q. Hence,

M∗P≤̂ [ ∧
i∈I

Mi]
P
= QP,

So ∧̂
i∈I

MP
i = [ ∧

i∈I
Mi]

P
is the infimum of

{
MP

i

}
i∈I

. �

Remark 2. (1) ∀A ∈ SVNS(X), ∀a ∈ X, we can calculate that the following formula holds.

T
∅̃N

P
(A)

(a) = 0, I
∅̃N

P
(A)

(a) = 1, F
∅̃N

P
(A)

(a) = 1,

T
∅̃N

P
(A)

(a) = 1, I
∅̃N

P
(A)

(a) = 0, F
∅̃N

P
(A)

(a) = 0.

Hence, ∀M ∈ n− SVNR(X), ∅̃N
P
(A) � MP

(A) and MP(A) � ∅̃N
P
(A). It shows that ∅̃N

P≤̂MP

and ∅̃N
P≤̂MP, i.e., ∅̃N

P
is the bottom element of (HP

n , ≤̂) and ∅̃N
P is the bottom element of (LP

n , ≤̂). By
Theorem 3, we have the following result: Both (HP

n , ≤̂, ∧̂, ∨̂) and (LP
n , ≤̂, ∧̂, ∨̂) are complete lattices.

(2) Similarly, we can prove that both (HO
n , ≤̂, ∧̂, ∨̂) and (LO

n , ≤̂, ∧̂, ∨̂) are complete lattices if we can use
the generalization formula of

M ∨ NO
(A) � MO

(A)� NO
(A) and M ∨ NO(A) � MO(A)� NO(A),

However, by Theorem 2, we known that

M ∨ NO
(A) � MO

(A)� NO
(A) and M ∨ NO(A) � MO(A)� NO(A).

So, naturally, there is the following problem:
How to give the supremum and infimum of the optimistic multigranulation neutrosophic rough

approximation operators?

In the one-dimensional case, for convenience, we will use H =
{

R | R ∈ SVNR(X)
}

and
L = {R | R ∈ SVNR(X)} to denote the set of neutrosophic upper and lower approximation operators
in X, respectively. According to Lemma 1, Remark 2 and Theorem 3, we have the following result: both
(H,≤,∧,∨) and (L,≤,∧,∨) are complete lattices (it is also the one-dimensional case of Reference [23]).

4. The Relationship between Complete Lattices (H,≤,∧,∨) and (L,≤,∧,∨)
In this section, we will study the relationship between complete lattices (H,≤,∧,∨) and

(L,≤,∧,∨). Set

A =
{

SVNR(X) | ∀R1, R2 ∈ SVNR(X), R1 ≤ R2 ⇔ R1 � R2 ⇔ R1 ≤ R2
}

.

Firstly, we will give an example to illustrate thatA is not an empty family.

Example 1. Let X = {a} be a single point set, R1 and R2 are two single valued neutrosophic relations in X.

(1) If R1 ≤ R2, then R1 � R2. In fact, if R1 ≤ R2, then R1(A) � R2(A) for each A ∈ SVNS({a}).
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Thus, ∀a ∈ X,

TR1(A)(a) ≤ TR2(A)(a), IR1(A)(a) ≥ IR2(A)(a), and FR1(A)(a) ≥ FR2(A)(a).

Moreover, TR1(a, a) ∧ TA(a) ≤ TR2(a, a) ∧ TA(a), IR1(a, a) ∨ IA(a) ≥ IR2(a, a) ∨ IA(a),
and FR1(a, a) ∨ FA(a) ≥ FR2(a, a) ∨ FA(a). Considering the arbitrariness of A, in particular, take
A = {< a, (1, 0, 0) >}, we have TR1(a, a) ≤ TR2(a, a), IR1(a, a) ≥ IR2(a, a) and FR1(a, a) ≥ FR2(a, a).

Hence, R1 � R2.

Similarly, we also can show that the following result:
(2) If R1 ≤ R2, then R1 � R2. So, by (1), (2) and Corollary 1, we have SVNR({a}) ∈ A, i.e., A is not an

empty family.

Now, we will give the relationship between complete lattices (H,≤,∧,∨) and (L,≤,∧,∨).

Proposition 1. If SVNR(X) ∈ A, then [�i∈I Ri] = �i∈I Ri = [�i∈I Ri], where I is a index set, and Ri ∈
SVNR(X) for each i ∈ I.

Proof. We first show that [�i∈I Ri] = �i∈I Ri. Let R be a neutrosophic relation in X such that
�i∈I Ri(A) � R(A) for each A ∈ SVNS(X), then Ri ≥ R, this is equivalent to Ri � R since SVNR(X) ∈
A. Thus �i∈I Ri � R. Moreover, by the construction of [�i∈I Ri], we have �i∈I Ri � [�i∈I Ri]. On the
other hand, we can show that �i∈I Ri(A) � �i∈I Ri(A) for each A ∈ SVNS(X). So

[�i∈I Ri] = �
{

R ∈ SVNR(X) | ∀A ∈ SVNS(X),�i∈I Ri(A) � R(A)
}
� �i∈I Ri.

Hence [�i∈I Ri] = �i∈I Ri.
Now, we show that �i∈I Ri = [�i∈I Ri]. Let R be a single valued neutrosophic relation in such

that �i∈I Ri(A) � R(A) for each A ∈ SVNS(X), then Ri ≥ R, this is equivalent to Ri � R since
SVNR(X) ∈ A. Thus �i∈I Ri � R. Moreover, by the construction of [�i∈I Ri]. We have �i∈I Ri �
[�i∈I Ri].

On the other hand, we can show that �i∈I Ri(A) � �i∈I Ri(A) for each A ∈ SVNS(X). So

[�i∈I Ri] = �{R ∈ SVNR(X) | ∀A ∈ SVNS(X),�i∈I Ri(A) � R(A)} � �i∈I Ri.

Hence, [�i∈I Ri] = �i∈I Ri.
From above proved, we know that [�i∈I Ri] = �i∈I Ri = [�j∈J Rj]. �

Theorem 4. If SVNR(X) ∈ A, then (SVNR(X),�,�,�) and (H,≤,∧,∨) are complete lattice isomorphism.

Proof. Define a mapping φ12 : SVNR(X)→ H as follows: ∀R ∈ SVNR(X), φ12(R) = R. Obviously,
φ12 is surjective. If R1 = R2, notice that SVNR(X) ∈ A, we know that R1 = R2. So φ12 is one-one.
∀{Ri}i∈I ⊆ SVNR(X) and I be a index set. By Theorem 3 and Proposition 1, we have

φ12(�i∈I Ri) = �i∈I Ri = ∨
i∈I

Ri = ∨
i∈I

φ12(Ri),

and
φ12(�i∈I Ri) = �i∈I Ri = [�i∈I Ri] = ∧

i∈I
Ri = ∧

i∈I
φ12(Ri).

Hence, φ12 preserves arbitrary union and arbitrary intersection. �

From above proved, we know that (SVNR(X),�,�,�) and (H,≤,∧,∨) are complete
lattice isomorphism.
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Theorem 5. If SVNR(X) ∈ A, then (SVNR(X),�,�,�) and (L,≤,∧,∨) are complete lattice isomorphism.

Proof. Define a mapping φ13 : SVNR(X)→ L as follows:∀R ∈ SVNR(X), φ12(R) = R. Obviously,
φ13 is surjective. If R1 = R2, notice that SVNR(X) ∈ A, we know that R1 = R2. So φ13 is one-one.
∀{Ri}i∈I ⊆ SVNR(X) and I be an index set. By Theorem 3 and Proposition 1, we have

φ13(�i∈I Ri) = �i∈I Ri = ∨
i∈I

Ri = ∨
i∈I

φ13(Ri),

and
φ13(�i∈I Ri) = �i∈I Ri = [�i∈I Ri] = ∧

i∈I
Ri = ∧

i∈I
φ13(Ri).

Hence, φ13 preserves arbitrary union and arbitrary intersection. �

From the above proof, we know that (SVNR(X),�,�,�) and (L,≤,∧,∨) are complete
lattice isomorphism.

Theorem 6. If SVNR(X) ∈ A, then (H,≤,∧,∨) and (L,≤,∧,∨) are complete lattice isomorphism.

Proof. Through Theorems 4 and 5, we immediately know that the conclusion holds. We can also prove
it by the following way:

Define a mapping φ23 : H → L as follows: ∀R ∈ H, φ23(R) = R. Through Theorems 4 and 5,
there must be one and only one R ∈ SVNR(X) such that φ23(R) = R for each R ∈ L. This shows
φ23 is surjective. If R1 = R2, notice that SVNR(X) ∈ A, we know that R1 = R2. So φ23 is one-one.
∀{Ri

}
i∈I ⊆ H and I be a index set. Through Theorem 3 and Proposition 1, we have

φ23( ∨
i∈I

Ri) = φ23(�i∈I Ri) = �i∈I Ri = ∨
i∈I

Ri = ∨
i∈I

φ13(Ri),

and
φ13( ∧

i∈I
Ri) = φ13([�i∈I Ri]) = [�i∈I Ri] = [�i∈I Ri] = ∧

i∈I
Ri = ∧

i∈I
φ23(Ri).

Hence, φ23 preserves arbitrary union and arbitrary intersection. So, (H,≤,∧,∨) and (L,≤,∧,∨)
are complete lattice isomorphism. �

Remark 3. Through Theorems 4–6, we can ascertain that φ12,φ13 and φ23 are isomorphic mappings among
complete lattices. Moreover, the following diagram can commute, i.e., φ23 ◦ φ12 = φ13 (see Figure 1).

 

                  

             

                       

Figure 1. Correspondence relationship among three complete lattices.

5. Conclusions

Following the idea of multigranulation neutrosophic rough sets on a single domain as introduced
by Bo et al. (2018), we gave the lattice structure of the pessimistic multigranulation neutrosophic
rough approximation operators. In the one-dimensional case, for each special SVNR(X), we gave a

385



Symmetry 2018, 10, 417

one-to-one correspondence relationship between complete lattices (H,≤) and (L,≤). Unfortunately,
at the moment, we haven’t solved the following problems:

(1) Can the supremum and infimum of the optimistic multigranulation neutrosophic rough
approximation operators be given?

(2) For any set , are (H,≤) and (L,≤) isomorphic between complete lattices?
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Abstract: Fixed points of functions have applications in game theory, mathematics, physics, economics
and computer science. The purpose of this article is to compute fixed points of a general quadratic
polynomial in finite algebras of split quaternion and octonion over prime fieldsZp. Some characterizations
of fixed points in terms of the coefficients of these polynomials are also given. Particularly, cardinalities of
these fixed points have been determined depending upon the characteristics of the underlying field.
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1. Introduction

Geometry of space-time can be understood by the choice of convenient algebra which reveals
hidden properties of the physical system. These properties are best describable by the reflections
of symmetries of physical signals that we receive and of the algebra using in the measurement
process [1–3]. Thus, we need normed division algebras with a unit element for the better understanding
of these systems. For these reasons, higher dimension algebras have been an immense source of
inspiration for mathematicians and physicists as their representations pave the way towards easy
understanding of universal phenomenons. These algebras present nice understandings towards general
rotations and describe some easy ways to consider geometric problems in mechanics and dynamical
systems [4,5].

Quaternion algebra have been playing a central role in many fields of sciences such as differential
geometry, human imaging, control theory, quantum physics, theory of relativity, simulation of particle
motion, 3D geo-phones, multi-spectral images, signal processing including seismic velocity analysis,
seismic waveform de-convolution, statistical signal processing and probability distributions (see [6–8]
and references therein). It is known that rotations of 3D-Minkowski spaces can be represented by
the algebra of split quaternions [5]. Applications of these algebras can be traced in the study of
Graphenes, Black holes, quantum gravity and Gauge theory. A classical application of split quaternion
is given in [1] where Pavsic discussed spin gauge theory. Quantum gravity of 2 + 1 dimension has
been described by Carlip in [2] using split quaternions. A great deal of research is in progress where
authors are focused on considering matrices of quaternions and split-quaternions [9–12]. The authors
in [13] gave a fast structure-preserving method to compute singular value decomposition of quaternion
matrices. Split quaternions play a vital role in geometry and physical models in four-dimensional
spaces as the elements of split quaternion are used to express Lorentzian rotations [14]. Particularly,
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the geometric and physical applications of split quaternions require solving split quaternionic
equations [15,16]. Similarly, octonion and split octonion algebras play important role in mathematical
physics. In [8], authors discussed ten dimensional space-time with help of these eight dimensional
algebras. In [16], authors gave comprehensive applications of split octonions in geometry. Anastasiou
developed M-theory algebra with the help of octonions [3].

This article mainly covers finite algebras of split quaternion and split octonion over prime fields Zp.
Split quaternion algebra over R was in fact introduced by James Cockle in 1849 on already established
quaternions by Hamilton in 1843. Both of these algebras are actually associative, but non-commutative,
non-division ring generated by four basic elements. Like quaternion, it also forms a four dimensional
real vector space equipped with a multiplicative operation. However, unlike the quaternion algebra,
the split quaternion algebra contains zero divisors, nilpotent and nontrivial idempotents. For a detailed
description of quaternion and its generalization (octonions), please follow [15–18]. As mathematical
structures, both are algebras over the real numbers which are isomorphic to the algebra of 2× 2 real
matrices. The name split quaternion is used due to the division into positive and negative terms in the
modulus function. The set (1, î, ĵ, k̂) forms a basis. The product of these elements are î2 = −1, ĵ2 =

1 = k̂2, î ĵ = k̂ = − ĵî, ĵk̂ = −î = −k̂ ĵ, k̂î = ĵ = −îk̂, î ĵk̂ = 1. It follows from the defining relations that
the set (±1,±i,±j,±k) is a group under split quaternion multiplication which is isomorphic to the
dihedral group of a square. Following Table 1 encodes the multiplication of basis split quaternions.

Table 1. Split quaternion multiplication table.

. 1 î ĵ k̂

1 1 î ĵ k̂
î î −1 k̂ − ĵ
ĵ ĵ −k̂ 1 −î
k̂ k̂ ĵ î 1

The split octonion is an eight-dimensional algebraic structure, which is non-associative algebra
over some field with basis 1, t́1, t́2, t́3, t́4, t́5, t́6 and t́7. The subtraction and addition in split octonions is
computed by subtracting and adding corresponding terms and their coefficients. Their multiplication
is given in this table. The product of each term can be given by multiplication of the coefficients and a
multiplication table of the unit split octonions is given following Table 2.

Table 2. Split octonions’ multiplication table.

. t́1 t́2 t́3 t́4 t́5 t́6 t́7

t́1 −1 t́3 −t́2 −t́7 t́6 −t́5 t́4
t́2 −t́3 −1 t́1 −t́6 −t́7 t́4 t́5
t́3 t́2 −t́1 −1 t́5 −t́4 −t́7 t́6
t́4 t́7 t́6 −t́5 1 −t́3 t́2 t́1
t́5 −́t6 t́7 t́4 t́3 1 −t́1 t́2
t́6 t́5 −́t4 t́7 −t́2 t́1 1 t́3
t́7 −́t4 −́t5 −t́6 −t́1 −t́2 −t́3 1

From the table, we get very useful results:

t́2
i = −1, ∀i = 1, ..., 3,

t́2
i = 1, ∀i = 4, ..., 7,

t́i t́j = −t́j t́i, ∀i 	= j.
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Brand in [19] computed the roots of a quaternion over R. Strictly speaking, he proved mainly
De Moivres theorem and then used it to find nth roots of a quaternion. His approach paved way for
finding roots of a quaternion in an efficient and intelligent way. Ozdemir in [20] computed the roots of
a split quaternion. In [21], authors discussed Euler’s formula and De Moivres formula for quaternions.
In [15], authors gave some geometrical applications of the split quaternion. It is important to mention
that these two algebras can also be constructed for Zp over prime finite fields of characteristic P. In this
way, we obtain finite algebras with entirely different properties. Recently, the ring of quaternion over
Zp was studied by Michael Aristidou in [22,23], where they computed the idempotents and nilpotents
in H/Zp. In [18], authors computed the roots of a general quadratic polynomial in algebra of split
quaternion over R. They also computed fixed points of general quadratic polynomials in the same
sittings. A natural question arises as to what happens with the same situations over Zp. Authors
in [24] discussed split-quaternion over Zp in algebraic settings.

In the present article, we first obtain the roots of a general quadratic polynomial in the algebra of
split quaternion over Zp. Some characterizations of fixed points in terms of the coefficients of these
polynomials are also given. As a consequence, we give some computations about algebraic properties
of particular classes of elements in this settings. We also give examples as well as the codes that create
these examples with ease. For a computer program, we refer to Appendix A at the end of the article.
We hope that our results will be helpful in understanding the communication in machine language
and cryptography.

Definition 1. Let x ∈ Hs, x = a0 + a1 î + a2 ĵ + a3k̂ where ai ∈ R. The conjugate of x is defined as
x̄ = a0 − a1 î− a2 ĵ− a3k̂. The square of pseudo-norm of x is given by

N(x) = xx̄ = a2
0 + a2

1 − a2
3 − a2

4. (1)

Definition 2. Let x = a0 + ∑7
i=1 ai t́i ∈ Os/Zp. The conjugate of x is defined as

x = a0 +
7

∑
i=1

ai t́i

= a0 +
7

∑
i=1

ai t́i

= a0 −
7

∑
i=1

ai t́i

= a0 +
7

∑
i=1

ái t́i,

where ái = −ai where i = 1, 2, ..., 7. The square of pseudo-norm of x is given by

N(x) = xx =
3

∑
i=0

a2
i −

7

∑
i=4

a2
i .

2. Main Results

In this section, we formulate our main results. At first, we give these results for split quaternions
and then we move towards split octonions.
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2.1. Some Fixed Points Results of Quadratic Functions in Split Quaternions over the Prime Field

We first solve a general quadratic polynomial in algebra of split quaternion. As a consequence,
we find fixed points of associated functions in this algebra.

Theorem 1. The quadratic equation ax2 + bx + c = 0 a, b, c ∈ Zp, where p is an odd prime and p � a, has root

x = a0 + a1 î + a2 ĵ + a3k̂ ∈ Hs/Zp if and only if a0 = p−b
2a and a2

1 − a2
2 − a2

3 = ( p2−b2

4a2 ) + c
a .

Proof.

x = a0 + a1 î + a2 ĵ + a3k̂, (2)

x2 = (a0 + a1 î + a2 ĵ + a3k̂)2, (3)

= a2
0 − a2

1 + a2
2 + a2

3 + 2a0a1 î + 2a0a2 ĵ + 2a0a3k̂

= a2
0 + a2

0 − ‖x‖+ 2a0a1 î + 2a0a2 ĵ + 2a0a3k̂

= 2a2
0 − ‖x‖+ 2a0a1 î + 2a0a2 ĵ + 2a0a3k̂

= 2a0(a0 + a1 î + a2 ĵ + a3k̂)− ‖x‖
= 2a0x− ‖x‖.

Putting x and x2 into ax2 + bx + c = 0, we have

2aa0x− a‖x‖+ bx + c = 0,

(2aa0 + b)x− a‖x‖+ c = 0,

(2aa0 + b)(a0 + a1 î + a2 ĵ + a3k̂)− a(a2
0 + a2

1 − a2
2 − a2

3) + c = 0,

(2aa0 + b)a0 + (2aa0 + b)(a1 î + a2 ĵ + a3k̂)− a(a2
0 + a2

1 − a2
2 − a2

3) + c = 0.

Comparing vector terms in the above equation, we get

2aa0 + b = 0, (4)

a0 =
−b
2a

=
p− b

2a
. (5)

Comparing constant terms, we get

(2aa0 + b)a0 − a(a2
0 + a2

1 − a2
2 − a2

3) + c = 0, (6)

(2aa0 + b)a0 − aa2
0 + c = a(a2

1 − a2
2 − a2

3), (7)

aa2
0 + ba0 + c = a(a2

1 − a2
2 − a2

3), (8)

(aa0 + b)a0 + c = a(a2
1 − a2

2 − a2
3), (9)

(a(
p− b

2a
) + b)

p− b
2a

+ c = a(a2
1 − a2

2 − a2
3), (10)

p2 − b2

4a2 +
c
a

= a2
1 − a2

2 − a2
3. (11)

On the basis of the above results 2.1, we arrive at a new result given as
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Theorem 2. The fixed point of function f (x) = x2 + (b + 1)x + c where a, b, c ∈ Zp, p is an odd prime and

p � a is x = a0 + a1 î + a2 ĵ + a3k̂ ∈ Hs/Zp if and only if a0 = p−b
2a and a2

1 − a2
2 − a2

3 = ( p2−b2

4a2 ) + c
a .

Proof. It is enough to give a new relation f (x) = g(x) + x, where g(x) = x2 + bx + c. Then, existence
of fixed points for f (x) is equivalent to the solutions of g(x). Then, the required result is immediate
from the above theorem.

Theorem 3. Let p be an odd prime, p � a, if x = a0 + a1 î + a2 ĵ + a3k̂ ∈ Hs/Zp is a root of quadratic equation
x2 + bx + c = 0, where a, b, c ∈ Zp. Then, conjugate of x i.e., x̄ = a0 − a1 î− a2 ĵ− a3k̂ ∈ Hs/Zp is also the
root of quadratic equation x2 + bx + c = 0.

Proof. The proof follows simply by using condition of Theorem 1 applied on the conjugate of x.

Theorem 4. Let p be an odd prime, p � a, if x = a0 + a1 î + a2 ĵ + a3k̂ ∈ Hs/Zp be the fixed point of function
f (x) = x2 +(b+ 1)x+ c, where a, b, c ∈ Zp. Then, the conjugate of x i.e., x̄ = a0− a1 î− a2 ĵ− a3k̂ ∈ Hs/Zp

also be the fix point of function f (x) = x2 + (b + 1)x + c.

Proof. Again, it is enough to use relation f (x) = g(x) + x where g(x) = x2 + bx + c. Then, the existence
of fixed points for f (x) is equivalent to the solutions of g(x). Then, the required result is immediate from
the above theorem.

The following two theorems are new results about the number of fixed points of f (x) = x2 + (b +
1)x + c.

Theorem 5. |Fix( f )| =
{

p2, b = 0, c = 0,
p2 + p + 2, c = 0, b 	= 0.

Proof. We split the proof in cases.

Case 1: For c = 0 and b = 0, we obtain two Hs/Zp ∼= M2(Zp),where p is prime. It is easy to see
that Hs/Zp and M2(Zp) are isomorphic as algebras, the map ϕ : Hs/Zp *−→ M2(Zp) is defined as
ϕ(a0 + a1 î + a2 ĵ + a3k̂) = a0(

10
01) + a1(

0p−1
10 ) + a2(

0p−1
p−10) + a3(

p−10
01 ). As Hs/Zp ∼= M2(Zp), so we find the

number of nilpotent elements in M2(Zp). It is well-known by Fine and Herstein that the probability
that n× n matrix over a Galois field having pα elements have pα.n nilpotent elements. As in our case,
α = 1 and n = 2, thus the probability that the 2× 2 matrix over Zp has p−2 nilpotent elements:

|nil(M2(Zp))|
|(M2(Zp|)) = p−2, (12)

|nil(M2(Zp))|
p4 = p−2, (13)

|nil(M2(Zp))| = p2. (14)

Case 2: For c = 0 and b 	= 0, we obtain as many points as there are matrices M2(Zp) because of the
above isomorphism, and, using the argument given in 2, we arrive at the result.

Theorem 6. Let b 	= 0 and c 	= 0. Then, |Fix( f )| =

⎧⎪⎨⎪⎩
p2 − p, p ≡ 1(mod3),
p2 + p, p ≡ 2(mod3),
3, p = 3.

Proof. Case 1: For p = 3, there is nothing to prove.
Case 2: For p ≡ 1(mod3), we have two further cases:
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case I: If p ≡ 3(mod4),
x2 + y2 = z has a unique solution for z = 0.
x2 + y2 = z has (p + 1) options for z 	= 0, thus (p + 1)(p− 1) options in all.
Thus, we get that x2 + y2 = z has total number of solutions (p + 1)(p− 1) + 1 = p2 − 1 + 1 = p2.
Now, when z = 0, we get no solution for a1:

� = 1(p + 1) + 2(
p− 1

2
)(p + 1) (15)

= p + 1 + p2 − 1 (16)

= p2 + p. (17)

case II: If p ≡ 1(mod4),
x2 + y2 = z has (2p− 1) solutions for z = 0.
x2 + y2 = z has (p− 1) options for z 	= 0, thus (p− 1)(p− 1) options in all.
Thus, we get that x2 + y2 = z has total number of solutions
(p− 1)(p− 1) + (2p− 1) = p2 − p− p + 1 + 2p− 1 = p2.
Now, when z = 0, we get two solutions for a1:

� = 2(2p− 1) + 2(
p− 3

2
)(p− 1) + 1(p− 1) (18)

= 4p− 2 + p2 − p− 3p + 3 + p− 1 (19)

= p2 + p. (20)

Case 3: For p ≡ 2(mod3), we have two further cases:
case I: If p ≡ 3(mod4)
x2 + y2 = z has a unique solution for z = 0.
x2 + y2 = z has (p + 1) options for z 	= 0. So (p + 1)(p− 1) options in all.
Thus we get, x2 + y2 = z has total number of solutions (p + 1)(p− 1) + 1 = p2 − 1 + 1 = p2

Now, when z = 0, we get no solution for a1:

� = 1(2) + 2(
p− 3

2
)(p + 1) + 1(p + 1) (21)

= 2 + p2 + p− 3p− 3 + p + 1 (22)

= p2 − p. (23)

case II: If p ≡ 1(mod4),
x2 + y2 = z has (2p− 1) solutions for z = 0.
x2 + y2 = z has (p− 1) options for z 	= 0. So (p− 1)(p− 1) options in all.
Thus we get, x2 + y2 = z has total number of solutions
(p− 1)(p− 1) + (2p− 1) = p2 − p− p + 1 + 2p− 1 = p2.
Now, when z = 0, we get two solutions for a1.

� = 1(p− 1) + 2(
p− 1

2
)(p− 1) (24)

= p− 1 + p2 − p− p + 1 (25)

= p2 − p. (26)
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2.2. Some Algebraic Consequences about Hs/Zp

We can understand the algebraic structure of Hs/Zp with ease. The following results are simple
facts obtained from the previous section.

Corollary 1. Let p be an odd prime, an element

x = a0 + a1 î + a2 ĵ + a3k̂ ∈ Hs/Zp (27)

is idempotent⇔ a0 = p+1
2 and a2

1 − a2
2 − a2

3 = p2−1
4 .

Proof. Taking a = 1, b = p− 1 and c = p in the above theorem, we have

x2 + (p− 1)x + p = 0,

x2 − x = 0,

x2 = x

has root

x = a0 + a1 î + a2 ĵ + a3k̂,

where

a0 =
p− b

2a

=
p + 1

2
,

and

a2
1 − a2

2 − a2
3 =

p2 − b2

4a2 +
c
a
=

p2 − (−1)2

4(1)2 +
0
1

=
p2 − 1

4
.

In other words, we can say x is idempotent.

We also present similar results but without proof as they can be derived similarly.

Corollary 2. Let p be an odd prime an element and

x = a0 + a1 î + a2 ĵ + a3k̂ ∈ Hs/Zp (28)

is idempotent if and only if a0 = p+1
2 and ‖x‖ = 0.

Corollary 3. Let p be an odd prime and x ∈ Hs/Zp. If x is an idempotent, then ‖x‖ = 0.

Corollary 4. Let p be an odd prime. If x ∈ Hs/Zp is idempotent, then x̄ is also an idempotent.

Corollary 5. Let p be an odd prime. If x ∈ Hs/Zp and x is of the form x = a0. If x is idempotent, then it is
either 0 or 1.
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Corollary 6. Let p be an odd prime and x ∈ Hs/Zp of the form

x = a0 + a1 î + a2 ĵ + a3k̂, (29)

where at least one ai 	= 0. Then, x is not an idempotent.

Corollary 7. Let p be an odd prime, and the quadratic equation x2 = 0 has root x = a0 + a1 î + a2 ĵ + a3k̂ ∈
Hs/Zp, where a0 = p

2 and a2
1 − a2

2 − a2
3 = p2

4 .

Proof. Taking a = 1, b = 0 and c = 0 in the above theorem, we have that

x2 + (p)x + o = 0,

x2 = 0

has root

x = a0 + a1 î + a2 ĵ + a3k̂,

where

a0 =
p− b

2a
=

p− 0
2

=
p
2

,

and

a2
1 − a2

2 − a2
3 =

p2 − b2

4a2 +
c
a
=

p2 − (0)2

4(1)2 +
0
1

a2
1 − a2

2 − a2
3 =

p2

4
.

In other words, we can say x is nilpotent.

2.3. Some Fixed Points Results of Quadratic Functions in Split Octonions over the Prime Field

Theorem 7. The quadratic equation ax2 + bx + c = 0 where a, b, c ∈ Zp, p is an odd prime and p � a has root

x = a0 + ∑7
i=1 ai t́i ∈ Os/Zp if and only if a0 = p−b

2a and ∑3
i=1 a2

i −∑7
i=4 a2

i = ( p2−b2

4a2 ) + c
a .

Proof.

ax2 + bx + c = 0.
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Take x = a0 + ∑7
i=1 ai t́i, we have

x2 = (a0 +
7

∑
i=1

ai t́i)
2

= (a0)
2 + (

7

∑
i=1

ai t́i)
2 + 2a0

7

∑
i=1

ai t́i

= (a0)
2 −

7

∑
i=1

a2
i + 2a0

7

∑
i=1

ai t́iwhere(
7

∑
i=1

ai t́i)
2 = −

7

∑
i=1

a2
i

= (a0)
2 + a2

0 − ||x||+ 2a0

7

∑
i=1

ai t́iwhere||x|| = a0 +
7

∑
i=1

a2
i

= 2(a0)
2 − ||x||+ 2a0

7

∑
i=1

ai t́i

= 2(a0)
2 + 2a0

7

∑
i=1

ai t́i − ||x||,

= 2a0x− ||x||.

Putting it in the above equation, we get

a(2a0x− ||x||) + bx + c = 0, (30)

2aa0x− a||x||+ bx + c = 0, (31)

(2aa0 + b)x− a||x||+ c = 0. (32)

Here, x = a0 + ∑7
i=1 ai t́i and ||x|| = a2

0 + ∑3
i=1 a2

i −∑7
i=3 a2

i , we have

(2aa0 + b)(a0 +
7

∑
i=1

ai t́i)− a[a2
0 +

3

∑
i=1

a2
i −

7

∑
i=3

a2
i ] + c = o,

(2aa0 + b)a0 + (2aa0 + b)
7

∑
i=1

ai t́i − aa2
0 − a

3

∑
i=1

a2
i + a

7

∑
i=3

a2
i + c = o,

Comparing vector terms on both sides, we have

(2aa0 + b)ai = 0,

2aa0 + b = 0,

a0 =
−b
2a

,

a0 =
p− b

2a
.

Comparing constant terms on both sides, we have

(2aa0 + b)a0 − aa2
0 − a

3

∑
i=1

a2
i + a

7

∑
i=4

a2
i + c = o,

2aa2
0 + ba0 − aa2

0 + c = a
3

∑
i=1

a2
i − a

7

∑
i=4

a2
i ,

a0(aa0 + b) + c = a[
3

∑
i=1

a2
i −

7

∑
i=4

a2
i ],
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where a0 = p−b
2a .

(
p− b

2a
)(a(

p− b
2a

) + b) + c = a[
3

∑
i=1

a2
i −

7

∑
i=4

a2
i ],

(
p− b

2a
)(

p + b
2

) + c = a[
3

∑
i=1

a2
i −

7

∑
i=4

a2
i ],

(
p2 − b2

4a
) + c = a[

3

∑
i=1

a2
i −

7

∑
i=4

a2
i ],

(
p2 − b2

4a2 ) +
c
a

=
3

∑
i=1

a2
i −

7

∑
i=4

a2
i .

Theorem 8. The fixed points of function f (x) = ax2 + (b + 1)x + c are x = a0 + ∑7
i=1 ai t́i ∈ Os/Zp, where

a0 = p−b
2a and ∑3

i=1 a2
i −∑7

i=4 a2
i = ( p2−b2

4a2 ) + c
a .

Proof. It is enough to use relation f (x) = g(x) + x where g(x) = ax2 + bx + c. Then, the existence of
fixed points for f (x) is equivalent to the solutions of g(x). Then, the required result is immediate from
the above theorem.

Corollary 8. The fixed point of function f (x) = x2 + x are x = a0 + ∑7
i=1 ai t́i ∈ Os/Zp where a0 = p

2 and

∑3
i=1 a2

i −∑7
i=4 a2

i = p2

4 .

Proof. It is obvious from the above theorem, only by taking a = 1, b = 0 and c = 0.

Theorem 9. Let p be an odd prime. If x = a0 + ∑7
i=1 ai t́i ∈ Os/Zp is the root of the quadratic equation

ax2 + bx + c = 0 a, b, c ∈ Zp, then x = a0 + ∑7
i=1 ái t́i ∈ Os/Zp is also the root of the quadratic equation

ax2 + bx + c = 0 a, b, c ∈ Zp.

Proof.

x = a0 +
7

∑
i=1

ai t́i = a0 +
7

∑
i=1

áiti = a0 −
7

∑
i=1

ai t́i (33)

= a0 +
7

∑
i=1

ái t́i, (34)

where ái = −ai where i = 1, 2, ..., 7 as

a0 =
p− b

2a
and

3

∑
i=1

ái
2 −

7

∑
i=4

ái
2 =

3

∑
i=1

(−ai)
2 −

7

∑
i=4

(−ai)
2 (35)

=
3

∑
i=1

(ai)
2 −

7

∑
i=4

(ai)
2 (36)

=
p2 − b2

4a2 +
c
a

. (37)

It implies that x is the root of the quadratic equation ax2 + bx + c = 0 a, b, c ∈ Zp.
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Theorem 10. If the function f (x) = ax2 + (b + 1)x + c has fixed point x = a0 + ∑7
i=1 ai t́i ∈ Os/Zp, then

x = a0 + ∑7
i=1 ái t́i ∈ Os/Zp also is the fixed point of function f (x) = ax2 + (b + 1)x + c.

Proof. It is enough to use relation f (x) = g(x) + x, where g(x) = ax2 + bx + c. Then, the existence of
fixed points for f (x) is equivalent to the solutions of g(x). Then, the required result is immediate from
the above theorem.

3. Some Algebraic Consequences about Os/Zp

Proposition 1. Let p be an odd prime and an element

x = a0 +
7

∑
i=1

ai t́i ∈ Os/Zp

is idempotent⇔ a0 = p+1
2 and

3

∑
i=1

a2
i −

7

∑
i=4

a2
i =

p2 − 1
4

.

Proof. Taking a = 1, b = p− 1 and c = p in the above theorem, we have

x2 + (p− 1)x + p = 0, (38)

x2 − x = 0, (39)

x2 = x (40)

has root

x = a0 +
7

∑
i=1

ai t́i, (41)

where

a0 =
p− b

2a
=

p− p + 1
2

(42)

=
1
2

, (43)

and

3

∑
i=1

a2
i −

7

∑
i=4

a2
i =

p2 − b2

4a2 +
c
a
=

p2 − (−1)2

4(1)2 +
0
1

(44)

=
p2 − 1

4
. (45)

In other words, we can say that x is idempotent.

Proposition 2. Let p be an odd prime and element

x = a0 +
7

∑
i=1

ai t́i ∈ Os/Zp (46)

is idempotent if and only if a0 = p+1
2 and ‖x‖ = 0.

Proposition 3. Let p be an odd prime and x ∈ Os/Zp. If x is an idempotent, then ‖x‖ = 0.
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Proposition 4. Let p be an odd prime. If x ∈ Os/Zp is idempotent, then x̄ is also an idempotent.

Proposition 5. Let p be an odd prime. If x = a0 ∈ Os/Zp is idempotent, then it is either 0 or 1.

Proposition 6. Let p be an odd prime and x ∈ Os/Zp be of the form

x =
7

∑
i=1

ai t́i, (47)

where at least one ai 	= 0. Then, x is not an idempotent.

Proposition 7. Let p be an odd prime and the quadratic equation x2 = 0 has root x = a0 + ∑7
i=1 ai t́i ∈

Os/Zp, where a0 = p
2 and ∑3

i=1 a2
i −∑7

i=4 a2
i = p2

4 .

Proof. Taking a = 1, b = 0 and c = 0 in the above theorem, we have

x2 + (p)x + o = 0, (48)

x2 = 0 (49)

has root

x = a0 +
7

∑
i=1

ai t́i, (50)

where

a0 =
p− b

2a
=

p− 0
2

(51)

=
p
2

(52)

and

3

∑
i=1

a2
i −

7

∑
i=4

a2
i =

p2 − b2

4a2 +
c
a
=

p2 − (0)2

4(1)2 +
0
1

(53)

=
p2

4
. (54)

In other words, we can say that x is nilpotent.

Using results of the previous section and programs mentioned in the Appendix A, we can give
many examples.

4. Examples

In this section, we add examples relating to the previous section. These results are generated
by the codes given in Appendix A. These along with other examples can be created using codes,
and results can be applied to crypto systems and communication channel systems.
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Example 1. We find all solutions of x2 − x = 0 over Hs/Z7. As above, we see that, if x ∈ Hs/Z7, then
a0 = 7−(−1)

2 = 4 and following are the values of a1, a2 and a3, respectively, satisfying the equation −a2
1 + a2

2 +

a2
3 = −5 or a2

1 − a2
2 − a2

3 = 5.

(0, 1, 1) (0, 1, 6) (0, 3, 0) (0, 4, 0) (0, 1, 1) (0, 6, 1) (0, 6, 6) (1, 1, 3)
(1, 1, 4) (1, 3, 1) (1, 3, 6) (1, 4, 1) (1, 4, 6) (1, 6, 4) (2, 2, 3) (2, 2, 4)
(2, 3, 2) (2, 3, 3) (2, 3, 5) (2, 4, 2) (2, 4, 3) (2, 4, 5) (2, 5, 3) (2, 5, 4)
(3, 0, 2) (3, 0, 5) (3, 2, 0) (3, 3, 3) (3, 3, 4) (3, 4, 3) (3, 4, 4) (3, 5, 0)
(4, 0, 2) (4, 0, 5) (4, 2, 0) (4, 3, 3) (4, 3, 4) (4, 4, 3) (4, 4, 4) (4, 5, 0)
(5, 0, 6) (5, 2, 3) (5, 2, 4) (5, 3, 2) (5, 3, 5) (5, 4, 2) (5, 4, 5) (5, 5, 3)
(5, 5, 4) (5, 6, 0) (6, 1, 4) (6, 3, 6) (6, 4, 1) (6, 4, 6) (6, 6, 3) (6, 6, 4)

.

Example 2. We compute all solutions of 2x2 + x = 0 over Hs/Z5. As above, we see that, if x ∈ Hs/Z5, then
a0 = 1 and following are the values of a1, a2 and a3, respectively, satisfying the equation −a2

1 + a2
2 + a2

3 = −4
or a2

1 − a2
2 − a2

3 = 4.

(0, 0, 1) (1, 4, 1) (2, 2, 4) (3, 1, 2) (3, 4, 2)
(0, 0, 4) (1, 4, 4) (2, 3, 1) (3, 1, 3) (3, 4, 3)
(0, 1, 0) (2, 0, 0) (2, 3, 4) (3, 2, 1) (4, 1, 1)
(0, 4, 0) (2, 1, 2) (2, 4, 2) (3, 2, 4) (4, 1, 4)
(1, 1, 1) (2, 1, 3) (2, 4, 3) (3, 3, 1) (4, 4, 1)
(1, 1, 4) (2, 2, 1) (3, 0, 0) (3, 3, 4) (4, 4, 4)

.

Example 3. We compute all solutions of x2 + x+ 1 = 0 over Hs/Z7. As above, we see that, if x ∈ Hs/Z7, then
a0 = 3 and following are the values of a1, a2 and a3, respectively satisfying the equation −a2

1 + a2
2 + a2

3 = −6
or a2

1 − a2
2 − a2

3 = 6.

(0, 0, 1) (1, 0, 3) (6, 0, 3) (2, 1, 2) (5, 1, 2) (3, 1, 3) (4, 1, 3)
(0, 0, 6) (1, 0, 4) (6, 0, 4) (2, 1, 5) (5, 1, 5) (3, 1, 4) (4, 1, 4)
(0, 1, 0) (1, 1, 6) (6, 1, 6) (2, 2, 1) (5, 2, 1) (3, 3, 1) (4, 3, 1)
(0, 2, 2) (1, 3, 0) (6, 3, 0) (2, 2, 6) (5, 2, 6) (3, 3, 6) (4, 3, 6)
(0, 2, 5) (1, 4, 0) (6, 4, 0) (2, 5, 1) (5, 5, 1) (3, 4, 1) (4, 4, 1)
(0, 5, 2) (1, 6, 1) (6, 6, 1) (2, 5, 6) (5, 5, 6) (3, 4, 6) (4, 4, 6)
(0, 5, 5) (1, 1, 1) (6, 1, 1) (2, 6, 2) (5, 6, 2) (3, 6, 3) (4, 6, 2)
(0, 6, 0) (1, 6, 6) (6, 6, 6) (2, 6, 5) (5, 6, 5) (3, 6, 4) (4, 6, 5)

.

Example 4. We compute all solutions of x2 = 0 over Hs/Z5. As above, we see that, if x ∈ Hs/Z5, then
a0 = 0 and following are the values of a1, a2 and a3, respectively, satisfying the equation −a2

1 + a2
2 + a2

3 = 0 or
a2

1 − a2
2 − a2

3 = 0.

(0, 0, 0) (0, 3, 4) (1, 4, 0) (2, 0, 3) (3, 3, 0)
(0, 1, 2) (0, 4, 2) (4, 0, 1) (2, 2, 0) (0, 3, 1)
(0, 1, 3) (0, 4, 3) (4, 0, 4) (2, 3, 0) (1, 1, 0)
(0, 2, 1) (1, 0, 1) (4, 1, 0) (3, 0, 2) (2, 0, 2)
(0, 2, 4) (1, 0, 4) (4, 4, 0) (3, 0, 3) (3, 2, 0)

.

Example 5. We compute all solutions of x2 − x = 0 over Os/Z3 (idempotents in the split octonion algebra).
As above we see that x = a0 + ∑7

i=1 ai t́i ∈ Os/Z3 where a0 = 3−(−1)
2 = 2 and following is the values of a1,

a2, a3, a4, a5, a6 and a7 respectively satisfying the equation ∑3
i=1 a2

i −∑7
i=4 a2

i = ( p2−b2

4a2 ) + c
a = 2 .

We do so by putting values for p = 3, a = 1, b = −1, c = 0 in above given code.
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(2, 1, 0, 1, 1, 0, 2); (2, 1, 0, 1, 1, 1, 0); (2, 1, 0, 1, 1, 2, 0); (2, 1, 0, 1, 2, 0, 1);

(2, 1, 0, 1, 2, 0, 2); (2, 1, 0, 1, 2, 1, 0); (2, 1, 0, 1, 2, 2, 0); (2, 1, 0, 2, 0, 1, 1);

(2, 1, 0, 2, 0, 1, 2); (2, 1, 0, 2, 0, 2, 1); (2, 1, 0, 2, 0, 2, 2); (2, 1, 0, 2, 1, 0, 1);

(2, 1, 0, 2, 1, 0, 2); (2, 1, 0, 2, 1, 1, 0); (2, 1, 0, 2, 1, 2, 0); (2, 1, 0, 2, 2, 0, 1);

(2, 1, 0, 2, 2, 0, 2); (2, 1, 0, 2, 2, 1, 0); (2, 1, 0, 2, 2, 2, 0); (2, 1, 1, 0, 0, 0, 1);

(2, 1, 1, 0, 0, 0, 2); (2, 1, 1, 0, 0, 1, 0); (2, 1, 1, 0, 0, 2, 0); (2, 1, 1, 0, 1, 0, 0);

(2, 1, 1, 0, 2, 0, 0); (2, 1, 1, 1, 0, 0, 0); (2, 1, 1, 1, 1, 1, 1); (2, 1, 1, 1, 1, 1, 2);

(2, 1, 1, 1, 1, 2, 1); (2, 1, 1, 1, 1, 1, 1); (2, 1, 1, 1, 1, 1, 2); (2, 1, 1, 1, 1, 2, 1);

(2, 1, 1, 1, 1, 2, 2); (2, 1, 1, 1, 2, 1, 1); (2, 1, 1, 1, 2, 1, 2); (2, 1, 1, 1, 2, 2, 1);

(2, 1, 1, 1, 2, 2, 2); (2, 1, 1, 2, 0, 0, 0); (2, 1, 1, 2, 1, 1, 1); (2, 1, 1, 2, 1, 1, 2);

(2, 1, 1, 2, 1, 2, 1); (2, 1, 1, 2, 1, 2, 2); (2, 1, 1, 2, 2, 1, 1); (2, 1, 1, 2, 2, 1, 2);

(2, 1, 1, 2, 2, 2, 1); (2, 1, 1, 2, 2, 2, 2); (2, 1, 2, 0, 0, 0, 1); (2, 1, 2, 0, 0, 0, 2);

(2, 1, 2, 0, 0, 1, 0); (2, 1, 2, 0, 0, 2, 0); (2, 1, 2, 0, 1, 0, 0); (2, 1, 2, 0, 2, 0, 0);

(2, 1, 2, 1, 0, 0, 0); (2, 1, 2, 1, 1, 1, 1); (2, 1, 2, 1, 1, 1, 2); (2, 1, 2, 1, 1, 2, 1);

(2, 1, 2, 1, 1, 2, 2); (2, 1, 2, 1, 2, 1, 1); (2, 1, 2, 1, 2, 1, 2); (2, 1, 2, 1, 2, 2, 1);

(2, 1, 2, 1, 2, 2, 2); (2, 1, 2, 2, 0, 0, 0); (2, 1, 2, 2, 1, 1, 1); (2, 1, 2, 2, 1, 1, 2);

(2, 1, 2, 2, 1, 2, 1); (2, 1, 2, 2, 1, 2, 2); (2, 1, 2, 2, 2, 1, 1); (2, 1, 2, 2, 2, 1, 2);

(2, 1, 2, 2, 2, 2, 1); (2, 1, 2, 2, 2, 2, 2); (2, 2, 0, 0, 0, 0, 0); (2, 2, 0, 0, 1, 1, 1);

(2, 2, 0, 0, 1, 1, 2); (2, 2, 0, 0, 1, 2, 1); (2, 2, 0, 0, 1, 2, 2); (2, 2, 0, 0, 1, 2, 2);

(2, 2, 0, 0, 2, 1, 1); (2, 2, 0, 0, 2, 1, 2); (2, 2, 0, 0, 2, 2, 1); (2, 2, 0, 0, 2, 2, 2);

(2, 2, 0, 1, 0, 1, 1); (2, 2, 0, 1, 0, 1, 2); (2, 2, 0, 1, 0, 2, 1); (2, 2, 0, 1, 0, 2, 2);

(2, 2, 0, 1, 1, 0, 1); (2, 2, 0, 1, 1, 0, 2); (2, 2, 0, 1, 1, 1, 0); (2, 2, 0, 1, 1, 2, 0);

(2, 2, 0, 1, 2, 0, 1); (2, 2, 0, 1, 2, 0, 2); (2, 2, 0, 1, 2, 1, 0); (2, 2, 0, 1, 2, 2, 0);

(2, 2, 0, 2, 0, 1, 1); (2, 2, 0, 2, 0, 1, 1); (2, 2, 0, 2, 0, 1, 2); (2, 2, 0, 2, 0, 2, 1);

(2, 2, 0, 2, 0, 2, 2); (2, 2, 0, 2, 1, 0, 1); (2, 2, 0, 2, 1, 0, 2); (2, 2, 0, 2, 1, 1, 0);

(2, 2, 0, 2, 1, 2, 0); (2, 2, 0, 2, 2, 0, 1); (2, 2, 0, 2, 2, 0, 2); (2, 2, 0, 2, 2, 1, 0);

(2, 2, 0, 2, 2, 2, 0); (2, 2, 1, 0, 0, 0, 1); (2, 2, 1, 0, 0, 0, 2); (2, 2, 1, 0, 0, 1, 0);

(2, 2, 1, 0, 0, 2, 0); (2, 2, 1, 0, 1, 0, 0); (2, 2, 1, 0, 2, 0, 0); (2, 2, 1, 1, 0, 0, 0);

(2, 2, 1, 1, 1, 1, 1); (2, 2, 1, 1, 1, 1, 1); (2, 2, 1, 1, 1, 1, 2); (2, 2, 1, 1, 1, 2, 1);

(2, 2, 1, 1, 1, 2, 2); (2, 2, 1, 1, 2, 1, 1); (2, 2, 1, 1, 2, 1, 2); (2, 2, 1, 1, 2, 2, 1);

(2, 2, 1, 1, 2, 2, 2); (2, 2, 1, 2, 0, 0, 0); (2, 2, 1, 2, 1, 1, 1); (2, 2, 1, 2, 1, 1, 2);

(2, 2, 1, 2, 1, 2, 1); (2, 2, 1, 2, 1, 2, 2); (2, 2, 1, 2, 2, 1, 1); (2, 2, 1, 2, 2, 1, 2);

(2, 2, 1, 2, 2, 2, 1); (2, 2, 1, 2, 2, 2, 2); (2, 2, 2, 0, 0, 0, 1); (2, 2, 2, 0, 0, 0, 2);

(2, 2, 2, 0, 0, 1, 0); (2, 2, 2, 0, 0, 2, 0); (2, 2, 2, 0, 1, 0, 0); (2, 2, 2, 0, 2, 0, 0);

(2, 2, 2, 1, 0, 0, 0); (2, 2, 2, 1, 1, 1, 1); (2, 2, 2, 1, 1, 1, 2); (2, 2, 2, 1, 1, 2, 1);

(2, 2, 2, 1, 1, 2, 2); (2, 2, 2, 1, 2, 1, 2); (2, 2, 2, 1, 2, 2, 1); (2, 2, 2, 1, 2, 2, 2);

(2, 2, 2, 2, 0, 0, 0); (2, 2, 2, 2, 1, 1, 1); (2, 2, 2, 2, 1, 1, 2); (2, 2, 2, 2, 1, 2, 1);

(2, 2, 2, 2, 1, 2, 2); (2, 2, 2, 2, 2, 1, 1); (2, 2, 2, 2, 2, 1, 2); (2, 2, 2, 2, 2, 2, 1);

(2, 2, 2, 2, 2, 2, 2).
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5. Conclusions and Further Directions

In this article, we produced some general results about fixed points of a general quadratic
polynomial in algebras of split quaternion and octonion over Zp. We not only characterized these
points in terms of the coefficients of these polynomials but also gave the cardinality of these points and
also the programs that produced fixed points. We arrived at the following new results for a general
quadratic function.

Theorem 11. |Fix( f )| =
{

p2, b = 0, c = 0,
p2 + p + 2, c = 0, b 	= 0.

Theorem 12. Let b 	= 0 and c 	= 0. Then, |Fix( f )| =

⎧⎪⎨⎪⎩
p2 − p, p ≡ 1(mod3);
p2 + p, p ≡ 2(mod3);
3, p = 3.

We also give the following two new results for the fixed points of a general quadratic quaternionic
equation without proofs. Proofs are left as an open problem.

Theorem 13. |Fix( f )| =
{

p6, b = 0, c = 0;
p6 + p3, c = 0, b 	= 0.

Theorem 14. Let b 	= 0 and c 	= 0. Then, |Fix( f )| =

⎧⎪⎨⎪⎩
p6 + p3, p ≡ 1(mod3);
p6 − p3, p ≡ 2(mod3);
p6, p = 3.

We like to remark that new results can be obtained for a general cubic polynomials in these algebras.
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Appendix A. Computer Codes

Here, we put together some programs to compute fixed points and roots easily.

Appendix A.1. Program for Finding Solutions of the Quadratic Equation in Hs/Zp

Following codes, count and print the number of solutions of quadratic equation ax2 + bx + c = 0
in Hs/Zp. These codes print the string a1, a2, a3 with the understanding that the co-efficient a0 = p−b

2a is

fixed in Hs/Zp and satisfying the relation a2
1 − a2

2 − a2
3 = ( p2−b2

4a2 ) + c
a or −a2

1 + a2
2 + a2

3 = (−p2+b2

4a2 )− c
a

for Hs/Zp.

CODE: This code will give solutions of the quadratic equation only by putting values for p, a, b, c,
where p is an odd prime and a, b, cεZp.

#include<iostream>
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#include<conio.h>

using namespace std;

main()

{

int a1, a2, a3, p, n, a, b, c, count;

count=0;

cout<<"Enter value for p: ";

cin>>p;

cout<<"Enter value for a: ";

cin>>a;

cout<<"Enter value for b: ";

cin>>b;

cout<<"Enter value for c: ";

cin>>c;

n=((p*p-b*b)/(4*a*a))+(c/a);

while(n<0)

n=n+p;

for(int i=0; i<p; i++)

{

a3=i;

for(int j=0; j<p; j++)

{

a2=j;

for(int k=0; k<p; k++)

{

a1=k;

int sum=(a1*a1)-(a2*a2)-(a3*a3);

while(sum<0)

sum=sum+p;

if(sum%p==n)

{

count++;

cout<<a1<<" "<<a2<<" "<<a3<<endl;

}

}

}

}

cout<<"\nCount: "<<count;

getch();

}

Appendix A.2. Program for Finding Roots of the Quadratic Equation in Os/Zp

Following codes, count and print the number of solutions of quadratic equation ax2 + bx+ c = 0 in
Os/Zp. These codes print the string a1, a2, a3, a4, a5, a6, a7 with the understanding that the co-efficient

a0 = p−b
2a is fixed in Os/Zp and satisfying the relation ∑3

i=1 a2
i −∑7

i=4 a2
i = ( p2−b2

4a2 ) + c
a for Os/Zp.

CODE: This code will give solutions of the quadratic equation only by putting values for p, a, b, c,
where p is an odd prime and a, b, c ∈ Zp.

#include <iostream>
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#include <fstream>

using namespace std;

int main(){

int a1,a2,a3,a4,a5,a6,a7;

int sum=0;

int p;

int n=0;

int count=2;

int totalCount=0;

cout<<"Enter value of p: ";

cin>>p;

n = ((p*p -1)/4)%p;

for(int i=0;i<p;i++)

{

a1 = i;

for(int j=0; j<p; j++)

{

a2 = j;

for(int k=0; k<p; k++)

{

a3 = k;

for(int l=0; l<p;l++)

{

a4 = l;

for(int m=0; m<p; m++)

{

a5 = m;

for(int q=0; q<p; q++)

{

a6 = q;

for(int r=0; r<p;r++)

{

a7 = r;

totalCount++;

cout<<a1<<" "<<a2<<" "<<a3<<" "<<a4<<" "<<a5

<<" "<<a6<<" "<<a7<<endl;

//dataFile << a1 << endl;

sum = a1*a1+a2*a2+a3*a3-a4*a4-a5*a5-a6*a6-a7*a7;

if(sum%p == n)

count++;

}

}

}

}

}

}

}

cout<<"Total Count is: "<<totalCount<<endl;

cout<<"Count is: "<<count<<endl;

system("pause");
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return 0;

}
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Abstract: Electric multiple unit (EMU) trains’ high-level maintenance planning is a discrete problem
in mathematics. The high-level maintenance process of the EMU trains consumes plenty of time.
When the process is undertaken during peak periods of the passenger flow, the transportation
demand may not be fully satisfied due to the insufficient supply of trains. In contrast, if the process
is undergone in advance, extra costs will be incurred. Based on the practical requirements of
high-level maintenance, a 0–1 programming model is proposed. To simplify the description of the
model, candidate sets of delivery dates, i.e., time windows, are generated according to the historical
data and maintenance regulations. The constraints of the model include maintenance regulations,
the passenger transportation demand, and capacities of workshop. The objective function is to
minimize the mileage losses of all EMU trains. Moreover, a modified particle swarm algorithm is
developed for solving the problem. Finally, a real-world case study of Shanghai Railway is conducted
to demonstrate the proposed method. Computational results indicate that the (approximate) optimal
solution can be obtained successfully by our method and the proposed method significantly reduces
the solution time to 500 s.

Keywords: Electric multiple unit trains; high-level maintenance planning; time window;
0–1 programming model; particle swarm algorithm

1. Introduction

In China, high-speed railway has become a priority option for the long trip due to its convenience
and comfortableness, and it account for 60% of rail total passenger traffic. It has long been a difficult
problem for the China Railway (CR) that supply enough available Electric Multiple Unit (EMU) trains
in tourist rush seasons to fulfill heavy transportation tasks. The EMU trains are the unique vehicles
running on the China high-speed railway. In addition, they have a high purchase cost and complicated
maintenance regulations. Therefore, the problem becomes much worse.

The gigh-level maintenance planning (HMP) is an important part of the operation and
maintenance management for the EMU trains, which covers the third-level maintenance,
the fourth-level maintenance and the fifth-level maintenance. Due to the complex regular preventive
maintenance, uneven distribution of passenger flow, limited maintenance capacity of workshop and
several weeks for maintenance service time, the EMU trains’ HMP needs to be scheduled in advance,
of which the planning horizon lasts for a natural year or more. The HMP’s aim is to provide enough
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available EMU trains for the long peak period of the passenger flow (such as the Spring Festival and
the summer holiday) under the conditions of limited maintenance resources and the regular preventive
maintenance policy. The HMP is a prerequisite for the EMU operational plan, the second-level
maintenance plan, the job shop scheduling at workshop, and the outsourcing plan for high-level
maintenance workloads (see Figure 1).

HMP for EMU trains

Operational Plan

Job Shop Scheduling
 at workshop

Outsourcing Plan for 
High-level Maintenance    

 

Figure 1. The position of high-level maintenance plan (HMP) in the operation and maintenance
management system for the electric multiple unit (EMU) trains.

In the CR system, according to the maintenance regulations [1], the EMU trains that have been put
into operation in the first period will undergo the high-level maintenance (HM) procedures together in
the next few years. When lots of EMU trains are sent to workshop in tourist rush season, it will lead
to the travel needs of passengers cannot be met. Not only the operating income but also the traveler
satisfaction level on high-speed railway transportation will decrease. Meanwhile, it will increase the
maintenance costs when the HM procedures are undergone in advance. Due to the limited capacities
of workshops, the maintenance service time will be prolonged when plenty of EMU trains undergo
the maintenance procedures together. Therefore, to scientifically formulate the HMP that meets the
travel demands and reduces maintenance cost as much as possible is a complicated combinatorial
optimization problem that needs to be solved in the field of high-speed railway operation.

For the maintenance system, Stuchly et al. [2] and Rezvanizaniani et al. [3] developed a condition
based maintenance management system, Shimada [4] introduced the accident prevention maintenance
system, and Cheng and Tsao [5] proposed a preventive and corrective maintenances system.
These maintenance systems can reduce the maintenance costs and improve the utilization efficiency of
EMU train.

Many experts and scholars study the first-level and the second-level maintenances. Maróti and
Kroon [6,7] proposed that adjust the operation schedule ahead of time to ensure the maintenance
procedures can be undertook in time. Tsuji et al. [8] developed a novel approach based on ant
colony optimization and Wang et al. [9] designed an algorithm based column generation to solve
the EMU train maintenance plan problem. Giacco et al. [10] integrated the rolling stock circulation
problem and short-term maintenance planning, and a mixed-integer linear-programming formulation
was proposed.

In other fields, scheduled maintenance planning problems also have been researched.
Ziarati et al. [11], Lingaya et al. [12], and Wang et al. [13] studied the locomotive operation and
maintenance. Moudania and Félix [14] and Mehmet and Bilge [15] developed the aircraft operation
and maintenance. Budai et al. [16] researched the long-term planning of railway maintenance works.
In addition, Grigoriev et al. [17] tried to find the length of maintenance plan to minimize the total
operation costs.
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There are a few relevant literatures available for the EMU trains HMP problem. Lin et al. [18]
designed a state function to show the state of EMU train on each day during the planning horizon,
and a non-linear 0–1 programming model and its solution strategy was proposed. Wu et al. [19]
proposed a time-state network to optimize the EMU trains HMP problem. Li et al. [20] presented
a forecast method to estimate the maintenance quantity of the EMU trains in future.

Compared to the existing researches, a 0–1 programming model and solution strategy
were proposed. In the mathematic model, all necessary regulations and practical constraints
were considered.

The remainder of this paper is organized as follows. The problem description of HMP in the CR
system is presented in Section 2. In Section 3, a 0–1 programming model is proposed, and then the
solution algorithm on the basis of particle swarm algorithm is designed in Section 4. An empirical case
is provided to verify the effectiveness of the model and the algorithm in Section 5. The last section
gives some conclusions and the possible areas of further research.

2. HMP Problem at CR

The HMP, a typical discrete system, is a tactical plan that determines when the EMU trains to
undergo the high-level maintenance. The length of the planning horizon lasts for about one year.
Each train undergoes the high-level maintenance at most once during the planning horizon because of
the interval between two adjacent HM processes is longer than the span of planning horizon; the order
of the maintenance level for a train is the third-level, the fourth-level, the third-level, the fifth level,
the third-level and so on until they are scrapped [1]. Therefore, the level of the high-level maintenance
can be deduced beforehand according to the records and regulations of maintenance. According to the
maintenance regulations, each train has a time window during which the train can be delivered to
workshop on any day. The lower bound of the time window is the earliest date on which a train can be
delivered to workshop while the upper bound is the latest date. The detailed problem descriptions
can be referred to Lin et al. [18] and Wu et al. [19]. Here, we focus on the generation steps of the
time window.

The estimated time of arrival (eta) of the HM can be easily calculated [20]. In this process,
the average daily operating mileage is used to describe the daily usage of EMU trains before HM
procedures. The notations used in the generation process of the time window are listed in Table 1.

Table 1. Notations used in the generation process of the time window.

Notations Definition

e The index of EMU trains;
E The set of all EMU trains;
E′ An empty set;

etae The eta of the HM for the EMU train e;
e(m) The type of the EMU train e;
e(g) The maintenance level of the EMU train e;

R+
mg

The maximum value of the difference between the actual operating mileage before the HM
and the etae for the train of which the type is m and maintenance level is g;

R−mg
The maximum value of the difference between the etae and the actual operating mileage
before the HM for the train of which the type is m and the maintenance level is g;

le The average daily operating mileage for the EMU train e before HM.

The time window of the start time for the HM can be generated as follows.
Step 1. Take an EMU train e from E, and calculate the eta of HM [20];
Step 2. According to e(m) and e(g), determine the offset range of the operating mileage for the

EMU train e: [−R−e(m),e(g),R
+
e(m),e(g)];

Step 3. Calculate the offset range of the time window for the EMU train e:
[−R−e(m),e(g)/le,R+

e(m),e(g)/le];
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Step 4. Determine the time window of the EMU train e: [etae − R−e(m),e(g)/le,etae + R+
e(m),e(g)/le],

and set E = E− {e}, E′ = E′ + {e};
Step 5. If E = φ, turn to Step 6, otherwise turn to Step 1;
Step 6. Set E = E′, over.
The EMU train’s time window is continuous if we set the “day” as the minimum time unit. In

this way, the time window can be presented by a time interval.
In addition, the HMP aims to ensure that there are enough well-conditioned trains to meet the

passenger transport demand. We set a maximum HM rate to guarantee it. The HM rate is the ratio of
the number of trains in HM state to the fleet size.

3. Mathematical Model of the HMP Problem

In this section, we propose a 0–1 programming model for the HMP problem. The constraints of
the model include the maintenance interval, the passenger transportation demand, and the capacity of
workshop. The objective function is to minimize the mileage losses of all EMU trains.

3.1. Notations

The all notations that used in the model are listed in Table 2.

Table 2. Notations used in the model.

Notations Definition

Indices

e The index of EMU trains;
m The index of types for the EMU trains;
t The index of dates during the planning horizon;
g The index of the maintenance level;

Set

E The set of all EMU trains; e ∈ E
M The set of all types; m ∈ M
T The set of all dates during the planning horizon; t ∈ T
G The set of all maintenance levels; g ∈ G

Input parameters

e(g) The maintenance level of the EMU train e;
e(m) The type of the EMU train e;

c The unit penalty fee for the unused mileage before the HM;
etae The eta for the EMU train e;
le The average daily operating mileage for the EMU train e before the HM;

WSe The first date of the time window for the EMU train e, WSe = etae − R−e(m),e(g)/le (See Section 2);

WEe The last date of the time window for the EMU train e, WEe = etae + R+
e(m),e(g)/le (See Section 2);

αm
The conversion coefficient for train of which the type is m, indicates whether the train includes
sixteen cars or not, if yes, then αm = 2; otherwise, αm = 1;

θt The maximum HM rate on the t-th day;
Inv The fleet size (the standard set);
dt

m The maximum number of an EMU train in the HM state for the m type on the t-th day;
bg The maximum number of an EMU train in the g-th level maintenance state;

Ng
The maximum number of an acceptable EMU train in the g-th level maintenance state at the
same time;

Q A sufficiently large positive number;
Hg

m The maintenance service time for an EMU train with the m-th type and the g-th level;

Jg
m

The minimum interval time for delivering another train after an EMU train with the m-th type
and the g-th level enters the workshop;

|T| The length of the planning horizon;
|E| The number of the EMU trains which need to be maintained during the planning horizon;
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Table 2. Cont.

Notations Definition

Decision Variables

xt
e

Binary variable, indicates whether the EMU train e selects the t-th day to start the HM
procedures during the planning horizon, xt

e = 1 if yes, xt
e = 0 otherwise;

yt
e

Binary variable, indicates whether the EMU train e in the e(g)-th level maintenance state on the
t-th day during the planning horizon, yt

e = 1 if yes, yt
e = 0 otherwise;

zt
e

Binary variable, indicate whether the EMU train e in the e(g)-th level delivery interval on the
t-th day during the planning horizon, zt

e = 1 if yes, zt
e = 0 otherwise;

3.2. Optimization Objective

The objective function of the mathematical model is to maximize the service efficiency of the EMU
trains, i.e., to minimize the unutilized mileage. In this way, the objective function can be presented
as follows.

minZ = c ∑
t∈[WSe ,WEe ]

∑
e∈E

(WEe − t)lext
e (1)

3.3. Constraints Analysis

According to Section 2, each train e can choose one and only one delivery date during the time
window. This is the uniqueness constraint.

∑
t∈[WSe ,WEe ]

xt
e = 1 ∀ e ∈ E (2)

Any time t out of the time window for the train e cannot be selected.

xt
e = 0 ∀ e ∈ E, t /∈ [WSe, WEe] and t ∈ T (3)

The θt is a variable according to travel demand which should be guaranteed.
Theoretically, the value of θt is different for each day during the planning horizon. To describe this
requirement, a set of constraints established as follows.

∑
e∈E

αe(m)y
t
e ≤ θt · Inv ∀ t ∈ T (4)

Because of the various itineraries, the number of the trains with the specific type in the HM state
must be less than the given threshold value on the t-th day. Constraints in this respect can be expressed
as follows.

∑
e∈E|e(m)=m

yt
e ≤ dt

m ∀m ∈ M, t ∈ T (5)

The number of trains in each level of the HM state should not be exceeded the capacity of
workshops. A set of constraints can be listed as follows.

∑
e∈E|e(g)=g

yt
e ≤ bg ∀ g ∈ G, t ∈ T (6)

Meanwhile, restricted by the limited resources, only a few trains are permitted to enter the
workshop over several days. This situation can be described in the form of mathematical inequalities
as follows.

∑
e∈E|e(g)=g

zt
e ≤ Ng ∀ g ∈ G, t ∈ T (7)
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In addition, the logical relationships between those three sets of decision variables are presented
as follows.

(xk
e − 1)Q ≤ (

k+He(g)
e(m)
−1

∑
t=k

yt
e − He(g)

e(m)
) ≤ (1− xk

e )Q k ∈ [WSe, WEe], ∀e ∈ E (8)

|T|+He(g)
e(m)

∑
t=1

yt
e = He(g)

e(m)
∀ e ∈ E (9)

(xk
e − 1)Q ≤ (

k+Je(g)
e(m)
−1

∑
t=k

zt
e − Je(g)

e(m)
) ≤ (1− xk

e )Q k ∈ [WSe, WEe], ∀e ∈ E (10)

|T|+Je(g)
e(m)

∑
t=1

zt
e = Je(g)

e(m)
∀ e ∈ E (11)

Finally, all of the decision variables are binary variables.

xt
e, yt

e, zt
e ∈ {0, 1} ∀ e ∈ E, t ∈ T (12)

3.4. Model Construction

On the basis of above analysis, a 0–1 programming model for the EMU train HMP problem is
proposed as follows.

HMP model : min Z = c ∑
t∈[WSe ,WEe ]

∑
e∈E

(WEe − t)lext
e

s.t. ∑
t∈[WSe ,WEe ]

xt
e = 1 ∀ e ∈ E

xt
e = 0 ∀ e ∈ E, t /∈ [WSe, WEe] and t ∈ T

∑
e∈E

αe(m)y
t
e ≤ θt · Inv ∀ t ∈ T

∑
e∈E|e(m)=m

yt
e ≤ dt

m ∀m ∈ M, t ∈ T

∑
e∈E|e(g)=g

yt
e ≤ bg ∀ g ∈ G, t ∈ T

∑
e∈E|e(g)=g

zt
e ≤ Ng ∀ g ∈ G, t ∈ T

(xk
e − 1)Q ≤ (

k+He(g)
e(m)
−1

∑
t=k

yt
e − He(g)

e(m)
) ≤ (1− xk

e )Q k ∈ [WSe, WEe], ∀e ∈ E

|T|+He(g)
e(m)

∑
t=1

yt
e = He(g)

e(m)
∀ e ∈ E

(xk
e − 1)Q ≤ (

k+Je(g)
e(m)
−1

∑
t=k

zt
e − Je(g)

e(m)
) ≤ (1− xk

e )Q k ∈ [WSe, WEe], ∀e ∈ E
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|T|+Je(g)
e(m)

∑
t=1

zt
e = Je(g)

e(m)
∀ e ∈ E

xt
e, yt

e, zt
e ∈ {0, 1} ∀ e ∈ E, t ∈ T

We can see from the HMP model that the number of all decision variables equals to 3× |T| × |E|
that is the product of two factors: the time span of the planning horizon and the number of trains.
But the search space will reach |T |̂|E| according to the model. It is too complicated to be solved by
using CPLEX or Gurobi within a reasonable time. Thus, a meta-heuristic solution strategy based on
the particle swarm optimization (PSO) algorithm is designed to address this problem.

4. Modified Particle Swarm Optimization Algorithm

PSO algorithm is a population based stochastic optimization technique motivated by social
behavior of organisms. PSO algorithm has the advantage of fast convergence speed and high accuracy
solution and it is easy to be applied in most areas [21], which makes it attract great attention from
researchers. The algorithm can also be used in solving the combinatorial optimization problem [22,23].
In this section, we present a modified particle swarm optimization (MPSO) algorithm to solve the
HMP model based on analysis and preprocess.

4.1. Processing of Model Constraints

The constraint conditions of the HMP model need to be processed before applying the MPSO
algorithm. Constraints (2), (3), (8)–(12) are the logical relationships, and they can be observed by the
specific encoding rules (see the latter section), while the others can be removed by the penalty function
method. For the value of the penalty factor, it is necessary to combine the actual application of the
EMU trains and the strength of the constraint. Among the Inequations (4)–(7), the Inequation (7) has
the strongest constraint and the Inequation (4) has the weakest constraint. The relationship of the
penalty coefficient is λ4 > λ3 > λ2 > λ1. The optimization model can be presented as follows.

min W = c ∑
t∈[WSe ,WEe ]

∑
e∈E

(WEe − t)lext
e + λ1 ∑

t∈T
max{0, ∑

e∈E
αe(m)yt

e − θt · Inv}
+λ2 ∑

t∈T
∑

m∈M
max{0, ∑

e∈E|e(m)=m
yt

e − dt
m}+ λ3 ∑

t∈T
∑

g∈G
max{0, ∑

e∈E|e(g)=g
yt

e − bg}+ λ4 ∑
t∈T

∑
g∈G

max{0, ∑
e∈E|e(g)=g

zt
e − Ng} (13)

s.t. (2), (3), (8)–(12).

4.2. General Particle Swarm Optimization Algorithm

In general PSO algorithm, the basic update equations of the velocity and position of the particles
are as follows:

Vi(r + 1) = ωVi(r) + c1ξ(HBi(r)− Pi(r)) + c2η(GB(r)− Pi(r)) (14)

Pi(r + 1) = Pi(r) + Vi(r + 1) (15)

where Vi(r) and Pi(r) denote the velocity and the position, respectively, for particle i in the r − th
iteration. HBi(r) denotes the best position in the history for particle i by the end of the r− th iteration;
GB(r) denotes the best position in the history for all of the particles by the end of the r− th iteration.
ω denotes the inertia weight; c1 denotes the self-learning factor; c2 denotes the social learning factor;
ξ and η are the random numbers in [0, 1].
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4.3. MPSO and Solution Strategy

4.3.1. Inertia Weight

In order to make the particles have a better search ability in the early stage of evolution and have
a better development ability in the later stage of the evolution, the linear time-varying inertia weight is
adopted in this paper. The inertia weight can be calculated as follows.

ω(r) = ωmax − (ωmax −ωmin)·r/MAXR (16)

where ω(r) denotes the inertia weight at the r-th iteration. ωmax and ωmin denotes the maximum
inertia weight and the minimum inertia weight, respectively. And MAXR denotes the maximum
number of the evolution iterations.

4.3.2. Learning Factor

In the same way, in order to make the particles strengthen the global search ability in the early
stage and converge to the global optimum in the later period, we decrease the self-learning factor and
increase the social learning factor continuously during the process of optimization. The calculation
formulae are as follows.

c1(r) = c′1 + (c′′ 1 − c′1)·r/MAXR (17)

c2(r) = c′2 + (c′′ 2 − c′2)·r/MAXR (18)

where c1(r) and c2(r) denote the self-learning factor and the social learning factor in the r− th iteration.
c′1 and c′′ 1 denote the initial value and the final value for the self-learning factor; c′2 and c′′ 2 denote
the initial value and the final value for the social learning factor; they are the constants.

4.3.3. Update Equations

The particle continuously updates its position in the search space at an unfixed speed. The velocity
represents the variation of position in magnitude and direction like the definition in classical physics,
and it has the same dimension as the position. Let hbesti(r) denote the corresponding fitness value
of HBi(r). Let gbest(r) denote the corresponding fitness value of GB(r). The fitness value can be
calculated by the formula (13). The update equations of the position and velocity for the particle i are
as follows.

Vi(r + 1) = ω(r)·Vi(r) + c1(r)·ξ(r)·(HBi(r)− Pi(r)) + c2(r)·η(r)·(GB(r)− Pi(r)) (19)

Pi(r + 1) = Pi(r) + Vi(r + 1) (20)

where ξ(r) and η(r) are the random numbers in [0,1].
Each dimension of the velocity of a particle is limited to an interval [−Vmax, Vmax], and if it is out

of the interval, we set the boundary value of the interval as the actual velocity component. Similarly,
the components of the position vector are limited to the time window for each train. Let pbesti(r)
denote the fitness value for Pi(r).

4.3.4. Encoding Rules and Initial Solution

It is a crucial step to make the particle of the MPSO and the solution of a certain problem
correspond with each other. We use a particle to represent an overall HMP for all of the EMU trains.
According to Equations (2) and (3), we set the dimensionality of a particle to |E|. The value of
each dimension represents the start time of the HM for the corresponding EMU train. The detailed
description is shown in Figure 2 with the help of schematic diagram.
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Figure 2. Encoding Rules (a particle).

In Figure 2, te denotes the start time of the HM for the e− th EMU train. Therefore, xt
e = 1 when

the value of te is determined, and the t in xt
e equals to te. Because of the maintenance level and the

type of each train can be ensured in advance, the value of He(g)
e(m)

and Je(g)
e(m)

for the train e is known.

Then, the value of yt
e and zt

e can be determined accordingly, i.e., yt
e = 1 (t ∈ [te, te + He(g)

e(m)
− 1]); zt

e = 1

(t ∈ [te, te + Je(g)
e(m)
− 1]). In this way, the Constraints (2), (3), (8)–(12) are well handled.

The initial solution can be generated by selecting the start time of the HM during the time window
for each train. The selection is stochastic in this process.

4.4. Algorithm Steps

Step 1. Generate the time window for all of the EMU trains that need to be maintained during the
planning horizon, turn to Step 2.

Step 2. Initialization. Assign values to related parameters including the size of particle swarm
I, ωmax, ωmin, c′1, c′′ 1, c′2, c′′ 2, MAXR and Vmax. Generate the initial solution Pi(0) according to
Section 4.3.1, and generate the initial velocity Vi(0) randomly. Set r = 0, turn to Step 3.

Step 3. Calculate the fitness value pbesti(r) of each particle, turn to Step 4.
Step 4. Compare the fitness values of Pi(r) with HBi(r). If pbesti(r) < hbesti(r), then HBi(r) =

Pi(r), hbesti(r) = pbesti(r). Turn to Step 5.
Step 5. Compare the fitness values of HBi(r)(i ∈ I) with GB(r). If hbesti(r) < gbest(r),

then GB(r) = HBi(r), gbest(r) = hbesti(r). Turn to Step 6.
Step 6. Update ω(r), c1(r) and c2(r) according to Formulas (16)–(18), turn to Step 7.
Step 7. Update Vi(r) and Pi(r) according to Formulas (19) and (20). If any dimension in Vi(r) out

of [−Vmax, Vmax], we set the boundary value of the interval as an actual value. If any dimension in
Pi(r) out of [WSe, WEe], we set the boundary value of the time window as an actual value, turn to
Step 8.

Step 8. r = r + 1. If r > MAXR or gbest(r) = gbest(r− 200) (r > 200), turn to Step 9; otherwise,
turn to Step 3.

Step 9. Make GB(r) feasible according to the HMP model, and output GB(r) and gbest(r). Over.

5. Case Study

In this section, we implement the proposed method to solve a practice problem. The detailed
description of the case can be found in the literature [20]. The proposed model is solved by the
commercial optimization solver, e.g., Gurobi, as well as the MPSO algorithm. The exact method is
coded in Python 2.7 and implemented within Spyder 3.1.4 and the MPSO algorithm is implemented in
C++. All the computational experiments are conducted on the computer with Intel Core i5-6200U CPU
and 8 GB RAM.

According to the literature [20], some parameters are valued as follows. Inv = 115, |E| = 60,
|T| = 533. To protect data confidentiality, we can only generate the time window in advance for each
train and use an ID number replace the train. The initial conditions of trains when |T| = 0, which include
the train ID, type, the average daily operating mileage, the time window, the maintenance level and
the maintenance service time, are listed in Table 3.
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Table 3. Initial conditions of all trains.

ID Type le (km) Time Window Level H
e(g)
e(m)

(Day)

1 m1 1600 [64,164] 3 50
2 m1 1600 [64,164] 3 50
3 m1 1600 [90,190] 3 50
4 m1 1600 [124,224] 3 50
5 m1 1600 [144,244] 3 50
6 m1 1600 [188,288] 3 50
7 m1 1600 [200,300] 3 50
8 m1 1600 [274,374] 4 55
9 m1 1600 [370,470] 4 55
10 m1 1600 [379,479] 4 55
11 m1 1600 [429,479] 4 55
12 m2 1600 [72,172] 3 50
13 m2 1600 [158,258] 3 50
14 m2 1600 [216,316] 3 50
15 m2 1600 [264,354] 3 50
16 m2 1600 [387,484] 3 50
17 m2 1600 [396,484] 3 50
18 m2 1600 [409,484] 3 50
19 m2 1600 [443,484] 4 55
21 m3 2000 [134,234] 5 60
21 m3 2000 [149,249] 3 40
22 m3 2000 [150,250] 3 40
23 m3 2000 [153,253] 3 40
24 m3 2000 [158,258] 5 60
25 m3 2000 [158,258] 3 40
26 m3 2000 [159,259] 3 40
27 m3 2000 [167,267] 3 40
28 m3 2000 [172,272] 4 55
29 m3 2000 [172,272] 3 40
30 m3 2000 [182,282] 3 40
31 m3 2000 [184,284] 3 40
32 m3 2000 [185,285] 3 40
33 m3 2000 [190,290] 3 40
34 m3 2000 [190,290] 3 40
35 m3 2000 [191,291] 3 40
36 m3 2000 [192,292] 3 40
37 m3 2000 [193,293] 3 40
38 m3 2000 [206,306] 3 40
39 m3 2000 [209,309] 3 40
40 m3 2000 [211,311] 3 40
41 m3 2000 [211,311] 3 40
42 m3 2000 [249,349] 3 40
43 m3 2000 [276,376] 3 40
44 m3 2000 [280,380] 3 40
45 m3 2000 [281,381] 3 40
46 m3 2000 [289,389] 3 40
47 m3 2000 [290,390] 3 40
48 m3 2000 [299,399] 3 40
49 m3 2000 [300,400] 3 40
50 m3 2000 [309,409] 3 40
51 m3 2000 [309,409] 3 40
52 m3 2000 [320,420] 3 40
53 m3 2000 [321,421] 3 40
54 m3 2000 [325,425] 3 40
55 m3 2000 [395,494] 3 40
56 m3 2000 [398,494] 3 40
57 m3 2000 [425,494] 3 40
58 m3 2000 [429,494] 3 40
59 m3 2000 [448,494] 3 40
60 m3 2000 [459,494] 3 40
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From Table 3, it can be seen that there are 60 EMU trains will undergo HM procedures during the
planning period. Among them, there are 101 candidate dates at most, and the minimum values are
only 36 candidate dates.

During the planning horizon, the HM rate is valued as follows:

θt =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 i f t ∈ [149, 189)
7% i f t ∈ [189, 318)
6% i f t ∈ [318, 380)
0 i f t = 533
9% otherwise

(21)

All of these trains undergo the HM procedures in the factory. The maximal capacity is
ten, i.e., b1 + b2 + b3 = 10. Meanwhile, the receiving capability per day for a factory is limited,
e.g., N3+N4+N5 = 1; J3

m1 = J4
m1 = J5

m1 = J3
m2 = J4

m2 = J5
m2 = J3

m3 = J4
m3 = J5

m3 = 1. According to the
demand, dt

m1 = dt
m2 = 4, dt

m3 = 10 (t ∈ T). Therefore, the Formula (13) can be converted to the
following form.

min W = c ∑
t∈[WSe ,WEe ]

∑
e∈E

(WEe − t)lext
e + λ1 ∑

t∈T
max{0, ∑

e∈E
αe(m)yt

e − θt Inv}
+λ2 ∑

t∈T
∑

m∈M
max{0, ∑

e∈E|e(m)=m
yt

e − dt
m}+ λ3 ∑

t∈T
max{0,−10 + ∑

g∈G
∑

e∈E|e(g)=g
yt

e}+ λ4 ∑
t∈T

max{0,−1 + ∑
g∈G

∑
e∈E|e(g)=g

zt
e}

(22)

In addition, the values of other parameters are as follows. c = 0.001, λ1 = 100, λ2 = 500, λ3 = 800,
λ4 = 1000; I = 1000, ωmax = 1.2, ωmin = 0.8, c′1 = 2.5, c′′ 1 = 0.5, c′2 = 0.5, c′′ 2 = 2.5, Vmax = (WEe-WSe+1)/2
MAXR = 1000.

Based on the data given above, the HMP model is solved by the proposed algorithm. The program
runs for 500 s. The returned optimal fitness value is 3,213,121. The curve of the optimal fitness value in
the iterative process is depicted in Figure 3.

Figure 3. The optimal fitness value curve.

As can be seen in Figure 3, in the first 300 iterations, the algorithm has a strong search capability,
which can effectively avoid the occurrence of the premature phenomena; and from about the 300th to
the 690th iteration, the development ability of the algorithm is strengthened, which is helpful to search
the optimal solution; the fitness value remains the same in the last 200 iterations, indicating that the
(approximate) optimal solution for the HMP problem has been generated. The (approximate) optimal
solution is listed in Table 4, and the first column is the train’s ID; the second column is the start date of
HM procedures denoted by te.
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Table 4. Optimal solution.

e te e te e te e te e te e te

1 108 11 481 21 182 31 280 41 310 51 409
2 103 12 142 22 220 32 252 42 349 52 419
3 153 13 212 23 250 33 278 43 376 53 421
4 193 14 333 24 240 34 273 44 379 54 425
5 198 15 360 25 248 35 282 45 381 55 472
6 300 16 460 26 188 36 276 46 388 56 498
7 312 17 492 27 218 37 238 47 390 57 500
8 387 18 458 28 268 38 303 48 398 58 502
9 482 19 490 29 270 39 243 49 400 59 496

10 480 20 190 30 246 40 308 50 407 60 494

We present the daily HM rates from the (approximate) optimal solution, and compare those with
the predefined maintenance rate thresholds (see Figure 4).

 

Figure 4. The distribution of the high-level maintenance rate in 2017.

From Figure 4, we can see that the HM rate of the optimal solution remains below the threshold
in each period. Therefore, the proposed HMP model and the algorithm can meet the travel demands.
However, the HM rate from the unscheduled solution fluctuates sharply.

In addition, to compare the performance of the proposed algorithm, we solve the HMP model by
the Gurobi solver because the HMP model is linear. The detailed numerical comparison results of two
solution methods, i.e., the Gurobi and the MPSO algorithm, are shown in Table 5.

Table 5. Numerical comparison results.

Method z (km) Time Consumption (s)

Gurobi 3,213,121 3186 s
MPSO 3,213,121 500 s
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We can conclude that our proposed approach is efficient and effective from Table 5. This result
demonstrates that the proposed algorithm is more efficient than the commercial optimization solver
with reducing 84.31% in the solution time consumption.

6. Conclusions

This paper researches the electric multiple unit train’s HMP problem. A 0–1 integer programming
model and a modified particle swarm optimization algorithm are proposed. The objective function of
the model is to minimize the unutilized mileage for all trains, and the model considers the necessary
regulations and practical constraints, including passenger transport demand, workshop maintenance
capacity, and maintenance regulations. A real-world instance demonstrates that the proposed method
can efficaciously obtain the (approximate) optimal solution (see Table 4), and the solution strategy
significantly reduces the solution time to 500 s (see Table 5). This result also demonstrates that the
proposed algorithm is more efficient than the commercial optimization solver with reducing 84.31% in
the solution time consumption. Optimize the workshop’s overhaul process to shorten the maintenance
service time is needed in future research.
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1. Introduction

The classification of finite subgroups in SLn(C) derives attention from various research
areas in mathematics. Especially when n = 2, it is related to McKay correspondence and ADE
singularity theory [1].

The list of finite subgroups of SL2(C) consists of cyclic groups (Zn), binary dihedral groups
corresponded to the symmetry group of regular 2n-gons, and binary polyhedral groups related to
regular polyhedra. These are related to the classification of regular polyhedrons known as Platonic
solids. There are five platonic solids (tetrahedron, cubic, octahedron, dodecahedron, icosahedron),
but, as a regular polyhedron and its dual polyhedron are associated with the same symmetry groups,
there are only three binary polyhedral groups (binary tetrahedral group 2T, binary octahedral group
2O, binary icosahedral group 2I) related to regular polyhedrons. Moreover, it is a well-known fact that
there is a correspondence between binary polyhedral groups and vertices of 4-polytopes as follows:

2T ↔ vertices of 24-cell,
2O ↔ vertices of dual compound of 24-cell,
2I ↔ vertices of 600-cell,

where the dual compound of 24-cell means by the compound polytopes obtained from 24-cell and its
dual polytope, which is also a 24-cell [2–5].

As the symmetries of polyhedrons are isometries, the related finite subgroups are also considered
as the subgroups of SU(2). As SU(2) = Sp(1) is a spin group of SO(3), we can regard 2T, 2O, and 2I
as subgroups of quaternions H. From this point of view, it is also well known that the vertices of 24 cell
correspond to roots of D4, and the set of vertices of the dual compound of 24-cell, which is the union of
a 24-cell and a dual 24-cell forms a roots of F4. The 600-cell is a complicated case of a reflection group
of H4-type [3,6].

The aim of this article is to provide explicit description of a binary icosahedron group 2I as a
600-cell. By applying spin covering map from Sp(1) to SO(3), we introduce a method to construct
the binary polyhedral groups in terms of quaternions from the symmetries of regular polyhedrons.
Then, by applying the theory of reflection groups along the Coxeter–Dynkin diagram, we show that
the subgroup 2I in H is indeed the set of vertices of a 600-cell. We also discuss 2T related to 24-cell,
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but, because the dual compound of a 24-cell is not regular, its relation to 2O will be discussed in
another article.

2. Binary Polyhedral Groups in Quaternions

Every finite subgroup of SL2(C) is conjugate to a finite subgroup of SU(2) so that the classification
of the finite subgroup of SL2(C) including binary polyhedral groups corresponds to the classification
of the finite subgroup of SU(2). As SU(2) � Sp(1), we can identify the binary polyhedral groups as
certain subsets in quaternions H. In fact, Sp(1) is not only a unit sphere in H but also the spin group
Spin(3), which is a 2-covering map of SO(3). In this section, we explain how an element in SO(3) lifts
to quaternions in Sp(1).

The algebra of quaternions H is the four-dimensional vector space over R defined by

H := {a + bi + cj + dk | a, b, c, d ∈ R}

satisfying relations i2 = j2 = k2 = ijk = −1. The quaternionic conjugate of q = a + bi + cj + dk is
defined by

q̄ := a− bi− cj− dk

and the corresponding norm |q| is also defined by |q| :=
√

qq̄ =
√

a2 + b2 + c2 + d2. Along this
norm, quaternions satisfy |pg| = |p| |g|, which implies that it is one of the normed algebras whose
classification consists of real numbers R, complex numbers C, quaternions H, and octonions O.
A quaternion q is called real if q̄ = q and is called imaginary if q̄ = −q. According to these facts, we
can divide H into a real part and an imaginary part:

H � R4 � Re(H)⊕ Im(H) = R⊕R3.

It is well known that the set of unit sphere S3 = {q ∈ H | |q| = 1} in H is a Lie group Sp(1), which
is also isomorphic to SU(2) as follows:

Sp(1) � SU(2) =

{(
a b
−b̄ ā

)∣∣∣∣∣ a, b ∈ C, |a|2 + |b|2 = 1

}
,

q = a + bj ←→
(

a b
−b̄ ā

)
.

Below, we use the identification between R3 and Im(H). Along this, a vector v = (v1, v2, v3)

in R3 (resp. a quaternion q = a1i + a2 j + a3k in Im(H)) is corresponded to a quaternion
(v)# = v1i + v2 j + v3k in Im(H) (resp. a vector�q = (a1, a2, a3) in R3).

Now, we define a map Φ,which is given by an action of Sp(1) on Im(H) ∼= R3

Φ : Sp(1) → SO(3),
x *→ Φ (x) := ρx : Im(H) → Im(H)

v *→ xvx̄.
,

As a matter of fact, the map ρx must be defined as

ρx : R3 → R3

v *→ −−−−→(
xv# x̄

)
so that ρx is in SO(3). However, we use a simpler definition instead. It is well known that Φ is a
2-covering map, which is also a group homomorphism.

In the next section, we will consider the preimage of Φ to define the lifting of symmetry groups of
polyhedrons in R3, which are subgroups of SO(3). For this purpose, we consider ρx further in below.
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We observe that the multiplication of two pure quaternions p, q in Im(H) can be written by the
cross product × and the standard inner product · on R3:

pq = −�p ·�q + (�p×�q)# .

After we denote x = x0 + x+ ( x0 ∈ Re(H), x+ ∈ Im(H) ), ρx(v) can be written as

ρx(v) = xvx̄ = (x0 + x+)v(x0 − x+)

=
(

x0v−�v · −→x+ +
(−→x+ ×�v

)#
)
(x0 − x+)

= (x2
0 − |−→x+|2)v + 2

(−→x+ · −→v ) x+ + 2x0
(−→x+ ×�v

)# .

Here, since |x|2 = x2
0 + |−→x+|2, we denote x = cos θ + sin θ x+

|x+ | where cos θ = x0 and sin θ = |−→x+|2
for some θ ∈ [0, π).

Now, to understand the meaning of ρx(v), we consider two cases for −→v case (1) −→v ⊥ −→x+ and
case (2) −→v //−→x+.

(1) (Case −→v ⊥ −→x+ ) Since −→v · −→x+ = 0, we have

ρx(v) = (x2
0 − |−→x+|2)v + 2x0

(−→x+ ×�v
)#

= (x2
0 − |−→x+|2)v + 2x0|−→x+|

( −→x+
|−→x+|

× −→v
)#

= cos 2θ v + sin 2θ

( −→x+
|−→x+|

× −→v
)#

.

(2) (Case −→v //−→x+ ) After we denote −→v = t −→x+ for some t ∈ R,

ρx(v) = (x2
0 − |−→x+|2)tx+ + 2

(−→x+ · t −→x+) x+

=
(

t (x2
0 − |−→x+|2) + 2

(−→x+ · t −→x+)) x+

= t (x2
0 + |−→x+|2)x+ = tx+ = v.

By the two cases above, we conclude ρx(v) presents the rotation of vector −→v in R3 with respect to
the axis −→x+ by 2 cos−1 x0 ∈ [0, 2π).

By applying the above, we have the following lemma.

Lemma 1. For each element A in SO(3) presenting a rotation with respect to a unit vector �a for angle
α ∈ [0, 2π), the preimage of Φ : Sp(1)→ SO(3) is given as

Φ−1 (A) =
{
±
(

cos
α

2
+ sin

α

2
(�a)#

)}
⊂ H.

Note if we choose unit vector −�a instead�a in the lemma, then the rotation performed for angle
−α. Therefore, the related lifting is given by cos

(− α
2
)
+ sin

(− α
2
)
(−�a)# = cos α

2 + sin α
2 (�a)#. Hence

Φ−1 (A) is well defined.
By applying Lemma 1, we can consider the preimage of any subset G in SO(3). We call the

preimage Φ−1 (G) the lift of G in Sp(1) ⊂ H. When G is one of the symmetry groups of regular
polyhedrons, the lift Φ−1 (G) is called binary polyhedral group. In particular, we consider binary
tetrahedral group 2T, binary octahedral group 2O, and binary icosahedral group 2I , which are lifts of
symmetry groups of tetrahedron, octahedron and icosahedron with order 24, 48, 120, respectively.

422



Symmetry 2018, 10, 326

2.1. Symmetry Groups of Regular Polyhedrons

A polyhedron considered here is convex and regular. According to convention, we denote a
regular polyhedron by {p, q}, which means that the polyhedron has only one type of face which is
a p-gon, and each vertex is contained in q faces. It is well known that there are only five regular
polyhedrons, which are also called Platonic solids. Up to duality, we consider three classes of regular
polyhedrons as follows:

Tetrahedron ↔ Tetrahedron(self-dual),
Octahedron ↔ Cube,
Icosahedron ↔ Dodecahedron.

As the special linear group SO(3) is generated by rotations on R3, we consider rotations of
R3 preserving a regular polyhedron to study the symmetry group of it. When the axis of the rotation
crosses a vertex (the barycenter of an edge, the barycenter or a face resp.), we call the rotation vertex
symmetry (edge symmetry, face symmetry resp.). For instance, the tetrahedron has two different types
of axes of rotations. One is the line passing through a vertex and the barycenter of the opposite face,
and the other is the line connecting barycenters of the edges at the opposite position. We also say that
a symmetry has order n if the order of the corresponding rotation is n. Note that the order of each edge
symmetry is 2. One can figure all the possible orders of each type of symmetry for regular polyhedrons,
as shown in Table 1.

Table 1. Order of symmetries.

Polyhedron Tetrahedron Octahedron Icosahedron

Point Symmetry 3 4, 2 5
Edge Symmetry 2 2 2
Face Symmetry 3 3 3

Construction of binary polyhedral groups

Now, we will introduce a construction which provides a way to find the elements of binary
polyhedral groups related to regular polyhedrons when the set of vertices of regular polyhedrons
are given.

Assume we have a regular polyhedron {p, q} whose barycenter is the origin of R3 and let {Pi} be
the set of vertices of the regular polyhedron:

(1) Find the barycenters of vertices, edges and faces (The barycenter of each vertex is itself).
(2) For each barycenter, derive all the related symmetries in SO(3) by identifying corresponding axis

of rotations and its order.
(3) For each symmetry obtained from step 2, we get related lifts in H by applying Lemma 1. It is

useful to observe that we obtain the axis of rotation and its order instead of related angle where
there can be more than one related angle.

(4) The union of lifts is a subset of binary polyhedral groups. In fact, its union with {±1} is the
binary polyhedral group by counting elements.

Note: From the above, it is clear that two regular polyhedrons which are dual to each other are
associated with the same binary polyhedral groups.

For example, let B be a barycenter of order 3. Then, there are two related angles
π

3
and

2π

3
.

Thus, the corresponding lift is{
±
(

cos
π

3
+ sin

π

3
B
|B|
)

,±
(

cos
2π

3
+ sin

2π

3
B
|B|
)}

.
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Here, we also observe that, if we begin with −B instead of B, the corresponding lifts are still
the same.

Binary tetrahedral group

We consider a tetrahedron consisting of vertices {P1, P2, P3, P4}.

�����

�
�
�
�
�
�

P1

�����
P4

�













P3

�
P2

Tetrahedron

(1) Since vertex symmetry has order 3, each vertex symmetry has two angles
π

3
and

2π

3
and the union

of lifts of vertex symmetries is

VT :=
⋃
i

{
±
(

cos
π

3
+ sin

π

3
Pi
|Pi|
)

, ±
(

cos
2π

3
+ sin

2π

3
Pi
|Pi|
)}

.

Thus, we have
|VT | = |vertices of a tetrahedron| × 4 = 16.

(2) As the edge symmetry has order 2, each edge symmetry has only one angle
π

2
so that the related

lift is ⎧⎪⎪⎨⎪⎪⎩±
⎛⎜⎜⎝cos

π

2
+ sin

π

2

Pi + Pj

2∣∣∣∣Pi + Pj

2

∣∣∣∣
⎞⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭

and the union is given as

ET :=
⋃

i 	=j

{
±
(

Pi + Pj∣∣Pi + Pj
∣∣
)}

.

Since P1 + P2 + P3 + P4 = 0, two barycenters
1
2
(P1 + P2) and

1
2
(P3 + P4) of edges have the same

lifts of edge symmetries. Similarly, the pairs of edges produce the same lifts of edge symmetries, and
we get

|ET | = |edges of a tetrahedron|
2

× 2 = 6.

(3) For a barycenter of face consisting of {P1, P2, P3}, we have a relation

P1 + P2 + P3

3
= −P4

3

since P1 + P2 + P3 + P4 = 0. Thus, the related lift of face symmetry is the same as the lift of vertex lift
for a vertex P4. Similarly, each lift of face symmetry corresponds to the lift of vertex symmetry.

Finally, the union VT ∪ ET of lifts of symmetries of a tetrahedron is a subset binary tetrahedral
group 2T in Sp(1). Since

|VT ∪ ET ∪ {±1}| = 16 + 6 + 2 = 24 = |2T| ,
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the union VT ∪ ET ∪ {±1} is a binary tetrahedral group, namely

2T = VT ∪ ET ∪ {±1}.

If we choose vertices {P1, P2, P3, P4} of a tetrahedron as{
P1 =

i + j + k
2

, P2 =
i− j− k

2
, P3 =

−i + j− k
2

, P4 =
−i− j + k

2

}
,

the corresponding binary tetrahedral group is obtained as

2T̂ =:
{
±1, ±i, ±j, ±k,

1
2
(±1± i± j± k)

}
.

Remark: The subset 2T̂ is the unit integral quaternions which is also known as Hurwitz integral
quaternions. ([7,8])

Binary Octahedral Group

We consider an octahedron consisting of vertices {Pi i = 1, ..., 8} as below.

�
P1
�������
�
�
�
�
��

�
�
�
�
�
�
�
�
�
��
� P3






















�
�
�
�
���

P5
�
�
�
�
��

	
	
		

�
P4

�
�
�

�
��

�
P6
�������









�
P2

Octahedron

(1) The possible orders of vertex symmetry are 2 and 4. The vertex symmetry with order 4 has two

angles
π

4
and

3π

4
and one with order 2 has one angle

π

2
. Thus, the union of lifts of vertex symmetries is

VO :=
⋃
i

{
±
(

cos
π

4
+ sin

π

4
Pi
|Pi|
)

, ±
(

cos
3π

4
+ sin

3π

4
Pi
|Pi|
)

, ±
(

cos
π

2
+ sin

π

2
Pi
|Pi|
)}

.

Since two antipodal vertices produce the same lifts of vertex symmetries, we obtain that

|VO| = |vertices of an octahedron|
2

× 6 = 18.

(2) As the edge symmetry has order 2, each edge symmetry has only one angle
π

2
so that the union of

the related lift is

EO :=
⋃{±( Pi + Pj∣∣Pi + Pj

∣∣
)}

,

where the union is performed for all the pairs of Pi and Pj form an edge. For the barycenter of an edge

given by
1
2
(

Pi + Pj
)
, there is exactly one edge whose barycenter is antipodal to

1
2
(

Pi + Pj
)
. Moreover,

the pair of edges produce the same lifts of edge symmetries. Therefore, we get

|EO| = |edges of an octahedron|
2

× 2 = 12.
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(3) For a barycenter of face given as
Pi + Pj + Pk

3
, the face symmetry has order 3 and it is related to

two angles
π

3
and

2π

3
. Thus, the lifts of a face symmetry is

⎧⎪⎪⎨⎪⎪⎩±
⎛⎜⎜⎝cos

π

3
+ sin

π

3

Pi + Pj + Pk

3∣∣∣∣Pi + Pj + Pk

3

∣∣∣∣
⎞⎟⎟⎠ ,±

⎛⎜⎜⎝cos
2π

3
+ sin

2π

3

Pi + Pj + Pk

3∣∣∣∣Pi + Pj + Pk

3

∣∣∣∣
⎞⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭

and the union of lifting of face symmetries is

FO :=
⋃{±(cos

π

3
+ sin

π

3
Pi + Pj + Pk

|Pi + Pj + Pk|

)
,±
(

cos
2π

3
+ sin

2π

3
Pi + Pj + Pk

|Pi + Pj + Pk|

)}
.

Since the octahedron is symmetric for origin, for the barycenter of a face given by
1
3
(

Pi + Pj + Pk
)
,

there is exactly one face whose barycenter is antipodal to
1
3
(

Pi + Pj + Pk
)
, and the pair of faces produce

the same lifts of face symmetries. Therefore, we deduce

|FO| = |faces of an octahedron|
2

× 4 = 16.

Finally, the union VO ∪ EO ∪FO of lifts of symmetries of an octahedron is a subset of the binary
octahedral group 2O in Sp(1). Since

|VO ∪ EO ∪ FO ∪ {±1}| = 18 + 12 + 16 + 2 = 48 = |2O| ,

the union VO ∪ EO ∪ FO ∪ {±1} is a binary octahedral group, namely

2O = VO ∪ EO ∪ FO ∪ {±1}.

One can take Pis as follows:

P1 = i, P2 = j, P3 = k, P4 = −i, P5 = −j, P6 = −k

so as to obtain

2Ô :=

{
±1, ±i, ±j, ±k, 1

2 (±1± i± j± k) ,
1√
2
(±1± i) , 1√

2
(±1± j) , 1√

2
(±1± k) , 1√

2
(±i± j) , 1√

2
(±i± k) , 1√

2
(±j± k)

}
.

Binary Icosahedral Group

Since both the regular icosahedron and its dual regular dodecahedron produce the binary
icosahedral group, we consider a regular dodecahedron in R3 instead of a regular icosahedron.
Moreover, for the sake of convenience, one can choose specific coordinates of vertices of a dodecahedron
in R3 such as {

(±1,±1,±1), (±τ,± 1
τ

, 0), (0,±τ,± 1
τ
), (± 1

τ
, 0,±τ)

}
,

where τ =

√
5 + 1
2

= 2 cos
π

5
and

1
τ

=

√
5− 1
2

= −2 cos
2π

5
. It is also useful to know

sin
π

5
=

√
10− 2

√
5

4
and sin

2π

5
=

√
10 + 2

√
5

4
.
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In the following diagram, we consider the given set of vertices as a subset in ImH = R3 and
depict the configuration among the vertices.
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τ j
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�
�
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�
�
�
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�
�
�
�
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�
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�
�
��

�
�
�
�
�
�

�

−τi + 1
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�

− 1
τ i + τk

������

	
	
	
	
	
	�−i + j + k ������
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τ k �

�
�
�
�
�

�
�
�

�1
τ i + τk

�
�
�

�i− j + k

�

τj + 1
τ k

������

�i + j + k �
�
�

�−τj− 1
τ k

�
�
�
�
�
�

�−i− j− k
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�

� τi + 1
τ j������

� τi− 1
τ j�

�
�

� τj− 1
τ k
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�
�
�
�
�

�
�
��

�

i + j− k
�

�
�
�
�
�

�

−i + j− k
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�1
τ i− τk �

− 1
τ i− τk

dodecahedron

For the above dodecahedron, we denote the set of vertices as {Pi i = 1, ..., 20} without a specific
choice of order.

(1) Since the possible order of each vertex symmetry is 3, the vertex symmetry has two angles
π

3
and

2π

3
. Thus, the union of lifts of vertex symmetries is

VI :=
⋃
i

{
±
(

cos
π

3
+ sin

π

3
Pi
|Pi|
)

, ±
(

cos
2π

3
+ sin

2π

3
Pi
|Pi|
)}

.

Since the dodecahedron is symmetric for origin, each vertex and its antipodal vertex produce the
same lifts of vertex symmetries. Thus, we obtain that

|VI | = |vertices of a dodecahedron|
2

× 4 = 40.
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(2) As before, the edge symmetry has order 2, and each edge symmetry has only one angle
π

2
so that

the union of the related lifts is

EI :=
⋃{±( Pi + Pj∣∣Pi + Pj

∣∣
)}

,

where the union is performed for all the pairs of Pi and Pj form an edge. Just like the lifts of edge
symmetries for an octahedron, the pair of antipodal edges produce the same lifts of edge symmetries.
Therefore, we get

|EI | = |edges of a dodecahedron|
2

× 2 = 30.

(3) For a barycenter of face given as
1
5
(

Pi1 + Pi2 + Pi3 + Pi4 + Pi5
)

where Pil (l = 1, 2, 3, 4, 5) forms

a face, the face symmetry has order 5 and it is related to four angles
aπ

5
(a = 1, 2, 3, 4). Thus, the lifts

of a face symmetry are⎧⎪⎪⎨⎪⎪⎩±
⎛⎜⎜⎝cos

aπ

5
+ sin

aπ

5

1
5
(

Pi1 + Pi2 + Pi3 + Pi4 + Pi5
)∣∣∣∣15 (Pi1 + Pi2 + Pi3 + Pi4 + Pi5
)∣∣∣∣
⎞⎟⎟⎠ (a = 1, 2, 3, 4)

⎫⎪⎪⎬⎪⎪⎭
and the union of lifts of face symmetries is

FI :=
⋃{±(cos

aπ

5
+ sin

aπ

5
Pi1 + Pi2 + Pi3 + Pi4 + Pi5
|Pi1 + Pi2 + Pi3 + Pi4 + Pi5 |

)
(a = 1, 2, 3, 4)

}
.

Since a pair of antipodal faces produce the same lifts of face symmetries, we deduce

|FI | = |faces of a dodecahedron|
2

× 8 = 48.

Finally, the union VI ∪ EI ∪ FI of lifts of symmetries of a dodecahedron is a subset of a binary
icosahedral group 2I in Sp(1). Since

|VI ∪ EI ∪ FI ∪ {±1}| = 40 + 30 + 48 + 2 = 120 = |2I| ,

the union VI ∪ EI ∪ FI ∪ {±1} is a binary icosahedral group, namely

2I = VI ∪ EI ∪ FI ∪ {±1}.

For the given vertices we have, we can obtain

VI =

{
1
2
(±1± i± j± k) ,

1
2

(
±1± τ j± 1

τ
k
)

,
1
2

(
±1± 1

τ
i± τk

)
,

1
2

(
±1± τi± 1

τ
j
)}

EI =

{
±i, ±j, ±k,

1
2

(
±i± 1

τ
j± τk

)
,

1
2

(
± 1

τ
i± τ j± k

)
,

1
2

(
±τi± j± 1

τ
k
)}

FI =

⎧⎪⎪⎨⎪⎪⎩
1
2

(
± 1

τ
± τi± k

)
, 1

2

(
±τ ± 1

τ
i± j

)
, 1

2

(
±τ ± 1

τ
j± k

)
,

1
2

(
±τ ± i± 1

τ
k
)

, 1
2

(
± 1

τ
± i± τ j

)
, 1

2

(
± 1

τ
± j± τk

)
⎫⎪⎪⎬⎪⎪⎭ .
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As a result, we can identify all the elements of the binary icosahedral group as

2 Î :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

±1, ±i, ±j, ±k,
1
2
(±1± i± j± k)

1
2

(
±i± 1

τ
j± τk

)
, 1

2

(
±1± τ j± 1

τ
k
)

, 1
2

(
± 1

τ
± τi± k

)
, 1

2

(
±τ ± 1

τ
i± j

)
,

1
2

(
± 1

τ
i± τ j± k

)
, 1

2

(
±τ ± 1

τ
j± k

)
, 1

2

(
±τ ± i± 1

τ
k
)

, 1
2

(
± 1

τ
± i± τ j

)
,

1
2

(
±τi± j± 1

τ
k
)

, 1
2

(
± 1

τ
± j± τk

)
, 1

2

(
±1± 1

τ
i± τk

)
, 1

2

(
±1± τi± 1

τ
j
)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

Theorem 1. The finite subsets 2T̂, 2Ô and 2 Î in H defined as above are a binary tetrahedral group, a binary
octahedral group, and a binary icosahedral group, respectively.

Note that it is well known that the a subset
{
±1,±i,±j,±k,

1
2
(±1± i± j± k)

}
in 2I is the

vertices of 24-cell and the complementary subset in 2I is the vertices of a snub 24-cell.

3. 600-Cell

The Coxeter–Dynkin diagrams are the way of describing the group generated by reflections.
For each graph, node represents a mirror (or a reflection hypersurface) and the label m attached to
a branch between nodes marks the dihedral angle π

m between two mirrors. By convention, no label
is attached to a branch if the corresponding dihedral angle is π

3 . When all the dihedral angles are
π
3 , the diagram is called simply laced. Ringed nodes present so called active mirrors where there is a
point P not to sit in the hyperplanes of reflections corresponded to the mirrors. By successive applying
the reflections in the diagram to the point P, we obtain a polytope whose symmetry group is the
Weyl group generated by the Coxeter–Dynkin diagram. Moreover, the combinatorics of subpolytopes
can also be decoded by the Coxeter–Dynkin diagram when it is simply laced with one ringed node
(see [7,9,10]). In fact, a similar method can be applied for the diagram, which is not simply laced or has
more than one ringed node.

The Coxeter–Dynkin diagram of 24-cell is an example of simply laced with one ringed node.

�
α1

�
α2

� �
α4

� α3

Coxeter–Dynkin diagram of 24-cell

The Weyl group associated with this diagram is D4-type. In [7], the subpolytopes of 24-cell as
shown in Table 2 are described by using the Coxeter–Dynkin diagram.

Table 2. Subpolytopes of 24-cell.

Subpolytope Vertices Edges Faces Cells

total number 24 96 96 ({3}) 24 ({3, 3})

The Coxeter–Dynkin diagram of 600-cell is given by
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�

α1
5

�

α2

�

α3

�

α4

�

Coxeter–Dynkin diagram of 600-cell

whose Weyl group is H4-type. Thus, the diagram is not simply laced and has one ringed node.

(1) Vertices

� 5 � � ��

By removing a ringed node, we obtain the isotropy subgroup in the Weyl group of H4 which fixed
a vertex in the 600-cell. Here, the corresponding isotropy group is H3 and we can compute the total
number of vertices as

|H4|
|H3| =

14400
120

= 120.

For the remaining diagram above, we ring a node connected to the removed node. Then, we obtain
the Coxeter–Dynkin diagram of an Icosahedron, which implies that the vertex figure of 600 cell is an
icosahedron.

(2) Edges

For edges, we consider the ringed node that performs one reflection corresponding to an edge.

� 5 � � ��

For the isotropy subgroup of the edge, we remove the unringed node connected to the ringed
node. In addition, the remaining diagram generates the isotropy subgroup H2× A1. Thus, we compute
the total number of edges as

|H4|
|H2||A1| =

14400
10 · 2 = 720.

(3) Faces

For faces, we consider the ringed node and extend the diagram to unringed nodes so as to obtain
a subdiagram of A2-type. The subdiagram of A2 with one ringed node generate {3}, namely a triangle.
Thus, the faces of 600-cell are all triangles.

� � � ��

For the isotropy subgroup of a face, we remove any unringed node connected to the subdiagram
of a face. The remaining subdiagram generates the isotropy subgroup of a face, which is A1 × A2.
Thus, we compute the total number of faces as

|H4|
|A1||A2| =

14400
2!3̇!

= 1200.
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(4) Cells

To obtain a cell in a 600-cell, we consider an extended diagram from the ringed nodes to unringed
nodes so as to obtain a subdiagram of A3. The diagram of type A3 with one ringed node on one side
represents a tetrahedron.

� � � ��

For the isotropy subgroup of a cell, we consider that any unringed node connected to the
subdiagram of A3, and the subdiagram given by removing the node generates the isotropy subgroup,
which is A3. Thus, we compute the total number of cells, Table 3 shows the subpolytopes of 600:

|H4|
|A3| =

14400
4!

= 600.

Table 3. Subpolytopes of 600-cell.

Subpolytopes Vertices Edges Faces Cells

total number 120 720 1200 ({3}) 600 ({3, 3})

4. Binary Polyhedral Groups as Polytopes

In this section, we show that the binary icosahedral group 2I in H is the set of vertices of a 600-cell.
Thus, the convex hull of 2I in H is a 600-cell.

For each α in H with |α| = 1, we define a reflection on H as

σα : H −→ H,
x *→ σα(x) := x− 2 (�x ·�α) α.

Since H is a normed division algebra, σα(x) is also written as σa(x) = −a x̄ a via quaternionic
multiplication (see Ref. [7]). Since σa is a reflection for a vector α, σa has eigenvalues ±1 where α is an
eigenvector of −1 and the hyperplane perpendicular to α is the eigenspace of 1. Moreover, it is not an
element in SO(3).

Binary tetrahedral group 2T̂ in H and 24-cell

For 24-cell, we consider the Coxeter–Dynkin diagram of type D4 given in Section 3, where

α1 = i, α2 =
1
2
(1 + i + j + k), α3 = j, α4 = k.

In Ref. [7], the Weyl group generated by the Coxeter–Dynkin diagram acts on the binary
tetrahedral group 2T̂. Moreover, it is shown that 2T̂ is the set of vertices of a 24-cell. In fact, it
is also the subset of unit integral quaternions.

Binary icosahedral group 2 Î in H and 600-cell

Similarly, for 600-cell, we consider the Coxeter–Dynkin diagram of Type H4 given in
Section 3, where

α1 = i, α2 =
1
2

(
τi + j− 1

τ
k
)

, α3 = j, α4 =
1
2

(
− 1

τ
+ j + τk

)
.
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The Weyl group generated by the reflections {σαi i = 1, 2, 3, 4} is denoted by WH . In below, we
want to show that (1) the Weyl group WH acts on the binary icosahedral group 2 Î, and (2) 2 Î is a single
orbit, where it corresponds to the set of vertices of 600-cell.

Lemma 2. The Weyl group WH acts on the binary icosahedral group 2 Î in H.

Proof. Since the Weyl group WH is generated by the reflections σαi (i = 1, 2, 3, 4), we show that each
σαi acts on 2I. For an arbitrary element a + bi + cj + dk ∈ H, the reflections are written as follows:

σα1(a + bi + cj + dk) = a− bi + cj + dk,

σα2(a + bi + cj + dk) = a +
(
− 1

2τ
b− τ

2
c +

1
2

d
)

i

+

(
−τ

2
b +

1
2

c +
1

2τ
d
)

j +
(

1
2

b +
1

2τ
c +

τ

2
d
)

k,

σα3(a + bi + cj + dk) = a + bi− cj + dk,

σα4(a + bi + cj + dk) =
(

τ

2
a +

1
2τ

c +
1
2

d
)
+ bi

+

(
1

2τ
a +

1
2

c− τ

2
d
)

j +
(

1
2

a− τ

2
c− 1

2τ
d
)

k.

It is easy to see that σα1 and σα3 act on 2 Î. By choosing {1, i, j, k} as an ordered orthonormal basis
of H, σα2 and σα4 can be written as

σα2 =

⎛⎜⎜⎜⎝
1 0 0 0
0 − 1

2τ − τ
2

1
2

0 − τ
2

1
2

1
2τ

0 1
2

1
2τ

τ
2

⎞⎟⎟⎟⎠ and σα4 =

⎛⎜⎜⎜⎝
τ
2 0 1

2τ
1
2

0 1 0 0
1

2τ 0 1
2 − τ

2
1
2 0 − τ

2 − 1
2τ

⎞⎟⎟⎟⎠ .

In addition, these are similar because σα4 = Stσα2 S, where S is an orthogonal matrix⎛⎜⎜⎜⎝
0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0

⎞⎟⎟⎟⎠ .

In fact, S is an element in SO(4) defined by

1→ k, i→ 1, j→ j, k→ i

and one can check that S acts on 2 Î by simple calculation. Thus, it suffices to show that σα2 acts on 2I
to check σα2 and σα4 act on 2 Î. For σα2 , we consider 3× 3 submatrix A of σα2 defined as

A :=

⎛⎜⎝ − 1
2τ − τ

2
1
2

− τ
2

1
2

1
2τ

1
2

1
2τ

τ
2

⎞⎟⎠ .

This is a automorphism of ImH which satisfies At A = Id and det A = −1. Moreover, A also
acts on {

(±1,±1,±1), (±τ,± 1
τ

, 0), (0,±τ,± 1
τ
), (± 1

τ
, 0,±τ)

}
,

which is our choice of the vertices of a dodecahedron. Since A is a reflection, it is also a symmetry
of the dodecahedron so that it also acts on the set of edges and the set of faces. According to the
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construction of binary icosahedral group 2 Î in Section 2.1, the action of A on the icosahedron induces
the action of σα2 on 2 Î. For example, an edge symmetry given by an edge Pi + Pj is sent to another
given by APi + APj because

σα2

(
Pi + Pj∣∣Pi + Pj

∣∣
)

=
APi + APj∣∣Pi + Pj

∣∣ =
APi + APj∣∣APi + APj

∣∣ .
Similarly, we conclude that σα2 acts on 2 Î.

By applying the above lemma, we obtain the following theorem.

Theorem 2. The set 2 Î of a binary icosahedral group is an orbit of the Weyl group WH, and it is the set of
vertices of a 600-cell.

Proof. By Lemma 2, the Weyl group WH acts on 2I. Now, we consider an element 1 in 2 Î and

its orbit WH {1} ⊂ 2 Î. Since 1 is perpendicular to α1 = i, α2 =
1
2

(
τi + j− 1

τ k
)

, α3 = j and

1 · α4 = (1, 0, 0, 0) ·
(
− 1

2τ , 0, 1
2 , τ

2

)
	= 0, the orbit WH {1} is given by the following Coxeter–Dynkin

diagram 3 of 600-cell. By Section 3, we have |WH {1}| = 120 =
∣∣2 Î
∣∣. Therefore, we conclude

WH {1} = 2 Î and this gives the theorem.
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Abstract: One of the main problems in the theory of strongly regular graphs (SRGs) is constructing
and classifying SRGs with given parameters. Strongly regular graphs with parameters (37, 18, 8, 9),
(41, 20, 9, 10), (45, 22, 10, 11), (49, 24, 11, 12), (49, 18, 7, 6) and (50, 21, 8, 9) are the only strongly regular
graphs on up to 50 vertices that still have to be classified. In this paper, we give the enumeration of
SRGs with these parameters having S3 as an automorphism group. The construction of SRGs in this
paper is a step in the classification of SRGs on up to 50 vertices.

Keywords: strongly regular graph; automorphism group; orbit matrix

1. Introduction

We assume that the reader is familiar with the basic notions of the theory of finite groups. For basic
definitions and properties of strongly regular graphs, we refer the reader to [1–3].

A graph is regular if all its vertices have the same valency; a simple regular graph Γ = (V , E) is
strongly regular with parameters (v, k, λ, μ) if it has |V| = v vertices, valency k, and if any two adjacent
vertices are together adjacent to λ vertices, while any two nonadjacent vertices are together adjacent to
μ vertices. A strongly regular graph with parameters (v, k, λ, μ) is usually denoted by SRG(v, k, λ, μ).
An automorphism of a strongly regular graph Γ is a permutation of vertices of Γ, such that every two
vertices are adjacent if and only if their images are adjacent.

By S(V), we denote the symmetric group on the nonempty set V. If G ≤ S(V) and x ∈ V, then the
set xG = {xg|g ∈ G} is called a G-orbit of x. The set Gx = {g ∈ G|xg = x} is called a stabilizer of x
in G. If G is finite, then |xG| = |G|

|Gx | . By Gg
x , we denote a conjugate subgroup g−1Gxg of Gx.

One of the main problems in the theory of strongly regular graphs (SRGs) is constructing and
classifying SRGs with given parameters. A frequently-used method of constructing combinatorial
structures is the construction of combinatorial structures with a prescribed automorphism group.
Orbit matrices of block designs have been used for such a construction of combinatorial designs since
the 1980s. However, orbit matrices of strongly regular graphs had not been introduced until 2011.
Namely, Majid Behbahani and Clement Lam introduced the concept of orbit matrices of strongly
regular graphs in [4]. They developed an algorithm for the construction of orbit matrices of strongly
regular graphs with an automorphism group of prime order and the construction of corresponding
strongly regular graphs.

A method of constructing strongly regular graphs admitting an automorphism group of composite
order using orbit matrices is introduced and presented in [5]. Using this method, we classify strongly
regular graphs with parameters (37, 18, 8, 9), (41, 20, 9, 10), (45, 22, 10, 11), (49, 18, 7, 6), (49, 24, 11, 12)
and (50, 21, 8, 9) having S3 as an automorphism group. These graphs are the only strongly regular
graphs with up to 50 vertices that still have to be classified. Enumeration of SRGs with these parameters
having a non-abelian automorphism group of order six, i.e., the construction of SRGs with these
parameters in this paper, is a step in that classification. Using this construction, we show that
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there is no SRG(37, 18, 8, 9) having S3 as an automorphism group. Furthermore, we show that there
are 80 SRGs(41, 20, 9, 10), 288 SRGs(45, 22, 10, 11), 72 SRGs(49, 24, 11, 12), 34 SRGs(49, 18, 7, 6) and
45 SRGs(50, 21, 8, 9) having a non-abelian automorphism group of order six.

The paper is organized as follows: After a brief description of the terminology and some
background results, in Section 2, we describe the concept of orbit matrices, based on the work of
Behbahani and Lam [4]. In Section 3, we explain the method of construction of strongly regular graphs
from their orbit matrices presented in [5]. In Section 4, we apply this method to construct strongly
regular graphs with parameters (37, 18, 8, 9), (41, 20, 9, 10), (45, 22, 10, 11), (49, 18, 7, 6), (49, 24, 11, 12)
and (50, 21, 8, 9) having a non-abelian automorphism group of order six.

For the construction of orbit matrices and graphs, we have used our own computer programs
written for GAP [6]. Isomorphism testing for the obtained graphs and the analysis of their full
automorphism groups are conducted using the Grape package for GAP [7].

2. Orbit Matrices of Strongly Regular Graphs

Orbit matrices of block designs have been frequently used for the construction of block designs
with a presumed automorphism group, see, e.g., [8–11]. In 2011, Behbahani and Lam introduced the
concept of orbit matrices of SRGs (see [4]). While Behbahani and Lam were mostly focused on orbit
matrices of strongly regular graphs admitting an automorphism of prime order, a general definition of
an orbit matrix of a strongly regular graph is given in [12].

Let Γ be an SRG(v, k, λ, μ) and A be its adjacency matrix. Suppose an automorphism group G of
Γ partitions the set of vertices V into b orbits O1, . . . , Ob, with sizes n1, . . . , nb, respectively. The orbits
divide A into submatrices [Aij], where Aij is the adjacency matrix of vertices in Oi versus those in Oj.
We define matrices C = [cij] and R = [rij], 1 ≤ i, j ≤ b, such that cij is the column sum of Aij and rij is
the row sum of Aij. The matrix R is related to C by:

rijni = cijnj. (1)

Since the adjacency matrix is symmetric, it follows that:

R = CT . (2)

The matrix R is the row orbit matrix of the graph Γ with respect to G, and the matrix C is the
column orbit matrix of the graph Γ with respect to G.

Behbahani and Lam showed that orbit matrices R = [rij] and RT = C = [cij] satisfy the condition:

b

∑
s=1

cisrsjns = δij(k− μ)nj + μninj + (λ− μ)cijnj.

Since R = CT , it follows that:

b

∑
s=1

ns

nj
ciscjs = δij(k− μ) + μni + (λ− μ)cij (3)

and:
b

∑
s=1

ns

nj
rsirsj = δij(k− μ) + μni + (λ− μ)rji.

Therefore, in [12], we introduced the following definition of orbit matrices of strongly
regular graphs.
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Definition 1. A (b× b)-matrix R = [rij] with entries satisfying conditions:

b

∑
j=1

rij =
b

∑
i=1

ni
nj

rij = k (4)

b

∑
s=1

ns

nj
rsirsj = δij(k− μ) + μni + (λ− μ)rji (5)

where 0 ≤ rij ≤ nj, 0 ≤ rii ≤ ni − 1 and ∑b
i=1 ni = v, is called a row orbit matrix for a strongly regular graph

with parameters (v, k, λ, μ) and the orbit length distribution (n1, . . . , nb).

Definition 2. A (b× b)-matrix C = [cij] with entries satisfying conditions:

b

∑
i=1

cij =
b

∑
j=1

nj

ni
cij = k (6)

b

∑
s=1

ns

nj
ciscjs = δij(k− μ) + μni + (λ− μ)cij (7)

where 0 ≤ cij ≤ ni, 0 ≤ cii ≤ ni − 1 and ∑b
i=1 ni = v, is called a column orbit matrix for a strongly regular

graph with parameters (v, k, λ, μ) and the orbit length distribution (n1, . . . , nb).

3. The Method of Construction

A method of constructing strongly regular graphs admitting an automorphism group of composite
order using orbit matrices is introduced and presented in [5]. In this section, we will give a brief
overview of this method.

For the construction of strongly regular graphs with parameters (v, k, λ, μ), we first check whether
these parameters are feasible (see [2]). Then, we select the group G and assume that it acts as an
automorphism group of an SRG(v, k, λ, μ). The construction of strongly regular graphs admitting
an action of a presumed automorphism group, using orbit matrices, consists of the following two
basic steps:

• Construction of orbit matrices for the presumed automorphism group
• Construction of strongly regular graphs from the obtained orbit matrices (indexing of

orbit matrices)

We could use row or column orbit matrices, but since we are constructing matrices row by row,
it is more convenient for us to use column orbit matrices. For the construction of orbit matrices for
the presumed automorphism group, we need to determine all possible orbit length distributions
(n1, n2, . . . , nb) for an action of the group G. Suppose an automorphism group G of Γ partitions
the set of vertices V into b orbits O1, . . . , Ob, with sizes n1, . . . , nb. Obviously, ni is a divisor of |G|,
i = 1, . . . , b, and:

b

∑
i=1

ni = v.

When determining the orbit length distribution, we also use the following result that can be found
in [13].

Theorem 1. Let s < r < k be the eigenvalues of an SRG(v, k, λ, μ), then:

φ ≤ max(λ, μ)

k− r
v,

where φ is the number of fixed points for a nontrivial automorphism group G.
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For each orbit length distribution we construct column orbit matrices. For the construction of
orbit matrices, we first need to find prototypes.

3.1. Prototypes for a Row of a Column Orbit Matrix

A prototype for a row of a column orbit matrix C gives us information about the number of
occurrences of each integer as an entry of a particular row of C. Behbahani and Lam [4,13] introduced
the concept of a prototype for a row of a column orbit matrix C of a strongly regular graph with
a presumed automorphism group of prime order. We will generalize this concept and describe
a prototype for a row of a column orbit matrix C of a strongly regular graph under a presumed
automorphism group of composite order. Prototypes are useful in the first step of the construction of
strongly regular graphs, namely the construction of column orbit matrices.

Suppose an automorphism group G of a strongly regular graph Γ with parameters (v, k, λ, μ)

partitions the set of vertices V into b orbits O1, . . . , Ob, of sizes n1, . . . , nb. With li, i = 1, . . . , ρ, we denote
all divisors of |G| in ascending order (l1 = 1, . . . , lρ = |G|).

3.1.1. Prototypes for a Fixed Row

Consider the row r of a column orbit matrix C. We say that it is a fixed row of a matrix C if nr = 1,
i.e., if it corresponds to an orbit of length one. The entries in this row are either zero or one. Let dli
denote the number of orbits whose length are li, i = 1, . . . , ρ.

Let xe denote the number of occurrences of an element e ∈ {0, 1} at the positions of the row r that
correspond to the orbits of length one. It follows that:

x0 + x1 = d1, (8)

where d1 is the number of orbits of length one. Since the diagonal elements of the adjacency matrix of
a strongly regular graph are equal to zero, it follows that x0 ≥ 1.

Let y(li)e denote the number of occurrences of an element e ∈ {0, 1} at the positions of the row r
that correspond to the orbits of length li (i = 2, . . . , ρ). We have:

y(li)0 + y(li)1 = dli , i = 2, . . . , ρ (9)

Because the row sum of an adjacency matrix of Γ is equal to k, it follows that:

x1 +
ρ

∑
i=2

li · y(li)1 = k. (10)

The vector:
p1 = (x0, x1; y(l2)0 , y(l2)1 ; . . . ; y

(lρ)
0 , y

(lρ)
1 )

whose components are nonnegative integer solutions of the equalities (8), (9) and (10) is called a
prototype for a fixed row.

3.1.2. Prototypes for a Non-Fixed Row

Let us consider the row r of a column orbit matrix C, where nr 	= 1. Let dli denote the number of
orbits whose length is li, i = 1, . . . , ρ.

If a fixed vertex is adjacent to a vertex from an orbit Oi, 1 ≤ i ≤ b, then it is adjacent to all vertices
from the orbit Oi. Therefore, the entries at the positions corresponding to fixed columns are either zero
or nr. Let xe denote the number of occurrences of an element e ∈ {0, nr} at those positions of the row r,
which correspond to the orbits of length one. We have:

x0 + xnr = d1. (11)
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The entries at the positions corresponding to the orbits whose lengths are greater than one are
0, 1, . . . , nr − 1 or nr. The entry at the position (r, r) is 0 ≤ crr ≤ nr − 1, since the diagonal elements of
the adjacency matrix of strongly regular graphs are zero.

Let y(li)e denote the number of occurrences of an element e ∈ {0, . . . , nr} of row r at the positions
that correspond to the orbits of length li (i = 2, . . . , ρ). From (1) and (2), we conclude that:

crini = cirnr, (12)

where cir ∈ {0, . . . , ni}. If cri · ni
nr
	∈ {0, . . . , ni}, then y(ni)

cri = 0. It follows that:

nr

∑
e=0

y(li)e = dli , i = 2, . . . , ρ. (13)

Since the row sum of an adjacency matrix is equal to k, we have that:

xnr +
ρ

∑
i=2

nr

∑
h=1

y(li)h · h · nli
nr

= k, (14)

From (3), we conclude that:

b

∑
s=1

crscrsns = (k− μ)nr + μn2
r + (λ− μ)crrnr,

where crr ∈ {0, . . . , nr − 1}. It follows that:

n2
r xnr +

ρ

∑
i=2

nr

∑
h=1

y(li)h · h2 · nli = (k− μ)nr + μn2
r + (λ− μ)crrnr, (15)

The vector:
pnr = (x0, xnr ; yl2

0 , . . . , yl2
nr ; . . . ; y

lρ
0 , . . . , y

lρ
nr ),

whose components are nonnegative integer solutions of Equalities (11), (13), (14) and (15) is called a
prototype for a row corresponding to the orbit of length nr.

Using prototypes, we construct an orbit matrix row by row.
Not every orbit matrix gives rise to a strongly regular graph, while, on the other hand, a single

orbit matrix may produce several nonisomorphic strongly regular graphs. Further, nonisomorphic
orbit matrices may produce isomorphic graphs. Therefore, the constructed graphs need to be checked
for isomorphism.

Theorem 2. Let Γ = (V, E) be a strongly regular graph, G ≤ Aut(Γ), and let (b× b)-matrix C be a column
orbit matrix of the graph Γ with respect to the group G. Further, let α be an element of S(V) with the following
property: if α(i) = j, then the stabilizer Gxi is conjugate to Gxj , where xi, xj ∈ V and Oi = xiG, Oj = xjG.
Then, there exists permutation g∗ ∈ CS(V)(G) such that α(i) = j ⇐⇒ g∗(Oi) = Oj.

Definition 3. Let A = (aij) be an (b× b)-matrix and α ∈ Sb. The matrix B = Aα is the (b× b)-matrix
B = (bij), where bα(i)α(j) = aij. If Aα = A, then α is called an automorphism of the matrix A.

Definition 4. Let an (b× b)-matrix A = (aij) be the orbit matrix of a strongly regular graph Γ with respect
to the group G ≤ Aut(Γ). A mapping α ∈ Sb is called an isomorphism from A to B = Aα if the following
condition holds: if α(i) = j, then the stabilizer Gxi is conjugate to Gxj . We say that the orbit matrices A and B
are isomorphic. If Aα = A, then α is called an automorphism of the orbit matrix A. All automorphisms of an
orbit matrix A form the full automorphism group of A, denoted by Aut(A).
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During the construction of orbit matrices, for the elimination of isomorphic structures, we use
permutations that satisfy the conditions from Theorem 2, i.e., isomorphisms from Definition 4.

The next big step of the construction of graphs, called indexing, often cannot be performed in a
reasonable amount of time. To make such a construction possible, for a refinement of constructed orbit
matrices, we use the composition series:

{1} = H0 	 H1 	 · · ·	 Hn = G,

of a solvable automorphism group G of a strongly regular graph. Let Γ be a strongly regular graph
and H 	 G ≤ Aut(Γ). Each G-orbit of Γ decomposes to H-orbits of the same size (see [9]). Therefore,
each orbit matrix for the group G decomposes to orbit matrices for the group H, and the following
theorem holds [5].

Theorem 3. Let Ω be a finite nonempty set, H 
 G ≤ S(Ω), x ∈ Ω and xG =
h⊔

i=1

xi H. Then, a group G/H

acts transitively on the set {xi H | i = 1, 2, . . . , h}.

Therefore, after we have constructed corresponding orbit matrices for the group G, we continue
until we find all refinements for the normal subgroup Hn−1 	 G. In the next step, we obtain orbit
matrices for the group Hn−2, Hn−3, and so on. Our last step is the construction of the corresponding
orbit matrices for the subgroup H0 = {1}, i.e., construction of adjacency matrices of the strongly
regular graphs. The concept of the G-isomorphism of two-block designs was introduced in [14].
For the elimination of mutually-isomorphic structures, we use the concept of G-isomorphism.

Definition 5. Let Γ1 = (V, E1) and Γ2 = (V, E2) be strongly regular graphs, and let G ≤ Aut(Γ1) ∩
Aut(Γ2) ≤ S(V). An isomorphism α : Γ1 → Γ2 is called a G-isomorphism from Γ1 onto Γ2 if there is an
automorphism τ : G → G such that for each x, y ∈ V and each g ∈ G, the following holds:

(αx)(τg) = αy⇔ xg = y.

If α is a G−isomorphism from Γ1 to Γ2, then the vertices xi and xj are in the same G-orbit if and
only if the vertices α(xi) and α(xj) are in the same G-orbit.

Lemma 1. Let Γ1 = (V, E1) and Γ2 = (V, E2) be strongly regular graphs, and let G ≤ Aut(Γ1)∩ Aut(Γ2) ≤
S = S(V). A permutation α ∈ S is a G-isomorphism from Γ1 onto Γ2 if and only if α is an isomorphism from
Γ1 to Γ2 and α ∈ NS(G), where NS(G) is the normalizer of G in S.

In each step of refinement of an orbit matrix A, we eliminate isomorphic orbit matrices
using the automorphisms from Aut(A), because each automorphism of an orbit matrix determines
an G-isomorphism.

4. SRGs with up to 50 Vertices Having S3 as an Automorphism Group

SRGs with parameters (37, 18, 8, 9), (41, 20, 9, 10), (45, 22, 10, 11), (49, 24, 11, 12), (49, 18, 7, 6) and
(50, 21, 8, 9) are the only strongly regular graphs on up to 50 vertices that still have to be classified [2,15].
According to [2], it is known that strongly regular graphs with these parameters exist, but their final
enumeration result is not known. In this section, we present the results of the constructed strongly
regular graphs with parameters (37, 18, 8, 9), (41, 20, 9, 10), (45, 22, 10, 11), (49, 18, 7, 6), (49, 24, 11, 12)
and (50, 21, 8, 9) having S3 ∼= Z3 : Z2 ∼= 〈ρφ|ρ3 = 1, φ2 = 1, φρφ = ρ−1〉 as an automorphism group.
In each case, we construct strongly regular graphs by using the algorithm described in Section 3.
The orbit lengths for an action of the group G at the set of points of a graph can get values from
the set {1, 2, 3, 6}. Using the program Mathematica [16], we get all possible orbit length distributions
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(d1, d2, d3, d6) for the action of S3 on a particular SRG that satisfy Theorem 1. For each orbit length
distribution, we find the corresponding prototypes using Mathematica. Using our own programs,
which are written for GAP [6], we construct all orbit matrices for a given orbit length distribution.
Having in mind the action of the whole group, we refine the constructed orbit matrices. For the
refinement, we use the composition series

{1}	 〈ρ〉	 S3

and obtain orbit matrices for the action of the subgroup Z3 
 S3. In this step, each orbit of length
two and six decomposes to two orbits of length one and three, respectively. In the final step of the
construction, we obtain adjacency matrices of the strongly regular graphs with particular parameters
admitting a non-abelian automorphism group of order six. Finally, we check isomorphisms of strongly
regular graphs and determine orders of the full automorphism groups using the Grape package for
GAP [7].

4.1. SRGs(37,18,8,9)

In this section, we present the results of SRGs(37,18,8,9) having S3 as an automorphism group.
According to [17], there are at least 6760 SRGs(37,18,8,9), and none of them have S3 as an automorphism
group. We show that there are no strongly regular graphs with parameters (37,18,8,9) having a
non-abelian automorphism group of order six.

We get 176 possibilities for orbit length distributions, but only three give rise to orbit matrices.
In Table 1, we present the number of mutually-nonisomorphic orbit matrices for each orbit length
distribution, the number of orbit matrices for Z3 (obtained by the refinement) and the number of
constructed SRGs with parameters (37,18,8,9). These calculations prove Theorem 4.

Table 1. Number of orbit matrices and SRGs(37,18,8,9) for the automorphism group S3.

Distribution #OM-S3 #OM-Z3 #SRGs

(1,0,0,6) 3 6 0
(1,0,4,4) 3 3 0
(1,0,8,2) 3 3 0

Theorem 4. There are no strongly regular graphs with parameters (37, 18, 8, 9) having an automorphism group
isomorphic to the symmetric group S3.

4.2. SRGs(41,20,9,10)

In this section, we present the results of SRGs(41, 20, 9, 10) having S3 as an automorphism group.
We show that there are exactly 80 strongly regular graphs with parameters (41, 20, 9, 10) having a
non-abelian automorphism group of order six.

We get 216 possibilities for orbit length distributions, but only one gives rise to any orbit
matrices. In Table 2, we present the number of mutually-nonisomorphic orbit matrices for each
orbit length distribution, the number of orbit matrices for Z3 (obtained by the refinement) and the
number of constructed SRGs with parameters (41, 20, 9, 10). These calculations prove Theorem 5.
Information about the orders of the full automorphism groups is presented in Table 3.

Table 2. Number of orbit matrices and SRGs(41,20,9,10) for the automorphism group S3.

Distribution #OM-S3 #OM-Z3 #SRGs

(1,2,4,4) 10 10 80
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Theorem 5. Up to isomorphism, there are exactly 80 strongly regular graphs with parameters (41, 20, 9, 10)
having an automorphism group isomorphic to the symmetric group S3.

Table 3. SRGs with parameters (41,20,9,10) having S3 as an automorphism group.

|Aut(Γ)| #SRGs

6 80

The adjacency matrices of the constructed SRGs can be found at [18].

4.3. SRGs(45,22,10,11)

In this section, we present the results of SRGs(45, 22, 10, 11) having S3 as an automorphism group.
We show that there are exactly 288 strongly regular graphs with parameters (45, 22, 10, 11) having a
non-abelian automorphism group of order six.

We get 309 possibilities for orbit length distributions, but only one gives rise to any orbit
matrices. In Table 4, we present the number of mutually-nonisomorphic orbit matrices for each
orbit length distribution, the number of orbit matrices for Z3 (obtained by the refinement) and the
number of constructed SRGs with parameters (45, 22, 10, 11). These calculations prove Theorem 6.
Information about orders of the full automorphism groups is presented in Table 5.

Table 4. Number of orbit matrices and SRGs(45,22,10,11) for the automorphism group S3.

Distribution #OM-S3 #OM-Z3 #SRGs

(1,4,4,4) 7 7 288

Table 5. SRGs with parameters (45,22,10,11) having S3 as an automorphism group

|Aut(Γ)| #SRGs

6 288

Theorem 6. Up to isomorphism, there are exactly 288 strongly regular graphs with parameters (45, 22, 10, 11)
having an automorphism group isomorphic to the symmetric group S3.

The adjacency matrices of the constructed SRGs can be found at [19].

4.4. SRGs(49,18,7,6)

In the paper [5], we proved the following theorem.

Theorem 7. Up to isomorphism, there are exactly 36 strongly regular graphs with parameters (49, 18, 7, 6)
having an automorphism group isomorphic to the symmetric group S3.

Two of these graphs have not been constructed in [4,20]. The adjacency matrices of the constructed
SRGs can be found at [21].

4.5. SRGs(49,24,11,12)

In this section, we present the results of SRGs(49, 24, 11, 12) having S3 as an automorphism group.
We show that there are exactly 72 strongly regular graphs with parameters (49, 24, 11, 12) having a
non-abelian automorphism group of order six.
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We get 435 possibilities for orbit length distributions, but only a few give rise to orbit matrices.
In Table 6, we present the number of mutually-nonisomorphic orbit matrices for each orbit length
distribution, the number of orbit matrices for Z3 (obtained by the refinement) and the number of
constructed SRGs with parameters (49, 24, 11, 12). Thus, we prove Theorem 8. Information about
orders of the full automorphism groups is presented in Table 7.

Table 6. Number of orbit matrices and SRGs(49, 24, 11, 12) for the automorphism group S3.

Distribution #OM-S3 #OM-Z3 #SRGs Distribution #OM-S3 #OM-Z3 #SRGs

(0,2,3,6) 8 16 6 (1,3,0,7) 6 6 0
(0,2,5,5) 4 0 0 (1,3,2,6) 10 2 0
(0,2,7,4) 8 0 0 (1,3,6,4) 2 2 0
(1,0,0,8) 2 15 2 (1,6,0,6) 1 0 0
(1,0,2,7) 20 32 0 (3,2,0,7) 4 10 0
(1,0,8,4) 26 24 12 (3,2,6,4) 6 16 0
(1,0,10,3) 2 0 0 (4,0,9,3) 6 0 0
(1,0,12,2) 16 0 0 (5,1,0,7) 2 4 0
(1,0,14,1) 12 0 0 (5,1,6,4) 2 2 12

(7,0,0,7) 2 2 40

Table 7. SRGs with parameters (49, 24, 11, 12) having S3 as an automorphism group.

|Aut(Γ)| #SRGs

6 42
18 22
24 4
126 4

Theorem 8. Up to isomorphism, there are exactly 72 strongly regular graphs with parameters (49, 24, 11, 12)
having an automorphism group isomorphic to the symmetric group S3.

The adjacency matrices of the constructed SRGs can be found at [22].

4.6. SRGs(50,21,8,9)

In this section, we present the results of SRGs(50, 21, 8, 9) having S3 as an automorphism group.
According to [17], there are 18 graphs obtained from the 18 Steiner (2,4,25) systems, and three of them
have S3 as an automorphism group. We show that there are exactly 45 strongly regular graphs with
parameters (50, 21, 8, 9) having a non-abelian automorphism group of order six. Hence, to our best
knowledge, 42 of the constructed strongly regular graphs are new.

We get 340 possibilities for orbit length distributions, but only a few give rise to orbit matrices.
In Table 8, we present the number of mutually-nonisomorphic orbit matrices for each orbit length
distribution, the number of orbit matrices for Z3 (obtained by the refinement) and the number of
constructed SRGs with parameters (50, 21, 8, 9). Thus, we prove Theorem 9. Information about the
orders of the full automorphism groups is presented in Table 9.

Theorem 9. Up to isomorphism, there are exactly 45 strongly regular graphs with parameters (50, 21, 8, 9)
having an automorphism group isomorphic to the symmetric group S3.

The adjacency matrices of the constructed SRGs can be found at [23].
In Table 10, we summarize the obtained results, i.e., give a list of all the obtained strongly regular

graphs and orders of their full automorphism groups.
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Table 8. Number of orbit matrices and SRGs(50, 21, 8, 9) for the automorphism group S3.

Distribution #OM-S3 #OM-Z3 #SRGs Distribution #OM-S3 #OM-Z3 #SRGs

(0,1,2,7) 10 3 2 (2,0,2,7) 10 16 0
(0,1,4,6) 10 4 6 (2,0,8,4) 22 24 12
(0,1,6,5) 12 21 6 (2,0,10,3) 2 0 0
(0,1,8,4) 8 8 1 (2,0,12,2) 27 0 0
(0,4,2,6) 2 2 0 (2,0,14,1) 14 0 0
(0,4,4,5) 4 3 16 (2,3,0,7) 2 3 0
(0,4,6,4) 3 4 0 (2,3,2,6) 6 1 0
(0,4,8,2) 4 6 0 (2,3,6,4) 2 4 0
(1,2,3,6) 10 20 5 (4,2,6,4) 6 12 0
(1,2,5,5) 2 0 0 (5,0,9,3) 2 0 0
(1,2,7,4) 4 0 0 (6,1,6,4) 1 1 4

Table 9. SRGs with parameters (50, 21, 8, 9) having S3 as an automorphism group.

|Aut(Γ)| #SRGs

6 35
18 6
72 1
150 1
336 1
504 1

Table 10. SRGs on up to 50 vertices having S3 as an automorphism group.

(v, k, λ, μ) |Aut(Γ)| #SRGs

(41, 20, 9, 10) 6 80

(45, 22, 10, 11) 6 288

(49, 18, 7, 6) 6 18
(49, 18, 7, 6) 12 2
(49, 18, 7, 6) 18 2
(49, 18, 7, 6) 24 4
(49, 18, 7, 6) 48 1
(49, 18, 7, 6) 72 4
(49, 18, 7, 6) 126 1
(49, 18, 7, 6) 144 2
(49, 18, 7, 6) 1008 1
(49, 18, 7, 6) 1764 1

(49, 24, 11, 12) 6 42
(49, 24, 11, 12) 18 22
(49, 24, 11, 12) 24 4
(49, 24, 11, 12) 126 4

(50, 21, 8, 9) 6 35
(50, 21, 8, 9) 18 6
(50, 21, 8, 9) 72 1
(50, 21, 8, 9) 150 1
(50, 21, 8, 9) 336 1
(50, 21, 8, 9) 504 1
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