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Bcryn

Cepen onTuMizamiifHuX 3a7a4, TOOTO 3a7ad Ha BiIIIYKAHHS HARO1Ih-
muX 1 HaliMEeHITNX 3HaYeHb MEBHUX BEJIMYNH, OKPEME MICIle HAJIEKUTh 3a-
JadaM ONTHUMAaJIbHOTO KepyBaHHs. B 50-X pokax MHHYJIOTO CTOJITTS MPH
PO3B’si3yBaHHI KOCMIYHUX 33/1a49 iHXKE€HEPU 3ITKHYJIUCS 3 33190 KEPyBa-
HHg, 1[0 OMHICYETHhCA 3a JOIMOMOIOI0 CHCTeMHU JudepeHIiaJbHuX PiBHAHD.
Jtst 6araThbox 3329 TAKOrO BULJIS/LY IIPUPOIHO BUHUKIIO OaKaHHS 3HAWTH
Take KepyBaHHs, 0 MiHIMI3ye 3aJJaHIil KpUTepiil aKoCTi. 3 PO3BUTKOM 00-
YHUCJIIOBAJBHOI TEXHIKU 3’SIBUJIACS MOXKJIUBICTH OOUMCIIOBATH ONTUMAJIHHE
KepyBaHHsI, a TaKOXK 3abe3ledyBaTd pobOTy CHCTEMU B ONTUMAJILHOMY pe-
2KuMmi, 1 Teopis 3HANINLIIA MUPOKE 3aCTOCYBaHHS B Oararbox obsactsax. Ha-
BEJIEMO MPUKJIAQIN TAKUX 3aa4.

1. 3aga4a Ipo ONTHUMAJIbHY IIBUIKOLIIO. Bi3ox pyxraemuvcs nps-
MOMHITHO be3 mepmsa no 20pU30HMANPHUT pelikar nid i€ 3068HIWHBLOT
CUAU, AKY MOACHA 3MIHIOBAMU 6 3adanux medcar. Ilompibro synunumu
8130%K 6 3G0GHOMY MICUL 3G HATKOPOMUWULT 4ac.

Qopmastizyemo gany 3amady. OCKITbKH Bi30K PyXa€ThbCd IO TOPU30H-
TAJILHUX PefKax, TO MOJOKEHHSI Bi3Ka B MOMEHT Yacy t XapaKTepHU3y€eThCsT
ozniero koopauaaTo X (t) (KO 0HOMIPHY CHCTEMy KOOPMHAT IPUB’si-
3aTH JI0 TOPU3OHTAJIBPHUX PEHOK 3 JOMATHIM HAIPAMKOM, IO CIIBIAIAE 3
HAIPSIMKOM PyXy Biska). Hexaii Maca Bi3ka piBHa m, MOYATKOBY KOOD/IHU-
HaTy Oy/IeMO BBazKaTH HyJIbOBOIO (32 PaxyHOK BUOODY MOYATKY KOODJIU-
Hat), To6ro X (0) = 0, nouarkoBa MBUAKICTH vo. 30BHIIHIO cuity (cuiLy
TSTU) MO3HAYMMO . 3TiHO Ipyroro 3akoHy Hbrorona 6ymemo mMaru

mX (t) = u(t).

Ile i € 3aKoH PyXy, IO OMUCYETHCA AndepeHIiaTbHIM piBHIHHEAM. OOMe-
JKEHHSI HA BEJIMYMHY TsIrW 3amuiemo y uris uy < u (t) < ug, e ui, ug
- 3a/1aHi uncsia (BUSHAYAIOTHCS PEATbHOIO 3a/a9er0). 3 YMOB TaKOXK MAEMOo,
mo X (0) = vg, X (T) = X4, X (T) = 0 (ockiabki Bi30K 3ynunHmBCs),
e X4 - KOOpaWHaTa TOYKM 3YIWHKH Bi3Ka, 1- MoMeHT 3ynuHKH. Tosmi
dopmaJiizoBaHa 3a/a4a MA€ BUIJILAL:

T — inf
mX = u,u € [u,uz], X (0) =0, X (0) = vy, X (T) = X4, X (T) =0.
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2. 3azmaya npo HalbiNIBITy TOPU30HTAJILHY JAJIBHICTH IIOJIBOTY
pakKeTn 3 OOMEeXXEHUM HNPUCKOPEHHSM. 3SHalmu Kepysanns mszomo
08ULYHIG PAKEMU, WO MAKCUMIZYE 20DU3OHMAADHY JAALHICMS 11 NOALOMY
3G YMOBU, WO 3HAYEHHA MAZU HE MONCE NEPesUWLY8amu 0eaKy 3adany
BEAUNUHY | NPONOPULTHA WEUIKOCTL BUMPATNU MACY NAAUBE.

QopMmadttisyeMo JaHy 3ajady. Hexail TpaeKTopid IOJTbOTY pakKeTH Jie-
XKUTb B OJHIN Beprukaubhiil wwiomuni. Ilosnmaunmo z (t),y(t) — ue-
KapToOBI KOODJMHATH PAKETH B BUOpaHili CHCTEMi, BBaXKAlOYu, IO IIO-
YaTOK KOOPJIMHAT CINBIAIAE 3 MOYATKOBUM I[OJIOKEHHSIM PaKeTH B HY-
JBbOBHIT MOMEHT dacy, Bich (OY HampaBiieHa TTPOTHIIEKHO CHUJL Ts-
xkinusg, OX - nepnenpukynsgpua OY 1 HampaBjieHa B CTOPOHY TIO-
JIbOTY paKeTu, vj,V3 — KOMIIOHEHTM IPOEKIii BEKTOpa IIBHJIKOCTI Ha
oci koopmuuar (vy (t) =z (t), wva(t)=79y(t)), m(t) — maca pakern
3 naausoM, up (t),u2(f) — KOMIOHEHTH OJMHUYHOIO BEKTOpA TAI'U
(up (t) = cosa(t), wug(t) = sina(t), qe «a(t) — Kyr MiXK BEKTO-
pom Tsru 1 Biccto OX), wus(t) — mBuaKiCTb 3MEHIIEHHsI Macu pakeru
(17 (£) = —us (£)).

[Tostoxkennst pakeru B MOMEHT t OIUCYETHCS BEKTOPOM CTaHiB, abo da-
30BuM BekTopoM (x (t),y (t),v1 (t),v2 (t),m (t)). Kepyrounit nporec — Be-
KTOp TArw apuryHa u (t) = (ug (t),usz (t),ug (t)). Yucao C - xoedimient
MTPOTOPIHHOCTI BEJIMYNHA TATH. 101 3HOBY, 3TiHO ApyTroro 3akony Hbio-
TOHA, OYZIeMO MATH 3aKOH PyXy PaKeTH:

P=u () g=w); ) n0) = Cu
T (1) 02 (1) = Cus s~ g 10 =~

ObMerkeHHsT Ha KepyBaHHSA MaloTh BATIAM: us +u3 =1, 0 < ug < ug .
B nouarkosuii momenT wacy pakera Oysa B mosoxenni z (0) =y (0) =0,
% (0) = vig, y(0) = vao, m(0) = mo, a B Kinnesuit (dikcoBannii) mo-
MEHT 9acy IOBUHHI BUKOHYBaTHCh yMoBU Y (t1) = y1, m (t1) = m; Takum
t1
unnoM, o6 ¢ynxuionan I = [vy (t)dt = X (t1) pocar MakcHMaIbHOIO
0
3HAYEHHS.
Takum uuHOM, (bopMasizoBaHa 3ajada Ma€ BULJISL cepeJl BCIX JOIy-
CTUMMX KepyBaHb, IO 3a/J0BOJILHAIOTH oOMexkenus u? + ui = 1,
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0 < uz < uz™*, spaiiTn Take KepyBaHH:A, PyXalO4dHCh 3a AKUM II0 3aKO-
Hy

T = U1 (t)

g =2 (t)

% (m(t)-v1(t) = Cusz - uy

% (m(t) - vy (t)) = Cus - ug — mg
m = —us

3 kpaitopumu ymosamu z (0) = y(0) = 0, £(0) = wvig, ¥ (0) = wva,
m (0) =mg, y(t1) =y1, m(t1) = m1, makcumiszyBaru QyHKIIOHAJ

t1

I=x(t) = /vl (t)dt — sup.
0

3. 3amada npo M’gKy IIOCAJKy KOCMIYHOro KopabJjisi HA Mmo-
BepxHIO Micsg 3 MiHIMAJIBbHUMHU BUTPaATaMU NaJIbHOTrO. /st dpop-
MYJTIOBAHHSI CIIPOITIEHOTO BapiaHTy IIi€l 3a/1adi BBeJeMo mo3HadeHHs: m ()
— maca kopabJst, h(t) — Bucora, v (t) — BepTUKaJbHA MBUIKICTH KOpabJis
Hag, Micarem (mobmmsy Micsist), a u (t) — Tara asuryHa xkopabis. Hepes
M nosnaummo macy kopabiisi 6e3 najupa, hg, vg — MOYATKOBY BUCOTY 1
BEPTUKAJbHY IMIBUJIKICTh, I — MOYAaTKOBUII 3alac HajiuBa, 4€pe3 o — Ma-
KCUMAJIBHY TSIy, sIKy MOXK€ PO3BUHYTH JBUT'YH, Yepe3 k — JIesdKy cTally, a
qepe3 ¢ — I'paBiTalliiiHe MpuckopeHHsa Micsrs.

Moxkua npumyctuTH, mo ¢ craja Oigs moBepxui Micsams. Anasgoriaao
ToTIepeIHIN 3a/1a4i, PIBHAHHS PyXy KOpaOJs MAalOTh HACTYIHUN BUTTISI;

. u
h=v, v=g+ —, m=—ku
m

(Bich KOOpJMHAT MU HAIIPABUJIM B CTOPOHY, IIPOTHJIEXKHY CHJI rpaBiTarii).
B it 3a/1a4i cuita taru u () aBuryHa Kopabiis € KepyBaHHSIM, 3 OOMeKeH-
M 0 < u (t) < a. TIpuposHo npuycTUTH, 110 HOYATKOBUI MOMEHT Yacy
to = 0, a KiHNeBHUii MOMeHT {1 pIBHHII MOMEHTY dacy, B SIKHil KopabeJsb
priepiiie gocsira€ Micsiisr. Bin Oyme 3HAXOMUTHCS B TPOIEC PO3B’si3aHHS
3ajia4i (cmodarky HeBimomwmit). KpaiioBi yMoBE MaroTh BUTIST

h(O):ho, U(O):Uo, m(O):M+F, h(tl)zo, U(tl):().
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JIBi ocTaHHI yMOBH — IIe YMOBH M SIKOI MTOCAAKM. 3aava KepyBaHHsT TTOJIsI-
rae B MakcuMizarii dbyHskiionary m (t1) — sup.

4. Mopens Pamcess ajis ogHoceKTopHOI ekoHOMiku. [lpuiry-
CKaEThCs, IO TeMIT POCTy BUpOOHHITBa ¥ (t) ekoHomiku i kamitan K ()
nos’si3ani 3a jgonomoro BupobHuyol ¢yukuil y (t) = F (K (t)). Hopma
coxxuBaHHA ¢ (t) mpomopunifina dbyskmnii G (K (f)) xamitady 3 MHOXKHU-
koM U (t), robro ¢ (t) = u(t)G (K (t)) 1 0 < wu(t) < 1. Toui remu 3minn
KaliTaJry piBHUI

K ()= F (K (1) - u(t) G (K (1)). (L1)

Hexait H (¢) — dbyHKIis KOPUCHOCTI, SIKa MPEJICTABIISIE KOPUCHICTD CHCTE-
MH IpH HOpPMi crHoKuBaHHA c¢. Kpurepiit (pyHKIIOHyBaHHSI €KOHOMIUHOI
CUCTEMU 33/Ia€ThCsl iHTerpaioM Bij QyHKIT KOPUCHOCTI

/H(u ()G (K (1)) dt.

Bajada mosidrae B 3HAXO/KEHHI Tiel dacTuHu U (1), M0 BUKOPUCTOBYETHCS
HA CIIOKMBAHHS 1 IPU Kl KaniTas, mo 3a/1080/bHs€ piBasabs (1.1), 3Mmi-
HIOETHCsT BiJL moyaTkoBoro 3uavennst K (tp) = Ky 10 6akaHOro 3HAYEHHS
K (t1) = K, a inTerpas gocsrac MaKCHMYMY.

5. Haitnpocrima 3amada Bapiamniiinoro umcsgeHHs. Haiinpocri-
Ty 3aJ1ady BapiallifHOTO YMCJIEHHS MOYKHA TEPEIUCATH y BUTIAL 3aadi
ONTHMAJILHOIO KepyBaHHsi. A came, BBejeMo KepyBaHHs & (t) = u (t) 1 Ho-

t
By daszopy auminrny y (t) = [ L(s,z(s),u(s))ds. Toni orpumaemo cucremy

to
nudepeHIiaJIbHIX PiBHSIHD

T=u
{ y=L(t xu)
3 kpaifoBumu ymoBamu x (tg) = g, = (t1) = x1, y (tg) = 0, kepyBaHusam
u € R! i ymoBoro minimizanil dbysKIioHATY
t1
/L (t,z(t),u(t)) dt = y(t1) — inf.

to
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dx BUOHO 3 HABEAEHWX TPUKJIAIIB (DYHKIOHAIN, SIKI JOCHIIKYIOTHCS
Ha €KCTPEMYM, aHaJoridHi (yHKIOHAIaM i3 KJIACHIHOIO BapialiifHOro
quciiends, ToOTO € abo dynkmionajsamu Jlarpamxka, abo Bosbma, abo
Maiiepa. Ommade MiXK 3amadaMy BaplalllifHOro YHCJIEHHs 1 3aJadaMu
ONTUMAJIPHOTO KEPyBaHHs € CyTTeBa BiaMinaicTb. B ocrannix kepyBaHH:
npuiiMae 3HaYEHHs 13 3aMKHYTOI MHOXKUHA (mpukiaagu 1-4), Tomi sk
B 3ajiauax BaplaniffHOro 4uc/eHHs, KepyBaHH# (sKINO fioro BBeCTH),
nupuiiMae 3HaveHHsl 3 BIAKpuTOl MHOXKUHM (npukiaz 5). Busisuiocs, 1o
JaHa BiAMIHHICTH BHMKJIMKAE IPHHITAIIOBI CKJIATHOCTI MPH PO3B’sI3yBaHHI
3a7ad ONTHUMAJIBLHOIO KEPYBAaHHSI, METOJAMU KJIACHIHOTO BapiariitHo-
ro YUCTEeHHS JaHl 3ajadi, B3araji KaXKy4du, pO3B’sI3aTu HE MOXKJIHUBO.
OcranHe 3yMOBWJIO TIOITYK HOBUX METO/IB IX po3B’sizamus. Ha Bigminy
Bia 3amad BapialiifHOrO YHCJIEHHS, OCHOBHI METOIN PO3B’SI3aHHA SIKAX
6y Bimomi e B XVIII cr., 3a1a4i onTrMaibHOrO KepyBaHHS HABYUJIUCS
pO3B’d3yBaTu MOPIBHAHO HelaBHO, B H0-X pokax mumysoro crosirra. Ha
JaHuil 9ac € JiBa OTPUMAaHUX Mali)ke OJHOYACHO METO/U PO3B’I3aHHS
Takux 3aj7ia4. Lle npunaiun makcumymy llonTpsirina, po3pobienunii rpymoio
TOJI 16 PaJsiHChKUX MareMaTukiB mij kepisauiroM JI.C. IloaTpsirina, i
METOJT AWHAMIYHOTrO mporpamyBanas P. Beiumvana, orpumanuii rpytoro
aMepUKAaHChKUX MaTeMaTHKiB IiJi KepiBHUIITBOM P. Bennmana. Ile nBa
pisamx Mmerogau. OmuH 3 iHIOTO, B3araji Ka)kKydu, HE BUILIABAE. SIKIIMO
JJ KepyBaHHS JeTePMIiHOBAHUMHU CHCTEMaMU OCHOBHUM MAaTeMaTHUIHUM
amapaTroM € mpuHIun Makcumymy l[loHTpsarina, TO I CTOXaCTHUIHUX
CHCTeM OCHOBHUM METOJIOM € METOJ, AWHAMIYHOTO IMporpaMyBaHHS DBes-
MaHa. Po3risiay mux ABOX METO/IIB i IPUCBsYEHUN JTaHUN MOCIOHUK.

ITocTanoBka 3a/1a4i ONTUMAJILHOTO KEPYyBaHHS.

OcHOBHUM eJIeMEHTOM OyJ/ib-AKOI 3aJ[adl ONTUMAJIBHOIO KEPYBAHHS €
KepoBaHuil 00’ekT, eBoJIOLis KO0 B rpoctopi R onmcyernest cucremorio
JudepeHIiaJbHuX PiBHIHD

d
d—f — &= f(tz,u), (1.2)
et € R z€R?, uweR™. llpu mpomy BexTop T (t) = (21 (t),..., 75 (1))

HA3MBAETHCsl BEKTOPOM craHiB, abo daszoBum Bekropom. B cucremy (1.2) u
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BXOJIUTh K MapaMeTp, KWl npuiiMae CBOI 3HAYEHHS B JIEAKiN 3aMKHEHi
miavaoKEHI U C R™.

Hexaii V' - mHO)kMHA KyCcKOBO-HenepepsHux dyHkuiit v (t) 3i 3nauen-
usmu B U, npudomy Koxkua byHKIS w (t) BU3HAUeHA Ha JesSKOMY iHTEp-
Baull [to,t1], sakuil Moxke GyTu pisHUM /151 Pi3HUX esieMeHTiB 3 V, B TOuKax
pospuBy GbyHKIO U (t) 6yaeMo BBaxKaTH HellepepBHOIO 3mpaBa. PyHKIIiO
u (t), mo manexkurhb V, HasBemo kepyBaHHsAM. BigHOocHO BekTOp-(byHKIIT
f:R' xR® x U — R" GyneMo BBasKaTH, 10 BOHA 33/[0BOJIBHSIE yMOBH
icHyBaHHS 1 €IMHOCTI po3B’ 13Ky 3aadi Kol mpu BCixX MOYaTKOBUX JAHHUX,
10 OyIyTh 3yCTpivaThCs B 3aadi, sIK MPABUIO OyIeMO BBaXKaTh (DYHKITIIO
f BEMipHOIO 3a CYKYIIHICTIO 3MIHHHX i TaKOIO, III0 Ma€ HellepepBHi MOXiIHi
mno x.

Takum gmHOM, mifcraBiasooun 3amictb v B (1.2) dyukuii 3 V, Gymemo
oTpuMyBaTu pi3Hi cucremu gudepeHniajJbHuX PiBHSHBb, a Biarak, i pi3ni
3aKOHU eBoJIoTIil 06’ekTy. Takum unHOM, depes DyHKI0O U (1) MI MOXKEMO
KEPYBaTH E€BOJIIOIIEIO.

Bajiava onTuMisaril — 3HARTH Take KepyBaHHs, [IPU AKOMY BUKOHYIO-
ThCd JIestKl 0OMerkeHHsI 1 MiHiMi3yeTbcst neBamit pyHkiionast. Buriis i oome-
2K€HDb 1 (DYHKITIOHAJIB BU3SHAYAETHCI YMOBAMHU PEAHHUX 331a4.

3arajbHa MMOCTAHOBKA, SIKY MU OYIEeMO PO3TJIsiIaTh, HACTYIHA. B mpo-
cropi KC!' (A,R") x KC (A,U) x R? posrsimaersest 3a1a4a;

By (z(t),u(t),to,t1) — inf, (1.3)

= f(t,xz,u), (1.4)

u(t) eV, Vte [to,tl], (1.5)

Bi (.T(t),u(t),to,tl) SO, iIl,...,mg, (16)
Bi(l‘(t),u(t),to,tl)zo, t1=mo+1,...,m, (17)

me  Bji(x(t),u(t),to,t1) = tflgpi (t,z,u) dt + 15 (to, x (to) ,t1,z (t1)),

to
1=0,1,...,m. Tyr A — 3ananuii ckinuenuil BiApizok, to,t1 € A.

Osnavenns 1.1. Yemsipra {x (t),u(t),to,t1} nasusaemvca dony-
CTNUMUM KEPOBAHUM NPOUELCOM, AKUO BUKOHYIOMbCA Ymoey (1.4)-(1.7).

Os3navenms 1.2. Llonycmumudi Keposarull npoyec
{z(t),u(t),to,t1} masusaemvcs onmumasvnum  (AOKAABHO), AKULO
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Jde > 0 mare, wo Odan do6iabHO20 donycmumozo Kepo6anozo mnpo-
uecy {5(t),ﬂ(t),to,t1} MaKo20, U0 ‘tk —tk‘ < e k = 0,11
[z (t) — % (t)] < e dan eciz t € [to, t1] N [to,t1] eunonyemves nepisricmo

Bo (F (1), (t) o, 1) > Bo (x (1) ,u () o, 1)

3aysastcennsn. Pynkuionanu, posrysnyti B 3amaqi (1.3)-(1.7), € dbyn-
KIioHAJIaMU THITy BoJibIla, TOMY ITO0 aHAJIOTI] 3 BapialliiHUM YHCJIEHHSIM,
TaKky 3ajady OymeMo HasuBaTu 3ajadeto Bosbia. fkimo xk QyHKITIOHA-
Jim OyayTh MICTUTH JIAIE IHTErpaJIbHI, abO0 JIUIE TEePMiHAJbHI 9IEHH, TO
3aJa4y BiAIOBIIHO Ha3BeMo 3aja4ero Jlarpanxka abo Maiiepa. Ate, Ha BiI-
MiHY Bij 3aja4 BapianiitHoro umcsenHsi, Oyab-siky 3agady (1.3)-(1.7) mo-
JKHa 3BECTH JI0 3aJadi Maliepa MIIAXOM pO3IIHPEHHs (pa30BOro mIpocTopy.
Hiticho, sikimo no dazosux koopauHar (Ti,...,Tp) JAOJATH 1€ KOODJHU-
natu z}, (i = 0,...,m), 3aKOH 3MiHH FKMX Mae BULIS 1§ = ¢; (t,x,u),
to B; Gymyrs maru surnan B; = x} (t1) + ¥ (to, z (to) ,t1,x (t1)), T06-
TO CTaHyTh (yHKmioHajgamu Tumy Maiiepa. IIpu mpomy cucrema mude-
PEeHIlaJIbHUX PIBHAHDb PO3IMIUPUTHCS 1 3’dBJIATHCH JTOJATKOBO OOMEXKEHHS
zd(to) =0, i=0,...,m.

Oroxx Hamasi, gKIo He Oyae KOHKPETHO O0yMOBJIEHO, 3aJady OITH-
MaJIbHOT'O KepyBaHHsd OyaeMo BBaxkaTu 3ajadeio Maiiepa.
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Pozain 1.
METOA INHAMIYHOTI'O ITIPOIT'PAMYBAHHA

§ 1.1. IIpunnun ontumasnbHocTi Besmana

POBI‘IISI,ZI;E]ETBCH HaCTyIIHa 3a/la9a OIITUMAJIbHOI'O KEPpyBaHHA

o (T, z(Ty)) — inf,
i‘:f(t,l‘(t),u(t)),To StSTh
z (Ty) = zo, (Th,x (T1)) € M C R™L,
U(t) eU CR™Vt e [T[),Tl],

(1.8)

ae Ty — dikcoBanumit MmoMmeHT dacy, 11 — HediKCOBaHU, M0 BU3HATAETHC
MOMeHTOM tepirioro nomnaganis Touku (17, x (7)) B 3aMKHEHY MHOXKUHY
M.

Basata ONTHMAJILHOIO KepyBaHHS IIOJIATa€ B TOMY, IMOO cepef ycix
JIOIYCTHIMUX KepyBaHb, sIKi IepeBOAATh TOUKy 3 mosoxkenust (1p,xp) B
MHOXKuHY M | 3HAWTH Take, MpHU AKOMY MIHIMI3yeThCa (DYHKITIOHAT (O .

[losraunmo depes Sy, MHOXKHUHY JIOIyCTHMHX KEPyBaHb, IO II€PEBO-
JIITH CHCTEMY 3 HOJIOXKEHHS (S,y) B MHOXKuHY M .

Osnauvenns 1.3. Oynwyiro B (s,y) = uégf o (T1,z(T1)) masusa-

5,y

1omov gynryicro Bearmana 3adaui (1.8).

Axmo S,y = @ 10 Oygemo BBaxkaru, mo B (s,y) = co.

BusiBnserncs, 1mo 3HanHs GyHKINT bemana 103BoIsIe pO3B’ I3aTH 3a-
pady (1.1). 3Buuaiino, 3ualitu 11 B IBHOMY BHIVIsI/IL JOCUTh CKJIAJIHO, aJjie
MOXKHA BCTAHOBUTH JIedK] 11 BIIACTUBOCTI, 1110 JI03BOJISE TIPU ITIEBHUX YMOBAaX
3alycaTy PIBHAHHS JUIdA 11 BU3HAYEHHS.

Teopema 1.1 (saacmusocmi Pynruyii Beaasmana).

1. Qynruia Bearmana 3adosorvrae kpatiosy ymosy
B(s,y) = ¢(s,y) mpu (s,y) € M.
2. Arxwo u(t) € Sy, @ x(t) — inmeeparvua kpusa, axa sidnosidae

danomy kepysanmio, mo Pynruyia Beasmarna 63dosoic nei B (t,z (1))
e necnadnoro na [Ty, 11 .
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3. Dynxuisa Beaamana 6300691C 0onMUMAALHOT MPAEKMOPLE CMANA.

losederns. PosrisiHemo [0BLIbHI TOYKM Ti 1 To Taki, 110
To <7 <7 < T dna Vt € [To,Th] Syau) # 9. Hobyayemo momy-

u(t),m <t<m

cTEMe KepyBaHHA U (t) = ut), m<t< T’
T2 St S

me U (t) € Sy, p(r) - Tomi

Tomy

T2,2(T2)"

B(r,x (1)) < ¢ (Tl,:z: (Tvl)) Jyist jioBlabHoro u(t) €
< inf @ (Th,z(Th)) = B (12, x(12)).

UES ) 2(7p)
Tenep mexait u* (t) € Sp, 4, — ourumansua Ha (1o, 77], a x*(t) —
Binnosigua inrerpasnsua kpusa. Tomi B (T, zo) = ¢ (17, 2* (T7)).
3 immoro 6oky, B cmiay BraactuBocreii 1) 1 2), Maemo
B (Ty,a0) < B(t,2* (1)) < B(T{.a* (T7)) = o (T ,a* (T7)). W
Bigzmaunmo, 1o maxi BiacTuBocTi (yHKINI Bemnmana € HeoOXimHE-
MM yMOBaMH ONTHMAJIbHOCTI. BuHuKae nuTants, 91 € BOHH 1 JIOCTATHIMH.

B (11,2 (1))

Hacrymsa Teopema roBOPHUTD, IO BIAMNOBIAb Ha Iie MATAHHS [TO3UTHBHA.
Teopema 1.2 (Beaamana).
s moeo, wob kepysanmna u* (t) € Sy 4, & 6i0n0610HA THMELPANLHA
kpusa x* (t) byasu onmumasvHumu, HEOOTIONO 1 JOCMAMHBO ICHYEAHHA
pynwuii z (s,y) : R — RY maroi, wo sadosorvnse ymosu:

1) Z(S,y) :(P(S,y) nopu (Svy) € M;

2) arkwo u(t) € Srym, a «(t) — sidnosidna inmeepasvia kpusa, mo
z (t,z (t)) necnadna na [Ty, Th];

3) z(t,x*(t)) =const wma [Ty, T].

Zosedennsn. HeobxigmicTts Teopemm oueBmmna. JloBememo mocta-
THicTB. B cumy ymoB maemo, mo, z (Ty, o) < ¢ (Th,x (11)) nnsg noBiabHO-
ro kepyBauust U (t) € S, 4, - o1t kepyBanust u* (t) cupaseymsa piBricTb
z (To, x0) = ¢ (I5, 2 (1Y), mo it goBoguTh Teopemy. M

Hacnidok 1.1 (npunuyun onmumaasvrocmi Beaamana). Sdrwo
u* — onmumanvre KepYSarna 3 ST, z,, @ T° — 610n06101HaA 1HMEZPANLHA
Kpusa, mo 3syorcenns xepysanns u* na [t,TY] e onmumarvrnum xepysa-

Hham 6ydo-axoi 3adavwi xKepysannua 3 nowamrosumu danumu (t,z* (t)), de
To <t <Ty.
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[IpuposHO BUHWKAaE MUTAHHSI, sIK TEPEBIPUTH, IO JesiKa (DYHKINSA €
HECHAJIHOIO B3/I0BXK KO2KHOI TPAEKTOPIl 13 3a/laHOl MHOXKUHU TPAEKTOPIiit?!
Yu MoOKHA IJ0 TEPEeBIpKYy 3BECTU JIO IEPEBIPKHM MEHIIOr0 YUC/a YMOB?
Kpim Toro BuHHKae muTaHHS MOOYI0BH Kiacy GyHKIiR z (s,y), KoMy
najexurb Gyskiis Beumvana. Hacrymnni pesynbraru paiyTh BiamoBiib
Ha Il TATAHHS.

Crouarky npuiycrumo, mo dynxmis Bemwmvana B (t,z) € C! (R”'H)
(B mojfasibImoMy M 10 yMOBY mocsabumo). Axmo u(s) € S, (t,x — mo-
BiIbHI TOUKM), a Z (S) — BiNOBIHA TPAEKTOPisi CHCTEMH, TO B CHJIY BJa-
crusocreii dyukuil Besvana B (s, z (s))€e HecnagHoo, a OCKIIbKI T (S)
€ KYCKOBO-TJIAJIKOIO, TO

%B (5,2 (s)) > 0 (1.9)

(B TouKax pospuBy moximHoi i (s) Geperbcs i1 MPaBOCTOPOHHS MOXiTHA
z(s) = f(s,z(s),u(s+))). 3 (1.9) orpumyemo, o s Vs

0B (s,z(s))  ~=0B(s,z(s))
- 0s + Z o0x;

%B(s,:ﬂ(s)) fi (s, (s) ,u(s) > 0.

=1
IIpu s =t 3 ocranaboi hopMyJin OTPUMAEMO, IO

0B (t,x) n En: OB (t,x)

A ockifbKE Ha onTHMaJbHOMY KepyBaHHI dyHKIIsS Benmmana crasa, To

d

—B (s,2" (s)) =0. 1.11
B (s,2° (5)) (111)
3 (1.10) i (1.11) BumunBae, mo AKIO B ¢, ICHYE ONTHMAJIBHE KEPYBaHHS,
To dbyukuis B (t,z) 3amoBonbHsIE HelliHilHe AudepeHIiaabie PIBHIHHS B
YACTUHHUX [TOX1JIHUX

min{Bt +Y " Bu,fi (t,x,u)} =0, (1.12)

cU
b i1

npudomy Minimym B (1.12) gocsraerbess Ha IPaABOCTOPOHHIN TpaHUIT
u* (t+) onTMMAaJIbHOrO KepyBaHHS B MOMEHT 4acy t.
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PiBusinns (1.12) HasuBaeTbesi piBHsiHHsAM Besimana merojy JuHami-
YHOTO IPOrPAMYyBaHHS.

Mage Micrie HacTyITHa TeopeMa.

Teopema 1.3 (docmamns ymosa onmumasbHocmi y @dopmi
Memody JUHAMINHO20 NPOZPAMYBAHHS).

Axwo B(t,x) € C! (R”+1) € po3e’azkom pienanna Bearmana ma-
Kum, wo B (s,y) = ¢(s,y) npu (s,y) € M, a u*(t) € S1,00,2" () —
610Nn0610Ha MPAEKMOPLA MAKA, ULO

By (t,x* () + > Bu fi (t,2* (£) ,u” (£)) =0,
i=1

mo u* (t) — onmumanvre Kepysanms.
JloBeieHHST MaHOT TEOPEMHE JIETKO OTPUMYETHCS 3 TeopeMn BesmaHa.
ITpuxaad. 3natimu onmumanvre Kepysanns uepesd dynruio bBeaima-
Ha 1 3anucamu pieHsnna Beasmana y 6uzandi, U0 He BKAONGE AGHO Ke-
DYBAHHA.
T — inf
F=u, Jul<1
z(0)=1, 2(0)=1, z(T)=z(T)=0

Pose’sasox. Tlepeitnemo Bix piBHSIHHSI APYTOro MOPSIAKY 0 CHCTEMU JIBOX
PIBHSIHB, IPH IBOMY 3aada IePelrIleThCs Y BUIJISIL:

T — inf
T =y
z(0)=1, y(0)=1, =(T)=y(T)=0

Oynkuia Besuvana Oyze 3a1eKatT Bij, TPhOX 3MiHHI/IX B(t,x,y).

SamnuiieMo piBHAHHS bemnMana: \Hllm {%lf +35 y + 8_y“} = 0. Ilep-
<1
X JIBa JOJAHKU Bif U HE 3aJIeXKATh, TOMY MaE€MO
0B 0B ) 0
— + — min —u =
ot  Ox Y lul<1 Oy
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MiniMyM 3aj€KUTh BiJ 3HAKY BB (

%—5 < 01imopu u =1, gkimo %—5 > 0), ToMy piBHsHHS HaOyje BHUIJISLY

9B |

BiH JIOCATAEThCA 1pu U = —1, FAKIIO

o ‘ ‘ = 0. Le i € piBugnasa Bemmana y dopwmi, 1m0 sBHO He

BKJIIOYAE KepyBaHHH, a onruMaJjibHe KepyBaHHs depe3 dyHKIio Besummana
300paKy€eThCs Y BUTIISIL

JoB
-1, <9_y>0

Posp’azaBmiu piBasnasg Bessimana, mu Oyjemo maru sBauil Buriis QyH-
kil BesiMana, a Birrak BKazkeMo obustacti B mpoctopi R? 1st IKUX BHKO-
HYIOTBhCsT HEPIBHOCTI JIJIst %—B 3BijKM JIst KOXKHOI Touky mpocropy R3 mu

BKa’KeMO ONTHMAaJIbHe KepyBaHHs B I1iif To4ri, To6To oTpruMaeMo dyHKIH0
u* =u*(t,z,y) (1.13)

— onTuMaJsibHe KepyBaHHs y dopmi obepHeHoro 38’s3Ky (cunresy). ITi-
CTABUBIIN 11 B KEpOBaHy CHCTEMY 1 PO3B’SI3aBIIHN 11, OTPUMAEMO, Bpaxy-
BaBIIM KPaiioBl yMOBH, onTuMaJjibHy Tpaekropito z* = z* (t), y* = y* (¢)
i omTuMasbHe KepyBaHHd, K GYHKIO Bix t: u* = u* (¢, 2" (t),y* () —
[IpOrpaMHe OITUMAJIbHE KEPYBAHHSI.

[Ipu npoMy MiHiMaJIbHE 3HAYeHHS (DYHKIIOHATY BU3HATAETHCA 3 YMOB:

z*(T)=0,y"(T) =0.

. . 17 a < O
Bidnosidv: u* = 5h ONTHMAJIbHE KEPyBaHHs, JIe
—1,28 oy > 0
B (t,z,y) — po3B’s130K piBHsIHHs Besuimana
(9B 8B

5+ = 0. (1.14)

3ay6a.’)fceHH.ﬂ. Jlk 6aunMO OCHOBHA CK.J'I&,ZLHiCTb TaKHUX 3a/aq IoJidrae 'y

po3B’sa3anui piBHaHHA BesiMana. Y pO3IJISHYTOMY MPUKJIAJI PiBHSIHHS
Benvana € HemiiitauM audepeHIiaIbHIM PIBHIHHIM B YaCTHHHUX IIOXi-
gaux. Taki piBHAHHS, B3araji KaxKydu, He po3B’a3ylorbed. OHak, KOJn
dazoBuii MpoCTip OMHOMIPHHII 200 3aJa4a Mae CIeliaJbHIi BUTJIA, PIBHSI-
uug Bejuimana inkosu po3s’a3yernbes. Tomy seski crernianbHi Kiacu 3a/1a4
MOXKHA B IBHOMY BHIVISIJII PO3B’I3aTH METOJIOM JUHAMIYHOIO IIPOIPaMyBa-
uag Bejuivana.
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§1.2. PiBagnaga Bessimana 3ama4di onTuMaJIbHOT IITBUAKOIiT

Hexait TpaekTopis pyxy KepoBaHoro ob’ekra B mpoctopi R" ommcye-
ThC CUCTEMOIO Jin(pePEeHIiaJIbHIX PIBHAHD

¢:f<t7$7u)

e t € Rz € R, u € U C R™, 3 BUKOHAHHAM JIJTsl HEX YMOB 3araJbHOL
[IOCTAHOBKM 3a/1a4l OL'TUMAaJIbHOI'0 KEPYyBaHHSI .

3a/1a4a ONTUMAJIHLHOT IIBUJIKO/IIT ITOJISTae B TOMY, 1100 BUSHAYUTH KEpy-
BanHg u (1) € U C R™, sKe mepeBoINTh KePOBaHUH 00’€KT 3 TIOYATKOBOTO
MOJIO?KEHHSI (g B MOMEHT 4acy tg B IOJIOXKEHHS X1 3a HaliMeHIuii 4ac.
TobTo po3riIgmacThCa HACTYIIHA 3a/1a9a ONTHMAJBHOIO KepyBAHHS:

T—t0—>inf,

= f(t,z,u),

z (to) = zo,z (T) = 1,
uwelUCR™.

(1.15)

B mpunymenni rnagkocti dyHKIil Bemmana, BuBegemMo piBHAIHHS bBesr-
MaHa, JIJIsd JAHOI 3a/1a4i.

Hunst rakoi 3aia4i piBasinast Besivana (1.12) MoxkHA JIENIO CIPOCTUTH
BpaxoByloun Te, Imo GyHKIia BeimMana B TaHOMY BHIAJIKY O3HAYa€e Mi-
HiMaJbHUIT Yac nepexojy cucremu 3 nosioxkennst (to, o) B Touky (T, x1).
[Tosuaummo yepes Bj(x(7)) — MiHIMATBHUI Yac TEPEXOJY CUCTEMH 3 TIOJIO-
eHHs1 x(T) (B sIKOMY BOHA 3HAXOJWJIACSI B MOMEHT T ) B IIOJIOXKEHHSI X1 .
Toni cucrema, 10 3HAXOUIIACH CIIOYATKY B IOJIOXKeHH (g, To), 3aTpaTu-
aa vac 7, o6 nonacru B (7,2(7)), a gaui 3arparuia yac Bi(z(7)), mob
HONACTH B HOJTOKeHHA 1. OTKe cyMapHUil MiHIMAIbHAI Yac Mepexoy 3
zo B x1 piBauit 7+ Bi(z(7)). Takum unnom, dbyukuis Besivana 3aa4i
(1.15) mae Burmazn B (t,z) = t+ By (x) —to, a piBaaaxa Bemmvana (1.12)
uabyBae BUIJIsILY

min > By, fi (t, z,u) = —1. (1.16)

B ogmnoBuMipHOMY BHITaJKY, Koy audepeHitiaabHe piBHAHHA JiHIiHE, 3a-
nady (1.15) moxkHa po3B’sg3aTu, 1O LIIOCTPYE HACTYHHUN NPUKJIAJL,.
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IIpuxaad. Poss’asamu 3adauy onmumasvroi weudkodii na npamid:

T — inf,
T=ar+u, a>0
’ ’ 1.17
z(0)=z9, z(T)=0, (1.17)
lu] < 1.
Pose’azok. Criaziemo piBasinns Besvana ‘Hllin [B' () (ax +u)] = —1
ul<1
3 moyaTkoBoio yMoBoio B (0) = 0. /laHe piBHSIHHS NEPeNUCYETbCs y BU-
raani axB’ (z) — |B' ()] = —1. Ontumanbie KepyBaHHsI BU3HAYAETHCS
criBBigHOMEHAAM U = L B(x) <0
& 1 -L B(x)>0

Ockinbkn dyukuis Besuivana B (z) — ne miniMaabH#il gac nepexosy
3 Toukn = B Touky 0, To dbyukiia B (z) > 0, z # 0. OueBuaHo, mo BoHA
MOHOTOHHO 3pocta€ npu = > 0 i cmagae npu x < 0. Orxe, B’ (z) > 0
npu x > 01 B'(x) < 0 npu = < 0. Tomy piBusuug Bemivana mMoxua
3alucaT y BATVISJIL

B'(z)lax — 1] =-1,2>0; B (z)[az+1]=-1,2<0.
BBigku B (z), 3 ypaxyBaHHSM [109aTKOBOT YMOBH, Ma€ BUIJIS
1 1
B(z)=—In(1-alx]), |z|<- (1.18)
a a
1, <0

-1, x>0
OnrtumanbHy TPAEKTOPIIO BU3HAYTAEMO 3 piBHSIHHSI

Ourumasnbie KepyBaHHst Ma€ Buris u* (t, x) = {

& = ax — sign z, x(0) = =z, a MiHiMaIbHE 3HaUYeHHs (DYHKIIOHAIY
BusHaunMo abo 3 ymosu z* (T) = 0, abo Ge3nocepesHbO 3 O3HAYECHHS
dynxuii Bermvana: B (z9) = —2In (1 — a|zo|).

3aysaorcenns. Ak sugno 3 (1.18), 3agaga (1.17) pos3s’s3yerncs Mme-
rogom GyHKIIT Besmmmana e jyis Beix xg. OcTaHHE OB’ A3aHe 3 TUM, IO

raakol dyskiil Besuimana jjist 331291 ONTUMAJIBHOIO KEPYyBaHHST MOXKeE 1
He iCHyBaTH.
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§1.3. Bagagya aHAJIITUIHOTO KOHCTPYIOBAHHS
JiHITHOTO peryJisgaTopa

Hacrymra 3a/1a1a onTuMaIbHOTO KEPYBaHHS Ma€ BayKJIMBE MPAKTUIHE
3HAYEHHS, OCKLIbKA BUKOPHUCTOBYETHCS B TEXHIII mpu pO3B’sa3aHHi Oara-
THOX 33/1a9 KOHCTpYyIoBaHHA. BoHa Mae BUTUIAM

T
J=(Dz(Th),z(Ty)) + / [(F(t)x,x) + (E(t)u,u)] dt — inf
To

(1.19)
i=A{t)z+ B (t)u.

Kinni Bigpiska Tp 1 11 dikcosani, jisuit Kinenp 3akpimienuii x (Tp) = xo,
npaBuil KiHerp BlibHUiE x (1) € R™, oOMekeHb Ha KepyBaHHSI HEMAE —
ueR™.

Marpuni D i F(t) — n X n-MipHi, ciMeTpUYHi, HEBiJI'€MHO BU3HAYEH],
E(t) — m x m-mipHa, cumMeTpudHa, JOJATHO Bu3HaueHa marpuns, A(t) —
n X n-mipHa Marpuns, B(t) — n X m-mipHa marpurg. Bynemo BBaxaTn,
110 KOMIIOHEHTH IuX Marpuilb — wenepepsui Ha [Ty, T1] dbynkmil.

Taka 3ajiata xapakKTepHa THUM, 10 pPiBHAHHA BejuiMaHa Jjid Hel 3BO-
JUTHCST IO MATPUIHOTO PiBHsIHHS PiKKaTi.

Poss’sxxemo 1m0 3amady. yHKITIOHAI, SKU MiHIMI3yeTbCs, € (DYHKITIO-
nasoMm Bosbiia. 3BememMo itoro mo dyukmionady Maiitepa. s mboro BBe-
Jemo e oaHy (Ga30By 3MIHHY T() HACTYIIHUM TUHOM

xo = xo(t) = /((F(S)x(S)w(S)) + (E(s)u(s), u(s))) ds,
To
.%'o(To) = 0.

Toni posmupenuii ¢pa3zoBuit BEKTOp T = ( 3;30 > € R a dbynkionan
uabyBae BUIJIsILY

J = (Da(Th), 2(Th)) + xo(T1) =: (2(T1)).
Bynemo mykaru gyukIio bemnmvana gaHol 3aa4di y BATJIAIL

B(t,z) =x9 — (S(t)z, x), (1.21)
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ne S(t) — mudepenniiiosna na [Tp, T1], n X n-MipHa, cCHUMeTpUYHA MATPUIIS
i taka, mo S(T1) = —D. Jlna takoi dbyukiii B(t,z) piBuannsa Bemivana
(1.12) nabyue Burisiy:

urélﬂig%l{—(S’(t)x, x)+ (F(t)z,z) + (E(t)u,u)—

(1.22)
—((S(t) + ST(t))x, A(t)x + B(t)u)} = 0.

[loximaa ®peme 1o 3MiHHIE « BHpa3dy B JyXKKaxX JOPIBHIOE
2E(t)u — 2B (1)S(t)x, orxe, minimym B (1.22) gocsraerbes npu

u=EYt)BT(t)S(t)z, (1.23)

ne marpuns S(t) € poss’sskom 3amadi Ko

S(t) + S(t)A(t) + AT(1)S(t) + S(t)B(t)E~1(t)BT (t)S(t) = F(t);
{ S(T) = -D.
(1.24)
Ockisbkn 1ipu TpaHcnonysanHi (1.24) orpumaemo Ty camy 3ajady st
ST(t), To, B cuny emuHOCTi po3B’aA3Ky 3aja4i Komi mma (1.24), octaTodmo
MAa€EMO TEOPEMY.

Teopema 1.4. Hrxwo icuye poss’asox zadawi Kowsi (1.24), wo susna-
wenutdi na npomisiexy [Ty, T1], mo 3adaua (1.19) mae poss’s3ox, npuvomy
ONMUMAALHE KEPYBAHHA Y POPML 06epHEH020 36°A3KY 3a0aEMBCA HOPMY-
aoto (1.28). Ipu uyvomy dymryis Beaamana B(t,T) € C' i zadaemvcs
popmynoto (1.21).

Pisusinus (1.24) € marpuunum piBsinasm Pikkari. OTxke, piBHsHHS
Besnvana B 3azaui (1.19) mu 3Beau 110 cucremu 3BuyaiifHux udepeHi-
aJbHUX piBHSAHB PikKaTi.

JLy1st 3HAXO/PKEHHST ONITUMAJIFHOI TPAEKTOPIT OTPUMY€EThCs 3a1ava Ko
JJIsI CHCTEMH JIHIHHIX qudepeHIiaJlbHuX PiBHIHD

(t) = (A(t) + B{)E~(t)BT(t)S(1)) «(1);
{ 2(To) = 20, (1.25)
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ITpuxaad. Poss’azamu 36064y onmumasoH020 KePYSaHHA:

u?(t)dt + x%(1) — inf,

<
[
| o=~

#(t) = u(t), te0,1], (1.26)

Posé’asok. Nana 3agaua —tuny (1.19) 3 D=1, F=0,E=1, A=0,
B=1.

Bamaua (1.24) maa (1.26) mae Burissn

TOMY

S(t)

D)

i onTuManbHe KepyBaHHs y opmi obepHeHOTO 3B’s13Ky 3amadi (1.26) na-
bupae BUTJISALY

w*(t, 2 (1)) z(t)

t—2’

Jle onTUMAaJIbHE KepyBaHHs 1 (1) BU3HAUAETHCS K PO3B’A30K 3amaqi Komi

Tomi

(1) = = (t—2)

1 nporpamue onruMaibHe KepyBaHHs 3aa4i (1.26) mae Burisiz

* Lo

IIpu npomy minimMasibHe 3HAYEHHST PYHKIIOHAJY JOPIBHIOE
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2
€T
f=3

3ayeaoicenns. BinmoBa Bim HeBix eMHOI BU3HAYEHOCTI MaTPHIb B
(1.19) moxe mpusBecTH 10 TOro, 1O piBHsiHHA Pikkari moxke i He marm

posB’s3kiB Ha [Ty, 11].

Hpuxaad. J = [ (—2°(t) +u*(t)) dt — inf, 2(t) = u(t), (0) = 0.

O\MI:!

Tyr

D=0, F=-1, E=1, A=0, B=1.

PiBaanna Pikkari Mae BULJIST:

S(t) + S%(t) = —1

i foro po3B’si30K

S(t) = tg (f - t)
2

He BU3HAYEHUN B HYJI.

Busisssierbest, 1o 3aja4a 1po JjiHiitanii perysasitop B nocranosii (1.19)
3aBXK/IU Mae PO3B’s30K. A came, Ma€ MicIie TeopeMa.

Teopema 1.5. Sxwo mampuuyi D i F(t) nesid’emno susnave-
ni, a mampuya E(t) dodammo eusnauena, mo icnhye po3s’asok pieHAH-
na Pixkami (1.24), eusnavenuts na (—oo,T1], wo 3adososvuse ymosy

S(Ty) = —D.
Zlosederns. 3rigHo BijgomMux TeopeM 3 JudepeHIiajJbHIUX PIBHSHb
(manpukias, ITeano) pisusinust (1.24) 3 ymosoto S(11) = —D mae po3ss’s-

30K Ha iHTepBam 7 < t < T, me T — MoMeHT Buxomy S(t) B HeCKiHUEH-
Hicth (TobTO S(t) HeoOMekeHa B R”z). Teopema OyJie jl0BejeHa, SIKIIO
MM IOKazkeMo, 1o S(t) BusHadeHa Ha goBinbHOMY [T, T1], Oyne rexartu B
obMerkeniit Mmozxkmmi 3 R
Maewmo, mo B(t, ) — MiHiMaJbHe 3HaYeHHs (DYHKIOHATY 3 MOYATKO-
BOIO yMOBOIO T Ha joBlibHOMYy imrepsasi [Ty, T1], ne S(t) icmye. fAximo
xg =10, TO
B(t,z) = (=S(t)z, x). (1.27)
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s dbyskuis gae indimym B 3azaui (1.19). I3 Hesix’emuol BusHauenocti
D, F(t), E(t) ButuuBae, mo HuxKHs rpanuiig s (1.27) piBaa mymmo. Ilpu
u = 0 3nauenns kpurepito s (1.19) nae Bepxuio rpanuiio dbyHKIoOHAILY,
a 3HAYUTH, 1 BEPXHIO TPaHUINO i KBajparudnol dopmu. Orxke, S(t)
obMekeHa Ha KOXKHOMY ckinuenomy inrepsaJii. Teopema jgosenena. W

§1.4. IIpo mudepenmniitoBuictp pyHKIIT Beanmana

YV momepeanbomMy maparpadi chopMyaboBaHI JOCTaTHI YMOBH OIITH-
MaJsibHOCTi. OHAK, TPYU OTPUMAHHI [UX PE3YJIbTATIB MU MMPUITYCKAJIHU 1CHY-
BaHHS TVIAJIKOTO po3B’si3Ky B(t,x) piBHSHHS JTUHAMIYHOTO TPOrDAMYBaH-
. Haxxaun, 1151 ymoBa Ha B mocuTh kopcTKa. K Oyme moka3zaHo HUXKIE,
HaIIPUKJIAT, JJIs 3a7a9l OITUMAJIBbHOL IMIBUAKO/Il Ha MJIOIINHL, BOHA HE BU-
KOHYETHCH.

Panimre Mu Bxke 3rajiyBajiu po KepyBaHHS 3 00epHEHUM 3B’s3KOM, abo
y dopwmi obeprenoro 38’#3Ky. 3apa3 jgamo ioro crpore o3nadeHus. 1lo3na-
qnmo Q) = {(s, y) C R+ Fyy # 0} . Taky MHOXWHY Ha3BeMO MHOYKHUHOIO
JIOCSITHEHHSI.

Osnauvenns 1.4. Crasicemo, wo dynwuia u = u(t,x) 3 Q C R*H!
B U € xepysannam 3 obeprenum 36 A3KOM, AKULO OAf KOHCHOL MOUKU

(s,y) € Q icnye edunuli poss’asok dudepenyianviozo pleHAHHA
b= f(t o, ult,2) (1.28)

na iwmepsani s < t < Ti(s,y) 3 nowamrosor ymosoro x(s,s,y)
W) € Q nmpu s <t < Ti(s,y) i
M

= vy, npuwomy (t,x(t,s
(Tl (57 y)? ‘T(Tl (57 y)7 S, y)) €

dxkmo kepysauus u*(t,z) — onrumanbee, 1O B(s,y) =
= o(Ti(s,y),z*(T1(s,y),s,y)) ToMmy, SKIIO (o rIagKa QYHKIsI, TO
nuTaHag Upo audepentiiioBuicts dyukmii Besummana 3BoauThCH 10 TH-
TaHH PO AM(EpPeHIiHOBHICT, KIiHIIEBOIO MOMEHTY 4dacy 1] 1 KiHIIEBOro
crany x(71) sk QyHKIH Bl MoYaTKOBUX 3HAYEHb TpaekTopil. OTke, Mae
MicIie TeopeMa.

Teopema 1.6. fxwo icnye onmumanrvhe Kepysarts y Popmi obepre-
noeo 36’asky uw*(t,x) ¢ Ti(s,y) © z(Ti(s,y),s,y) — winuesuli momenm
Yacy i KIHUESU cman OAf MPAEKMOPL PIGHAHHA
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&= f(t,z,u*(t,x))

3 nowamrosumu snauennamu (S,y), mo gynrkyia Beawmana dugpepenui-
tosna 6 koorcnit mowyi, 6 axii Ti(s,y) i z(Ti(s,y),s,y) € dupepenuyi-
tdoenumu Gynkyismu 610 (s,y).

Axmo u*(t,x) € HenmepepBHOIO (DYHKIHE, TO B CHIIY BIIOMUX TEOPEM
1po JudepeHiioBHicTh pO3B’A3KiB JudepeHIiajbHUX PiBHIHDb 33 0Ya-
rkoBumu gaunmu 11 (s, y) 1 z(T1(s,y), s,y) OyayTs raaagkumu QyHKIIsAMHE,
a oTXKe, i GpyHKHmig Bemnivana — raaaka.

Opmage B GararhOx MPUKJIQIHUX 33a9aX ONTUMAJbHE KEpPyBaHHS 3
oGepHEHNM 3B’SI3KOM MOYKe MATH PO3DPHUBH (HAPHUKJ/IAI, B 3aa4l [IBHU/IKO-
7). Tozi kTacu4aHi TEOPEMU 1IPO 3aJI€XKHICTH PO3B’sI3KiB JudepeHIiaabHIX
PIBHSIHD BiJ MapaMeTpiB He MiI0Th, a TOMY Ieil BUITaJ0K OTpedye AeTab-
HOI'O OKPEMOI'O PO3IVISIJLY.

[nest mocmimKeHHSA B POMY BHUIQJIKY IOJATAE B TOMY, IO IPHUITyCKa-
€ThCsl ICHYBaHHS PO30OUTTS MHOXKWHM () 13 O3HAYEHHSI HA CKIHYEHY KiJjib-
KICTb IVIaJIKUX IJIMHOXKHUH 1 TOYKH PO3PUBY KepyBaHHs u(t,T) € rpaHu-
YHUMU TOYKAMU [UX MiaMHOKWH. [Ipu BUKOHAHHI IEBHUX YMOB, PO3B’SI3KHU
piBHstHHs (1.28) 1yIst MaiixKe BCIX OYATKOBUX JIAHUX 3 OKOJLy TOYKHU T Oy-
JyTh BU3HAYEHHI Ha KOXKHIifl 3 TaKUX MiIMHOXKWH 1 1X MOXKHa HeIlepepBHO
ITPOJAOBXKUTU BiJl ITIMHOXWHU O TiJIMHOXKUHU JI0 TUX P, TOKA BOHU HE
JocarayTb MuHOXKuHU M . 1lpu 11boMy pO3B’SI3KM TMEPETHHAIOTHCA 3 MHO-
JKWHOIO PO3PUBIB KEpyBaHHSA HE OUIBINE HIXK Y CKIHYEHIN KiJIBKOCTI TOYOK.
I3 ckazanmoro Buie BuivinBae, o dyHKIig Bemvana e maiibxke Bciogu
gudepentiiiosHoo i piBasHHa DejyiMana mMoxkKHA PO3yMiTH 9K Take, IO
CIIpaBe/InBe Mailzke BCIoAH BimHOCHO Mipu JleGera B R™H1.

dcuHo, mo peasizarfisi BKa3aHO! BUINE ijel HAKJIAJAE JTOCUTH KOPCTKI
BUMOI'U Ha MOCTAHOBKY 3a/[a4i ONTUMAJIBLHOTO KePyBaHHs, fKi Oarato mnpu-
KJIAJIHAX 33J1a9 He J103BoJisioTh. OHak, iHIna ijes po3B’sd3yBaHHs OITHU-
Mizarifanx 3324, M0 I'PYHTYETHCA HA IHIMUX MPUHIUIAX, HE TTOB I3aHIX
3 dyukmieo B(t, x), m03Bossie po3B’a3yBaTH Taki 3a/1avi HABITH NMPHU He-
mudepentiitosaocti dyukiil Besumana. Takuit minxin i craHoBUTH CyTh
npuHIUTY MakcuMymy lloHTpdarina, Mo po3rmigmy SKOro MU i mepeiimeMo
B HACTYMHOMY maparpadi.
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3amadi mo po3gimy 1.

Bupasutu ontumaibHe KepyBanHd 4depe3 dYHKIIO Bennmana ta 3a-
nucarTu piBHsHHA DejuiMana y BUIVIS, 110 HE 3aJI€XKUTh BiJ KEPYBAHHSI.

1. T —inf, & =u, |u| <2,

z(0) =x9, x(0)= 331, x(T) =2'(T) = 0.
2. T —inf, i =u, fu t)dt =1,

z(0) = :L'o, z(0) = 331, x(T) =2'(T) = 0.

3. J=3 fu t)dt + 12%(T) — inf, &= —azx+bu, z(0)= m.
4. J = ff t,wq(t), xo(t))dt — inf, |u| <1,

1 =mu+ a0, Zo=u? x1(to) =20, x2(to) = 1.
5. J = tflf(t,:nl(t),ajg(t))dt —inf, |uy| <1, |ug| <1,

1 :txlu + @, @9 =u?, (o) =m0, w2(tg) = T1.
6J——f )2 + u?(t))dt — sup,

:E—aa:+bu, x (to) = xo, z(t1)=
t1
7. J = ff(t’xl(t)7x2(t))dt - inf7 T = riu, Ty = ’LL2,
0
z1(t1) + z2(to) =0, z1(to) = wo.

Posw’si3aTu 331291 onnTuMasibHOIO KePyBaHHS.

T
8. J = [(u?(t)dt + A\a?(T))dt — inf, X >0, i =u,z(0)=xo.
0
: (1)
9. J = [(tz?(t) + T)dt —inf, & =u, z(1) = xo.
1
g
10. J = [ (z(t) tg(t) + u(t) ctg(t))dt — inf, & =u, 2(%) =3V2.
I
11. J = [ (u® (t)dt + @*(7))dt — inf, i —x=wu, 2(0) =1, (0) =0.
0
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%
12. J = [v*(t)dt — inf, i+z=u, 2(0)=x(3)=0,4(5) =1
0

1
13. J = [ [22(t) + v?(t)]dt — inf, & =z+u, z(1)=1.
0

14. Hexaii mna zamaqi (1.8) f(t,z,u) = f(x,u), e(t,z) = @(z) i
M = {(t,z) : t € R\, x € M C R"}. Ilokasaru, mo B bOMY BHIIA/I-
Ky dyukuig B(t,x) crama mo t, a oTKe, MoXxKe OyTH 3alucana y BUTVISI
B(x).

15. V wmaitnpocrinmiit 3a/1adi BapialliifHOTO YHCJIEHHSA PO3TJITHEMO MiHIMYM
dyukiionasy, sk GYHKINIO BiJ MO9aTKOBAX 3HAYEHb S = to, Yy = xg. He-
xail mpaBuii Kinerp (t1,21) 3akpimrennmii i Ny, — KJac KyCKOBO IJIaJIKIX
dbyukuiit z(t), BusHaueHux Ha [s, t1], 1110 33/I0BOJIBHSIOTH YMOBH Z(S) = v,

t1
z(t1) = 1. Hexait B(s,y) = }i{nf J L(x(t), &(t))dt. Tlokasaru, mo piBHsH-

Y s
HoA ,ZLI/IHaMiLIHOI‘O IporpaMyBaHHsA Ma€ BUTJIAL

By(s,y) + min {L(y, u) + uBy(s,y)} = 0, ()
i st onrumasbHOl TpaekTopii x(t) i3 Ngy Maemo
Bi(t,x(t)) + L(x(t), &(t)) + &(t) By(t, 2(t)) = 0, (b)

Mokasaru, mo sxmo B € C2, 1o 3 (a) i (b) sumymsae, mo z(t) 3a10B0/15b-
Hs€ piBHsSHHS Eilnepa %Li =1L,.
16. Hexait ¢ = u, U = {Ju| < 1}, a 3aga4a nossrae y nepexofi i3 cramy
2(0) = y na muokuny M C R" 3a minimMaibauit yac.

a) IlokaxiTh, MO aBTOHOMHE DiBHSHHS JMHAMIYHOTO IPOrPAMyBAaHHS
mae suris |By(y)| =1, ne By(y) — rpazienr.

6) SBmaiitm winimanbHuit wac nepexomy B(yi,y2) mpum n = 2,
y = (y1,92) i M = {(:cl,:cg) cxt s = 1}. e mopymyerbea nudepeH-
uifioBHicTs Gynkuil B(yi,y2)?

B) Hexait M ckmagaeThca 3 JBOX NapafelbHEX Ipavux B R2. Jle
nopyniyerbest gudepenniiosricts dbyukuii B(y1, y2)?
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Pozain 2.
ITPNHIINII MAKCUMYMY IIOHTPATTHA

§ 2.1. Bapgauya Maiiepa
By,ueMo PO3VIAJaT HACTYIIHY 3a/la9y OITHUMAJIbHOI'O KEPDYBaHHA:

q)o(l‘(To), J)(Tl), Tl) — inf,

;(x(Ty), 2(T)), 1) <0 i =T,m, 2.1)
i':f(t,$,U), TOStSTlv

u(t) eUCRF, Vte [Ty, Ty] , weKC([Ty,Ti),

ne Ty — dikcopanmit momeHT dYacy, 1) — medikcoBaumii, dpyskiii P;
(i = O,—m) OymeMO BBaXKaTWU HelepepBHO JAudepeHIifloBHIMEI 3a CBOIMU
aminanmu. Oysrmil f, f, KyckoBo-HenepepsHi 1o ¢t npu (BpiKCOBAHOMY &
i HemepepBHi o0 x npu dikcoBaHoOMYy t.

Mage micre HacTymHa TEopeMma.

Teopema 2.1 (npunyun maxcumymy Ilonmpsizina).

JTas mozo, wo6 donycmumuds npoyec {T1,u(t),z(t)} 6ys onmumans-

HUM, HeoOTiIONO icnysanna muoocnukie Jlaepanorca X = (Ao, A1, .., Am) @
sexmopa U(t) = (V1(t),..., U, (t))T ~ poss’saxy cnpasicenoi cucmemu
: af(t, z(t), u(t))\"
x

MAKUT, W0 BUKOHYIOMBCA YMOBU!

1) \i >0, i=0,m, ceped nux xoua 6 00ne He HYAbOSE;

2) donosH101040i HedrcopemEOCN:

)\Z(I)l(JI(To),x(Tl),Tl) == 0, 1= l,m'

)
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3) ymosa marcumymy:

rglea(}(H(t, U(t),z(t),v) = H(t,V(t),z(t),u(t)), Vte [Ty, T1],

-

de H(t, W(t),x(t),v) = (W(t), f(t,x(t),v)) = 22 (Wilt) filt, x(t), v))

1

7
— pynxuia Ilonmpazina;

4) ymo6u mpanceepcasvHocmi:
V(Ty) = Luy (A, 2(T0), 2(T1), Th),

(1) = —Lay (A, 2(To), 2(T1), T1),

m
de L = 3 N\i®;i— pymwuia Jazpanorca, Ly, = %7 Ly, = 8:08(%)

=0
— 8eKmopu,

5) yMm06a ONMUMAALHOCTNE 3AKIHYEHHA NPOUECY

(Lﬂfl ()‘7$(T0)7m(T1)7T1)7 f(T17$(T1)7U(T1))+LT1 ()\,l’(To), x(Tl)ﬂTl) =0,

oL
Ly = —.
non
Josedenns. Hexaii {Th,u(t),z(t)} — omrumanpuuii mporec. 3a-

HypUMO Iieif MpOIeC B MapaMETPUIHy CIM'I0 JIOMYCTUMHUX ITPOIECIB

{T, ﬂ(t),i(t)}. Jlnst mporo BisbMeMo goBimbHe £ > 0 i posrasmemo 1)

Take, 110

T, — T1’ < ¢. KepyBauusa u(t) 6yayeMo HACTyIHEM 9HHOM:
ﬂ(t): v, 7'—e€§t§7'7
u(t), Odaa pewmu t

Jie v — noBlTbHUI BekTOp 3 U, T — TouKa HenepepsHocti u(t). Ilapa (7,v)
HA3WBAETHCSI €JIEMEHTAPHOIO TOJIKOIO.

Hexait Z(t) — po3B’st30K Ha {T(),T1:| sasaqi Kormi

{ T = f(t,7(t),u(t)) (2.3)

#(To) = To ’
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ne |To — xo| < e.

BukopucroBymoun TeopemMu [po HemepepBHY JAudepeHIiioBHICTD
po3B’s3ky (2.3) 3a LOYATKOBUMHU JIAHUMHU 1 l1apaMeTPaMy, MOXKKHA I10Ka-
saru, mo Z(t, Ty, To, 11, €) € 11a1K010 (DYHKIHEIO CBOIX 3MIHHUX B JIEIKOMY
okouii Toukn (xo,711,0) upu t € [Tg,ﬁ} )

Ockinbku pyukmii ®; — rragaki 3a cBoiMu 3MiHHUME, TO TEEP PO3IJIL-
HEMO IJIJIKy CKIHYEeHOBUMIPHY €KCTPEMAJIbHY 3aJ1a9y

o(To, T, €) = ®o(#(Tv), #(11), T1) — in,
(I)Z'(E(),Tl,&‘) = (I)Z‘(f(TQ),E(Tl),T) S O, 1= l,m, (2.4)
e>0,

B kol (x0,T7,0) — po3B’s130K.
3acTocyemMo 70 Hel IIpaBUJI0 MHOXKHUKIB Jlarpanxka. @yukmia Jlarpan-
JKa, Ma€ BHUIJIAL,

A= Z X\i®; — pe = L — pe. (2.5)
=0

Toni icayrors muOXKHUKHU Jlarpanxka A; > 0, ¢ = 0,m, u > 0, He BCi
HYJIL, TaKi, 110:

1) \i®i(z(Tp),«(11),Th) = 0, ¢ = 1,m, (orke, BUKOHaHA yMOBa 2)
TEOPEMHU );

2) s byskuil Jlarpanka BUKOHYIOTBCsSI yMOBH

S — (2.6)
oty 17, =,
oA
= (2.7)
oA
E » =0. (2.8)
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Posmudpyemo ymosnu (2.6) - (2.8):
Ai—==> A\ — + —

8T1 g 8«T1 8T1 8T1
T1),T1) + (Lay, f(T1, 2(Th),u(T1))) = 0,

OT?Ke, BUKOHAHA YMOBa 3) T€OPEMH.
t

= LT1 ()\, l’(To)

[Mosraummo uepes W(t) po3B’SI30K CIPSIZKEHOT CUCTEMU 3 TOYATKOBUMU
JIAHUMU

of
{ (‘9 ) , ae Xu(t,T) — 1 marpunanr.
W(T
Ob6uncimMo %
0

OA

2y 0F(Ty)
0%

= Ly, + Lz, o5 = Ly, + XT(Tl, To) Lz,

To=x0

=0,

|:?0=xo

ne X(t,s) — marpunanr cucremu y Bapianiax st po3s’sisky z(t, Tp, o).
OCKiTbKI MATPUIAHTH CIPSXKEHNX CHCTEM 3B’sI3aHi CIIIBBIIHOIIECHHSIM
X.(t,s) = XT(s,t), T0 3 ocTammboi piBHOCTI OTpIMaemo: Ly, —¥(Ty) = 0.
Takum YrHOM, BUKOHAHI yMOBU TPAHCBEPCAJIHHOCTI.
Posmumemo ymosy (2.8):

oA _ 8%(T0, Zo, t) _
Oe |y (Lxl’ Oe -0 H=

= (Lgy, X(T1, 7)(f(7,2(7),v) — f(1,2(7),u(T))) — p = (2.9)
= (Lay, X(T1, 7)Af(T)) = pp = 0.

Burssn wactuarOl OXigHOT Bij pO3B 43Ky 3a MapaMeTpoM, BUKOPUCTAHUM
B HAIIMCAHUX BUIIE BUKJIAJKAX, BUIUIUBAE 3 JBOX OCHOBHUX TEOPEM TEO-
pii 3Buuaitanx AudepeHIiajbHuX PIBHIHD: JIOKAJIHHOI TEOPEMU iICHYBAHHS
i eauHOCTI 1 TeopeMH IPO HelepepBHY AndepeHIioBHICT PO3B A3KY 3a
MOYATKOBUMU JIAHUMHU 1 [TAPAMETPOM.

3 (2.9) BummmBae, mo gkmo A; = 0, to i p=0, mo Hemo-
xkumBo. A orxe, xoua 6 omue A; # 0. 3 (2.9) orpumaemo Takox:
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(X*(TlvT)LrlvAf(T)) = p =0, abo (\II(T)vAf(T)) < 0, mo B Tepminax
dyuxkil [loarparina o3Havdae BUKOHAHHS HEPIBHOCTI

H (1,9 (7),z(7),v) < H (1,9(7),2(T),u(r)) . (2.10)

OcraHHe 03HAYAE BUKOHAHHs YMOBHU 3) TEOPEMHU B TOYIIl HEPIBHOCTI Kepy-
BaHHs U(T).
Takum  9umHOM, JIOBEJE€HO ICHYBaHHS MHOXHUKIB JlarpaHxka

A = (Ao, A1y...,Am) 3 BukoHaHHsSIM yMOB 1)-5) rTeopemun. Ase orpu-
MaHI MHOXKHHWKH, B3araji KaxKydd, 3aJexKaTh Bl €JeMEeHTapHOI TOJIKI
(1,v), Tobro A = A(T,v), ymOBa Makcumymy 3) BUKOHYEThCS JIMIIE

JJIs JAHOrO T, XO4da TeopeMa CTBEpPIKYye ICHyBaHHsS ‘‘yHIBepCaJbHUX
MHOXKHUKIB Jlarpanxa, 3 BukoHanHsM ymosu 3) s V7 € [Ty, T1].
CranoBuiiie BUIIpaBJige BioMuil Tomosoriyauil (haxT, SKuil Ha3UBAETHCH
JIEMOIO TIPO TIEHTPOBAHY CUCTEMY KOMITAKTIB.

Jema 2.1. Hexati K — komnaxm, {Ky} — cucmema 3amrmnymuz nio-
Mmuooicur K maxa, wo 6ydo-axa i1 ckinuena nidcucmema Mae HenoportcHit
nepemun (uenmposana cucmema). Todi nepemun 6CIT MHONMCUH CUCTNEMU
{K.,} menopootcnid.

Tenep 3amicTh ofHiel roaku (7,v) PO3MISTHEMO JOBLIbHUI CKiHUEHUIT
Habip rosiok “naxer” (g, vk) i ex, k=1,p, ne €x — Bubpani Tak, o in-
TepBau [Ty — €k, Tx| He MepeTuHarOThes. [IpoBojgdl aHATOrIYHI BUKIIAT-
KW, MOXKHA TTEPEKOHATHUCHA Y CIPABEIJINBOCTI TEOPEMU JIJIsI JAHOTO «IIaKe-
Ty». Tobro, icHyloTh MHOXKHUKH Jlarpam:Ka, yHiBepcaJbHI I KOXKHOI'O
«makeTy». MHOXKEHHSIM Ha JIOJATHY CTAJy MOYXKHA HOPMYBATH BEKTOP A
Tak, mo |A| = 1.

Posruisimemo y mpocropi R™T! minmuoxunn K(7,v), 7 € [To, Ti],
v € U, komnaktHOol chepu S = {\| |A| =1}, aki ckiaazaorbes 3
THX BEKTOpIB A, JJIsI fKUX BUKOHYIOTHCS YMOBU TE€OpPEeMH. 3 O3HAUEH-
Hst MHOXKMH K (7,V) HEBa)XKO BUBECTH, 1[0 BOHM 3aMKHYyTi. B cuiy Bu-
I1e CKa3aHoro, Oy/Ib-sKWii CKiHueHnit neperu MHOXKUH K (Tj, vg) HEmOpo-
xkwitt. Toml 3a JeM0I0 PO MEHTPOBAHY CUCTEMY KOMIIAKTIB BCI MHOXKWHHI
K (7,v) MaroTh HENOPOXKHIN mepeTuH. A TOMY iCHye HEHYJIBOBHII BEKTOD
A= (Ao, A1,y Am), TAKMIE O BUKOHAHI TBEPJIZKEHHsT TEOPEMU 3 YMOBOIO
ONTUMAJIBHOCTI, sIKa BUKOHYETbCs Jiisd noBlibaux 7 € [Tp,T1] 1 v € U, ne
T — TOYKa HenepepBHOCTI KepyBaHHst U(t).
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dkmo »x 6 — Touka pospuBy u(t), To, B3sBIIM 30LKHY 0
f HDOCHOBHICTH TOYOK HENEPEepPBHOCTI T, 30paBa, OTPHMAEMO
H (10, Y (1), 2(m0),v) < H(Tn,¥(mn), x(m0),u(7)), 3BlAKH rpanu-
YHEM IIEPEXOJ0M 1 OTPEMaeMO yMOBY MakcuMyMmy B Toumi 6. Teopema
nosejiena. W

3ayeaoicennsn. luxkosm 3a7a9y ONTUMAJIBHOTO KEPYBAHHS PO3IJIs-
JIaloTh y HE3BeJeHOMY JIO TePMiHAJIBLHOrO BULJIAML. A came:

t1
Bo({L‘,u,to,tl) = /fo(t,x(t),u(t))dt+ \Ifo(to,x(to),tl,x(tl)) — inf
to

/

x =t z,u),t €T,

t1
Bi(l',u,to,tl) = /fi(t,l'(t),u(t))dt + \I’i(to,ZE(to),tl,ZE(tl)) = O, 1= 1,m,
to

t1
Bj($7u7t07t1) = /fj<t7$(t)7u(t))dt + \Iljuov'%'(to):tlvx(tl)) <0,
to

j=m+1,s; uwel.

B mpoMy BUIIQJIKy IPUHIAII MAKCEMYMYy Ma€ HACTYIHUIT BUTJISI.

Teopema 2.2. Jlas mozo, wob donycmumuti npouec {t,u(t),z(t)}
6ye onmumanvrum, HeobTiOne ICHysannA MuodcHukie Jlazpanoica
A= (Ao, AL, -y As), WO He Pi6Hi HYat0 00novacHo, i eekmopa p(t) makuz,
U0 BUKOHYIOMBCA YMOBU:

1) i >0, i=m+1,s;

2) emauionapricms no x — piehanns Elsepa-Jlazpanoica
d /
L, = ELI’ <~ D= fx — PPz

de L = io)\zfz +pt) (2 — p(t,z,u)), a f= ZS:O)‘ifﬂ
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mpanceepca/wuicmb no I .

Ly (to) = lmo < p(tO) = l:)co;
Ly(t) =l & plt)=—ly; de 1= \U;

ONMUMAALHICTIID N0 U — NPUHUUN MIHIMYMY 68 Jlazpanotcesit dopmi:
Igé%lL(t,x(t) Z'(t),v) = L(t, z(t),2'(t),u(t)) <
min [f(t, z(t), v) = p(t)(t, 2(t), v)] =
= f(t,x(t),u(t)) — p(t)p(t, x(t), u(t)), Vt e [to, 1],

abo npunyun maxcumymy 6 gopmi Honmpazina (lamisvmona)

max H (¢, z(t), v, p(t)) = H(t,z(t), u(t), p(t)) &
max [P(t)¢(t7 $(t)7 ’U) - f(tv x(t), U)] =

= p()p(t, 2(t), u(t)) — f(t,x(t), u(t), VtE€ [to,t1];
de H =p(t)p(t,z,u) — Zs: Nifi(t, x,u) - pynkuis Howmpseina;
cmayionapricms no  to,t1  (6unucyemves 0ai PYTOMUT Kinuie):
—f(to) + Ity + luy2' (to) =0
f(t1) + gy + 1y 2/ (1) = 0;
JONOBHIONUA HEHCOPCTIVKICTNG

)\Z’BZ‘(.%'(t),u(t),to,tl) =0, 1=m+1,s.

IIpuxaad 1. Poszs’azamu 3a0a4y 0OnmMumasbioz0 KEPYSAHHA:

4
J—/x +x)dt — inf; |2'| <1, x(4) =0.
0
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Poss’asox. Ilepeitmemo mo dpynkitionaxy Maitepa. BBoanmo HOBY 3MiH-

¢
ny zo(t) = [ (2"(s) + z(s))ds i kepysauna ' = u. Toxi 3aaua HabyBae
Uty

xo(4) — inf,

.%'(4) =0, wO(O) =0, ‘u’ <1,
{ :i’() =+ u2

T =u.

1) Banumemo cupsizkeHy cucremy:

% = — 01 ' Yo abo B KoopamHaTHIN dQopmi
i ) = 00 v, ) PA P
\pO:O . BBigku ¥g=Cy ,a ¥y = —-Cyt + C.

U, = -V

2) Ckuagemo dyukiio Jlarpamxka:

L = Xoxo(4) + Az(4) + Az (0).

3) BammuimemMo yMOBH TPaHCBEPCAJIBHOCTI:

A A ~
Lz = ( 02 > Ly = ( Af >,zne T = (0,7)".

Co\ _ [ N Co [ =X
Ma€M0<Cl>—<O>, <—4CD+01 = . Tobro
CO:)\Q:—/\O,C&:O; 400:)\1.HKH_[0)\0:0$)\2:0é
Co=0 = A\ =0, ane memoxaupo. Togi A\g # 0 i MoXXHa TTOKJIaCTH

Ao = 1 (ockinbkn MHOXKHUKHK JlarpaH:ka BU3HAYEHI 3 TOYHICTIO JI0
JIOMIATHOL CTAJION).

)\0:1; 00:—1; = ‘110:—1; Uy =t.

4) Cxuagaemo dynkuito [Tonrpsrina:

H = —(z +u?) + ut.
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Buaitsemo max {—(z + u?) +ut} = —x + \Hﬁf?i {—u?+ ut}.
ul<

lul<1

Toni 3 Burnsiay mapabonu —u? + ut MaeMo, mo MakcumyM H jocs-
£ te[0;2)
1, t€[2;4]

Hame kepyBaHHsT i MOYKe OyTH ONMTHMAaJIHHIM.

ra€TbCs HA U, fKe Ma€ Burisiyy u*(t) = {

BHaiieMo ontumasbHy Tpaekropito. IlincraBumo smaiinene u(t) B
piBusiHHa & = u. Orpumaemo

t t2 .
g,c_{ﬁ, 0<t<2 x_{z+cl, t €[0:2)

1, te2;4] t+Cy, te[2;4]
3 ymoBu x(4)=0 maemo, mo Co = —4; a 3 ymoBu piBHOCTI
(2 —0) = (24 0) maemo C; = —3. TakuM YHHOM, OHTHMAJIb-

HOIO MOXKe OyTH TPaeKTOPist

* (t)_{ I—4 te [2; 4]

Ockinbku Kiumi (ikcoBani, TO yMOB ONTHMAJILHOCTI KIHIIIB MU HE
BHUKOPHUCTOBYEMO, K i HE BUKOPHCTOBYEMO YMOB JIOMOBHIOIOYOI He-
JKOPCTKOCT] (OCKIJIbKM HeMae 00MeXKeHb THUILy HepiBHOCTE]H).

[Tokaxkemo, mo gana ¢ysKmigs x*(t) apificno € poss’sskom. He-
xait h(t) € KC'([0;4]) raxa, mo z*(t) 4+ h(t) moumycruma, T06TO
x*(4)+h(4) =0 = h(4) =0. Axne

1% Ty £+h/(t)7 tE[O;Q)
$(t)+h<)_{f+h’(t), tef2;4

seigen B/ (t) <0 upwm t € [2;4], Tomy h(t) >0, t € [2;4]. Tomy

4 4
J(z*+h)— / o + 1')* + 2" + h) dt—/ ((z*)? +2*) dt =
0 0
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4 4 4
= /2x*’h'dt+/hdt+/h'2dt > 9
0 0 0

4 4 2 1 4 4
= 2x*’h\§—2/(x*)”hdt+/ hdt = —2/§hdt+/ hdt = /hdt > 0.
0 0 0 2

0

4
x*'dh + /hdt =
0

D\u;

2 ¢
2 : Loy
Orxe, napa z*(t) = ¢ 4 3t 0:2) iu*(t) =13 2 <

t—4,t € [2;4] 1,t e
ONITUMAJILHUM KEPOBAHUM HPOIIECOM.

ITpuxaad 2. Po3s’azamu 3a0a4y onmumasbho20 KEPYSAHHA:

2
z(2) — inf; |2/ < 2: /:c/2dt =2; z(0)=0.
0

Posze’azox. Ilepeitnemo 10 pyukmionasisis Maiiepa. Beegemo noBy 3min-

HYy

¢
xo(t) = /qut, 7 =u.
0

Toni maemo x(2) — inf, |u] < 2, z(0) = 0: x0(0) = 0, 29(2) = 2.

Maemo cucremy

3anuIneMo CupsizKeHy CHCTEMY

o\ (00 0 . W=0Co
v ) \oo v v=C
Ckiagaemo dyukmito Jlarpanxa

L= )\01’(2) + )\11’(0) + )\21‘0(0) + )\31‘0(2).
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VMOBHU TpaHCBEPCATBHOCTI MAIOTh BUTJISI, :

. )\2 . Co LT . )\3 . —Co ~
L“(O)_()q)_<Cl)’L‘T(Q)_()\o>_<—C’1)’x_(%’x)'

Maemo

Co=Xa=-X3, C1 =X =)

Hexait \g =0 = C; =0, Cy # 0. Criagemo dyskiiio Iloarpsrina:

H= C’ou2 + Ciu = C[)UQ.

3uaiijgeMo |m‘aX{C’0u2}. Ao Cy > 0, to up = 2; ug = —2. ko
ul|<2
Cop< 0,10 u=0.
IIpu Cy > 0 maemo & = 2 abo & = —2, a 1e He 3aJ0BOJIbHSIE ODOMe-

skenHst. ToMy naHwWii BEMAJOK PO3B’SI3KIB He Jae. AHAJOTIYHO, BUMATOK
Co < 0 po3B’si3KiB He Jia€.

Hexait \g # 0, \o = 1 = C; = —1. Toui H = Cyu® — u. dxmo
Co < 0, TO MaKCUMyM JIOCATA€ThCs abo y BepImuHi mapabosn, TO6TO
u = ﬁ, abo u = —2. OcranHiit BapiaHT He 3aI0BOJIbHSIE OOMEKEHHSI.

Hexait u = T [Tincrasisiioun B cucreMmy, MaTUMEMO:

t
v=pi .’I)OZW—FC:;
200 T = 5+ +C4

3 novarkosux ymoB orpumaemo, 1mo z(0) = z¢(0) = 0 = C3 = Cy = 0;
$0(2) =2 = CD = :E%.
Otxe, u* = +1, a x* = +£t.

Axmo Cp =0, 1o H = —u i u* = —2, gxe He € jonycTuMuM. Ko
Co > 0, To MakcuMyM JocsaraeTbesa abo npu u = —2, abo u = 2. Obuasa
BUITQJIKW HE IT1JIXOIATh.

Takum ymHOM, MaeMo JinIle JBa Bumaiakm: abo u* = 1, x* = t, abo

u* = —1, x* = —t. [lepmmuit BUNAI0K BUKJIIOYAEMO, BPAXyBaBIIU YMOBY

MiriMyMy dyHKIioHaTYy. OTXKe, MiI03pioio Ha po3B’sa30K € mapa u* = —1,
*

" = —t.

[Tokaxkemo, 1m0 z* = —t jgocrasiisie MiHIMyM (DyHKIIOHAJLY.
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Hexait h € KC'([0;2]), To 2* + h — gomyctuma. 3 yMOB Ma€Mo, Mo
h(0) =0 i

2 2
/ —1+h(t)%dt =2 @»L/u—2M+M%ﬁ:2,
0 0

2 2
Z/Mﬁ:/w%m
0 0

tomy h(2) > 01 2*(2) + h(2) — 2*(2) = h(2) > 0. Orke, mapa z* = —t i
u* = —1 € ONTMMAJIBHUM KEPOBAHUM ITPOIIECOM.

§2.2. 3agaya onTUMAaJILHOI MIBUIKOIIT

Posragaremo HaCTYIIHY 3a/lav1y Ha H_[BI/I,I[KO,I[iIO
T = f(t, .%',’LL), tc [To,Tl]
x(Ty) = xo, x(T1)=wz1, uel, (2.11)
q)o = T1 - T() — inf,

Ty — dikcoBanuii MmoMeHT wacy, 17 — HeBigoMuil, Tg,xr1 — (PIKCOBaHI.
0 ) 1 y 40,41

Taka 3amaua HaM y»Ke HEOTHOPA30BO 3yCTpidaJiacs. 3acTOCYEMO 110 11
PO3B’d3aHHs IpUHIUI MakcumyMmy. Oyukitisa JlarpaHxa Mae BATIISIT

L= Xo(Th = To) + (A1, 2(To) — o) + (A2, 2(Th) — z1),

me A1 = (A1, -5 A1), A2 = (A21,..., A2p). 3a morepesHbOI0 TEOPEMOIO
U(Ty) = Lyy = M1, V(Th) = —Ly, = —Xo.

OnruMaibHU MOMEHT 3aKIHYEeHHS:
(Lo, f(T1, 2(T1), u(Th))) + Ao = 0,

abo

(WU (T1), f(Th,z(Th),u(Th))) = H (T1,Y(Th), =(T1), u(T1)) = Ao.
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Axmo ¥(t) =0, togi Ay = A2 =0, H=0 = X =0, mo
HemoxksmBo. Tomy U(t) # 0. Takum 9uHOM HamMu OTpUMaHa T€OPEMa PO
HEOOXiJHI YMOBU €KCTPEMYMY B 3aJaqi MIBUIKOIII.

Teopema 2.3. (Boamsancvrozo) /s mozo, wob donycmumut npo-
yec {T1,u(t),z(t)} 6ys onmumarvrum 6 3adawi weudkodii, neobrione
ICHYBANHA HEMPUBIANLHOZO PO36’A3KY cnpadicenol cucmemu (2.2) maro-

20, wWo:
1) sukOHANG YMOBAL MAKCUMYMY:

%leat)/(H(t’ U(t),z(t),v) = H(t,U(t),xz(t),u(t)), ¥te [T, T1];

2) H (T17\I’(T1)71'(T1)7U(T1)) > 0.
ITpuxaad 1. Po3p’sa3atu 3a1ady ONTHMAJIBHOI IIBUIKO/IIL

T — inf,
T =
{ J :Z lul <1, 2(0) =x0; y(0) =yo; z(T)=y(T)=0.

Takum urHOM, 3ajla4a MOJISITAE y 1epeBejieHH] (Ha30BOl TOYKHU 3 MOJIO-
J)KeHHs (T, Yo) B HOYATOK KOODJMHAT, PyXaIOUKCh 110 TPAEKTOPIsIX CHCTe-
MH, 3a MiHIMAJIbHO KOPOTKHI dac.

Pose’azox. 3acrocyemo mpunnun MmakcumyMmy. CrpsikeHa CHCTEMa, Mag

BUTJIA: )
;=0
{ Uy =0y

sBigmku Wi = dy, Vo = —dit + ds, di, do — moBinbHI cram.Pyukiis [Tox-
TPSATriHA Ma€ BULJISLIL:

H =Vy+ Vou, maxH = ¥y + max(Vs(t)u);
lul<1 lul<1

OTIKE,
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abo u(t) = sign Wo(t) = sign(—dit + da). 3Bigcu maemo, 1o Gyb-sike
onrumasbhe KepyBanus u(t), ¢t € [0,T] € KyckoBo-cTasioo HyHKIE, dKa
nupuiimae 3HadenHs +1 i mae He Glbie JBOX iHTEpBaJB cTaNOCT] (OCKiIBH-
KU JiiHiliHa dyHKIig —dit + do 3MiHIOE 3HAK He OLIbIIE OfHOrO pasdy). B
TOuKax po3puBy u(t) BBAXKAEMO HEIIEPEPBHOIO 3IIPABA.

OTxke, dpa3oBa TOUKa MOYKE PYXATHUCH JIUIITE TI0 TPAEKTOPISIX CHCTEM

T=y ; T=1y

j=1 ' lg=-1
Paz0Bi TpaEKTOPil JJId IEPIIOl CUCTEMHU MAIOTh BUIVIAM T = %yz + (1,

’ — . _ 1 2 .
a pos’askn y = t + C2; v = 5(t + C2)® + C1. Orxe, Kycox daszoBoi
TpaekTopil, g gkol u = 1, saBiisie coboro ayry mapabosm. Ilo manmx

napabosax $ha30Bl TOUKH pyXaroThbcs 3HU3Y BBepxX (ockimpku § =1 > 0).
st ppyroi cucremu pa3oBi TpaekTOpii BU3HAYAIOTHCH CIIIBBIIHO-

mennsim & = —3y* 4+ C3, a poss’ssku pisHocrsivu y(t) = —t + Cu;
T = —%(—t + C4)? + C3. Tlo mannx mapaGomax ha3oBi TOUKH PyXarOThCS
3Bepxy BHU3 (OCKlIbKE § = —1 > 0).

Omxe, KO KepyBaHHs U(1) CIOYATKY MPOTATOM JIESKOTO Yacy JOPiB-
Hioe 1, a moTim —1, TO (pa30Ba TPAEKTOPISA CKIATAETHCS 13 IBOX KYCKIB Ta-
paboJt, o TPUMUKAIOTH OJINH JIO OJTHOTO, IPUYIOMY OCTAHHI{T JIEXKUTH Ha Tiit
3 mapaboJ1 Apyrol cim’i, N0 MPOXOAUTHL Yepe3 NoYaTOK KOOpAuHAT (OCKiIbh-
KU [IyKaHa TPAEKTOPisl MOBUHHA IPUBOJUTH B MOYATOK KOOPIUHAT). SIKImo
HaBIIAKHU, CII0YaTKy ¥ = —1, a morim u = 1, To (pa3oBa TpaekTopis 3ami-
HIOETbCS TeHTpaJbHO cuMerpudHoio. Jliniga AOB, mo ckiaamaeTbesa 3 ayr
AO mapabomu x = %, posramopanoi B HEXKHIi miBmomui, i BO — nyru

mapabosm r = —%, pO3TAalllOBaHOl y BEPXHiil MIBILIONIWHI, HA3UBAETHCH
ginriero nepekstiouenb. Came Ha HEl, OYEBUIHO, MOBHHHA MONACTU (HA30Ba
TOYKa, MO0 MIATH MOYATKY KOOP/IMHAT.

Takum unHOM, sikiio daszoBa Touka (Tg,%yp) PO3TAIIOBAHA BUINE JIHIT
AOB, To BoHa pyXa€TbCs MM €0 KepyBaHHsS 1« = —1 mo ay3i mapabosin
JPYTOI CiM'T, TI10 TPOXOIUTH Yepe3 TOUKY, 10 MOMeHTY reperuny Jjiuii AOB,
a Jaji pyxXaeTbcd IO Jy3i Iiel JiiHil mig mieo KepyBaHHa u = 1. dAKimo
(0, yo) posramosana nuxkae AOB, To dazosa Touka ClIOUATKY PyXaeTbCs
o ay3i mepirol ciMm’T mix miero KepyBanag u = 1, mo meperuny 3 AOB, a
JaJii 1o miit jry3i iy Jiiero kepyBaHds u = —1.
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3Hato4n KOHKpeTHI 3HaueHHsT (T, Yp), MA 3MOXKEMO SIBHO 3HAMTH OIITH-
MasibHe KepyBamHsg u*(t), x*(t) 1 T*. Hexail, manpuknan, x(0) = 1;
y(0) =0.

3 BUINECKA3AHOTO BUILIUBAE, IO CHOYATKY MU PyXaeMOCd 3a KepyBaH-
HaM 4 = —1, TOOTO 1O (baSOBI/IX KpuBHX Jpyrol cucremu. 3Haiijgemo C3 3
YMOBH, II0 mapaboJia & = ——y + C5 mpoxonuts depes (0, 1) 1=C5. Or-

XKe, Tie mapabosia T = ——y +1. Ti Touka meperuny 3 x = a 3HAXOIUTHCS

2
=
2 9
r=-%+1
i 119 TOUKa OyIEe (%, —1).

3HallJIeMO MOMEHT NEPEeKJIIOYEHHST 1 ONTHMAJIbHY TpaekTopil. s
mporo BusHaunmo Cy i C3. Maemo z(0) =11 y(0) =0. Tomy Cs =0, a
1=Cs. Orxe, = —5t2 + 1; y(t) = —t.

3HaiileM0 MOMEHT T MONAJaHHs I[Or0 PO3B’SI3Ky Ha KPUBY T = %2
Ouesnsno, 1mo z(7) = %; y(r) = —1. =7 = —1; 7 = 1. [Jani mMu pyxae-
MOCsT TIiI Ji€0 KepyBaHHsT u = 1. 3HAWIEMO pO3B’SI30K, 3a AKUM Biﬂ6YBa—
€ThCsl PyX, Juist 1boro BusHaumMo crami Cp i Cy. Maemo, mo z(71) = ?,
y(r) = —1. Toni y(1) = 14Cy = —1; Cy = =2, (1) = (1-2)?4+C1 = 3;
C1 =0. Orxe, z(t) = 3(t —2)%; y(t) =t — 2.

T snaxomumo 3 ymosu y(1T)=0; T —2=0; T =2.

Bidnosidv.

Lo [ =1, telo1) o | =241, teo;1)
“(t)_{ 1, tel1;2] x(t)_{ %2(75—2)2, te1;2]

ro={ 1S s,

3 CuCTeMmn

t—2; te[l;2]

3aysastcenns. Posp’sisytoun gany 3ajady juisl JTOBUIBHEUX (g, Yo),
HEBAXKKO 3ammcary siBHUi Buriis)| dbyukiionaty msugakonii T = T'(xo, yo),
a came,

2
Yo + 21/ xo + %0, akmo (X, Yo) mexuts sume AOB

abo Ha Hiil,

T(z0,y0) = 5
—yo + 21/ —xg + '%0, akmo (o, Yo) dexuTs mmxae AOB

abo Ha Hili,
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a oTKe, 1 ABHUI BUTIsT (OyHKIN Bemvana el 3amadi. 3 o3HadeHHst hyH-
kiii Berumvana maemo, mo B(z,y) = T'(x,y). Tenep neBaxkko 3'sicyBatn
muTanag npo jaudepeniiitoBaicrs Gyukiil Besuimana, sike mu migHiMa M
pamHiiie.

3posymiso, mo nosa Jiniero AOB dbynknis B(z,y) ruaaka. [Tokaxe-
Mo, 10 B KoaHiit Toumi miHil AOB dynkiig Bemnmvana He Mae Hemmepeps-
HuXx noxiyanx nmo x i y. [lilicuo, mexait C — rouka ayru AO, (g, o)

— 11 KoopAWHATH TaK, IO Tg = %, npuaoMy Yo < 0. B miit Touri
\/ w0 + % = |yo| = —yo. Toxni
0B 1 1
2 1o (2.12)
L P =1+ 2L <o

dy / 2 )
:L‘+y—
2 1o

3 apyroi dopmysn B (2.12) maemo:

0B 1
= = | =-—00;
0T |~ y?
—T + ? c

0B
9 | / N 2

_x _

2 lc
: : 0B __ 0B _
Omxke, pu migxomi 10 Touku C 3Bepxy, Ma€MoO = 0, a 3HU3Y By = —0,

TOOTO ITOX1IHOI %—f B Tounmi C He icHye. AHaJOri9HO He ICHY€E 1 ITOXiITHOL

%—f B Touri C. Taka kK cama cuTyalliss Mae Micre i B Toukax ayru BO.

He nuBasiuuchk na re, mo B(x,y) we € nudepenniiioBroo jmnie Ha Jinil
AOB, a B permIri TO90K IJIajiKa, BCl MipKyBaHHSI CTOCOBHO METOIY JHHA-
MIYHOI'O IIPOIpaMyBaHHsl TYT BIPadaiorTh CEHC. AJPKe KOXKHa OLTUMAJIbHA
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TPAEKTOPisA MPOTATOM JIETKOTO MPOMIXKKY YaCy MPOXOJAUTh B3JIOBXK JIiHIT
AOB, i mpumnymienus mpo audepenmiiioBaicTs dyHKil Bemmvana (ke Tam
CYTTEBE) B3JI0BXK ONTUMAJIBHOI TPAEKTOPIl HE BUKOHYETHCs. Bisbine Toro,
He TUIBKU JOBeJeHHS TeopeM He IMPOXOANThH, a HaBITh HEe MOYKHA HAIMCATH
piBusinas Bejuimana.

Tomy BeJIMKOIO II€PEBAro0 IIPUHIMILY MAKCUMYMY € Te, 0 B fioro ¢op-
MymioBaHHI Hi dyHKIS Bemnmvana, Hi 1T moxizai ydacti He 6epyTb. Came
qepe3 Iie BiH He BTpadae CeHCYy HaBiTh pn HeaudepeHIiioBHOCTI hyHKITIT
Bemnmmana.

§ 2.3. JdocraTHi ymMOBU onTuMaJIbHOCTI y dopmi
NPUHINUILY MAaKCUMYMY

Posragaremo HaCTYIIHY 3a/la41y OINTHUMaJIbHOI'O KEpYBaHHII:

®o(2(Tv), z(T1)) — inf;

®;(2(Ty), 2(T1)) <0, i=TLm (2.13)
i = A(t)z + B(t)u(t), te [T, Ti],
uwe U, wu(t)e KC([Ty,T1])

Ty,77  — dikcoBami MmomenTn 4dacy, ®; — omykJi, rimaaki ¢pyHkmii. Mae
Miclie TeopeMa.

Teopema 2.4 (docmammui ymosu onmumasbHOCMI).

Jlas mozo, wob donycmumuts npouec {u(t), z(t)} 6ye onmumarvrum 6

3adaui (2.13), docmammuvo icnysanmns mmoocnurie Jlazpanoca o, ..., Am
i pose’asky cnpavicenoi cucmemu (2.2) V(t) = (U1(t), ..., V,(t)T maruz,
wo:

1) A >0, N>0, 1=1,m;

2) N®i(z(Tp),z(T1)) =0, i=1,m;
3) BUKOHANHA YMOBAL MAKCUMYMY:

max(¥(t), B(t)v) = (¥(t), B(t)u(t)), vt e [To, T1];
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4) yMoBU MPANCEepPCasLHOCTE

U(Ty) = Lyy, Y(T1) = —Lgy,
m
de L => \®; — Ppynruia Jlazpanorca.
1=0

m
Losedenns. Ockinbku ®; —omykii, o L = > \;®; — onykia. Hexaii
1=0
{u(t),z(t)} — moBinbuuii goycrumMuii mpouec, a {u(t), z(t)} — nponec, mo
3aj0BoJibHsiE€ Teopemi, € > (. Toxi

L (N ex(To) + (1 —e)x(Ty),ex(Th) + (1 — e)x(Ty)) <
<eL (A z(To), 2(Th)) + (1 — &) L(A, 2(To), x(T1))-
Orpumaemo

LA, 2(To) + &(z(To) — 2(To)), =(Th) + &(z(T1) — 2(T1)))

IN

L\ x(Ty), z(Th)) + e(L(A, 2(Ty), 2(Th)) — L(\, 2(To), z(Th)
L\, z(Ty) + eAx(Ty), z(Th) + eAx(Ty)) — LN, 2(Tp), 2(Th)
€

< L (A 2(To), 2(Th)) — L (A, 2(To), x(T1)) ,

e A$(TQ) = 5(T0) — .T(T[)), A:L’(Tl) = E(Tl) — $(T1).

IIpu € — 0 3 ocranupoi HepiBHOCTI B cuity audepentiiiopaocti L maemo:

);

<

)
)

(Lmo’ A:L’(To)) + (LxlvAx(Tl)) <L (Avi(TO)v‘%(Tl)) —L ()"l'(TO)vx(Tl)) :

(2.14)
Hexait X (t,Ty) — marpumant cucremu & = A(t)z. Ockinbru z(t) —
pose’ssok cucremn & = A(t)r + B(t)u(t), a ¥(t) — posp’ssok cucte-

v T = A(t)z + B(t)u(t), o Ax = z(t) — z(t) 3am0BOJBHIE CHCTEM]
Az = A(t)Ax+ B(t)(u(t) —u(t)). 3a dopmymnoro Kormi poss’sisky HeopHo-
PIJTHOI CHCTEeMU OTPUMAEMO:

Ax(t) = X (t,To)Ax(Ty) + X (t,Tp) /X_l(s, To)B(s) (u(s) — u(s)) ds.

To
(2.15)
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IIpu t =1

T
Ax(Th) = X(T1,To)Ax(To)+ X (11, To) /X(To, s)B(s) (u(s) —u(s))ds =

To

T
= X(Th,To)Ax(Tp) + /X(Tl, s)B(s) (u(s) — u(s)) ds.
To

Ockimpku Ly, — VU(Tp) =0 = (Ly, — Y (T0),Az(Th)) = 0, a Tomy
(Lay + XT(T1,To) Ly, Ax(Tp)) =0, abo

(Lag, Ax(Tp)) + (Lay, X (T1, To) Az (Tp)) = 0. (2.16)

OckinbKM BUKOHAHA YMOBa MAKCUMYMY, TO

(W(s), B(s)u(s)) < (¥(s), B(s)u(s)).

T

A orxe, _ff (¥(s), B(s)(u(s) —u(s)))ds > 0. Maewmo, 1o
T

/ (X7 (T4, 8) Loy, B(s)(i(s) — u(s))) ds > 0.
To

3BiaKu

T
(Lxl,/(X(Tl,s)B(s)(ﬁ(s) - u(s)))ds) > 0. (2.17)

To

Homaroun (2.16) i (2.17), orpumaemo

(Lmo’ Ax(TO)) +

T
+ (Lml,X(Tl,TO)Ax(TO) + / (X (T, 5)B(s) (ii(s) u(s)))ds) > 0.

To



45

Takum wunom, (Lg,, Ax(Tp)) + (Ly,, Ax(Th)) > 0.
Toxi 3 (2.14) maemo, mo L (A, z(1p), z(11)) — L (A, z(Tp), z(11)) > 0, abo

S ONC(E(T), T (1)) = D> Xii(x(Th), 2(Th)).
=0 1=0

Tomi
Mo®o(F(To), F(Th)) + Y M®i(F(Th), F(Th)) >
=1

> No®o(2(To), &(T1)) + Y \i®i(2(To), &(T1))-
i=1

3 ymoB reopemu orpumyemo, mwo Po(z(71p), z(11)) > Po(x(To), z(Th)). A
orxe, nporec {u(t),z(t)} — onrumanwuuii. Teopema nosenena. M

3aysaotcennsn. 3 noBeneHHst Teopemn BummBae, 1o {u(t),x(t)}
JlocTaBiIste TiobaabHuii MinimyM 3azadi (2.13).

§ 2.4. 3B’930K Mi>K NIPUHIIUIIOM MAaKCUMyMYy
i IMHAMiYHUM IIpOrpamMmyBaHHSIM

B Teopil piBHSIHb B YACTUHHHUX ITOXiTHUX ICHY€ KJIACHYHUA METOJI
pO3B’s3aHHs HeJIHINHUX PIBHSAHDb B YACTMHHUX HOXIJHUX IEPIIOTO HOPs/I-
Ky. lle Tak 3BaHUil “MeTo XapaKTEpPUCTHK .

[Meit meTos cKITAMAETHCS 3 IBOX YacTHH. B nepimiit yacTuHi JJOBOAUTHCS,
110 FAKIMO iICHYE PO3B’9A30K PIBHAHHS B YaCTUHHUX HOXITHUX, 110 HAJIEXKUTH
kiaacy C?, To MOX@KHA OTpEMATH CiM'I0 3BHYAiHEX udePeHIIATbHIX PiB-
HAHB JJIsi KPUBUX, M0 HA3WUBAIOTHCI XAPAKTEPUCTUIHUMHA IMOJOCKamu. B
JIpyTiit 9acTuHi MOKa3aHO, IO PO3B’sI3KU PIBHSIHHS B YACTUHHUX MOXITHUX
MOXKHA OTPUMATHU, BUKOPUCTOBYIOUN CiM'I0 PO3B’3KiB 3BWYaiiHUX mude-
PEHIIaIbHUX PIBHAHD I XapaKTEPUCTUIHUX TTOJIOCOK.

Mu mpuBememo 7Bi TeOpeMu PO 3B’SI30K MiXK METOJIOM JUHAMITHOTO
mporpamMyBaHHs 1 mpuHIUIOM MakcuMmywmy. lleprma Teopema e aHasorom
mepInol YaCcTUHU METOy XapakTtepucTuk. llikaBo BimgHauwnTu, 1mo gude-
peHITiaabHI PIBHSIHHSA JI XapaKTEPUCTUK CIIBIAJAIOTEH 3 AU(MEpPEHIialb-
HUMU PiBHsIHHAME 3 npuHiuiy Mmakcumymy [lonrpsirina. 3uaunrs, MOXKHA
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BBaYKaTH, IO HEPIIA TEOPEMA, JI03BOJISIE OTPUMATH IIPWHITUI MAKCHMYyMY
3 METOMy JAuHaMidHOrO nporpamyBanis. OpHak, B Hilt Oy/ie IPUIYIIEHHS
PO HAJIEXKHICTH PO3B’A3KY PIBHAHHSI JMHAMIYHOIO IIPOrPAMYyBaHHS KJIACy
C?, mo € nocuTh KOPCTKUM. Ichye Garato 3anad B gxux byHKIia Bes-
MaHa He Ma€ HaBiTh HelepepBHUX moxiguux. Tomy fgana TeopeMa BazKJIMBa
MIBUJIIIE JIJIS BCTAHOBJICHHS 3B’3KY MiXK IPUHIIAIIOM MaKCUMyMy i MeTo-
JIOM XapPaKTEPUCTUK, 3aCTOCOBAHUM JI0 PIBHSHHS JUHAMIYHOIO [POTIPAMY-
BaHHS, HIXK JIJI JOBEJICHHS TPUHIIAILY MAKCUMYMY.

Jpyra Teopema Oyjie aHAJOTOM JPYyrol YaCTUHU METOJIy XapaKTepu-
cruk. Bona 103BoJisie Oy/iyBaT PO3B’I3KU PIBHSIHHS JUHAMITHOTO TPOTPa-
MyBaHHSI, BAKOPUCTOBYIOUH PO3B’SI3KH XapaKTEePUCTUIHUX PIBHSHB. B Hiit
CTBEPIKYETHCSI, IO SIKIMO ICHY€E KEPYyBaHHs 3 00EpHEHUM 3B SI3KOM 3 JIOITY-
CTHMOIO MHOXKIHOIO PO3PUBIB, IO 33/I0BOJIbHSE MPUHIIAIY MaKCUMyMy (T.
6. XapaKTEePUCTUIHUM PIBHAHHSAM /JIJIsi PIBHIHHS JUHAMIYHOIO IIPOrPaMy-
BaHH$), TO KPUTEPIiii ONTUMATIBHOCTI € PO3B’I3KOM DIBHIHHS JHHAMITHOTO
[porpamMmyBaHHs BCIO/Ly, KPiM, MOYKJIMBO, MHOXKWHU O1JIbIII HU3bKOI PO3Mip-
HOCTI HiXK (hba30BHil TPOCTIp.

Teopema 2.10. Iosznavumo wepes Q nidmmoocuny 3 R™ 1. Hexadi
(to, o) — enympiwns mouka mnoocuny Q\M. Hexati u* — onmu-
MaabHe KepysanHs 0ada 3ada4i onmumizayii (2.1) 3 nowamro6o1o ymosor
x(tp) = xo. punycmumo, wo 6ca 6i0N06I0HA YbOMY KEPYSAHHIO MPae-
xkmopia (t,z*(t)), xpim, moocauso, kinyesoi mowku (to,x1), aeocumsv y
snympiwnocmi mnoocunu @ . Hexal dynkyis Bearmana B(s,y) € dsiui
nenepepero dudepenyitiosnorn na Q\M .

Hexaii U(t) = —Bg(t,x*(t)). Todi Y(t) sadosoavse pieHAHHA

U= —(fr(t,2"(t)),u* (1)) 0 (2.18)
1 YMOBY

max {(W(t), f(t,27(t), )} = (¥(t), f(t,27(t), u"(2))) (2.19)
ons Yt € (to,tl) .
3aysaotcennsn . Pisusuug & = f(t,x,u) i (2.18) mpencraBisiioTsh co-
6010 pIBHSIHHS XapPaKTEPUCTUK /I PIBHAHHS JMHAMIYHOI'O IIPOrpaMyBa-
uHdA. 3 immoro 6oky, (2.18) i (2.19) — me yMOBH HOPHHIUIY MAKCHMYMY
[Tourpsirina 6e3 yMOB TPaHCBEPCAJILHOCTI.
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osedenns  meopemu. Posrismemo  kpusy (¢, z*(t)), me
¥ = f(t,z*,u*(t)). Posrmamemo Takoxk BekTOp DBy(s,y) B3I0BK
kpusoi (t,x*(t)). Hexaii t — Touka HenepepsHOCTI KepyBanHs u*.

Tosi BUKOHY€ETHCsI CITiBBIIHOIIIEHH ST

By(t,a*(1)) = Bys(t, " (1)) + Byy (t, 2™ (1)) f (£, 27 (), u"(t)).  (2.20)
3 BaactuBocteit dyukiii besimana Burmsae, mo

BS(S’y) + (By(say)v f(s,y,u)) Z 0 (221)

st Beix (s,y), uw € U. Ipyruit jojanok — ckansgpHuii 100y ToK.
Bokpema, 151 HepiBHiCTH Oye MaTn micne 1 st (¢, 2*(t)). ko me i
saMiHnTH y Ha x*(t), TO OTpHIMaEeMo

By(t,a" (1)) + (B,(t,a* (1)), f(t, 2" (8),u" (1)) = 0. (2.22)

Bnaunts, Bupa3 Bg(t,y) + (By(t,y), f(t,y,u*(t))) mocsrae minimymy
Ha x*(t). OckinbKu 1ieit Bupa3 audepeHIiifioBauii mo y, To #oro JacTHHHA
HOXi/[HA 10 y TIOBUHHA JIOpiBHIOBAaTH HYIIO npu y = x*(t). Maemo

Bya(t,*(8)) + Byy (2 (6)) £ (1, 2 (1), u(£))
(6, (), (1)) By (£, 2 (£)) = 0 S

3 (2.20) i (2.21) BumuBae, 1O

By(t.a*(£)) = fT (1, 2" (8), 0 (£) By (t,2" (1)).

Ymosa (2.19) Buiuusae 3 (2.21) i (2.22) i Busnadenus pynxuii ¥(t). Teo-
pema mosemera. M

Hexait & = (®yq,...,P;), ne ®1(¢1,x(t1)) — KpuTepiit gIKOCTI TaKMit, 1m0
J(s,y,u) = ®1(t1,z(t1,8,9)), a komnonenrun Po, ..., P; 331a10TH MHOTO-
By M 3amadi (2.1), tobro M = {(t,x) : ®;(t,z) =0, i=2,...,l}. Ha-
CTYIIHY TEOpeMy MPHUBEIEMO 0e3 J0BEJIEHHSI.

Teopema 2.11. Hexati u(t,z) — kepysanmns 3 obepnernum 36°asKom,
susHaueHe Ha 8Cil MHoocuni donycmumocmi Qo i maxe, wo mae dony-
CTNUMY MHONHCUNRY PO3PUBLS.
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Hexati dan woorcnoi mouku (s,y) € Qo 1 KoocHozo Kepysamms
u(t) = u(t,z(t,s,y)) e6usnawenozo na [s,ti1] 6ukoHaHT YMOBU NPUHYU-
ny maxcumymy. Hexatd pane mampuui (Py(t,x), Py(t, z)) pisnui 1 na
M.

Todi wpumepit J(s,y,u) e dugpepenyitiosroro dynruyicro. Miow wa-
cmunnumy noxidnumy 6id J i cnpaotcenumu sminnumy V(t) i3 npun-
YUNY MAKCUMYMY € 3GAEAHCHICTNG HACTIYNHO20 6ULAAY:

)\OJy(S,y,U) = ‘II(S)7 )‘OJS(Sayau) = _H(8)7

de H(s) = (f,¥) — dynruia ITonmpsaeina, a Ny — mnoocnuk Jlaepanorca
1 GUKOHYEMBCA PIBHANHA OUHAMINHO020 TIPOZPAMYBAHHA T MIHIMYM 8 HHOMY
docszaemuves ma kepysanni u(t, x).

§ 2.5. IIpunnun makcumymy IloHTpsirina Ta HeoOxigHi
YMOBHU €KCTPEMYMY B KJIACUYHOMY BapialiiiHOMy YNCJIEHHi

B mamomy maparpadi mpoieMoHCTPYEMO, sIK MPAIIoe MTPUHITAI MAaKCH-
MyMy B 3aJladax BapiamiifHoro ducjeHHsi. 30KpeMa, BCi HEOOXiIHI yMOBH
MiHIMYMYy (IK CHJIBHOTO, TaK i cJaBGKOT0) JIJIst HAWIPOCTIIIol 3a/1a4i Bapia-
[ITHOrO YHMCJIEHHS OTPUMAEMO 3 [IPUHIUIIA MAKCUMYMY.

Ax i panimre, po3riisiHEMO HAHTIPOCTIITY 3a/1a9y BapialliiHOrO YHCJICH-

Hd:
t1

J(z) = / L(t, 2, 2')dt — in,

to
x(to) = o, x(t1) =1

(2.24)

3 BUKOHAHHSIM BCiX yMOB, IO OyJin BKa3aHi IpU IMOCTAHOBIN Ii€l 3ajati y
IePIiii YacTUHI MOCIOHMKA.
[Tomamo 1m0 3a/1ady, K 3a/1a9y ONTHMAJIBHOrO KepyBaHHs Tummy (2.1):

29(t;) — inf, (2.25)

, a(to) = zo, x(t1) = 21, 2°(tg) =0, u € U =R".
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Hexait {z(t),u(t)} — onrumasbuuii mporec.
Bacrocyemo 110 3a1a4i (2.25) npuanun makcumymy. CrpsizkeHa cucreMa
Ma€ BUTJISI]

L
Uy = —L,(t, 2(t), u(t)) ¥

Toni Vo = Cp, a byukuist [onrpsirina H = CoL(t,z,u) + V1 (t)u. Ymosa
MaKCHMYMYy Ma€ BHIJIST

max [CoL(t,z(t),v) + Wi (t)v] = CoL(t, z(t), u(t))+¥1(t)u(t), Vt € [to, t1] .

Sanumremo dyukiito Jlarpamxka:
L= 22" (t1) + M (2(to) — zo) + Aa(2(t1) — z1) + A3z’ (to).
YMOBHU TpaHCBEPCATBHOCTI HACTYITHI:
Co=2A3, Ui(to) =M1, Co=—Xo, Yi(t1) =X

ko Ao = 0, ro Cy = 0 i3 ymoBu Mmakcumymy orpumyemo, mo ¥y (t) =0,
a ToMy A3 = A1 = Ao = 0, mo "HemoxkmBo. Ilokmagemo A\g = 1. 3 ymoBu
mMakcumymy orpumaemo —L,(t, z(t),v) + Vi(t) = 0 upu v = u(t) s
KOXKHOTO 1t € [to, 1], abo
Li(t,2(t), #(8)) = W1(8) i Las(t,2(t), 5(8)) > 0 , Vt € [to, 1.

Ile € ymoBa Jlexanapa. IlimcraBmsiioun 3madenns  Wi(t) y
Jpyre  PiBHsIHHsI  CIHPSI)KEHOI ~ CHCTEMH,  OTPUMAEMO  PiBHAHHS
%Li(t,x(t),i:(t)) = Ly(t,z(t),z(t)), ake € piBugaHaM Eiinepa. YmoBa
onTuMasibHOCTI 10 4 npu Ag = 1 1 Wy(¢) = L; upusoaurth J0 HepiBHOCTI

L(t,x(t),v) — L(t,z(t), &(t)) — vLgy(t,x(t), (t)) + @(t) Ly (¢, z(t), £(t)) > 0,

YVt € [to,tl] R

Vo € R, mio € miunm inmmm, sik ymosoro Beiteprrrpaca cuibHOTO MiHIMY-
My.

TakuM 9uHOM, BHKOHAHI BCl HEOOXIIHI YyMOBH CHJIBHOTO JIOKAJIHHOTO
MiHIMyMy HalpocTiniol 3a/a4i BapialiifHOro 4YucjieHHs.
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Paminre 6ysto mokaszamo, o ymona Jlexkamapa € i HeoOXiTHOIO yMOBOIO
ciabkoro MiiMymy. BuBememo 3 mpuHIuny MakcuMmyMmy yMoBy flko6i. Ha-
raJIlaeMo, 110 33298

Ji(h) = / [Eaalt)h2(t) + 2Es()h(0)h(t) + Las (1)h*()] i — inf,
! (2.26)
h(to) = h(t1) =0

HA3WBAETHCsI BTOPUHHOKO (JIBOICTOIO, CIPSZKEHOI0) 10 3amadi (2.24). Pis-
HsiHHsl Eitsiepa it Hel HasuBaeTbes piBHsiHHs S1k061 3a7a4i (2.24). Bono
Ma€ BUIJISLT

% [Lm(t)h(t) + Lm(t)h(t)} = Lo (t)h(t) + Laa(t)h(1). (2.27)
Touka T Ha3WBAETHCS CIPSIKEHOIO IO TOYKU tg, SIKINO piBHAHHS (2.27)
Mae poss’asok h(t), s sikoro h(tg) = h(7), ane Lz (7)h(r) # 0.

[Tokazkemo BukoHaHHs ymoBH K001 mist 3amadi (2.24). Tobro, sakimo
z(t) € Ct ([to, t1]) nmocrasysie ciabkuit TokabHUit MiniMym 3a1aui (2.24),
To Ha inTepBasi (tp,t;) HEMae COpsizKEeHUX J0 t() TOYOK.

Hexaii ne ne tak i 7 € (tg,t1) cupsikena jo to rouka. Toal HEBaxKKO
nokazartu (e 6ys10 1oBe/ieHo paHiiie), mo GyHKIT

[ Rt € [to, 7]
h(t)_{ 0. te(rt]

pasom 3 h(t) = 0 mocraBisie CHIbHUI JIOKAJbHUNA MIiHIMyM 3ajadi
(2.27). BHoBYy 3acTOCYeEMO HpMHIMI MakcumyMmy 10 3agadi (2.26). 3ri-
JIHO 3 HHM, icHYIOTh MHOXKHUK Jlarpamxka Mg > 0 1 Taki KycKoBO-
nudepentiiioBani GbyHKIT Wo(t) 1 Wi(t) — po3B’I3KH CIOPSIXKEHOI CHCTEME

(\I/()(t) =Cy= —)\0,) 10

Co (Em(t)ﬁ(t) + 2Ly h(t)u(t) + Laa(t)u®(t) + ‘I’l(t)u(t)> =

= max {co (Em(t)%(t) + 2L4 (DR (t)v + Lag ()02 + \Ifl(t)v) } (2.28)
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st Yt € [to, t1].

MipKyBaHHAME, aHAJOTIYHUME HaBEJCHUM BUINE, MOXKHA IMOKa3aTH,
mo Mg # 0, i MoxxHa BBaxkaTu, mo A9 = % Toni 3 (2.28) BummBae,
1o

Wy (1) = Loa (t)h(t) + Laa(t)h(t). (2.29)
Ane juist t > 7 h(t) =01 Uy(r+0) = 0 BHAcyII0K HenepepBHOCT
Wy (t). 3 inmoro 6oky, 0 = Uy (7 —0) = Lz (7)h(T —0) = Lz (7)h(1) # 0,

1o cynepednTsb HerepepBHocTi V1. OTpuMane mpoTupivdd i JOBOIUTH BU-
KOHaHHsT yMOBU KOOI,
3ayesaotcenns. Bigznaunmo, mpu sKiil TVIaJKOCTI IHTErpaHTa i €Kc-

TpeMaJii MOYKHa JOBECTH BKa3aHi BUIlNe TBep/kKeHHdA. PiBHauHa Eitnepa i
ymoBy Beitepmirpaca moxua Buectu, ko dysakiil L, L., L; #emepeps-
Hi, ymoBH Jlexkanapa i AKobi — gKIIo

L€C?  Lyi(t), Log(t)iles(t) € C* ([to, t1]) -

Bci ymosu Bukonyiorses, sximo L € C2, T € C? ([to, t1]).
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3anmadi o po3miay 2.

BukopucToByioun NpUHIUI MaKCHMyMY, PO3B’sI3aTH 3a/adi.

x(t) sintdt — inf; ‘x/‘ <1, z(0)=0.

(2" + x)dt — inf; |x" <1, z(0)=0.

xdt — inf; ‘a:”! <2, z(0)=2'(0)=0.

zdt — inf;  |2”| <2,

/
1
/
1
3. J(z) = O/la:dt — inf; ‘:E"| <2, x(0)=2'(0)=0.
/
1
/

z(0)+z(1) =0, 2/(0)+2/'(1) =0.

zdt — inf;  |2”| <2, 2(0) =2'(0) =2'(2) = 0.

9. J(z) = [ (2% +z)dt — inf; || <1, z(0) =0.

To
10. J(z) = / |z|dt — inf; &> A, x(0)=0, xz(Tp)=¢, (A>0).
0
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\Oﬂ

11. J(z) = [ (@*+a)dt —inf; [2/| <1, 2(0)=0, z(Tp)

(#* + z)dt — inf; || <1,

0
12. J(2,T) = O/

z(0) =0, =(T)=¢& (T — 3minna).

4
13. J(z) = /xdt—>mf |2"] <2,
0

z(0) +xz(4) =0, 2/(0)+2'(4) = 0.
To
14. J(x) = (Tp) — inf; /x’th =2, || <1, =z(0)=0.
0

1
15. J(z) = / <$2_;x2 + |$/‘> dt — inf;  z(1) =¢&.

0
To

16. J(z) = [ (v + y2')dt — sup,

o

z(0) = 2(Tp), y(0) =y(Tp), 2 +y?<1.
Ty
17. J(x) 2/(:1:3/ — ya')dt — sup, ‘:E/‘ <1, ‘y/| <1,
0

2dt =1, x(0) =z(1) = 0.

2dt =1, x(0) =2'(0) = (1) = 0.
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1

20. J(x) :/

0

1

2" dt — inf; /xdt =1, z(0)=0.

0

Posp’s13aTn 3amadi onTuMaabHOT TITBYWIKO/III.

21. T — inf,
z(—=1) =1,

22. T — inf,

‘x//| <2,
2(T) = -1, @(~1)=2/(T) =0.

‘.,L,//‘ S 27

z(-1)=-1, z(T)=1, a/(-1)=2(T)=0.

23. T — inf,

24. T — inf,
z(0) =1,

25. T — inf,
.T(O) = 517

26. T — inf,
z(0) =3,

27. T — inf,

28. T — inf,

|2 <2, 2(0)=2(T)=0, z(0)

-1 < 2" <3,
2 (0)=2/(T)=0, z(T)=-1.

0<2”" <1,
2'(0) =&, «(T)=2(T)=0.

-3 <z’ <1,
Z(0)=2'(T)=0, «z(T)=-5.

|CC/,‘ <1, z(0)=¢&, 2(0)=¢,
2" <1, 2(0) =&, /(0) =&,

=1, z(T)=3
#(T) = 0.
z(T) = 0.
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