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PREFACE

The discussion of concepts of causality has been a staple of philosophical discourse
since at least Aristotle. Very well known are Aristotle’s four types of causes: the
material cause, the formal cause, the efficient cause, and the final cause. Having been
introduced into scholarly thinking slightly later, statistics took a moment to make
a contribution to causal thinking. Early efforts put forth by statistics reside in two
domains. First, in the domain of design, it was discussed whether only experimental
data are needed for researchers to make conclusions about causal processes (Fisher,
1926, 1935), or whether observational data can also lead to trustworthy conclusions
(see, e.g., Cochran and Chambers, 1965). Second, in the theoretical domain, concepts
were developed that would allow one to derive testable hypotheses. Examples of such
concepts include counterfactual statistical theory (for discussions, see Holland, 1986;
Neyman, 1923/1990; Rubin, 1974, 2005) and causal structural modeling (e.g., Sobel,
1994).

These efforts were needed and important because it is well known that, with stan-
dard methods of statistics, that is, with methods from the family of Generalized Linear
Models (GLM; Nelder and Wedderburn, 1972) one of the key characteristics of causal
effects, direction, cannot be ascertained (for an illustration, see von Eye and DeShon,
2012). For example, the standardized slope parameter for the linear regression of a
variable Y on a variable X is exactly the same as the standardized slope parameter
for the regression of X on Y and the correlation between X and Y. Thus, conclu-
sions concerning the direction of effects have to be guided by a priori theoretical
considerations.

Both, the philosophical and the statistical lines of research have made most impres-
sive progress. In philosophy, various theories of causality have been elaborated, and
Hume'’s classical causality theory (Hume, 1777/1975) now is just one among a num-
ber of others. An overview of philosophical theories and discussion can be found in
Beebee et al. (2009). In statistics, known approaches have been further developed,
in particular, in the domain of models for nonexperimental research, and novel and
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most promising ideas have been presented, in particular, in the domain of methods of
analysis. The links between philosophical theories, design, and statistical data pro-
cessing have been discussed. Methods of analysis are available that match particular
philosophical theories.

This book is concerned with novel statistical approaches to causal analysis, in the
context of the continuing development of philosophical theories. This book presents
original work, in five modules. In the first module, Bases of Causality, Hall presents
an account of causal structures from a foundationalist perspective and explicitly con-
nects it to the aims of any scientific inquiry (Chapter 1). Causal structures are seen as
ways in which states of localized bits of the world depend on states of other localized
bits. The author discusses why unpacking and rendering this localized dependence
account (which is, in essence, a version of the well-established counterfactual or “in-
terventionist” account; e.g., Holland, 1986; Pearl, 2009; Rubin, 1974) may lead to
several problems, which so far lack adequate solutions. Further, the author explains
why treating causal structures as localized dependences may lead to an abandon-
ment of a core feature of causation, that is, the idea that causes need to be connected
to their effects via mediating processes. In Chapter 2, Wilde and Williamson dis-
cuss issues associated with standard mechanistic and difference-making theories of
causality. Both lines of causality theories are often discussed in the face of coun-
terexamples, and may struggle to explain the evidential practice of establishing causal
claims. Similarly, common lines of response to the issue of counterexamples (such as
simply dismissing the counterexamples or moving to pluralism) suffer from difficul-
ties in accounting for the practice of establishing causal claims. The authors present an
epistemic theory of causality as a valuable alternative. Here, causality is perceived as
being purely epistemic in the sense that causal claims are not claims about causal rela-
tions that exist independent of humans. Instead, these causal claims enable humans
to reason and interact with the environment.

In the empirical sciences, the Pearson correlation coefficient is one of the
most widely used statistics to measure the linear association of two variables.
Covariances/correlations constitute the essential source of data information used in
countless statistical models, such as Factor, Path, and Structural Equation Models
(e.g., Bollen, 1989), which are nowadays indispensable for both theorists and
applied researchers. A very important (as well as thorny) feature of covariances
and correlations is that both do not depend on the order of the variables (i.e.,
cov(X,Y) = cov(Y,X) and cor(X,Y) = cor(Y,X)). Thus, in particular, in observa-
tional data setting, one has to sharply distinguish between correlation and causation.
However, in recent years, tremendous theoretical progress has been made, which
led to the development of so-called asymmetric facets of the Pearson correlation,
that is, situations in which the status of a variable (in terms of “response” or
“predictor”) is no longer exchangeable. Dodge and Rousson (2000, 2001) proposed
the first asymmetric facet of the correlation coefficient through considering the third
moments (i.e., the skewness) of two nonnormally distributed variables. The second
module, Directionality of Effects, presents novel generalizations of the asymmetric
characteristics of the correlation coefficient. All methods presented in this module
share that information beyond the second moments of variables (skewness and
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kurtosis) is considered being informative. In Chapter 3, Dodge and Rousson present
new empirical evidence on the adequacy of methods for statistical inference for
determining the direction of dependence in linear regression models. The authors
present a modified approach to identify the direction of effects in the bivariate setting.
Further, direction of dependence approaches in case of lurking/confounding vari-
ables, sampling from subpopulations, and in the presence of outliers are discussed.
In Chapter 4, Wiedermann and von Eye extend approaches to determine the direction
of effects to cases of mediational hypotheses, that is, situations in which a third
intervening variable is assumed to affect a predictor—outcome relation. Significance
tests are proposed designed to empirically test a putative mediation model against
a plausible alternative model (i.e., a model in which the reverse flow of causality
is considered). Results from a Monte Carlo simulation study as well as practical
applications are presented. In Chapter 5, von Eye and Wiedermann then discuss
potential application of direction of dependence methods in the categorical variable
setting. The authors present the “generalized direction dependence principle” and
propose log-linear model specifications that allow directional statements in terms
of both univariate probability distributions and structural elements of observed
associations. Early theoretical results of Dodge and Rousson (2000) have also been
discussed from a Copula perspective (Sungur, 2005) that led to the development of
directional Copula regression methods (Kim and Kim, 2014). In Chapter 6, Kim
and Kim discuss recent advances in making directional statements based on Copula
regression techniques. The authors present skew-normal Copula-based regression
models to analyze directional dependence based on the joint distributional behavior
of variables. An empirical demonstration of this new model is given using data
from adolescent aggression research. The last two chapters of this module give an
excellent overview of recently proposed causal discovery algorithms for nonnormal
data. In Chapter 7, Shimizu introduces the so-called linear acyclic non-Gaussian
model (LINGAM; Shimizu et al., 2006) and discusses extensions to various data
analytic domains including time series analysis and models in case of latent common
causes. Chapter 8 is devoted to causal discovery algorithms for nonlinear data
problems. Starting with a summary of linear non-Gaussian causal models, Zhang
and Hyvirinen review nonlinear additive noise models, propose a likelihood ratio to
decide between two directional candidate models, and embed the approach within
an information-theoretic framework. Further, the authors generalize the approach to
the postnonlinear causal model (which contains the linear non-Gaussian model and
additive noise model as special cases). The performance of these causal discovery
approaches is discussed using 77 cause—effect data sets from various scientific
disciplines.

The aspect of temporality became a widely accepted requirement to distinguish
between association and causation (implicitly following Hume’s proposition that the
“cause must precede the effect”). In time series analysis, the majority of methods
for causal inference use temporal precedence as an essential element to deriving
causal statements. However, at least since Yule’s seminal papers on ‘nonsense’
correlations among time-variables (Yule, 1921, 1926), statisticians are well aware
that temporal priority cannot per se be regarded as a causal factor. One of the most
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prominent attempts to incorporate the time factor in elucidating causation was
introduced by Granger (1969). In essence, testing “Granger causality” relies on a
prediction error approach. A variable X is said to “Granger-cause” a variable Y if
the prediction error variance of Y, given a universal set of information up to time
point 7 (i.e., Q,) is smaller than the prediction error variance of Y, given €, without
the information of X. The third module, Granger Causality and Longitudinal Data
Modeling, is devoted to novel advances in Granger causality testing and related
issues. In Chapter 9, Molenaar and Lo discuss important theoretical ambiguities
associated with Granger causality testing, discuss Granger causality testing in the
light of standard vector autoregressive models (VAR), structural VARs, and hybrid
VARSs, and propose a new approach to empirically determine which VAR best
describes the dynamic stochastic process underlying observed time series. This new
approach is promising in correctly recovering the underlying true model and, thus,
yielding correct results concerning lagged Granger causality. In Chapter 10, Koller,
Carstensen, Wiedermann, and von Eye link the Granger causality principle to Item
Response Theory (IRT). The authors discuss formulations of multidimensional lon-
gitudinal item response models to test hypotheses compatible with Granger causality
hypotheses, which enables researchers to estimate an underlying measurement
model while simultaneously assessing the predictability of latent person abilities
over time sensu Granger. Chapter 11 by Hlavackova-Schindler, Naumova, and
Pereverzyev Jr. is devoted to applications of the Granger causality principle in the
case of high-dimensional data. The authors consider Granger causality as a special
case of an inverse ill-posed problem and discuss novel regularization techniques
to uncover causal relations in the case of high-dimensional data and evaluate these
approaches in a case study on gene regulatory networks reconstruction. Chapter 12
by Wood is then devoted to reciprocal causal models. Such models often involve
estimation of effects in longitudinal data settings, where earlier assessments have
effects on subsequent measurement occasions. However, some processes can be
modeled using path diagrams containing instantaneous feedback loops uniquely
associated with a measurement point that may involve reciprocal effects between
two constructs, circular effects of three or more constructs, or autocausal effects
associated with the dissipation/acceleration of levels of a variable within the system.
The author first starts with discussing how these models differ from more commonly
applied cross-lagged correlation and Granger causality models. Then it is shown
that autocausal effects are equivalent to models in which variables involved with
reciprocal or circular effects are omitted. These unconsidered reciprocal effects
can lead to biased parameters estimates. Further, it is shown that for some research
designs and research questions, it is possible to distinguish between nonrecursive and
recursive models. Empirical examples from alcohol research as well as results from
a Monte Carlo simulation experiment are presented, which show that multiwave
assessments have sufficient power to identify autocausal effects.

Over the decades, various statistical frameworks have been developed that outline
necessary assumptions under which statistical results can be endowed with causal
interpretation. One of the most widely recognized conceptualizations is Rubin’s
potential outcome representation (Rubin, 1974), which, in essence, can be regarded
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a generalization of Fisher’s principles of experimentation (Fisher, 1926, 1935). The
first appearance of potential outcome representations can be traced back to Neyman
(1923/1990) who explicitly linked the results from randomized experiments to the
logic of counterfactuals (for a detailed historical account see Barringer et al., 2013).
The potential outcome framework is deeply rooted in the philosophical foundation of
counterfactual causal analysis (e.g. Lewis, 1973), that is, causal statements can only
be derived if one additionally considers what would have happened had a person
experienced something different than she/he did experience. This conceptualization
of causal analysis inevitably leads to what has been called the fundamental problem
of causal inference (Holland, 1986), that is, the fact that only one condition-outcome
pair can be observed. The fourth module is devoted to Counterfactual Approaches
and Propensity Score Analysis. In Chapter 13, Yamaguchi discusses causal analysis
of categorical variables. The author proposes a solution to the so-called lack of
collapsibility issue associated with models with a logit-link function (Gail et al.,
1984). This novel approach enables researchers to accurately estimate causal effects
of cross-classified variables. Propensity score (PS) techniques, such as PS matching,
PS stratification, or inverse-propensity weighting are routinely used to estimate
causal treatment effects from purely observational data. However, in practice,
it is rarely recognized that PS designs can be analyzed according to design- or
model-based formulations. In Chapter 14, Steiner provides an excellent overview
of PS approaches under design- and model-based formulations, which highlights
that the type of formulation used affects estimators of average treatment effects
and the generalizability of the results. Chapter 15 contributed by Pohl, Sengewald,
and Steyer is devoted to covariate adjustment to obtain unbiased treatment effects.
The authors discuss the impact of measurement error of covariates on estimated
treatment effects. The authors specify conditions under which latent or manifest
(fallible) covariate adjustment should be used to avoid biased causal effect estimates.
Theoretical and empirical evidence is provided on the impact of measurement error
in covariates for causal effect estimation and various adjustment methods based on
latent covariates are discussed. In the last chapter of this module (Chapter 16), Lanza,
Schuler, and Bray discuss extensions of causal inference methods to the domain
of latent class analysis. The authors discuss the application of inverse propensity
weighting to estimate causal effects of explanatory variables to predict latent class
memberships and demonstrate this new approach using data of adolescent depression
and adult substance use. Their empirical example reveals that this novel modeling
technique enables researchers to (i) identify latent patterns based on a series of
manifest indicators, (ii) consider potential moderator effects, and (iii) arrive at causal
statements concerning additional explanatory variables within a single modeling
framework.

In the final module of the volume, Designs for Causal Inference, Frick and Rehm
(Chapter 17) provide an excellent overview of research designs commonly used in
the field of Epidemiology (such as cohort and case-control designs). Starting with a
discussion of epidemiological theories of causality, the authors use various examples
from recent epidemiological research to vividly remind the readers that even the most
elaborated and complex statistical tools cannot compensate potential weaknesses in
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the process of data collection, such as, ill-designed questionnaires, failing to ade-
quately standardize interview situations, and low measurement quality.

WOLFGANG WIEDERMANN ALEXANDER VON EYE
University of Missouri Michigan State University
Columbia East Lansing
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CAUSATION AND THE AIMS
OF INQUIRY

NED HALL
Department of Philosophy, Harvard University, Cambridge, MA, USA

1.1 INTRODUCTION

I often like to ask my students how many of them have heard the advice not to confuse
correlation with causation. Most raise their hands. I then ask how many of them have
taken a class that explained, precisely, what correlation is. Not as many raise their
hands—but still, plenty do, and some of them can even go on to articulate, quite lucidly,
some of the different ways in which statistical correlation can be precisely defined.
Then I ask a mean question. “Have your statistics classes also explained to you, with
similar precision, what causation is?” Nope. Never.

That is too bad: after all, the advice not to confuse X with Y falls a little flat, if
we do not really know what Y is. But it is not just the value of this (excellent) advice
that is at stake. As I will try to explain, clarity about what causal structure is—or bet-
ter, clarity about one thing we can usefully mean by “causal structure”—promises to
bring clarity about the very aims of scientific inquiry. The first goal of this essay is to
sketch one especially simple, attractive account of causal structure and to advertise its
virtues, by connecting it explicitly to the most general aims of inquiry. The account I
will lay out is, more or less, a version of a kind of counterfactual or “interventionist”
account that has recently gained a good deal of popularity in the literature; see espe-
cially Woodward (2005) and Pearl (2009). But I find the contemporary literature on
interventionism, structural equations, causal modeling, and so on unnervingly quietist

Statistics and Causality: Methods for Applied Empirical Research, First Edition.
Wolfgang Wiedermann and Alexander von Eye.
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about the metaphysical foundations of the account; accordingly, I will be focusing
much more attention than most other authors do on those foundations.'

That is the good news. But there is also bad—or, at least, challenging—news. For
when we turn to the foundations of interventionist approaches to causation, and try
to construct those foundations in the most straightforward and plausible manner, we
quickly encounter several deep problems, for which we so far lack adequate solutions.
I do not think these problems are intractable in a way that threatens the viability of
these approaches. But they are serious and deserve more scrutiny than the current
literature is giving them. The second goal of this essay is to present them as clearly
as possible.

Finally, there is perplexing news. In brief, the kind of account of causal structure
that we will be focusing on sees that structure as constituted by the ways in which
states of localized bits of the world depend on states of other localized bits. As you
might have guessed, the crucial work comes in unpacking and rendering precise this
relation of dependence. But what may come as a surprise is that in the course of this
unpacking and rendering precise, a certain core feature of causation—at least, as we
ordinarily conceive of it—gets abandoned, in a quite blatant and striking manner: we
give up the idea that there is any special sense in which causes need to be connected
to their effects via mediating processes. The third and final goal of this essay is to
assess this intuitive cost and to offer some reasons for thinking it considerable enough
to amend the very foundations of our interventionist account.

We will march through the good news, the challenging news, and the perplexing
news in order. But we will be wise to cover some important methodological precepts,
first.

1.2 THE AIM OF AN ACCOUNT OF CAUSATION

Just what is a philosophical account of causation? This will have to do: it is a com-
prehensive answer, pitched at a very high level of generality and abstraction, to the
question, “What is causation?” (It is the generality and abstraction that make it “philo-
sophical”’; nothing more.) Then it might seem quite easy to say what counts as “suc-
cess,” in giving such an account: the account should be correct; it should tell the truth
about causation. But that is naive—not because we must capitulate to the postmodernist
forces of darkness and eschew talk of “truth,” but for two better reasons.

1.2.1 The Possible Utility of a False Account

First, we should not ignore a standard of success that is quite compatible with false-
hood: namely, limning a conception of causation that is useful for some well-defined

!For those unfamiliar with the terminology, by “metaphysical foundations,” I just mean those very basic
theses about how our world works that we need to draw upon in order to give the account a precise and
noncircular content.
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and important purpose, even though it is false. Or, if you prefer, limning a concep-
tion of some other relation—very similar to, but not to be confused with, causation
itself-which, once we have got it in our conceptual toolkit, can help us solve some
important problem. Or, to say it in yet another way: success might come in the form
of a revisionary account, which is allowed to reject certain home truths about causa-
tion on account of the utility thereby earned. In short, we might want an account of
some “causal-like” relation and, provided it earns its keep, not care too much that it
fails to fit perfectly what we have in mind when we ordinarily talk about causation.

Here are some examples. It matters a great deal, in legal settings, that we have some
way of assigning responsibility for harm. An account of causation might succeed
by enabling a simple and exact method for demarcating such legal responsibility.
Again, cognitive psychologists have begun to make real progress in understanding
how our capacity to reason about our environment (especially, in ways that allow us
to successfully navigate and manipulate it) develops, in infancy and early childhood;
it seems clear, by this point, that part of this capacity consists in the ability to represent
the world around us as causally structured. So, an account of causation might try to
elucidate that structure—that is, whatever structure it is that we learn to represent to
ourselves, in learning how to navigate and manipulate our environment. Or, yet again,
we might want our account to help clarify how, precisely, statistical data may be used
to draw inferences about causal structure. In each of these cases, we should not blink
if an account succeeds at the task we have set it, but at the cost of denying certain
causal claims that strike us as obviously correct.

1.2.2 Inquiry’s Aim

Here is a final example, one that I am particularly interested in, and that will help
bring that last point into sharper focus. Suppose we endorse the following sweeping
claim about science:

Inquiry’s Aim: Scientific inquiry aims to discover and describe the causal struc-
ture of the world.

I think Inquiry’s Aim is almost certainly correct. But it is quite another question
whether there is any way to unpack it that will make it at all i/luminating. (To see
the problem, suppose that when asked what we mean by the “causal structure of the
world,” all we can say is that it is the kind of structure that scientific inquiry aims to
discover and describe.) So, there is another task we might set ourselves, which is to
answer this question: what philosophical account of causation will make Inquiry’s
Aim a true and illuminating thing to say about science?

Section 1.3 sketches an account that answers this question, in a rather elegant and
attractive manner. But we will see that it forcefully denies certain perfectly obvious
claims about causation. Consider, for example, the following scenario:

Suzy First: Suzy and Billy, two young vandals, throw rocks at a particularly choice
window. Both throw with deadly accuracy, but Suzy is a bit quicker: her rock hits the
window first, breaking it. Billy’s rock flies through a now empty window pane.

Ask what causes the window to break, in Suzy First, and the answer can seem
blindingly obvious: it is Suzy’s throw, and not Billy’s. Alas, according to the elegant
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and attractive account we are about to see, the two throws are on a par: each counts
as just as much of a cause of the window’s breaking as the other.> Why isn’t that a
fatal defect? In part, because the account can prove its worth by making Inquiry’s
Aim a true and illuminating thing to say about science. But in part, too, because the
background methodology that gives a powerful role to firm intuitions about cases is
itself deeply suspect.

1.2.3 The Role of ““Intuitions”

Earlier, I said that there were two good reasons for rejecting the naive, “we just want
the truth about causation” standard of success for an account. As I have just argued,
the first reason is that falsehood can be useful. The second is that the truth in this
domain might turn out to be not very useful or interesting at all.

Let us suppose we go about finding this truth—at, remember, the appropriately high
level of generality and abstraction—in the usual way. That is, we propose an analysis
of “event X is a cause of event Y’ in other terms and systematically test our analysis
against claims that we already know to be true (drawn, as we philosophers like to
say, from “intuition”). In doing so, we are following a methodology neatly laid out
by Lewis (1986b):

When common sense delivers a firm and uncontroversial answer about a
not-too-far-fetched case, theory had better agree. If an analysis of causation
does not deliver the common-sense answer that is bad trouble. But when common sense
falls into indecision or controversy, or when it is reasonable to suspect that far-fetched
cases are being judged by false analogy to commonplace ones, then theory may safely
say what it likes. (Lewis 1986b, p. 194)

As an example of this method in action, suppose we start by proposing a very
simple counterfactual analysis: event X is a cause of event Y if and only if X and ¥
both occur, but if X had not occurred, Y would not have occurred. (However dated, this
is not all that far from currently popular interventionist accounts. Thus, some now like
to say that “variable” X is a cause of “variable” Y if and only if an “intervention” on the
value of X would have led to a change in the value of Y (again, see Woodward, 2005
and Pearl, 2009)). This account fails-right?—since it delivers the incorrect result that
in Suzy First, Suzy’s throw is not a cause of the window’s breaking (*“bad trouble”).

This method has driven decades of philosophical work on causation, but is rightly
falling out of fashion. For a good question never got a good answer: suppose we
succeed. We come up with an account of causation that rigorously passes the sorts
of tests that treat our firm judgments about causation as nonnegotiable data, in just

20n some versions of the account, both are causes; whereas on others, neither is. But the important point
is that basic features of the account guarantee that the two throws be treated the same way. While I will
not defend that claim here, see, for example, Halpern and Pearl (2005) for a popular attempt to distinguish
the two throws from within the interventionist framework and Hall (2006) for a rebuttal. For in-depth
discussion of the challenges posed by this kind of example, see Paul and Hall (2013, Chapter 3, Section
4).
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the way Lewis recommends. Why should we care? What value thereby attaches to
the resulting account? Perhaps it will be useful: it will help us clarify the nature of
scientific inquiry, or the standards for statistical inference, or the way responsibility
for harm ought to be assessed, and so on. But then it is that very utility that serves as
the mark of success.

Here is an important upshot. Our causal judgments—even ones as firm as that, in
Suzy First, Suzy’s throw and Suzy’s throw alone is a cause of the breaking—cannot
serve as nonnegotiable data. An account may permissibly controvert them, or at any
rate, some of them.?

Myself, I prefer to stop there and not simply set aside our causal judgments
entirely. For it seems to me a modest and sensible revision to Lewis’s methodology
to view our intuitive causal judgments not as data, but as clues: clues, specifically,
to where a potentially useful causal-like concept or concepts might be found. They
might be misleading clues. But one should not just assume so, at the outset. I draw
on this modest methodological orientation, in Section 1.5. First we will turn, though,
to the forthrightly revisionary account of causation I have been hinting at, an account
that answers our question about Inquiry’s Aim rather neatly (albeit in a way that
treats the “clues” contained in our intuitions about cases such as Suzy First as
wholly misleading).

1.3 THE GOOD NEWS

1.3.1 The Core Idea

A very simple idea lies at the heart of the account: the world possesses a localized
dependence structure, constituted by the totality of facts about how conditions at
different spatially and temporally bounded places and times depend on conditions at
other such places and times. Here, at a certain location, at a certain time, lie some
shards of glass on the ground. On what does that fact depend? That is, of what other
conditions, characterizing what other places and times, is it the case that, had those
conditions not obtained (or, had they obtained in a somewhat different manner), then
the condition in question—that there are, at this place and time, shards of glass lying on
the ground, just so—would not have obtained (or, would have obtained in a somewhat
different manner)? The answer to that question will tell you how the target condition,
itself localized, depends on other localized conditions. (e.g., part of the answer might
be that, at a certain earlier place and time, a girl threw a rock in the direction of the
window.)

Now, generalize. Imagine that you can consult an Oracle. Given any two distinct
regions of space and time, she can tell you how conditions in one depend on condi-
tions in the other—again, in the sense captured by counterfactuals of the form “Had
conditions in this region been different in such-and-such a way, then conditions in this

3Controvert too many of them, and your account will look like it is changing the subject—which is fine, it
is just that at that point, you should not advertise it as having anything to do with causation.
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other region would have been different in such-and-such a way.” What she is thereby
in a position to convey to you is the world’s localized dependence structure.

Lewis, in a much later work, captured this idea (under the label “influence”) with
characteristic pithiness:

Think of influence this way. First, you come upon a complicated machine, and you want
to find out which bits are connected to which others. So you wiggle first one bit and then
another, and each time you see what else wiggles. Next, you come upon a complicated
arrangement of events in space and time. You can’t wiggle an event: it is where it is in
space and time, there’s nothing you can do about that. But if you had an oracle to tell
you which counterfactuals were true, you could in a sense ‘wiggle’ the events; it’s just
that you have different counterfactual situations rather than different successive actual
locations. But again, seeing what else ‘wiggles’ when you ‘wiggle’ one or another event
tells you which ones are causally connected to which. (2004, p. 91)

Lewis intended this concept of “influence” to provide the foundation for an account
of causation that he hoped would succeed on his terms—that is, the terms that demand
that an account recover the “firm and uncontroversial” opinions of common sense;
the terms we rejected in the last section. But we may use influence for our own ends,
as a helpfully evocative explication of the notion of localized dependence structure.
Where Lewis speaks of “events,” we may substitute “conditions that obtain in some
localized region of space and time.” Then the relations of influence between the events
that obtain in our world collectively constitute its localized dependence structure.

Now we may go a step further and offer a simple proposal about Inquiry’s Aim:
the structure that it is the aim of the sciences to discover and describe is precisely
its localized dependence structure. This is just what “causal structure”” amounts to, in
the sense needed to make Inquiry’s Aim not only true but also illuminating.

We should forestall an immediate worry, which is that this structure, grand though
it may be in scope, is nonetheless too specific and concrete to serve as the target of
inquiry of any mature science. After all, don’t the sciences traffic primarily in explana-
tory generalizations? Of course, they do. But there is no conflict here: in highlighting
the localized dependence structure of the world, we are simply drawing attention to
the subject about which the sciences try to generalize. Over here, in this corner of the
world, these conditions depend in such-and-such a way on those conditions; so far,
we may not have anything of much scientific interest, since we have narrowed our
attention to just one little part of reality. But if that very structure of dependence gets
repeated in other corners of the world, and better yet, if it can be seen as a particu-
lar instance of yet more abstract structures of dependence that are even more widely
instantiated—then we have the stuff out of which a proper science can be made. That
does not show that the sciences investigate something other than the world’s localized
dependence structure; it merely shows that they investigate it at a certain level of gen-
erality and abstraction and that in order for them to succeed, we must hope that our
world’s dependence structure has enough of the right kind of order and systematicity
to it. (So far so good, on that score.)

Our proposal about the content of Inquiry’s Aim strikes me as quite plausible (even
though in the end, I am going to suggest that it is crucially incomplete). But in order
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to unpack it properly, and to appreciate just how illuminating it is, we need to look a
bit more closely at the notions of “condition” and “dependence.” That is the business
of the next two subsections.

1.3.2 Taxonomizing ‘“Conditions”

Suppose we wish to map out how conditions at one place and time depend on con-
ditions at some other place and time. Then, as with the construction of any map, we
need to make several choices. First, we need to choose a scale, and since the structure
we are mapping has both spatial and temporal dimensions, this needs to be a choice
of both spatial and temporal scale. It is unsurprising, then, that one of the most impor-
tant distinguishing features of any mature science is the characteristic scale at which
it operates.

But scale is not enough. We must also decide which aspects of the world’s struc-
ture, visible at that scale, to focus attention upon. The social sciences provide ready
examples of how differently this choice can be made; think, for example, of the dif-
ferent ways in which a sociologist and an economist might analyze the very same
institution. In fact, the importance of such choices of aspect to focus upon shows
up even in the most mundane examples. Suppose, for example, that we wished to
study—scientifically!-the way in which the shattering of windows depends on the
projectiles thrown at them. There is a fairly obvious choice of scale (within rough
boundaries), but also some fairly obvious choices about what to attend to and what to
ignore: for example, the volume, mass, and shape of the projectiles are worth mod-
eling, but not their color. (And why is that? Precisely because there are interesting
generalizations about how window health depends on the volume, mass, and shape
of thrown projectiles, but no such interesting generalizations about dependence on
color.) Next, we need to make a choice about precision: how fine are the discrimi-
nations between possible conditions that we wish to be able to represent? Here we
may observe that it is far from the case that more precision is always desirable; to
the contrary, it may serve only to obscure the dependence structure we are seeking to
capture.

So far, our choice of scale, salient aspects, and degree of precision will yield some
kind of flexible taxonomic scheme, in terms of which we can look at the two regions
whose dependence relations we wish to capture, divide each region into salient parts,
assign each such part one of a range of possible states, and thereby capture the “con-
ditions” that obtain in each region in a way that will allow us to track facts about how
the condition in one region would have varied, had the condition in the other region
been different in some specified way. But we will also want these taxonomic schemes
to come equipped with similarity metrics—that is, ways of systematically assessing
which differences in possible states of some part count as /larger and smaller and by
how much. The way we reason about dependence structure is, even in the most mun-
dane cases, shot through with a reliance on such similarity metrics. Suppose Suzy and
Billy throw rocks at separate windows, breaking both. We might comment that Billy’s
throw was just hard enough to break his window, whereas Suzy’s was more than hard
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enough. Notice what that means and how what it means relies on a background simi-
larity metric: had Billy’s rock been thrown with just slightly less velocity, his window
would not have broken, whereas the same is not true of Suzy. And in more serious
cases—namely, in any scientific domain in which the use of mathematics is essential to
capturing explanatory generalizations—we rely on similarity metrics so automatically
that it is easy to forget that that is what we are doing.

What emerges, thus far, is a picture of the world as possessing a localized depen-
dence structure that is not only richly detailed but also layered, so that different
patterns of dependence will come into focus with different choices of scale, aspect,
degree of precision, and similarity metric. Those choices give each science its tools
for constructing generalizations about localized dependence structure, and since they
can be reasonably made in so many different ways, it is no surprise that we find our-
selves with so many branches of science. By contrast, though, I think that the notion
of dependence itself is quite univocal across the sciences. Let us see why.

1.3.3 Unpacking “Dependence”

In order to appreciate this univocality, it is crucial to recognize that one
science—fundamental physics—is special. Why? To set up the answer, I am
going to endorse a certain grand metaphysical picture, broadly (though mildly)
reductionist in spirit. Here it is:

Two distinct fundamental features characterize reality as a whole. First, there is
a total history of complete physical states. Second, there are fundamental laws that
dictate exactly how earlier states generate later states. All other natural facts are ulti-
mately explicable in terms of these.

What makes fundamental physics special is that it is its job, and its job alone, to
map this basic structure. Thus, physics will succeed exactly if it does three things: (i)
provide a taxonomy of fundamental physical magnitudes and kinds; (ii) accurately
characterize, in terms of this taxonomy, the range of physically possible states the
world can exhibit; (iii) accurately characterize the laws that govern how these physical
states evolve in time.

Will physics succeed? Hard to say. (The prospects seem a little dim. Supercon-
ducting supercolliders are so very expensive.) But it does not really matter, for our
purposes, whether physics will ever achieve the aims I have attributed to it. What
matters is the grand view of the world that motivates and makes intelligible this
conception of its aims: that is a view of the world as being wholly constituted by
a complete history of fundamental physical states, whose evolution is governed by
exact and universal fundamental laws.*

4 Arguably, this view is under some threat from within fundamental physics itself-namely, from spacetime
theories such as Einstein’s general relativity, which seem to lay down global constraints on how spacetime
as a whole can be, and so seem not to have the characteristically dynamical form just described. I think
appearances here may be misleading, but at any rate, it does not matter. While I will not try to argue the point
in detail here, all that is really needed, in order to give sharp content to the notion of localized dependence
structure, is a distinction at the level of fundamental physical reality between those total histories of the
world that are physically possible and those that are not. It is easiest to see how counterfactuals function
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Augmented by a modest amount of reductionism, this view gives us the resources
to say fairly precisely what the relations of localized dependence are whose pattern-
ings it is the business of the other sciences to uncover, and, as we see in the next
section, to expose some important open questions. The tool to use to capture these
dependence relations is just a certain kind of counterfactual conditional, with the
following regimented form:

If conditions C1 had obtained in region R1, then conditions C2 would have
obtained in region R2.

I will now sketch truth conditions for these conditionals. (Here I am closely fol-
lowing the excellent discussion of counterfactuals in Maudlin, 2007.) Bear in mind
that I am not trying to capture the truth conditions such conditionals have in every-
day discourse. I am, rather, aiming to elucidate how they should be understood, given
their own role in elucidating the notion of localized dependence structure.

We will start with the easiest case (saving complications for the upcoming dis-
cussion of the challenging news): the region R1 is a localized region of space at a
single instant of time, #; in addition, the condition C1 specifies a single fundamental
physical state for that region, at that time. Similarly, condition C2 picks out a unique
fundamental physical state for region R2 (although we will not need to assume that
R2 is instantaneous in the way that R1 is). We will also assume that R2 lies to the
future of R1.°> Then consider a possible complete physical state of our world at 7 that
is exactly like its actual state, save that C1 obtains in R1. Assuming determinism, the
actual laws of nature will, when applied to this complete “‘counterfactual” state, yield
a unique forward evolution. If this forward evolution makes R2 instantiate C2, then
the conditional is true; otherwise, false.®

Think of what these conditionals are doing, in such easy cases, as capturing the out-
comes of perfectly controlled experiments. Imagine that you have a god’s-eye view of
the world, past, present, and future. Here is R1; over there is R2. You are curious about
how conditions in R2 depend specifically on the state of R1. So, using your god-like
powers, you reach in and intervene just on the state of R1, changing it to some specific
alternative; you leave the time-7 state of the rest of the world unchanged. (That is why
this is a perfect controlled experiment.) You then let the fundamental dynamical laws
do their work, watching to see what sort of altered history unfolds from time ¢, and in
particular, how conditions in R2 have changed. And the results of this “experiment”

if we think of these histories as generated by a choice of initial state, plus dynamical laws that prescribe
an exact evolution therefrom. But it is not required.

5In so doing, we gloss over deep and important questions about why the relations of localized depen-
dence the sciences are in the business of tracking almost always have a past-to-future direction. For good
book-length treatments of these issues, see Price (1996) and Albert (2000).

OThere are a couple of deep issues I am bracketing here. One is obvious: if the fundamental laws are
stochastic, then we will really need to replace the form of conditional given in the text with conditionals
whose consequents specify probabilities for R2 to instantiate some or other condition. The other is more
subtle and is connected to the phenomenon of quantum mechanical entanglement: very roughly, quantum
mechanics give us good reason to believe that, when we specify a complete physical state for one part of
the world at a given time and then specify a complete physical state for the remainder of the world at that
time, we nevertheless underspecify the complete physical state for the world as a whole, at that time.



12 CAUSATION AND THE AIMS OF INQUIRY

tell you—unambiguously if, inevitably, only partially-how conditions in R2 depend
on conditions in R1.

Of course, we do not have such god-like powers. But the point is that if we knew
the truth value for any of these “easy” counterfactuals concerning R1 and R2, we
would thereby know precisely what the use of such powers would reveal.

These easy cases put very clearly on display the central and significant role that
fundamental laws play, in determining dependence structure. Mind you, they are also
highly idealized, since we are taking R1 to be instantaneous and C1 and C2 to be as
specific as they can possibly be. For now, let us naively assume that relaxing these
idealizations will introduce no new difficulties. The crucial conditionals, we will pre-
tend, work in just the same way: in general, for it to be the case that if C1 had obtained
in R1, then C2 would have obtained in R2, is just for it to be the case that a state of
the world at the time of R1 that differed only in that C1 obtained in R1 evolves, under
the fundamental physical laws, in such a way as to make R2 obtain in C2. Then we
get the unity and diversity of the sciences in a simple and attractive package deal:
unity, because there is—as far as the structure of the underlying counterfactuals is
concerned—just one sort of localized dependence structure for the sciences to study;
diversity, because they can (and should) vary widely in their selection of shape and
size of regions and in their taxonomies of conditions.

1.3.4 The Good News, Amplified

There is much more to say in favor of this way of understanding causal structure
as localized dependence structure. But I will be brief, partly for reasons of space,
but also because the literature already contains excellent and detailed treatments of
several of the virtues I will point out (see especially Woodward, 2005).

Our proposal about the nature of causal structure forges an immediate connection
to our best understanding about how to study causal structure—namely, by conducting
controlled experiments where possible and watching out for confounding variables.
No surprise, for causal structure just is what would be revealed by perfectly controlled
experiments. This tight link between the metaphysics and epistemology of causation
is no small virtue, for one can easily find in the philosophical literature accounts of
causation that leave it wholly obscure why, for example, controlled experiment should
be a remotely effective means for finding out about it (Armstrong, 2004 is a prime
example).

The proposal can also help enforce a welcome kind of explanatory hygiene. After
all, explanatory talk comes cheap: it is all too easy to invent hypotheses about what
explains what, in a given domain. Popper famously tried to separate wheat from
chaff by demanding that a properly scientific hypothesis be falsifiable (see, e.g.,
Popper, 1959). But so far, no one has been able to articulate a precise standard for
falsifiability—or more generally, testability—that is neither too weak to exclude obvious
pseudoscientific quackery, nor too strong to permit perfectly respectable conjectures.
Our proposal can come to the rescue, at least partially, for if we link explanation with
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causation—as we probably should, at least for the most part’—then we can demand
of any putatively explanatory hypothesis that it be recast explicitly as an hypothesis
about what depends, locally, on what. If that cannot be done, at least in a sufficiently
clear and coherent manner, then so much the worse for that hypothesis. (But see the
next section for some reservations.)

These hygienic effects extend into philosophy as well. Specifically, we are now
in a position to debunk philosophical worries about “causal exclusion,” arising from
the thought that if a complete set of causes of some condition can be found at the
fundamental, microphysical level, then there will not be any higher level causes of
that condition, since there will not be any more causal “work” for such higher level
causes to do. Here is a crisp statement of the most famous version of this worry, which
has arisen in discussions of mental causation (Robb and Heil, 2014; Section 6.2):

If mental properties are not physical, how could they make a causal difference? When-
ever any mental (functional) property M is instantiated, it will be realized by some
particular physical property P. This physical property is unproblematically relevant to
producing various behavioral effects. But then what causal work is left for M to do? It
seems to be causally idle, “excluded” by the work of P.

The background picture seems to be that causation is some kind of special, meta-
physical “juice,” so that if a given effect gets all it needs from one source, then there
is nothing left for any other source to contribute. But this picture simply makes no
sense, if causal structure is constituted by localized dependence structure. Suppose
we have some downstream condition C. Given some earlier time ¢, we have identi-
fied, say, all the microphysical #-conditions P1, P2, ... , on which C counterfactually
depends. That does nothing to prevent there being a host of more macrolevel condi-
tions obtaining at # and on which C also depends. There is simply no sense in which
counterfactual dependence on one source “excludes” such dependence on another
source. It is an illusion that there is any exclusion problem to be solved.

Now for two final bits of good news, but ones that are bound to be more contro-
versial. The first concerns the regrettable quietism about foundations that infects the
current literature on interventionist approaches to causation. Those approaches draw
on the “causal modeling” framework, in which we represent the causal structure of
any situation by means of a set of variables, connected to one another via structural
equations that are meant to capture patterns of dependence between them. But if we
ask for a noncircular account of what must be the case for a given structural equation
to be correct, we get radio silence. Instead, we are typically offered an explanation
in terms of potential “interventions,” where this notion is itself cashed out by appeal
to (different) causal models.

"The reason for the qualification is that not all explanation is causal explanation. Explanation in mathe-
matics provides a counterexample. But even in the empirical sciences, it is not hard to find examples of
explanations that do not count as such because they cite causes. But the link between explanation and
causation is certainly tight enough, I think, to support the present point.
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But the foregoing discussion of counterfactuals and their truth conditions shows
that there was never any reason for such timidity. Once we have the basic frame-
work in place for evaluating counterfactuals by means of fundamental physical laws,
it is not that hard to extend it in such a way as to give systematic, noncircular cor-
rectness conditions for structural equations (see Hall, 2006). Doing so does not only
enhance our understanding of causal models but also improves our ability to construct
them. For in some notable cases, practitioners have written down incorrect structural
equations, drawing on their intuitive feel for what the relations of dependence are,
without rigorously evaluating the underlying counterfactuals. To my mind, the most
egregious example is the typical treatment of cases with the structure of Suzy First
(as in Halpern and Pearl, 2005). Without going into the gory details (for which see,
again, Hall, 2006), suffice it to say that the structural equations typically offered to
model such cases fail badly, in a way that is hard to catch unless you focus explicit
attention on their (noncircular!) correctness conditions.

A final observation—this time, about how our proposal can foster greater clarity
about a certain kind of causal inference. It is a good idea, when asking what sorts of
conclusions about causal structure you can draw from a certain set of data, to have
clearly in mind the scale that you are interested in. For, when the data are statistical
in nature, there is danger of a very specific kind of confusion. I will illustrate by
example.

Suppose there is a large population of people in their 50s. Some have lung cancer,
some do not; some smoked heavily in their youths, some not at all. Suppose we have
studied this population over time with sufficient care (e.g., in spotting and controlling
for confounds) that we can now confidently make the following claim: had none of
these people smoked, the present incidence of cancer would have been much lower.
Then we can truthfully say that, within this population at least, smoking causes lung
cancer.

But this claim is ambiguous. On the one hand, it might be construed as a claim
about the dependency structure of the population as a whole, considered as a kind of
unit. It is a truth about this very population—this thing—that if the incidence of early
smoking in it had been zero, then the incidence of later lung cancer in it would have
been much lower than in fact it is. Thinking of the population as an entity in its own
right, there are dependency facts that pertain to it, and this is one of them.

But there are also, of course, dependency facts pertaining to each of its members.
Consider Randolph: he smoked a lot in his youth and now has lung cancer. It might
in addition be true of Randolph that, had he not smoked in his youth, he would not
now have lung cancer. On the other hand, for all we have said so far, it might be true
of Randolph that had he not smoked in his youth, he would s#i// have lung cancer.
Suppose that people come in two types: there are those who are highly sensitive to
the toxic effects of smoking and who almost invariably contract lung cancer, after a
history of heavy smoking; and then there are the lucky ones, who can smoke as much
as they want without the slightest increase in the risk of lung cancer. Suppose that
half the people in our population are of the first type, half of the second. Then our
dependency claim about the population as a whole will still be true. But for all that,
it may be that Randolph belongs to the immune half.
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Or, consider a different hypothesis: this time, everyone in the population is alike
with respect to how smoking affects them. But heavy smoking in one’s youth does
not guarantee lung cancer; it merely raises its probably pretty substantially. So, what
is true of every smoker in the population is that, had they not smoked, their chance of
contracting lung cancer would have been much lower than in fact it was.® Then it is
not true of any smoker in the population that, had she not smoked, she would not have
contracted lung cancer. What is true is rather that, had she not smoked, her probability
of contracting lung cancer would have been much lower than in fact it was. That still
counts as a kind of localized dependence, all right. But it is much weaker than the
nearly sure-fire dependence that obtains at the level of the population as a whole.

Now return to our claim that, in this population, smoking causes lung cancer.
We noted that this could be construed as a kind of singular claim about the depen-
dency structure of the population itself. But, of course, it could also be construed as
a generalization about the dependency facts pertaining to each individual member.
Understood this second way, it lacks any sort of precise content, but should probably
be taken to mean something roughly like this: in a reasonably significant percentage
of the population, one’s probability for contracting cancer depends on smoking to a
reasonably high degree.

Here is the upshot: the claim that smoking causes lung cancer is ambiguous. It can
mean something relatively sharp, when it is understood as a claim about a popula-
tion as a whole; or, it can mean something rather squishy, when it is understood as
some sort of generalization about the members of the population. Unfortunately, this
ambiguity between individual-scale and population-scale readings of a causal claim
can breed confusion, in philosophical, practical, and moral domains.

Philosophical: Many philosophers working on causation hold that while causation
can certainly relate token events—as when Randolph’s youthful smoking causes his
later contraction of lung cancer—it can also relate event types—as when smoking causes
lung cancer. Not so; there is no such thing as causation as a relation between event
types. But we can now see why this mistake tempts. Suppose you take it to be clearly
true that smoking causes lung cancer. But you know that this cannot be construed as
the universal claim that everyone who smokes will get lung cancer as a result. Still,
it seems to you that the truth you are asserting when you say that smoking causes
lung cancer is not just some vague, ill-defined generalization about the members of
the population. So, what else could it be? Answer: a nice, sharp claim about a causal
relation between event types! But that answer overlooks another, clearly better alter-
native: the construal of this claim that makes it both true and sharp is the one that

80f course, that means that we slightly overstated the claim about the dependency structure of the popu-
lation as a whole: what is really the case is that if the incidence of smoking had been zero, then it would
have been highly probable that the incidence of cancer would have been much lower. But if the population
is large, “highly probable” can be quite close to 1. Here, for example, are some numbers: suppose our
population has 1 million people in it. Half of them smoked heavily in their youths; half smoked not at all.
Suppose that the probability of contracting lung cancer if you do not smoke is 5%; if you do, 50%. The
incidence of lung cancer in the population is in fact about 27.5%. But if no one had smoked, the incidence
would, with probability greater than 0.99999, have been less than .051.
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takes it to be a singular causal claim, not about any person, but about a collection of
people.

Practical: Suppose, to use another example, that you know that in any sufficiently
large population of drivers, the death rate from car accidents depends on the rate
of seat belt use: the higher the latter, the lower the former. What you know is a
population-scale dependency fact. Now, if you are a public policy maker, concerned
to design rules that will affect the characteristics of entire populations of drivers, then
that causal information might be enough to convince you to pass a seatbelt law. But
if you are an individual driver, that information may not be relevant at all to your
decision about whether to fasten your seatbelt. Maybe you are an eccentric and rich
safety nut and have had your car custom-built with all sorts of safety measures that
render wearing a seatbelt irrelevant to your prospects of surviving an accident. There
is absolutely no contradiction here. One kind of decision is, in the abstract, a decision
about how to intervene on an entire population. The other kind of decision is a deci-
sion about how to intervene on an individual member of that population. Information
about the dependency structure of the population as a whole is clearly going to bear
on the first kind of decision in a more direct and powerful way than it will on the
second.

Moral: There is a puzzling phenomenon that the shift in scale from a population to
the members thereof gives rise to. It was first pointed out to me by Johann Frick (per-
sonal communication; but see Frick, 2015). Here is an example. A chemical company
has been dumping toxic waste into the river upstream from a large city. Studies have
established that, thanks to this practice, the instance of a certain disease in the city
has risen from 10,000 cases per year to 10,500 cases per year. Let us take this depen-
dency fact to be unambiguous: had the chemical company not been dumping, there
would have been (or, would almost certainly have been) 500 fewer cases of the dis-
ease, per year. But for all that, it may not be the case, of any individual sufferer from
this disease, that her contraction of the disease depended on the company’s behavior:
the most that may be true is that if the company had not dumped, she would have had
a somewhat lower chance of contracting the disease.

That raises an interesting moral question (and no doubt legal ones, as well): it
seems perfectly clear that in some sense, the company’s actions have caused harm,
so the company is thereby morally culpable. Indeed, if the disease is fatal, we would
blame the company for killing 500 people. But for all that, there might be no one per-
son of whom we can truly say: the company’s actions killed them. The puzzle-which
I will not try to solve—is simply this: what sort of principles should we use to evaluate
a circumstance in which an agent’s actions indisputably cause harm to people, even
though there is no person of whom it is true to say that the agent’s action caused them
harm?

It is a powerful argument in favor of our proposed identification of causal struc-
ture with localized dependence structure that it adds so much clarity, to so many
issues. All the same, some powerful challenges remain to making this proposal itself
adequately clear. The next session canvasses a few of the most important of these
challenges.
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1.4 THE CHALLENGING NEWS

Recall our canonical counterfactual conditional:

If conditions C1 had obtained in region R1, then conditions C2 would have
obtained in region R2.

We started, in Section 1.3.3, with the easiest case, taking R1 to span but a single
instant of time ¢ and C1 to specify a single fundamental physical state. We counted
the conditional frue just in case a complete physical #-state of our world that is exactly
like its actual state, save that C1 obtains in R1, evolves forward under the laws so as
to make R2 instantiate C2. We will now explore three significant challenges. The first
arises when we relax the assumption that C1 specifies a single fundamental physical
state. The second arises when we relax the assumption that R1 spans but a single
instant of time. And the third arises when we allow the conditions C1 and C2 to be
specified by means of taxonomies other than that of fundamental physics.

1.4.1 Multiple Realizability

We might specify, in the antecedent and consequent of our counterfactual conditional,
not a single fundamental physical state, but a range of them: If R1 had been in one
of the following states: ..., then R2 would have been in one of the following states:
... (As we might put it, the conditions C1 and C2 are “multiply realizable,” by any of
a range of fundamental physical states.) On the end of the consequent, this adds no
complications: we must simply assess whether a forward evolution makes it the case
that one of the specified states obtains, in R2. But on the end of the antecedent, mat-
ters are trickier. The simplest idea is to consider every way of constructing a t-state for
the world that is exactly like its actual state, save that C1 obtains in R1. For each such
way, evolve it forward under the (actual) laws and determine whether C2 results. (You
use your god-like powers to run multiple experiments, exploring the consequences of
every way of altering R1 so that C1 obtains.) If so, the conditional is true; if not—if
even one such forward evolution makes it the case that C2 does not obtain—then the
conditional is false. Understood this way, the conditional might be more perspicu-
ously rendered like this: no matter which way of realizing C1 in R1 had obtained, C2
would have obtained in R2.

But that is really roo demanding. Consider, for example, a case where there are
uncountably many states in the range covered by C1, and all but one of them yields
a forward evolution in which C2 obtains.” More realistically, suppose we ask what
would have happened to a certain ice cube, had it been placed in a glass of very
hot water. Now, we have very good assurances from statistical physics that there are
exact physical states that realize the placing of an ice cube in a glass of very hot
water and that evolve forward in startlingly antientropic ways—so that, for example,
the ice cube grows, and the surrounding water heats up. It is fair to conclude, then,

9Tt is entirely realistic that C1 should cover an infinite range. Consider, for example, a conditional that
begins “If particle p had been located in the following region of space....”
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that if our ice cube had been placed in very hot water, it might have grown.'? But,
intuitively, it is also correct to insist that the cube almost certainly would have melted.
Probably, the cleanest way to get these results is to impose a measure over the range
of Cl-states. We can then introduce more subtle conditionals (really, quantifications
over them), such as this one: it is true of most ways of realizing C1 in R1 that, had that
way obtained, then C2 would have obtained in R2. We can thus treat the dependence
between C1 and C2 as coming in degrees: the greater the proportion of Cl-states
that would yield C2-evolutions, the greater the dependence. Thus, the overwhelming
majority of ice-cube-placed-in-hot-water states yield ice-cube-melted states; that is
why it is okay, for example, to treat it as a robust higher level causal generalization
that placing ice cubes in hot water causes them to melt.

We will not pursue this matter further, save to point out that the methodological
points discussed in Section 1.3 apply equally, here. We should judge an account
of causation on the basis of its utility; so too should we judge an account of
counterfactuals—where, in this case, the usefulness we seek is in providing con-
ceptual tools for capturing the relations of localized dependence that it is the
business of the sciences to track. What we have just seen is that we will need to
refine our tools, when dealing with counterfactuals whose antecedents are multiply
realizable. Some of those tools have begun to be developed within philosophy
of physics; see, for example, Albert (2000). But the exact form they should take
remains controversial (see Weslake, 2014), and more to the point, the literature on
interventionist approaches to causation has yet to properly incorporate them.

1.4.2 Protracted Causes

The next complication is much more challenging. For we will, of course, often want
to assign a condition to a region that is extended in time. (e.g., consider any med-
ical investigation of the consequences of some long-term health condition.) But an
issue of consistency now arises. As far as we can tell, the fundamental laws of our
world impose few if any synchronic constraints: focusing on a specific time, any way
of assigning a fundamental physical state to one region of space is compatible with
any way of assigning a state to a distinct region of space.!! As an example, con-
sider Newtonian particle mechanics (treated, for present purposes, as a candidate for
a fundamental physical theory). According to that theory, we specify the complete
physical state of the world at any moment of time by giving the positions, veloci-
ties, and intrinsic properties (mass and charge, say) of all the particles. The theory
leaves it open how many particles there are; even a conservative version of the the-
ory will allow as possible any finite number of particles. What is more, the theory
places almost no constraints whatsoever on how positions and velocities of different
particles may be combined. We should probably understand it to forbid particles from

10See Hajek (2015) for an excellent discussion this and a range of related challenges to the idea that
ordinary “would” counterfactuals are ever true.

perhaps within broad limits—the Pauli exclusion principle, for example, seems to be an instance of a
synchronic constraint.
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being located at the exact same point in space; but that is about it.!? That is what it
comes to, to say that Newtonian particle mechanics imposes almost no synchronic
constraints. Notice that the fact that it is so permissive in this respect is crucial, for
the viability of our recipe for evaluating counterfactuals. For if, as a matter of fun-
damental physical law, an exact state for one part of the world, at a moment in time,
could only be combined with a certain limited range of states for the rest of the world,
then a counterfactual situation in which R1 manifests condition C1 might be incom-
patible with the fundamental laws—in which case there is just no point to asking what
forward evolution those laws would prescribe for it.

By contrast, the laws impose severe diachronic constraints, particularly under our
working assumption of determinism. So, if region R1 is extended in time, and we wish
to assign it some fundamental physical state (or better, some sequence of fundamental
states, one for each moment that it contains), then two questions arise. Is the given
sequence of states even possible, given the laws? And, assuming that it is, what must
the world outside of region R1 be like, in order for the given conditions within R1 to
lawfully obtain?

If the answer to the first question is “no,” then it may be that we have no
well-defined way to assess what would have happened, had the impossible condition
obtained; and if so, there simply will not be any localized dependence structure
to be captured. But we will see next that in an important range of cases, there
is a (reasonably!) well-defined way to construct the nomologically impossible
counterfactual situation. We will see most clearly how that emerges, though, by first
tackling the second question, which turns out to raise a very important and quite
subtle issue.

To bring this issue into focus, we need to remember what makes localized depen-
dence structure localized. 1t is not just that the regions R1 and R2 are bounded in
space and time; it is also that we are trying to assess how R2 would have differed,
if R1 had differed in some specified way, but everything else contemporaneous with
R1 had been the same. In other words, how would a change in the state of the world
localized to R1 have made a difference to R2? That is the kind of question whose
answer reveals causal structure. The question we face—quite a tricky one, as we will
shortly see—is how to make sense of this “everything else is the same” clause, in the
case where R1 is extended in time.

Couldn’t we avoid this difficulty, by asking simpler questions? For example, these
two: what lawfully follows, concerning the state of R2, just from the premise that con-
dition C1 obtains in R17? In particular, does it follow that C2 obtains in R2? Assuming
as we are that the laws allow condition C1 to obtain in R1, it will presumably be
nontrivial what lawfully follows from the claim that it does.

Nontrivial, perhaps—but still, almost certainly wholly uninteresting. We have a
range of possible worlds, all alike in these respects: R1 is in the condition C1; and the
actual laws hold. But other than that, they differ in every way possible, compatible
with the laws. So, they will differ in ways that can make a great deal of difference to

12Well, maybe we should also understand it to forbid configurations of particles that would lead, under its
dynamics, to such colocation.
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the conditions in R2 (except in exceptional circumstances, where R1 is sufficiently
comprehensive and temporally proximate to R2 that the state of the former almost
entirely determines, given the laws, the state of the latter). Example: What follows,
from the claim that in a certain region at a certain time, Suzy stands a certain distance
from a window and throws a rock with such-and-such features in such-and-such a
manner? Very little—certainly not that the window breaks, a few moments later. For
it is perfectly compatible with our two premises (that conditions in that region are
as described and that subsequent events unfold in accordance with the actual laws)
that all sorts of interfering processes are poised to block her rock, preventing it from
breaking the window.

So, if we wish to analyze the causal relations between R1 and R2 by considering, as
it were, the lawful significance of the hypothesis that C1 obtains in R1, we obviously
need to fill in more details—in particular, details about the state of the rest of the
world at the time of R1. We solved this problem, when considering our “easy” cases,
by explicitly stipulating that the state of the rest of the world was to be exactly as it
actually is. That stipulation was not ad hoc; rather, it reflected a deep point about what
it means to attribute to the world a localized dependence structure. To conceptualize
the world in such terms is precisely to conceptualize it by means of a contrast between
what actually happens, and what would have happened, had matters differed only in
a localized respect.

At this point, you may be impatiently wondering what, exactly, the problem is
supposed to be. Fine; we have a region R1 that is extended in time, and we wish to
consider what would have happened, if it had been in some nonactual condition C1.
Why can’t we just construct a counterfactual possible world in which, over the course
of time that R1 spans, it is “put” in condition C1, while the rest of the world (over
that stretch of time) remains as it actually is? Then we just proceed as before: evolve
forward from this stretch of history, and check to see whether C2 ends up obtaining
in R2.

Why can’t we? Lots of reasons. Let us start with a simple one. R1 has, let us
suppose, a first moment. In the counterfactual situation we are trying to construct,
we are altering the state inside of R1, at this first moment, from what it actually is,
precisely to conform to the requirement that C1 obtain in R1. (In using your god-like
powers to intervene on R1, you must, infer alia, intervene on its first moment.) But
remember that the counterfactual world we are constructing is one in which the actual
fundamental dynamical laws obtain. So, that change to the initial state of R1 is going
to have downstream effects. Some of those effects will be felt quite quickly—that is,
before R1 is, as it were, finished, and what is more, will be felt outside of R1. So,
on pain of violating the fundamental laws, we cannot just stipulate that conditions
outside of R1 remain exactly as they actually are, for the duration of R1.

Examples make the point obvious. This one will do: what would have happened if
it had rained heavily last night, from midnight until dawn? Lots of things, no doubt,
and some of them would have been more or less immediate. Very soon after midnight,
for instance, the ground would have been wet. It is quite clearly insane to think that,
in asking this question, we mean to be considering a counterfactual situation in which
it rains steadily, but the ground remains dry throughout the duration of the rainfall.



THE CHALLENGING NEWS 21

But this problem, such as it is, is fairly easy to address. Here is the most straight-
forward way to do so, applied to our example of the nighttime rainfall: consider the
state of the world at midnight. In the region under consideration, conditions are, in
actual fact, such that there will not be 6 hours of rainfall. So, a relevant counterfactual
situation will be one in which, at that time, the state of the world outside the given
region is, at midnight, just as it actually is, whereas the state of the world inside the
region differs just enough to guarantee 6 hours of heavy rain. (Obviously, there will
be many ways in which such a rain-guaranteeing state could be realized, so the issues
discussed in Section 1.4.1 arise here as well.) So, would there, for example, have
been flash-flooding, had it rained heavily for 6 hours last night? Well, if all (or most)
of these counterfactual states would have evolved forward, under the laws, in such
a way that flash-flooding occurred, then yes, there would have been. You can see at
work, here, a sensible and generalizable strategy: do not try to hold the rest of the
world fixed at its actual state throughout the entire duration of R1; rather, hold that
state fixed only at the beginning of R1, while ringing changes within R1 just sufficient
to make it the case that, in the counterfactual scenario, condition C1 obtains.

Unfortunately, the strategy does not generalize far enough. The basic problem is
that we are assuming that we can get C1 to obtain merely by making localized changes
to the initial state of R1; that will not always be the case. I will illustrate the problem
with a pair of examples, one artificial and the other quite realistic. To start with the
artificial example, suppose Suzy throws a rock at a window at 11:45, breaking it. Billy
stops by half an hour later, intent on breaking the same window, only to leave disap-
pointed. Consider a half-hour stretch of time from noon to 12:30. In fact, the window
is in a broken state throughout that stretch of time. Suppose we wish to understand
what else depends on that fact—on, that is, the window’s being in a broken condi-
tion throughout that interval. Note what we are not asking: we are not asking what
depends on the breaking of the window—the event brought about by Suzy’s throw,
at 11:45. (We could ask about that, of course. The relevant counterfactual situations
are not difficult to construct: we simply ring localized changes on the state of the
world at 11:45 so as to “undo” the breaking and evolve the resulting state forward.
Thus, for example, had the window not broken at 11:45, it would have broken half
an hour later.) No, we are focusing on a protracted condition of the window in its
broken state, over the half hour from noon to 12:30, and investigating the relations
of localized dependency on that condition. So, we need to consider counterfactual
situations in which, throughout that stretch of time, the window is unbroken—but in
which everything else is, in some reasonable sense, “the same.”

Now, if Billy were not in the picture, no special problem would present itself,
and we could treat this case exactly like the rainfall case. That is, we start with the
state of the world at noon. We leave the state of everything except the window just
as it actually is, while changing the state of the window so that it is unbroken. With
Billy out of the picture, there are no threats to the window’s integrity (at least, not
for that half hour); so when we evolve this resulting state forward, condition C1 (that
the window be unbroken) obtains in R1 (the little region of spacetime carved out by
this half hour of the window’s history). We can then see what other differences from
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actuality result and thereby get a partial fix on the localized dependence structure we
are interested in.

But Billy is in the picture. That pretty much ruins this simple strategy. For we
cannot secure condition C1 simply by counterfactually “altering” the state of the
world at noon, in a manner localized to the window. For that leaves Billy’s mur-
derous intentions—which, remember, are realized, at noon, in parts of the world’s
state well outside the location of the window—unchanged. And so, the forward evo-
lution of this counterfactual state will only leave the window unbroken until 12:15,
not 12:30.

Now, it may seem obvious what to do in this artificial example: construct the
needed counterfactual situation by modifying the state of the world, at noon, in two
ways: first by returning the window to its unbroken state, second by altering Billy’s
intentions just enough to keep him from wanting to break the window. But this is
much less principled than it looks. After all, why make the second alteration here?
Why not, instead, add something to the environment that will stop Billy? Bear in
mind what our strategy is: we want to make changes to the state of the world local-
ized to the time at which RI begins, sufficient to guarantee that C1 obtains in R1. We
have already seen that we cannot confine these changes to R1 itself. (That is because
Billy-at-noon, with his murderous intentions, is not part of R1.) So, in the abstract,
our task is to find ways to change noontime conditions outside of R1, such that the
resulting counterfactual state of the world will bring about C1 in R1. When we state
the task at this level of generality, the problem that comes into view is that there are
simply too many different ways—very different ways—to ring changes on the noon state
of the world, compatible with this requirement. The “obvious” way—change Billy’s
intentions—is obvious only because the narrative structure of the example raises it to
psychological salience. But we should not be interested in an account of localized
dependence structure whose details turn on what strikes us as especially noteworthy
about any given case. No, we want a more principled way of determining the character
of the relevant counterfactual circumstances.

A second example deepens the problem, by showing that it in fact raises issues of
“confounding.” Remember our character Randolph from Section 1.3.4? The one who
smoked heavily in his youth and now (in his 50s) has lung cancer? Suppose we wish
to consider the hypothesis that his youthful smoking caused his cancer. We want to
make this hypothesis precise, by means of suitable counterfactuals. Suppose his heavy
smoking took place entirely in his 20s. Then we might try this, as a precisification: if
Randolph had not smoked at all in his 20s, then he would not now have lung cancer.
(Or, his probability of contracting lung cancer would have been much lower than in
fact it was.) So, we need to consider possible worlds in which Randolph does not
smoke in his 20s, but in which everything else, during that period, is “held fixed”
as much as possible. A natural thought: we construct this counterfactual situation by
taking the state of the world at a time ¢ shortly before Randolph turns 20 and altering
Jjust Randolph, in psychological respects sufficient to prevent him from ever acquiring
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a taste for cigarettes. We then evolve the resulting state forward, via the laws, and see
whether cancer results.!?

But the problem is that any psychological changes significant enough to prevent
Randolph from becoming a smoker are likely to have other effects on his behavior,
and remember that our hypothesis was that his cancer is to be explained by his smok-
ing, and not by his smoking-together-with-other-behavioral-tendencies. For example,
suppose the alteration to his psychology that leads him to avoid cigarettes consists in
a much increased concern for his health. As a result, he does not smoke. But he also
starts going to the gym regularly, and avoiding excess sugar in his diet. He also moves
out of the smog-laced city he had been living in. And so on. The result is that we are
no longer considering, and making precise, the hypothesis that Randolph’s smoking
caused his cancer, but rather the hypothesis that his overall health habits caused his
cancer. There is nothing wrong with that hypothesis; it might be a perfectly suitable
subject for investigation, in its own right. It is just that it is not the one we had in mind.

I think the only solution is to introduce a departure from our official truth condi-
tions for counterfactuals. We can think of the extended condition of smoking in his
20s as constituted by a large number of much more temporally localized conditions:
roughly, one for each inhalation of cigarette smoke. Imagine, now, a massively mul-
tipronged intervention on each of these conditions: the first time Randolph puffs, you
use your god-like powers to swoop in and change the state of his lungs, so that the
toxic chemicals are removed.'* Then you let the laws take over and evolve the result-
ing state forward until his next puff. Then you swoop in again. And so on. Once this
10 year history of interventions is over, you let the laws take over for good, and see
whether a cancer-in-his-50s states results. Notice, by the way, that the same technique
can be used to handle our case of Billy and the broken window.!?

At this point, you might be forgiven for worrying that things have gone off the rails:
do we really have to take seriously such an outlandish counterfactual situation? (How
secure does that vaunted connection to good scientific practice remain, if we do?) But
it is genuinely unclear to me'® that, within the broadly interventionist framework we
have adopted, we have a good alternative—at least, provided that we wish to treat our
two hypotheses about what explains Randolph’s cancer as legitimately scientifically
distinct. One hypothesis, loosely stated, says that the explanation rests just with his
history of smoking. The other says that it rests with his youthful health habits more
generally. At this point, it is helpful to remember our remarks about good explana-
tory hygiene, back in Section 1.3.4: if we want to treat these hypotheses as genuine
rivals, we ought to be able to say what, precisely, the distinction between them comes
to. Relying just on talk of “explanation” will not give us the needed precision. But

13 As before, there will in fact be a large range of t-states that meet this condition, and what will matter is
the proportion of them that leads to Randolph-with-cancer states.

14You might also have to make subtle alterations to Randolph’s subsequent mental state; after all, we do
not mean to be considering a situation in which he is regularly frustrated at not experiencing the pleasant
psychological effects of smoking!

131t can also be used to handle at least some cases where the laws themselves forbid R1 from manifesting
condition C1, though I will not pursue that matter here.

19Which is to say, this is not just a cheap rhetorical use of “unclear to me.”



24 CAUSATION AND THE AIMS OF INQUIRY

relying on talk of dependence, cashed out in terms of counterfactuals, promised to:
for example, we might have hoped to clarify the distinction by noting that the first
hypothesis, but not the second, implies that if Randolph had not smoked, but his other
health habits had remained unchanged, then he would not have contracted (or, would
have had much less chance of contracting) cancer. But then we owe an account of the
relevant counterfactuals—one, remember, that preserves the distinction between the
hypotheses. And so, it seems we are led back to truth conditions that require us to
consider worlds whose evolving states are being sequentially modified by localized
interventions.

But it may be that even this (possibly extreme) measure will not suffice. For con-
sider cases in which the condition about whose causal consequences we wish to
hypothesize is continuous—not, that is, constituted by a discrete series of punctuated
events. For example, the case of Alice the astronaut, who has come home from a
year-long stay on the international space station and is suffering from a weakening
of her immune system. Now, various distinctive conditions characterized her year in
space. One of them-but not the only one—was prolonged weightlessness. So, we might
entertain two distinct hypotheses: her health problem is solely due to her prolonged
weightlessness; or, it is in fact due to the entire constellation of factors she experi-
enced while in space. Of course, neither hypothesis may be correct; but the present
issue is what, precisely, distinguishes them. Here we encounter a more virulent form
of the problem we saw in the case of Randolph. For suppose we wish to clarify the
first hypothesis by means of a counterfactual: “If Alice had not experienced a year of
weightlessness, then she would not presently be suffering from a weakening of her
immune system.” That counterfactual is meant to direct us to a possible situation in
which Alice experiences normal weight for the year, but in which other factors remain
as they are. But what sort of possible situation could that be? Not one in which she
remains on Earth; that introduces, as potentially confounding variables, all the other
conditions that distinguish life on Earth from life in the space station. But—or at least
s0 it seems—it cannot be a situation in which she inhabits the space station, either; for
unlike the case of Randolph and his puffs, no sequence of localized interventions will
simply restore normal terrestrial weight to her, in that situation, while leaving other
conditions unchanged.

Just to be clear, it is not that I doubt that these hypotheses are legitimately sci-
entifically distinct. For one thing, we seem to have a pretty good idea what sorts of
evidence would count in favor of one over the other. Rather, what we lack—or more
carefully, what our broadly interventionist approach is so far failing to adequately
provide—is a clear account of what precisely makes them distinct. Myself, I think the
overly cavalier attitude toward structural equations models promoted by the quietists
I complained about back in Section 1.3.4 is partly to blame. For it is easy enough to
write down some variables to characterize different aspects of Alice’s overall condi-
tion on the space station, write down some other variables to characterize different
aspects of her health, and then represent different hypotheses about their explanatory
connections by means of different systems of structural equations. If, with the qui-
etists, you refuse to ask for a foundational account of the correctness conditions of
these equations, then you might easily miss that you do not really know what you
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are talking about. But we should all do better. So, I offer up this problem as one
of the more important bits of unfinished business in carrying out the interventionist
program.

1.4.3 Higher Level Taxonomies and “Normal’” Conditions

Our next problem is broadly similar, in that it too involves counterfactuals which, if
interpreted too naively, introduce unwanted confounds. But it arises not because the
condition whose causal influence we wish to assess is protracted, but rather because
it is the kind of condition that arises within a certain sort of high-level description.
Again, I will illustrate by example.

Billy and Suzy are having lunch. Over the course of the lunch, their conversation
takes various directions. Suppose we wish to entertain various hypotheses about the
explanatory contribution of Billy’s attire to the conversation. He is, in fact, wearing an
outrageously bright pink shirt. Could that be making a difference to the course of the
conversation—say, because it makes a difference to Suzy’s mood to see him dressed so
outlandishly? Our focus on causal structure as being constituted by localized depen-
dence structure instructs us to clarify this question by means of counterfactuals such
as the following:

If the color of Billy’s shirt had been different, would the conversation have gone
significantly differently?

So far, this is all fine—~we should consider just such counterfactuals if we wish to
clarify the content of our explanatory hypothesis. But now we run into trouble when
we ask how we should evaluate the counterfactual itself. Suppose we proceed along
very naive interventionist lines. That is, we take it that we are to be considering a
counterfactual situation in which, at the time of the conversation, there is a localized
change to the color of Billy’s shirt, but everything else about the situation remains as
it actually is. Then things go haywire, for “everything else”” will include the fact that
Suzy vividly remembers just seeing Billy in a pink shirt. So, what will be true—at least,
on this way of evaluating the counterfactual—is that if the color of Billy’s shirt had
been different, then Suzy would have exclaimed something along the lines of “my
God-how did your shirt just change color?!”

That counterfactual situation is obviously not what we had in mind. Rather, we had
in mind something like this: a situation in which the color of Billy’s shirt is different,
and suitable changes are made in the environment—particularly, the psychological
environment—to keep everything “normal.” The question, of course, is how to make
this invocation of “normality” at all rigorous or precise.

When I bring this problem up in conversation, a certain move almost always gets
suggested. What we should be considering is a counterfactual situation in which, say,
Billy puts on a differently colored shirt in the morning, well before he meets up with
Suzy. But this will not do. In general, when considering how later conditions depend
on some time-f condition C, we cannot ring changes on the state of the world earlier
than 7 so as to bring about C, since there is no guarantee that we will not thereby bring
about confounds, in the form of changes to causally relevant time-f conditions other
than C. Once you see the idea, it is child’s play to augment our story accordingly.
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Suppose Billy wore the pink shirt out of deference to his friend Sally, who had just
given it to him as a present. Had he put on some other shirt, she would have been
sufficiently put out that she would have slipped him a nausea-inducing drug shortly
before his lunch. (She is oddly touchy about these sorts of things.) Then-reading
the counterfactual this way—the course of the conversation will depend quite a lot
on the color of Billy’s shirt. But that is just a confusion, a conflation of a hypothesis
about the causal-explanatory import of one condition—the color of Billy’s shirt, during
the lunchtime conversation—and a distinct hypothesis about the causal-explanatory
import of an earlier condition that gave rise to it.

What we need, I suggest, is a general theory of normal conditions. That would
allow for a simple and clean amendment to our original truth conditions for the canon-
ical counterfactual:

If conditions C1 had obtained in region R1, then conditions C2 would have
obtained in region R2.

The idea would be the following: to evaluate this counterfactual, we consider a
state of the world at the time of R1, in which conditions within R1 have been altered
so as to make C1 obtain, while conditions external to R1 “remain normal.” In some
cases—for example, when we are considering dependence relations at the level of
physics or chemistry—the way to “remain normal” is simply to remain exactly the
same. But in other cases—most obviously, ones in which we are capturing depen-
dency relations at a psychological or sociological scale, remaining normal may in fact
require widespread if subtle changes. Here, too, we have an important bit of unfin-
ished business. (For an extremely important—and much broader—investigation of the
problems facing interventionism in the psychological domain, see Prescott-Couch,
2015)

1.5 THE PERPLEXING NEWS

So much for the challenging news. The perplexing news concerns the striking way
in which our focus on localized dependence structure as the ultimate basis for causal
structure runs roughshod over a certain central feature of our ordinary thinking about
causation. Should we worry? I am not sure, though I think so, for reasons I will sketch
next. But first, let us get this central feature on the table.

1.5.1 The Centrality of “Causal Process”

Everyday thinking about cause and effect appears to lean heavily on the notion of
process. When a cause has some downstream effect, we take for granted that this
connection is mediated in some distinctive way—by, as we would naturally put it, a
process connecting cause with effect. This focus on mediating causal processes seems
crucial to how we understand some very basic causal distinctions. Consider our earlier
example:

Suzy First: Suzy and Billy, two young vandals, throw rocks at a particularly choice
window. Both throw with deadly accuracy, but Suzy is a bit quicker: her rock hits the
window first, breaking it. Billy’s rock flies through a now empty window pane.
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Let us notice some features of this example. First, its causal structure is entirely
unambiguous, and asymmetric: it was Suzy’s throw, and not Billy’s, that caused the
window to break. (We may reasonably point out that, as did Suzy’s, Billy’s throw
guaranteed—in a causal sense—that the window would break. But it was not in fact
a cause of the breaking; rather, it was a causally idle backup.) Second, it is just as
unambiguous what connects Suzy’s throw to the breaking: namely, a process consist-
ing of the flight of her rock through the air, followed by its contact with the glass.
Third, imagine that a philosopher comes along to challenge our judgment that Suzy’s
throw caused the breaking, whereas Billy’s was a mere backup: “You fail to notice the
symmetry in the situation; for it’s equally true of each throw that, had it not occurred,
the window would still have broken.” We would naturally reply that the symmetry
is broken by the fact that Suzy’s throw is connected to the breaking by a suitable
causal process, whereas Billy’s is not.!” Fourth, it is precisely by reference to such
intervening processes that we distinguish asymmetric cases such as Suzy First from
symmetric ones, such as the following:

Same Time: Suzy and Billy, two young vandals, throw rocks at a particularly
choice window. Both throw with deadly accuracy, and with remarkable synchroniza-
tion: their rocks hit the window at precisely the same time, breaking it. (Note that
each rock was thrown with enough force to break the window, all by itself.)

The distinction seems perfectly clear and readily generalizable: in the symmetric
case (but not the asymmetric case), a suitable process connects each candidate cause
to the given effect. Of course, there is room (as always, in philosophy!) for dispute.
(e.g., maybe what we are really attending to, in Suzy First, is the fact that the timing
of the breaking is much more sensitive to Suzy’s throw than to Billy’s'8—a symmetry
absent from Same Time.) Still, [ suggest that we accept my diagnosis, if only for the
sake of discussion: the idea that causal connections are (at least, typically) mediated
by processes has a starring role in our ordinary thinking about causation.!®

17We might also reply in a more teleological manner, noting that both throws initiate processes that “aim
at,” or have as their “natural end-point,” the breaking of the window, but that only one of these processes
“goes to completion.” I think this observation, correct though it may be in the case at hand, is a red herring.
‘What really matters to the structure of our causal judgments in cases such as this is that we can see clearly
which candidate causes are connected to which candidate effects by which sorts of suitable processes.
Consider a variant, in which the target is not a window but a bell: Suzy’s rock strikes it first, ringing it
once; Billy’s strikes it a moment later, ringing it a second time. There is no question that Suzy’s throw,
and not Billy’s, is a cause of the first ringing; similarly, that Billy’s throw, and not Suzy’s, is a cause of
the second ringing. But in defending the first of these judgments, it will not do—because it is false—to say,
“Well, Suzy’s throw and Billy’s throw each initiated processes aimed at bringing about a ringing, but only
one of these processes went to completion.” The correct defense is, rather, the same as that given in the
main text: only Suzy’s throw is connected to the first ringing by a suitable causal process (and only Billy’s
to the second).

18For observe that if she had not thrown, the window would have broken a split second later, whereas the
same is not true of Billy’s throw. For attempts to fashion, along these lines, a systematic account of the
difference between genuine causes and idle backups, see Paul (1999) and especially Lewis (2004).
19Why the parenthetical qualification? Because of cases with the following generic structure: event A hap-
pens, initiating a process that results in event E. Meanwhile, event B occurs, initiating a process which, if
not interrupted, will prevent E from occurring. But event C also happens, initiating a process that interrupts
the B-process. It is thus the case that had C not occurred, E would not have occurred; and perhaps that is
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But it plays no role—none—in our account of localized dependence structure. What
mediate relations of localized dependence are, ultimately, two sorts of facts: the fun-
damental physical states that make up the history of our world and the fundamental
laws that govern the evolution of these states. Nothing in our analysis has suggested
that we can get from these ground-level facts to facts about localized dependence
only by way of some intermediary analysis of “causal processes.” So, while causal
processes there may be, it does not seem as though our scientifically illuminating
account of causal structure needs to mention them.

1.5.2 A Speculative Proposal

That may well be right. If so, some striking results follow—for example, that while
Suzy First and Same Time may strike us as having starkly different causal structures,
from a properly scientific standpoint, they do not. Learn to use causal concepts in a
scientifically legitimate manner, and you will learn (inter alia) to treat these two cases
as causally indistinguishable.

Still, I think that judgment may be too hasty, that it remains worthwhile to consider
how an approach to causal structure broadly in the spirit of the one sketched here
might distinguish these cases, in a principled manner. One of my reasons for optimism
is that, perhaps immodestly, I think I have made some progress on this problem (see,
e.g., Hall 2004). But setting my own efforts aside, there is another reason, which
is that this problem appears deeply connected to a problem of obvious relevance to
anyone who wants to command a clear view of scientific explanatory practice. Let
me explain.

Outside of fundamental physics, the sciences routinely—and unavoidably—make
use of causal generalizations that feature “no interference” clauses. Metal bars expand
when heated in proportion to their change in temperature. That is, provided nothing
interferes: if you heat a metal bar by blowing it up, it will not expand in proportion
to its change in temperature. And notice that there can be interference, even in cases
where the target effect is realized. Suppose some drug D1 reliably cures a given dis-
ease. Ahmed has the disease and is administered D1. His disease goes away. But in
this case, someone nefarious also slipped him D2, which counteracts D1. Happily,
someone beneficent gave him D3, which also cures the disease. The generalization
that administering D1 cures the given disease (provided nothing interferes) has no
instance here, any more than it would in a case where the interference prevented
the cure.

When I mentioned generalizations about localized dependence structure in Section
1.3.1, I completely ignored this phenomenon. But it is ubiquitous and philosophically
perplexing: since interference appears to be a causal notion, we should very much
like our account of the content of causal generalizations in science not to have to
presuppose it, unanalyzed.

enough to say that, in some sense, C is a cause of E. I explore the complications such cases give rise to in
Hall (2004); but for the sake of simplicity, I am going to ignore them in this essay.
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So, suppose we have some generalization that says that if certain conditions C1
obtain at one time, then those will cause a certain outcome C2 at such-and-such later
time—provided nothing interferes. How do we tell whether something else is interfer-
ing? Well, we can at least advance a sufficient condition for noninterference, which is
that nothing else is happening at the time that conditions C1 obtain.?° (So, nothing is
happening that could serve as an interference.) That is, we can think of our causal law
as, in the first instance, making a claim about highly sanitized conditions in which all
that is happening, at the given initial time, is that conditions C1 obtain. If the law is
correct, those conditions should be followed by C2 (and the obtaining of C2 should
in fact depend on the obtaining of C1).

It is precisely at this point that processes need to make an appearance. For in any
ordinary situation where we might think our law applies, lots of things will be hap-
pening other than the obtaining of C1. How do we tell whether it applies? I think the
right answer is this: it applies, just in case the processes that unfold from C1 not only
terminate in C2, but do so in the same way they would have, if the prevailing circum-
stances had been of the highly sanitized, nothing-else-happening variety. Put another
way, a generalization that correctly captures dependency relations in such sanitized
circumstances thereby provides us with a blueprint—in the form of the processes that
connect causes to effect—that can be deployed to map the structure of nonsanitized
cases.

Now return to our puzzle about how to distinguish Suzy First from Same Time.
What stands out is that exactly the same approach can be brought to bear: we focus on
sanitized situations in which Suzy (respectively, Billy) is alone and throwing a rock
at the window. We note the processes—sequences of events—that connect the throws to
the breakings, in these situations. We observe, finally, that while Same Time contains
“copies” of both the Billy-process and the Suzy-process, Suzy First contains a copy
only of the latter. That is what it comes to, to say, as I did earlier, that the symmetry is
broken by the fact that Suzy’s throw is connected to the breaking by a suitable causal
process in both cases, whereas Billy’s is so connected only in Same Time.

Of course, this is all massively speculative (although I have attempted to make
good on some of the key proposals in Hall, 2004, 2005). It may yet be that the
process-centric intuitions evoked by cases such as Suzy First and Same Time ought
to be dismissed, notwithstanding how widespread and strongly held they are. But on
the other hand, maybe they are clues—important, nonmisleading ones—to the location
of an account of causal structure richer and more satisfying than the one we have been
investigating in this essay.

20Making sense of this notion of “nothing else happening” will, T think, involve introducing a distinction
between a default state of the world and deviations from it. A situation in which the only things happening
at a certain time consist in the obtaining of such-and-such conditions will just be a situation in which
every part of the world save those involved in the instantiation of the conditions is in its default state. See
Hitchcock (2007) as well as Hall (2006) for more discussion.
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The epistemic theory of causality maintains that causality is an epistemic relation, so
that causality is taken to be a feature of the way a subject reasons about the world
rather than a nonepistemological feature of the world. In this paper, we take the
opportunity to briefly rehearse some arguments in favour of the epistemic theory of
causality, and then present a version of the theory developed in Williamson (2005,
2006, 2009, 2011). Lastly, we provide some possible responses to an objection based
upon recent work in epistemology.

This paper provides a broad overview of the issues, and in a number of places
readers are directed towards work which provides the relevant details.

2.1 CAUSALITY AND EVIDENCE

Standardly, there are mechanistic and difference-making theories of causality. On
the one hand, mechanistic theories maintain that variables in a domain are causally
related if and only if they are connected by an appropriate sort of mechanism. On the
other hand, difference-making theories maintain that variables are causally related if
and only if one variable makes an appropriate sort of difference to the other. Stated in
these terms, there might be a worry that both types of theory will be uninformative or
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circular, since the appropriate sort of mechanism or the difference-making relation-
ship might be less well understood than the causal relation or only understandable in
terms of causality. Therefore, a good mechanistic theory should attempt to provide
an account of the appropriate sort of mechanism in better-understood and noncausal
terms, for example, the mechanism might be understood in terms of a process that pos-
sesses a conserved quantity (Dowe, 2000). Similarly, a good difference-making the-
ory should attempt to provide an account of the appropriate sort of difference-making
relationship in better-understood and noncausal terms, for example, in terms of prob-
abilistic dependence conditional upon other causes (cf. Williamson, 2009).

The two different types of theory—mechanistic and difference-making—have con-
flicting implications regarding the epistemology of causality. On a mechanistic the-
ory, one’s body of evidence is sufficient to establish a causal claim if and only if
one’s evidence is sufficient to establish that there exists an appropriate mechanistic
connection. On a difference-making theory, one’s evidence is sufficient to establish a
causal claim if and only if that evidence is sufficient to establish the existence of an
appropriate sort of difference-making relationship.

However, there are well-known proposed counterexamples to mechanistic and
difference-making theories of causality. There are cases involving absences, which
seem to be cases of causality but without any appropriate sort of mechanism
(Williamson, 2011). For example, it seems that missing my flight in London is a
cause of my talk being canceled in Australia, even though they are not connected
by any appropriate mechanism. The cases involving absences seem to demonstrate
that the existence of a suitable mechanism is not a necessary condition for causality.
But these cases also seem instructive regarding the epistemology of causality. Given
these cases, it seems that establishing a causal claim does not require establishing
the existence of an appropriate sort of mechanism, since here the causal claim is
established and there exists no such mechanism. Rather, having established that
there exists an appropriate difference-making relationship between missing my flight
and my talk being canceled here seems sufficient to establish the causal claim.

There are also cases of overdetermination, which seem to be cases of causal-
ity but without any appropriate sort of difference-making relationship (Hall, 2004,
pp- 232-241). For example, it seems that dropping the first bomb caused the end
of the war, even though dropping this first bomb did not make the appropriate dif-
ference to the ending of the war, since a second bomb was dropped an instant later
and would have ended the war regardless. The cases of overdetermination seem to
demonstrate that the existence of an appropriate difference-making relationship is
not a necessary condition for causality. Once again, these cases are instructive about
the epistemology of causality. In overdetermination cases, it seems that establish-
ing a causal claim cannot require establishing the existence of an appropriate sort of
difference-making relationship, since here the causal claim is established and there
exists no such a relationship. Instead, having established that there exists an appro-
priate sort of mechanism between the dropping of the first bomb and the ending of
the war by itself seems sufficient to establish the causal claim.

How should one respond to these proposed counterexamples? There are two stan-
dard lines of response.
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The first line of response is simply to dismiss the relevant suggested counterex-
amples. The proponent of a mechanistic theory could deny that cases involving
absences are genuine cases of causality; see, for example, Dowe (2000, pp. 123-145).
Similarly, the proponent of a difference-making theory could deny that cases of
overdetermination are genuine cases of causality; see, for example, Coady (2004).
This line of response, however, looks implausible, since cases involving absences
look like straightforward cases of causality. Indeed, Schaffer (2004) argues that cases
involving absences are treated as genuine cases of causality in both ordinary and
theoretical contexts, and rightly so, since such cases have all the hallmarks of genuine
cases of causality. Similarly, overdetermination cases look like paradigmatic cases
of causality, and accordingly, proponents of a difference-making theory of causality
typically accept such cases and attempt to accommodate them; see, for example, Paul
and Hall (2013, pp. 70-172). This suggests another way of dismissing the suggested
counterexamples. The proponent of a difference-making theory could suggest that
overdetermination cases in fact do involve an appropriate sort of difference-making
relationship, by suitably refining their account of the difference-making relationship.
Similarly, the proponent of a mechanistic theory could suggest that cases involv-
ing absences do involve some appropriate sort of mechanism; see, for example,
Thomson (2003, pp. 84—86). However, it is generally agreed that there is currently
neither a difference-making nor a mechanistic theory of causality that can accom-
modate all the proposed counterexamples in this manner (Paul and Hall, 2013, p. 1).

The second line of response is to advocate pluralism, for example, by maintaining
that there is both a mechanistic type and a difference-making type of causality; see,
for example, Hall (2004). The idea here is that cases involving absences are cases
of the difference-making type of causality without the mechanistic type of causality
and vice versa for cases of overdetermination. Of course, this line of response has its
own implications regarding the epistemology of causality. Presumably, establishing
that there exists an appropriate sort of difference-making relationship is sufficient to
establish a causal claim about the difference-making type of causality, and establish-
ing that there exists an appropriate sort of mechanism suffices to establish a causal
claim about the mechanistic type of causality. Reasons to doubt this line of response
are presented in Williamson (2006). For instance, it is argued there that nonpluralist
theories of causality should be preferred on the grounds of simplicity.

The main problem is that both these lines of response to the counterexamples—
attempting to rebut them or moving to pluralism-have difficulty accounting for the
practice of scientists when establishing causal claims (Williamson, 2006, pp. 73-74).
In particular, when establishing a causal claim, health scientists typically require evi-
dence both that there exists an appropriate difference-making relationship and that
there exists an appropriate mechanism. (In this sense, cases involving absences and
overdetermination are atypical.) Firstly, establishing only that there exists an appro-
priate sort of difference-making relationship is typically not sufficient for a health sci-
entist to consider the corresponding causal claim established. For example, smoking
was not established as a cause of heart disease, despite strong evidence that smoking
makes an appropriate difference to the prevalence of heart disease, until there was
also strong evidence that there is an appropriate mechanism linking smoking and
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disease (Gillies, 2011). Secondly, establishing only that there exists an appropriate
mechanism is also typically not sufficient for a health scientist to consider the cor-
responding causal claim established. It was not established that the microorganism
anthrax bacillus was the cause of anthrax, despite strong evidence of an appropri-
ate mechanism, until there was also strong evidence that there exists an appropriate
difference-making relationship between anthrax bacillus and anthrax (Clarke et al.,
2014a, p. 345).

The two lines of response to the counterexamples struggle to explain this need for
both types of evidence. On the one hand, if a standard difference-making theory of
causality is correct, it is difficult to explain the scientist’s apparent need for evidence
that there exists an appropriate mechanism, when there is already good evidence of an
appropriate difference-making relationship available. On the other hand, if a standard
mechanistic theory is correct, it is difficult to explain the scientist’s apparent need for
evidence that there exists an appropriate difference-making relationship when avail-
able evidence already establishes the existence of a suitable mechanism. The pluralist
response is no better. The pluralist analyzes some causal claims as mechanistic, others
as referring to a difference-making type of cause. In the former case, the pluralist can-
not explain the need for evidence of an appropriate difference-making relationship;
in the latter case, the pluralist cannot explain the need for evidence of the existence
of a suitable mechanism.

Now, it might be objected that it is not a desideratum of a theory of causality that it
accounts for the practice of scientists when establishing causal claims. For instance,
it might be objected that scientists are getting the epistemology of causality wrong
and thus that a theory of causality need not make sense of their practice. However,
given the success of the sciences in establishing causal claims, it is likely that their
practice is indicative of the correct epistemology of causality. But there is another
reason to believe that scientists are doing things right. In particular, causal claims
are used for prediction, explanation, and control. Russo and Williamson (2007) argue
that the explanatory use of causal claims typically requires that there is an appropriate
sort of mechanism linking the cause and the effect. This is because explanations are
best given by appealing to mechanisms (cf. Williamson, 2013). Moreover, Russo and
Williamson argue that the use of causal claims for prediction and control requires
that a cause should typically make an appropriate sort of difference to its effects, for
otherwise information about the presence of the cause would tell us nothing about
the presence of its effects and vice versa, and also instigating a cause would not be a
good strategy for achieving its effects (Russo and Williamson, 2007, p. 159). Given
this, it is plausible that establishing a causal claim typically also requires establishing
that there exists an appropriate difference-making relationship. Thus, it looks as if
scientists are getting the epistemology right, so a theory of causality should account
for their practice.

Howick (2011) objects that sometimes establishing that there exists an appro-
priate difference-making relationship is sufficient to establish the corresponding
causal claim. He says that “[i]Jn many cases, tightly controlled comparative clinical
studies suffice to establish causation” (2011, p. 933). This is intended to constitute
an objection to the thesis that establishing a causal claim requires establishing an



THE EPISTEMIC THEORY OF CAUSALITY 35

appropriate difference-making relationship and an appropriate sort of mechanism.
However, he assumes that tightly controlled comparative clinical studies provide
evidence only that there exists an appropriate difference-making relationship. In
fact, instances in which the results of tightly controlled comparative clinical studies
suffice to establish a causal claim are plausibly instances in which those results also
establish that some mechanism exists to explain the difference-making relationship.
In other instances, it might be unreasonable to consider a causal claim established
on the basis of the results of clinical studies, since the established difference-making
relationship might be due to confounding, if the relata are correlated effects of
a common cause. In these instances, the additional evidence that there exists an
appropriate mechanism would help to rule out confounding as an explanation of the
difference-making relationship. Plausibly, instances in which a causal claim can be
established on the basis of the results of clinical studies are instances in which the
studies are of sufficient quality that they establish that confounding is not the likely
explanation of the difference-making relationship, and thus also provide evidence
that the existence of a suitable mechanism is the likely explanation.

One might also object that establishing the existence of an appropriate mecha-
nism is sometimes sufficient for establishing the corresponding causal claim. In these
instances, however, it is plausible that the evidence that establishes the existence
of the mechanism is also sufficient to establish an appropriate difference-making
relationship. The problem with establishing the causal claim only on the basis of
the existence of an appropriate sort of mechanism is that there might be undiscov-
ered mechanisms that counteract the action of the known mechanism, so that overall
there is no appropriate difference-making relationship. This is called the problem of
masking. In some instances, one can know enough about a mechanism that one can
establish that counteracting mechanisms do not exist and thus that overall there exists
an appropriate difference-making relationship. In other instances, additional evidence
that there exists an appropriate difference-making relationship helps to overcome the
problem of masking. Plausibly, instances in which a causal claim can be established
on the basis of evidence of the existence of an appropriate mechanism are instances
in which this evidence also suffices to overcome the problem of masking, and thus
also provide evidence that there exists an appropriate difference-making relationship.
These considerations provide more reason that both types of evidence are required
in order to establish a causal claim, since each type of evidence compensates for the
limitations of the other (Illari, 2011, pp. 144—148).

To conclude this section, it seems that standard theories of causality are susceptible
to counterexamples and also struggle to explain good evidential practice in establish-
ing causal claims. Similarly, a pluralist theory struggles to explain the epistemology
of causality. How should one respond to this state of affairs?

2.2 THE EPISTEMIC THEORY OF CAUSALITY

One response is to plump for an epistemic theory of causality. In this section, we
introduce the epistemic theory of causality developed in Williamson (2005, 2006,
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Figure 2.1 Trihoral relationships involving Canterbury (C), London (L), Gatwick (G),
Dunkirk (D), Paris (P), and Orléans (O).

2009, 2011, 2013). According to this theory, causality is purely epistemic in the sense
that our causal claims enable us to reason and interact with the world in certain ways;
they are not claims about some causal relation that exists independently of us and our
epistemic practices.

By way of analogy, consider the following relation, which we shall call the trihoral
relation: two places stand in this relation if it is reasonable to expect to be able to
travel between them within 3 hours. One can chart this relation, as in Fig. 2.1. It is
not hard to see how such a chart might be useful—for parents of young children to
plan breaks, for instance. Moreover, it seems clear that the edges between the nodes
of such a graph do not correspond straightforwardly to a single sort of physical, or
even nonepistemological, link between the places that correspond to the nodes. If
the graph is correct, it is in virtue of a complex array of facts about the presence
and absence of train, air, ferry, and road connections, as well as normal conditions
relating to travel. In that sense, the trihoral relation is purely epistemic. This is not to
say that there is no fact of the matter as to whether two places stand in the trihoral
relation—there is, at least in nonborderline cases. It is to say that such propositions are
not made true by the existence of some single, unified, worldly (nonepistemological)
connection between places that we can call “trihorality.”

Similarly with the causal relation, our causal claims are extremely useful—
particularly for prediction, explanation, and control. It is this utility that accounts for
our having the concept of cause: not the existence of some simple kind of worldly
connection to which our causal claims refer that we can call causality. If a causal
graph is correct, it is in virtue of a complex array of facts about the presence and
absence of mechanisms, as well as the presence and absence of difference-making
relationships and their magnitude.

Consider another analogy, to Bayesian probability. Bayesian probabilities are
epistemic—rational degrees of belief, not directly physical entities—and they under-
write certain predictions and bets. Moreover, at least on the objective Bayesian view,
there is typically a fact of the matter as to what the correct Bayesian probabilities are,
given the extent and limitations of the evidence available. In the version of objective
Bayesianism developed in Williamson (2010), for example, three norms constrain
the strengths of one’s beliefs:

Probability. One’s degrees of belief should be representable by a probability
function Py,
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Calibration. One’s degrees of belief should fit evidence: P € E, the subset of
probability functions that fit evidence. In particular, they should be calibrated to
the corresponding empirical probabilities, insofar as one has evidence of them:
if evidence determines just that the chance function P* € P*, then Py € (P*),
the convex hull of the set of potential chance functions.

Equivocation. One’s degrees of belief should otherwise equivocate as far as pos-
sible between the elementary outcomes. In particular, if there are finitely many
elementary outcomes, then P, € maxent E, the subset of those functions that
fit evidence that have maximal entropy, as long as maxent E # {J.

These norms tend to be motivated by appealing to betting considerations, along the
following lines. If one’s degrees of belief do not meet the norms and one places bets
in accordance with these beliefs, then one opens oneself up to potential losses: the
possibility of sure loss in the case of the Probability norm, long-run loss in the case
of the Calibration norm, and worst-case expected loss in the case of the Equivocation
norm (Williamson, 2010, Chapter 3). On the other hand, one does not expose oneself
to these losses if the norms are followed. Hence, one’s degrees of belief must conform
with the norms if one is to avoid avoidable losses. Arguably, it would be irrational not
to avoid avoidable losses. So, the norms must hold for the strengths of one’s beliefs
to be apportioned in a rational way.

This view of probability is different to the epistemic view of causality in that it
is pluralist, positing empirical, nonepistemic probabilities (chances), in addition to
epistemic, Bayesian probabilities. Nevertheless, it is instructive in that it suggests
a particular connection between evidence and epistemic probabilities. An epistemic
theory of causality can posit similar norms that constrain one’s causal claims:

Acyclicity. One’s causal claims should be representable by an acyclic graph C.

Calibration. One’s causal claims should fit evidence: C € €, the subset of acyclic
graphs that fit evidence.

Equivocation. C should otherwise be as noncommittal as possible about what
causes what.

How might these norms be fleshed out? One simple recipe proceeds as follows.
We can take C to be a graph whose nodes correspond to variables, which contains
an arrow from variable A to variable B if it is claimed that A is a cause of B, a gap
(i.e., no connection) between A and B if it is claimed that neither causes the other,
and an undirected edge between A and B if neither of the aforementioned two claims
is made involving A and B. Such a graph is acyclic if there is some way of orienting
the undirected edges in the graph such that there is no chain of arrows in the graph
that forms a cycle. It is plausible that causal claims can always be representable by an
acyclic graph: in cases in which there are apparent causal cycles, one can eliminate
these cycles by time-indexing the variables (see, e.g., Clarke et al., 2014b). We may
suppose that evidence imposes certain constraints on C. For example, if evidence
establishes that A is a cause of B, represented by A w B, then there should be some
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chain of arrows from A to B in C; if evidence establishes that A is not a cause of B,
A+>B, then there should be no chain of edges and arrows from A to B. A causal graph
C is maximally noncommittal, from all those in €, if there is no other causal graph
D in €, which makes fewer causal claims (including both arrows and gaps) than C.

How does evidence impose a constraint of the form A w B? As discussed in
Section 2.1, in order to establish that A is a cause of B, there would normally have to
be evidence both that (i) there is an appropriate sort of difference-making relationship
(or chain of difference-making relationships) between A and B—for example, that A
and B are probabilistically dependent, conditional on B’s other causes—, and that (ii)
there is an appropriate mechanistic connection (or chain of mechanisms) between
A and B-so that instances of B can be explained by a mechanism that involves A.
(We saw earlier that there are some exceptions to this rule, which correspond to the
counterexamples to standard theories of causality, discussed in Section 2.1.)

How does evidence impose a constraint of the form A+ B? Typically, a causal
relationship can be ruled out by either (i) evidence that there is no appropriate
difference-making relationship (or chain of such relationships) between A and B
or (ii) evidence that there is no mechanism (or chain of mechanisms) that can
account for B in terms of A. Thus, a drug trial of sufficiently high quality that finds
no association between treatment and cure would impose a A+ B constraint. On
the other hand, we can rule out certain causal claims involving treatments (such
as certain homeopathic treatments) where it is known that there is no possible
mechanism by which the treatment can explain a cure.

In sum, then, the analogy with the trihoral relation suggests that causal claims are
representational rather than real in the sense that they guide inference, explanation,
and action but do not refer to a nonepistemic connection that we can call causality.
Moreover, the analogy with Bayesian probability can shed some light on the link
between evidence and epistemic causality, by suggesting three norms by which the
extent and limitations of available evidence constrain one’s causal claims. !

2.3 THE NATURE OF EVIDENCE

It appears that the aforementioned recipe for arriving at one’s causal claims requires
that an ideally rational subject has perfect access to her evidence. The recipe suggests
that one’s causal claims are rational if and only if they are appropriately constrained
by one’s body of evidence in accordance with the Acyclicity, Calibration, and Equiv-
ocation norms. Informally, if one’s causal claims are thus constrained by what one
takes to be one’s body of evidence rather than what is in fact one’s body of evidence,
then one’s causal claims are not appropriately constrained. Therefore, if an ideally
rational subject’s causal claims are appropriately constrained, it looks like an ideally
rational subject must have perfect access to her body of evidence.

INote that it is important to distinguish this task of determining, on the basis of current evidence, which
set of causal claims is established by that evidence, from the task of formulating, on the basis of current
evidence, a set of more tentative causal hypotheses that can be tested by collecting further evidence. A
formal approach to developing a set of causal hypotheses is developed in (Williamson 2006, Appendix).
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The problem is that certain recent work in epistemology purports to show that
evidence is not as accessible as following the aforementioned recipe seems to require;
see, for example, Williamson (2000, pp. 164—183). In particular, it can be claimed that
even an ideally rational subject may not have perfect access to her evidence. Thus,
the critic might object that the epistemic theory of causality is committed to a false
theory of evidence. How should the proponent of an epistemic theory of causality
respond to this objection?

One possibility is for the proponent of an epistemic theory to simply deny that
evidence is not perfectly accessible in the relevant sense: evidence is such that an
ideally rational subject has perfect access to her evidence. Indeed, it looks like there
is room for this line of response. This is because many theorists assume something
like the ought implies can principle, which says that one must be in a position to
accomplish anything that one ought to accomplish. The principle might seem a rea-
sonable assumption, since intuitively one is not failing to fulfill one’s obligations if
one could not have possibly fulfilled those putative obligations. Crucially, this intu-
itively plausible principle implies that evidence is perfectly accessible in the relevant
sense. In particular, if an ideally rational subject’s causal claims are constrained by
her evidence in accordance with the aforementioned recipe, then it must be possible
that her causal claims be thus constrained, given the ought implies can principle. In
turn, in order for it to be possible that an ideally rational subject’s causal claims be
appropriately constrained, her evidence must be perfectly accessible. Thus, the pro-
ponent of the epistemic theory of causality might maintain that, contra recent work
in epistemology, evidence is in fact accessible in the relevant sense. Of course, then
there is the pressing matter of pointing out where the recent work in epistemology
has gone wrong; see Williamson (2015) on this point.

Alternatively, the proponent of an epistemic theory might want to endorse the view
that evidence is not perfectly accessible. Then, the question is whether a viable epis-
temic theory of causality can be proposed that dispenses with the requirement that
evidence is perfectly accessible. Arguably, such an epistemic theory of causality can
be proposed. Once again, the analogy with Bayesian probability is instructive.

Objective Bayesian probabilities are degrees of belief appropriately constrained
by the evidence in accordance with the Probability, Calibration, and Equivocation
norms. The problem is that the objective Bayesian theory also seems to require that
evidence is such that an ideally rational subject has perfect access to her evidence.
Thus, if evidence is not perfectly accessible in this sense, it looks like this objective
Bayesian theory of probability cannot be correct.

In response to this state of affairs, Timothy Williamson proposes an alternative
evidential theory of probability, a theory that dispenses with the requirement that evi-
dence is perfectly accessible (Williamson, 2000, pp. 209-237). On this theory, there
exists an objective degree to which a claim is entailed by a given body of evidence,
and it is evidential probabilities that measure this partial entailment relation between
one’s body of evidence and specific claims. But the objective degree to which a claim
is entailed by the evidence is not reducible to an ideally rational subject’s degree of
belief in that claim, where an ideally rational subject follows the Probability, Cali-
bration, and Equivocation norms. This is because such ideally rational subjects might
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disagree with regard to their degrees of belief on the same body of evidence, if this
body of evidence is not perfectly accessible to each of them. Rather, degrees of belief
are rational given a body of evidence only insofar as they match the relevant evidential
probabilities. Crucially, the theory of evidential probability remains an epistemic the-
ory of probability, since evidential probabilities depend upon one’s body of evidence
rather than on purely nonepistemological features of the world.

In a similar manner, the proponent of the epistemic theory might propose an
analogous evidential theory of causality, an epistemic theory that dispenses with the
requirement that evidence is perfectly accessible in the relevant sense. This evidential
theory of causality differs from the epistemic theory of causality presented in Section
2.2 in much the same way that the theory of evidential probability differs from the
theory of objective Bayesian probability. In particular, this theory can hypothesize
that one’s body of evidence entails certain relationships between specific claims,
relationships that license particular inferences concerning explanation, prediction,
and control. These relationships can be charted by a unique causal graph given a
body of evidence. This theory of causality remains epistemic, since the causal graph
depends upon one’s body of evidence rather than some nonepistemological feature
of the world. But unlike the original epistemic theory, causality is not reducible to the
causal claims arrived at by following a recipe that requires that evidence is perfectly
accessible. Instead, one’s causal claims are rational insofar as they match the unique
causal graph. Arguably, then, a version of the epistemic theory of causality survives
the objection based upon recent work in epistemology, namely, the evidential theory
of causality.

2.4 CONCLUSION

In this paper, we have argued that standard theories of causality have a hard time
making sense of the epistemology of causality or are susceptible to counterexamples
(Section 2.1). One response to this state of affairs is to adopt an epistemic theory of
causality, such as that developed in Williamson (2005, 2006, 2009, 2011) as outlined
in Section 2.2. While some might object that such an epistemic theory of causality
conflicts with some recent work in epistemology, in Section 2.3 we have suggested
two lines of response to this objection: either to rebut worries about the inaccessibility
of evidence or to adapt the epistemic theory to fit the view that evidence may be
inaccessible.
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3.1 INTRODUCTION

In linear regression, it is not always clear which variable should be the predictor and
which variable should be the response. Dodge and Rousson (2000, 2001) proposed
criteria for choosing the direction of a regression line based on asymmetric prop-
erties of the correlation coefficient under a classical linear regression setting. Their
main result among other findings was to introduce the cube of the correlation coeffi-
cient as the ratio of the skewness of the two variables involved. Their approach has
attracted some attention in the literature, with potential for interesting applications,
for example, in the domain of social sciences. See, for example, Muddapur (2003),
Sungur (2005), von Eye and DeShon (2012a,b) Pornprasertmanit and Little (2012),
or Wiedermann et al. (2014), among others. In this paper, we reconsider and further
analyze the problematic of detecting the direction of dependence in a linear regres-
sion model. In particular, after a brief review of the key concepts that are given in
Section 3.2, we examine, compare, simplify, and formalize some possible testing pro-
cedures in Section 3.3. In Sections 3.4, we discuss the problematic of causality and
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the possible presence of lurking variables in the context considered. In Section 3.5,
we revisit the brain and body data set, which had been used in Dodge and Rousson
(2000). Some conclusions are given in Section 3.6.

3.2 CHOOSING THE DIRECTION OF A REGRESSION LINE

Consider two continuous variables X and Y with Pearson correlation pyy and the two
possible linear regression models:

Y=a+bX+e¢ 3.1

and:

X=d +bY+¢€ (3.2)
where € and €’ are residual terms, which are normally distributed, the former being
independent of X and the latter being independent of Y. To avoid unnecessary com-
plications, we also consider that X and Y are not perfectly correlated (i.e., |pxy| < 1).
In this paper, we shall assume that at least one of (3.1) and (3.2) holds. We have then
the following possibilities:

e Both (3.1) and (3.2) hold, in which case both X and Y are normally distributed
(since the normality of X and Y together with normal residuals in (3.1) and (3.2)
is equivalent to the binormality of (X, ¥)).

e Only (3.1) holds while (3.2) does not hold, in which case X is not normally dis-
tributed (since a normal X together with normal residuals in (3.1) would imply
that X and Y are both normally distributed such that (3.2) would also hold). Note
that Y is also nonnormal in that case unless pyy = 0.

e Only (3.2) holds while (3.1) does not hold, in which case Y is not normally
distributed. Note that X is also nonnormal in that case unless pyy = 0.

In summary, X and Y are both normally distributed if both (3.1) and (3.2) hold,
whereas X and Y are both nonnormal if only one of (3.1) and (3.2) holds, as soon
as their correlation is nonzero. We are thus left with the following five possible and
mutually exclusive situations (which we shall retrieve in the next section):

Situation 1 X and Y are normally distributed (both (3.1) and (3.2) hold).
Situation 2 X is nonnormal, Y is normal, and py, = 0 (only (3.1) holds).
Situation 3 X is normal, Y is nonnormal, and py, = 0 (only (3.2) holds).
Situation 4 X and Y are nonnormal, and only (3.1) holds.
Situation 5 X and Y are nonnormal, and only (3.2) holds.

In situations where at least one of X or Y is nonnormal, models (3.1) and (3.2)
cannot hold simultaneously and one may hesitate between the two models. To help
in this choice, Dodge and Rousson (2001) proposed to use the concept and properties
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of “cumulants” (which are functions of moments, see e.g., Kendall and Stuart, 1963).
Denote by Cum,(V) the rth cumulant of a random variable V. For any r > 3, one has
the following properties:

Cum,(w + 0vV) = v"Cum,(V) for any scalars ® and v 3.3)
Cum,(V + W) = Cum,(V) + Cum,(W) if V and W
are independent random variables (3.4)
Cum,(V) =0 if V is normally distributed. 3.5)
In particular, property (3.5) is the reason why (standardized) cumulants can be used

as measures of nonnormality in descriptive statistics. Assuming that model (3.1)
holds, one gets from (3.3)—(3.5) that:

Cum,(Y) = Cum,(a + bX) + Cum,(¢) = b"Cum,(X) + 0 = b"Cum,(X).  (3.6)

Denote by oy and oy the standard deviations of X and Y. Dividing both terms of (3.6)
by oy, yields:

Cum,(Y)  b"Cum,(X) b oy Cum,(X)
oo oy oy op

If we assume now that only (3.1) holds (i.e., (3.2) does not hold), X is nonnormal and
thus Cum,(X) # 0, and one finally obtains (recalling that pyy = boy/oy):

Cum,(Y)/o},
Pxv = Cum, (/o)

Thus, since |p}, | < 1, assuming that only model (3.1) holds implies that the rth
standardized cumulant of ¥, Cum,(Y)/ 0';, is smaller in magnitude than the rth stan-
dardized cumulant of X, Cum,(X)/c}. By symmetry, assuming that only model (3.2)
holds implies that the rth standardized cumulant of X is smaller in magnitude than
the rth standardized cumulant of Y. This means that the response variable should be
closer to a normal distribution than the predictor variable. Therefore, if one hesitates
between models (3.1) and (3.2), one may select (3.1) if one has some statistical evi-
dence that |[Cum,(Y)/ oyl < [Cum,(X) / oy | and one may select (3.2) if one has some
statistical evidence that |Cum,(X)/c%| < |Cum,(Y)/c7| for some r > 3.

Dodge and Rousson (2000, 2001) applied this strategy using r = 3, whereas
Dodge and Yadegari (2010) considered r = 4. Recall that the third standardized
cumulant is the skewness coefficient (the third central moment divided by the cube
of the standard deviation), whereas the fourth standardized cumulant is known as the
“excess kurtosis” (obtained by subtracting 3 from the fourth central moment divided
by the fourth power of the standard deviation). In what follows, we shall denote by
rx = E(X — E(X))*)/o3 and yy = E((Y — E(Y))*)/o; the skewness coefficients of
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X and Y and by xy = E(X — E(X))*)/oy, — 3 and ky = E(Y — E(Y))*)/o}, — 3 their
excess kurtosis. Assuming that only (3.1) holds (i.e. (3.2) does not hold) yields:

14
Pyy = i (3.7)
as well as: .
Y
Pyy = s (3.8)

If one hesitates between models (3.1) and (3.2), one may select (3.1) if one has some
statistical evidence that |yy| < |yy| or/and that |k} | < |ky|, and one may select (3.2) if
one has some statistical evidence that |yy| < |yy| or/and that |xy| < |ky|. In the liter-
ature, choosing between models (3.1) and (3.2) is sometimes referred to as “choosing
the direction (dependence) of a regression line.”

3.3 SIGNIFICANCE TESTING FOR THE DIRECTION OF A
REGRESSION LINE

The results presented in the previous section are theoretical ones. In practice, one has a
sample of n independent observations (X;, ¥;) drawn from a bivariate random variable
X,Y)(@i=1,---,n), and the theoretical results (3.7) or (3.8) will not hold exactly in
the sample even if (3.1) holds in the population. If one hesitates between models (3.1)
and (3.2), one should take into account the uncertainty due to sampling variability. In
other words, a significance test is needed and such attempts are currently discussed
in the literature (e.g., von Eye and DeShon, 2012a,b). In particular, Pornprasertmanit
and Little (2012) proposed to check the following four conditions to conclude either
(3.1) or (3.2) based on skewness:

Condition 1 (skewness) The correlation pyy should be significantly different from
Zero.

Condition 2 (skewness) At least one of the skewness yy and yy should be signif-
icantly different from zero.

Condition 3 (skewness) If both yy and y, are significant, they should not be sig-
nificant in opposite directions if py, is significantly positive, and they should
not be significant in the same direction if pyy is significantly negative.

Condition 4 (skewness) The difference in absolute skewness A, = |yx| — |ry]
should be significantly different from zero.

If the four conditions are satisfied, one may conclude model (3.1) (X is the predictor
and Y the response) if A, is significantly larger than zero, and one may conclude
model (3.2) (Y is the predictor and X the response) if A, is significantly smaller than
zero. If the first or third condition is not satisfied, neither X nor Y is the predictor.
If the second or fourth condition is not satisfied, the direction of the regression line
is said to be “undetermined.” They proposed a similar testing procedure based on
kurtosis:
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Condition 1 (kurtosis) The correlation pyy, should be significantly different
from zero.

Condition 2 (kurtosis) At least one excess kurtosis ky or ky should be signifi-
cantly different from zero.

Condition 3 (kurtosis) If both ky and x are significant, they should not be sig-
nificant in opposite directions.

Condition 4 (kurtosis) The difference in absolute excess kurtosis A, = |ky| —
|xy| should be significantly different from zero.

Here also, if the four conditions are satisfied, one may conclude model (3.1) if A is
significantly larger than zero, and one may conclude model (3.2) if A is significantly
smaller than zero, while neither X nor Y is the predictor if the first or third condition is
not satisfied, and the direction of the regression line is undetermined if the second or
fourth condition is not satisfied. The authors further mentioned that all significance
tests performed in this procedure can be done using a simple bootstrap estimation
method and they defined the Type I error in this context as “the probability that the
directional dependency test suggests that X, Y or neither is the explanatory variable
when a decision of undetermined directional dependency should be selected based on
the information at the population level” (Pornprasertmanit and Little, 2012, p. 317).

In what follows, we further explore the validity of such a global testing
procedure. In particular, we discuss whether each of the aforementioned four
conditions is really needed or whether the testing procedure could be simplified
without affecting its performance and validity. For this, we simulated data under
model (3.1) with sample sizes of n = 50, 100,500 and with square correlations of
R? = p)z(y =0,0.25,0.5,0.75. We considered various skewness and kurtosis values
for X, which was generated either according to a chi-square distribution, for which
the skewness coefficient is yy = 4/8/df, or according to a Student’s t-distribution,
for which the excess kurtosis is ky = 6/(df — 4), where df represents the degrees
of freedom. The number of degrees of freedom was chosen such that the skewness,
respectively, the excess kurtosis, was equal to 0, 0.5, 1, 2, 4, and 6, where the cases
yx = 0 and xy = 0 correspond to a normal distribution. To assess Conditions 2, 3,
and 4 in the aforementioned testing procedure, we used a percentile bootstrap with
500 replications. To assess Condition 1, we used a Spearman correlation test, which
was found to better control the Type I error than a percentile bootstrap. A nominal
significance level of 5% has been used for each of the tests performed. In each setting
considered, we estimated the probability to conclude model (3.1) and the probability
to conclude model (3.2) based on 1000 simulated data sets.

Besides the testing procedure proposed by Pornprasertmanit and Little (2012)
described earlier (in what follows Procedure A), we also considered two simpli-
fied procedures (in what follows Procedures B and C). In Procedure B, we removed
Conditions 2 and 3 (keeping only Conditions 1 and 4) from Procedure A, and in Pro-
cedure C, we removed Conditions 1-3 (keeping only Condition 4). We considered
such simplifications both for the testing procedure based on skewness and for the
testing procedure based on kurtosis. In summary, we conclude either model (3.1) or
model (3.2) if:
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Procedure A Conditions 1-4 are satisfied.

Procedure B Only Conditions 1 and 4 are satisfied (whatever the status of Con-
ditions 2 and 3).

Procedure C Only Condition 4 is satisfied (whatever the status of Conditions 1-3).

Figures 3.1-3.3 show the estimated probabilities to conclude model (3.1), the
model under which the data have been generated, when using Procedures A—-C in
various settings. Here is a summary of our results:

e There was almost no difference between Procedures A and B. The highest dif-
ference was observed for R? = 0.25 and k > 4, where the probability to (cor-
rectly) conclude model (3.1) was 1% higher for Procedure B, compared to
Procedure A. This suggests that Conditions 2 and 3 used in Procedure A but not
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Figure 3.1 Estimated probability to conclude model (3.1) using tests based on skewness for
n =50, R* =0,0.25,0.5,0.75 (shown respectively in panels (a), (b), (c), and (d)) and various
values of y,, with Procedure A (Conditions 1-4), Procedure B (Conditions 1 and 4), and Pro-
cedure C (only Condition 4). A horizontal line at 5% is plotted as reference line. The numbers
plotted refer to the probabilities reached with Procedure A.
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Figure 3.2 Estimated probability to conclude model (3.1) using tests based on kurtosis for
n =100, R* = 0,0.25,0.5,0.75 (shown respectively in panels (a), (b), (c), and (d)) and various
values of «, with Procedure A (Conditions 1-4), Procedure B (Conditions 1 and 4), and Pro-
cedure C (only Condition 4). A horizontal line at 5% is plotted as reference line. The numbers
plotted refer to the probabilities reached with Procedure A.

in Procedure B might not be needed. This is actually not surprising since Con-
dition 4 implies Condition 2 in the population, |yy| > |yy| implying |yy| > 0
and |ky| > |ky| implying |ky| > O, such that Condition 2 appears redundant,
and since Condition 3 is always met in the population (if we assume a linear
model) and was met in more than 99% of our simulations.

e The probability to conclude model (3.1) using Procedure A or B did not (or just
barely) exceed the nominal significance level of 5% when R?> = 0 or when X was
normal, whereas it was in these cases much higher than 5% using Procedure C.
This means that Condition 1 used in Procedures A and B but not in Procedure C
is needed to control the Type I error, if the Type I error includes the probability
to conclude model (3.1) when either R? = 0 or X is normal (corresponding to
Situations 1-3 described in Section 3.2). By symmetry, the Type I error will
also include the probability to conclude model (3.2) when either R> = 0 or Y is



52 STATISTICAL INFERENCE FOR DIRECTION OF DEPENDENCE IN LINEAR MODELS

n=500 R2=0 n=500 R2=0.25

o | o |
= — |2« ProcA = — |5« ProcA
g -e ProcB . = -e ProcB 0.85
% o [« ProcC a % =
g ° A £
® ®
g o 2
g ° : E
s} A S
o <« . o
2 o] 2
2 . 2
= =
29 - :
<] y 0.03 0.04 0.04] ©
& 0.7_0."_}0.01__‘ _____ - = &

e I I I I I I I

0 1 2 3 4 5 6
Kurtosis Kurtosis
@ (b)
n=500 R2=0.5 n=500 R?=0.75
S| o |
— |2 ProcA ~ |2 ProcA
-e ProcB 0.82 - ProcB
o« _|4- ProcC i} o« _|4- ProcC
o o

Probability to conclude model (1)
Probability to conclude model (1)

Kurtosis Kurtosis
(© (d)
Figure 3.3 Estimated probability to conclude model (3.1) using tests based on kurtosis for
n =500, R?> = 0,0.25,0.5,0.75 (shown respectively in panels (a), (b), (c), and (d)) and various
values of «, with Procedure A (Conditions 1-4), Procedure B (Conditions 1 and 4), and Pro-
cedure C (only Condition 4). A horizontal line at 5% is plotted as reference line. The numbers
plotted refer to the probabilities reached with Procedure A.

normal (corresponding to the same three situations). Taken together, the Type
I error can be defined as the probability to conclude either (3.1) or (3.2) when
we are in one of the first three situations described in Section 3.2.

e The probability to select model (3.2), which was a wrong model when X was
nonnormal, did not exceed 0.2% in each setting (and for each procedure) con-
sidered, illustrating that the probability to select the wrong model, sometimes
referred to as the Type III error (e.g. Kimball, 1957, Leventhal and Huynh,
1996), is well controlled.

e When X was normal, in which case Y was also normal such that we were in
Situation 1 from Section 3.2 where both (3.1) and (3.2) hold, the probability
to conclude model (3.1) and the probability to conclude model (3.2) were both
almost zero, although they should be in principle both close to 2.5% (such that
their sum would reach the nominal significance level of 5%). This suggests that
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the percentile bootstrap that we have used to assess Condition 4 was overly
conservative and that we would improve the statistical power of the testing pro-
cedure by using another method, for example, the (computationally intensive)
BCa bootstrap. Using a more powerful test to assess Condition 4 in our simu-
lations would, however, not alter our present conclusions.

e The probability to (correctly) select model (3.1) for a positive R? and a nonnor-
mal X was much higher when using tests based on skewness than when using
tests based on kurtosis. Whereas such probabilities were already fairly large
with the former for yy > 0 and n = 50 (see Fig. 3.1), they were still close to
zero with the latter for ky, > 0 and n = 100 (See Fig. 3.2). Itis only withn = 500
that these probabilities became large (see Fig. 3.3). Thus, detecting the direc-
tion of a regression line is much easier when the predictor is skewed (such as a
chi-square distribution) than when the predictor is symmetric with an excess of
kurtosis (such as a Student’s t-distribution).

e Less importantly, we noted that the probability to conclude model (3.1) when
using a testing procedure based on skewness was not a monotone function of
neither R? nor yy, since this probability was increasing at small values of R?> > 0
and yy > 0 while decreasing at higher values (see Fig. 3.1). This latter counter-
intuitive result was due to the fact that a Spearman correlation tends to get lower
with increasing skewness (no such decreasing trend at high values of yy would
be observed using a Pearson correlation to assess Condition 1, which would,
however, not be robust against outliers). We did not observe such decreasing
trends at high values of ky when using a testing procedure based on kurtosis
(see Fig. 3.3).

Our main conclusion from these simulations is thus the following. If one is ready
to assume a linear model between X and Y, either (3.1) or (3.2), and if the goal is to
conclude either (3.1) or (3.2), Procedure B can be used instead (as a simplification)
of Procedure A. One can write the null hypothesis as:

H,: either pyy =0 orboth (3.1) and (3.2) hold
which is the same as:

H,: either pyy =0 or both X and Y are normal

or even as:
H,: atleastone of X or Y isnormal.

Referring to the five situations described in Section 3.2, one can also equivalently
write:

H,: Situation 1, 2, or 3 applies.

One can then proceed as follows:
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(1) Reject Hy and conclude Situation 4 (model (3.1) with pyy # 0) if the correlation
pxy 1s significantly different from zero (either positive or negative) and if the
difference in absolute skewness/kurtosis A is significantly larger than zero.

(2) Reject Hy and conclude Situation 5 (model (3.2) with pyy # 0) if the correlation
pxy 1s significantly different from zero (either positive or negative) and if the
difference in absolute skewness/kurtosis A is significantly smaller than zero.

(3) Do not reject H, (and do not conclude anything) if either pyy or A is not sig-
nificantly different from zero.

In this procedure, one canuse A = A, = |yyx| — |yy| if one suspects a skewed pre-
dictor and one can use A = A, = |ky| — |ky| if one suspects a symmetric predictor
with an excess of kurtosis. In either case, the Type I error is (as usual) the probability
to reject H, when H,, is true. As seen in our simulations, it is controlled at « if the tests
on the nullity of py, and on the nullity of A are both conducted at the significance
level a, while the probability to conclude the wrong model, that is, to conclude (3.1)
when only (3.2) holds or to conclude (3.2) when only (3.1) holds, is also controlled.
Note also that in the case where H,, is not rejected, we do not have a statistical proof
that there is no relationship (pyy = 0) or that the direction of the regression line is
undetermined (both (3.1) and (3.2) hold) since, as is well known, an absence of evi-
dence does not imply an evidence of absence (e.g. Altman and Bland, 1995). This is
also the reason why we have included these two cases (the case of no relationship, i.e.,
when neither X nor Y is the predictor, and the case of an undetermined direction of
the regression line) in the null hypothesis, whereas Pornprasertmanit and Little (2012)
only considered the latter when defining their Type I error. Note, finally, that since
both X and Y are nonnormal if H;, is wrong, we have to assume that both X and Y are
nonnormal to have a chance to consistently detect the direction of a regression line.

When considering a statistical model, it may be useful to distinguish between the
“assumptions,” which are made (defining the model), and the “hypotheses,” which
are tested for (within the model). In our case, the assumptions are that there exists a
linear model between X and Y, either (3.1) or (3.2). In this setting, one can formally
test the null hypothesis H, as described earlier. Of course, a testing procedure is valid
only (or mainly) under the assumptions under which it has been developed, and it
may be useful or necessary to check these assumptions. For example, it is certainly
useful to check in our case that the residuals are close to be normally distributed. In
addition, one can also check Condition 3 of Pornprasertmanit and Little (2012), but
this is only one among many possible checks. However, such checking is usually part
of a goodness of fit procedure, not of an hypothesis testing procedure. This is also
in this spirit that we have simplified the testing procedure of Pornprasertmanit and
Little (2012).

3.4 LURKING VARIABLES AND CAUSALITY

When using the testing procedure described in the previous section, it is tempting to
conclude that X is a cause of Y if we can conclude model (3.1), and it is tempting to
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conclude that Y is a cause of X if we can conclude model (3.2). Of course, there might
exist a lurking (confounding) variable Z, which is a cause of both X and Y, such that
we may have no association anymore between X and Y once conditioned on Z. In
what follows, we argue that under the assumption of a linear model between X and
Y, it is actually not very likely that such a lurking variable exists if we can conclude
(3.1) or (3.2), at least when we consider the whole population (and not an artificial
subpopulation, as discussed in Subsection 3.4.3 below).

3.4.1 Two Independent Predictors

Let us consider two continuous variables X and Y. A special case of lurking variable
is a variable Z, which is independent of X and which is correlated with Y. Without
loss of generality, we assume that X, Y, and Z have been standardized to have zero
expectation and unit variance. Assume that we have:

Y=cX+Z+¢€*

where ¢ # 0 and ¢’ # 0, where X and Z are two independent predictors (or even
causes) of Y, and where €* is normally distributed and independent of both X and
Z. This situation was considered by Pornprasertmanit and Little (2012). They argued
that if X is normally distributed and Z is skewed, Y will be skewed as well, although
less than Z but more than X, such that in a model involving only X and Y, one would
select model (3.2) rather than model (3.1) using the testing procedure above, and one
would thus wrongly conclude that Y is a cause of X (instead of the other way around).
Recall, however, that the null hypothesis includes the case of a normal X, such that the
probability to wrongly select model (3.2) would then be controlled. Even if X were
slightly skewed, note that the residual term in (3.1) would be € = ¢'Z + ¢*, which is
skewed if Z is skewed and ¢’ # 0, such that (3.1) would not hold. On the other hand,
one has:
X=cY+(1-AX—-c'Z-ce*

such that the residual term in (3.2) would be €’ = (1 — ¢*)X — cc’Z — ce*. We argue
that it is unlikely that such a combination of skewed X and Z yields a residual term ¢’,
which is normally distributed. This means that neither (3.1) nor (3.2) would then hold,
such that the testing procedure should in principle not be applied and there would be
no such wrong conclusion that Y is a cause of X.

3.4.2 Confounding Variable
Alternatively, assume that we can write:
X=dZ+56

and:
Y=dZ+§¢
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where d # 0, d’ # 0, and where 6 and &' are not correlated with Z while being
independent of each other, such that X and Y are conditionally independent given
Z, the observed correlation between X and Y being due to the confounding variable
Z. Without loss of generality, we further consider that the three variables have been
standardized to have zero expectation and unit variance, such that d and d’ are
correlations between X and Z, respectively between Y and Z. One has in that case
Z = (X — 6)/d and one can write:

! !’
Y=(=)x+6-(= )6
(Z)x+o-(%)
Note, however, that X is correlated with 6* = 6’ — (d’ /d)é since:

Cov(X,56*) = cOv<dz+ 5,8 — <‘§>5> = —<%>Var(5).

Thus, if model (3.1) is fitted using least squares, the slope will not be an estimate of
d' /d but of:
b= Cov(X,Y)=Cov(dZ+6,dZ+ &) =dd.

This means that the residual term € in model (3.1) is in fact given by:

X : dd & d 0
(fes)oe-(5)

Since we exclude the case of a perfect correlation between X and Y, we have (d’ /d —
dd') # 0, and it appears unlikely to obtain a normal distribution for € if X is nonnor-
mal. By symmetry, the distribution of the residual term ¢’ in model (3.2) is given by:

¢ = Y<§ —d’d> +6— <§>5’

and it appears unlikely to obtain a normal distribution for ¢’ if ¥ is nonnormal.
Putting this together, this means that neither (3.1) nor (3.2) would hold if both X
and Y are nonnormal in the presence of a confounder Z. Thus, the testing procedure
should in principle not be performed in those cases (whereas the case where either
X or Y is normal is included in our null hypothesis).

3.4.3 Selection of a Subpopulation

It is, however, possible to construct an example with a lurking variable Z where
either model (3.1) or model (3.2) holds and where X and Y are both nonnormal, by
considering a nonnormal subpopulation from a normal population. Consider three
continuous variables X, ¥, and Z with zero expectation, which follow a trivariate nor-
mal distribution on some population, where Z is a cause of both X and ¥, where X
and ¥ are conditionally independent given Z, where pgz # 0, pyz # 0, and pgy =
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Pxz * Pyz- This is a case where both (3.1) and (3.2) hold, which is included in our null
hypothesis H,, and which is not yet problematic. In particular, one has:

Y=0X+¢

with b = pgy = pgz - pyz # 0, and where € is normally distributed and independent
of X. Let us consider now a subpopulation including only those individuals with
some particular values of X (e.g., the subpopulation of those individuals with X < 0),
and let us redefine X, ¥, and Z on this subpopulation, obtaining X, Y, and Z. This
is a case where X has a nonnormal distribution (e.g., a folded normal distribution,
which is a skewed one), also implying the nonnormality of Y and Z, while the cor-
relations among the three variables may still be nonzero. This is also a case where
(3.1) holds (while (3.2) does not hold). This follows from the fact that if we have a
linear relationship between X and ¥, we shall still have a linear relationship between
the two variables if we restrict our attention to a particular domain of the values of
X (e.g., the domain where X < 0). Thus, we shall be able to conclude model (3.1)
using our testing procedure, at least if the sample size is large enough, although
X is not a cause of Y (as long as X is not a cause of ¥)! Using the notation from
the previous subsection, this example shows that it is actually possible to get a nor-
mal € = X(d'/d — dd") + &' — (d' /d)s, while (d' /d — dd") # 0 and X is nonnormal.
Although this is admittedly an artificial example (with an artificial selection of a sub-
population rather than a natural one), it shows that one should remain cautious when
trying to make causality statements. From an applied perspective, this also under-
lines the importance of representatively sampling from the entire (a priori defined)
population.

3.5 BRAIN AND BODY DATA REVISITED

Dodge and Rousson (2000) applied the strategy described in Section 3.2 with r = 3
(i.e., using the skewness coefficient) on a data set published by Crile and Quiring
(1940), who recorded the weight of the brain and the weight of the body of 499
species, among which 91 birds, 56 carnivores, 56 fishes, 56 primates, 40 anthropoids,
28 reptiles, 55 rodents, 60 ungulates, and 57 odd-toed ungulates. The data are plot-
ted in Figure 3.4 on the log scale to achieve a near linear relationship between the
log brain X and the log body Y. The underlying scientific question was whether it is
the brain that drives the body or whether it is the body that drives the brain in the
evolution process of these species. Dodge and Rousson (2000) found that the abso-
lute skewness of the log body was higher than the absolute skewness of the log brain
for fishes, reptiles, and rodents, suggesting that the log body is the predictor of the
log brain for these species (the body is driving the brain). For the other six groups of
species (birds, carnivores, primates, anthropoids, ungulates, and odd-toed ungulates),
the absolute skewness of the log brain was higher than the absolute skewness of the
log body, suggesting that the log brain is the predictor of the log body (the brain is
driving the body). However, no significance test had been applied.
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Figure 3.4 Log body versus log brain for nine groups of species collected by Crile and Quir-
ing (1940), together with Spearman’s rho correlation, sample size n, and p-value associated to
Spearman’s test.

In this section, we revisit this analysis using the testing procedure described in
Section 3.3. We used a 5% significance level throughout. From Figure 3.4, we see
that the log brain and the log body were pretty highly correlated, with Spearman cor-
relations ranging from 0.81 to 0.97, except for anthropoids, where it was 0.37. The
correlation was significant for each group of species, such that the first condition in the
testing procedure was satisfied. On the other hand, the difference in absolute skewness
was significant for carnivores, fishes, primates, anthropoids, and odd-toed ungulates,
as seen in the top left panel of Figure 3.5. Note that to gain statistical power, we cal-
culated here confidence intervals for the difference in absolute skewness using a BCa
bootstrap, as implemented in the online Appendix from Pornprasertmanit and Little
(2012). This suggests that the brain is significantly driving the body for carnivores,
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Figure 3.5 BCa bootstrap confidence intervals at the 95% level for the difference in absolute
skewness (left panels), respectively, in absolute excess kurtosis (right panels), for nine groups
of species, when calculated using all observations (top panels) and after removing 15 outliers
(bottom panels). Estimated differences are plotted with a triangle when significant, with a circle
when not significant.

primates, anthropoids, and odd-toed ungulates, whereas the body is significantly driv-
ing the brain for fishes. Note that these results nicely agree with some conclusions
presented by Jerison (1973) using another approach. We have also repeated the testing
procedure using kurtosis instead of skewness, where we could find only one single
significant result for odd-toed ungulates (see the top right panel of Fig. 3.5).
Looking at Figure 3.4, however, we see that there are some potential outliers, espe-
cially for anthropoids where three species had a very light brain. In any statistical
analysis, we do not like when our conclusions depend only on a few outlying obser-
vations. We have thus repeated the analysis without some outliers. To detect formally
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outliers, we used the “boxplot rule,” removing those observations that were beyond
the third quartile plus 1.5 time the interquartile range, or below the first quartile minus
1.5 times the interquartile range, repeating the process until no more outliers could
be found, separately for log brain and for log body. We detected 15 such outliers
(2 birds, 1 carnivore, 5 primates, 4 anthropoids, and 3 odd-toed ungulates). Without
the outliers, Spearman correlations still ranged from 0.76 to 0.97 for eight groups of
species while the correlation dropped to 0.2 for anthropoids, which was no longer
significant. Confidence intervals for the difference in absolute skewness and excess
kurtosis are shown in the bottom left and bottom right panels of Figure 3.5. We see
that most of our significant results were lost after removing the outliers. The abso-
lute excess kurtosis for anthropoids was significantly higher for log brain than for
log body, suggesting that the body is driving the brain, but we were not allowed to
draw here such a conclusion since the correlation was not significant. Thus, the only
remaining significant result was for fishes, for which we had not detected any out-
liers, while even this single significant result would be lost if we would remove, for
example, the two fishes with the lightest brain.

This example illustrates that it is not an easy task to detect a significant direction of
aregression line if we do not want this result to be affected by a couple of influential
observations. Moreover, removing outliers is in a sense in contradiction with our quest
of nonnormality, which is necessary for the procedure to work. If the distributions are
too close to a normal distribution, the procedure will lack statistical power. If there are
far enough from normality, this means that we may have some influential (outlying)
observations, which once removed take us back toward normality. There is indeed
not much room left to get an approach that is both robust and powerful to detect the
direction of a regression line. Of course, this issue is still amplified in the case of a
small sample size, as we had in our example, where significance tests exhibit a low
power and where the outliers are particularly influential.

3.6 CONCLUSIONS

We have reconsidered in this paper the problematic of the detection of the direction
of a regression line as originally proposed by Dodge and Rousson (2000, 2001). In
particular, we have suggested a simplification of the testing procedure of Pornprasert-
manit and Little (2012) and a reformulation of the Type I error and the null hypothesis.
We have seen that the testing procedure based on skewness is more powerful than the
testing procedure based on kurtosis. We have also argued that, assuming that a lin-
ear model exists with nonnormal variables and normal residuals, the existence of a
lurking variable is not very likely (unless one selects an artificial nonnormal subpopu-
lation from a normal population). Thus, while testing for the direction of a regression
line may indicate the direction of the relationship, assuming a linear model (with non-
normal variables and with normal residuals) protects us to some extent against the
existence of a lurking variable. Taken together, we might be pretty close to a causal-
ity statement. This might be, however, more a theoretical result than a practical one
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since checking the assumption of a linear model, in particular the normality of resid-
uals, is a noticeably delicate task. In the case of a binary confounder, for example, the
distribution of the residuals might be a mixture of two normal distributions, which is
known to be difficult to distinguish statistically from a normal distribution (see, e.g.,
Everitt, 1981). Finally, we have illustrated the fact that a few outlying observations
may have a high influence on the testing procedure and that removing these observa-
tions may bring us back toward the normality, which we wish to avoid. At the end,
proving statistically the direction of a regression line, let alone causality, certainly
remains a major challenge.
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4.1 INTRODUCTION

Path modeling (Wright, 1921; Blalock, 1964; Duncan, 1975) constitutes one of the
cornerstones of modern data analysis and enables researchers to estimate hypoth-
esized structural relations of variables and decompose total effects of hypothesized
causal relations into direct and indirect components. For the trivariate data setting, this
effect decomposition is commonly known as mediation analysis (e.g. MacKinnon,
2008; Baron and Kenny, 1986). One variable is assumed to be the cause of variation
(variable X), another variable is assumed to be the outcome (variable Y), and a third
intervening variable (the mediator M) is assumed to mediate the predictor—outcome
relation. An early discussion of mediation in the field of psychology was given by,
for example, Lazarsfeld (1955); examples of mediation processes in various fields
including, for example, psychology, sociology, communication research, agriculture,
and epidemiology, are given by MacKinnon (2008).

A conceptual graph for a simple mediation model is given in the left panel of
Figure 4.1. A predictor variable X is assumed to cause a mediator variable (M), which,
in turn, causes an outcome (Y). The path from X to Y labeled with b;/x is of particular
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Figure 4.1 Path diagrams for two mediation models with reversed causal directions.

importance because it carries the necessary information to decide whether a full medi-
ation or a partial mediation model is more likely to reflect the data-generating process.
A full mediation process is empirically confirmed when the predictor—outcome path
becomes zero while the indirect paths (from X to Y via M) statistically exist.

The majority of research on mediation analysis discusses mediation models from
a purely statistical perspective. Several approaches have been proposed for the eval-
uation of mediational hypotheses. These approaches typically focus on statistical
inference concerning the indirect, direct, and total effects of mediation models, and a
number of studies have been performed to identify the optimal procedure for testing
mediational hypotheses (Fritz and MacKinnon, 2007; Hayes and Scharkow, 2013;
Judd and Kenny, 2010; Kenny and Judd, 2014; MacKinnon et al., 2002; O’Rourke
and MacKinnon, 2015). In empirical sciences, mediation analysis is dominated by
linear regression models where direct and indirect effects are defined as linear regres-
sion coefficients or sums and products thereof. Because estimated regression coef-
ficients and correlations do not allow causal statements per se, researchers in the
empirical sciences are typically advised to avoid causal interpretations of empiri-
cally observed results (MacKinnon, 2008; Wang and Sobel, 2013). Overwhelming
consensus exists that observed predictor—outcome relations can unambiguously be
interpreted as causal if the predictor is under experimental control. Because failing to
additionally randomize the mediator variable may seriously hamper causal interpreta-
tion (Judd and Kenny, 2010; Spencer et al., 2005), blockage and enhancement designs
have been discussed, which enable researchers to additionally manipulate the medi-
ator (MacKinnon, 2008; Imai et al., 2011). However, even when both, the predictor
and the mediator variable, are experimentally manipulated, causal claims may still be
questionable because randomization of a mediator variable requires certain assump-
tions (e.g., among the set of potential mediators, the experimental manipulation only
affects the target mediator, see Bullock et al. 2010). Because of all these difficulties,
tremendous effort has been invested by various researchers to develop causal medi-
ation analysis (Holland, 1988; Mayer et al., 2015; Pearl, 2001; Imai et al., 2010;
Imai et al., 2011; Robins, 1986; Robins and Greenland, 1992; Valeri and Vander-
Weele, 2013). Causal mediation analysis is based on a redefinition of direct, indirect,
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and total effects using the language of structural counterfactuals, that is, a general
solution to the mediation problem is based on embedding hypothesized structural
equations in the context of counterfactual theory. However, causal mediation analy-
sis does not make any statement concerning the correctness of a hypothesized causal
mechanism. The term “causal” solely refers to inference on mediation effects using
the counterfactual (potential outcome) framework and assumes that the hypothesized
model structure (i.e., the causal ordering of the three variables) is correct. This is of
particular importance in applications of causal mediation analysis in nonexperimental
(observational) data settings. Here, correctness of path directions must be established
using a priori theoretical arguments, for example, directional substantial theories or
temporality (Mayer et al., 2015; Pearl, 2012; Valeri and VanderWeele, 2013).

However, in practical applications, alternative theories for explaining underly-
ing mediation mechanisms may exist and identifying the correct mediation model
among a set of theoretically plausible models is not always possible. This, of course,
applies, in particular, in nonexperimental data settings but is, in fact, not restricted
to observational studies. Consider, for example, a standard experimental design in
which the predictor variable is randomized. In this case, alternative theories con-
cerning the mediator—outcome relation may exist, which justifies the estimation of
competing mediation models, for example, X — M — Y versus X — Y — M. Unfor-
tunately, estimated direct, indirect, and total effects of competing models do not allow
one to identify the correct path specification because estimated parameters are based
on functions of pairwise correlation coefficients. For example, in the linear standard-
ized case, the effect for the predictor-mediator relation, which is part of the indirect
effect, is simply the Pearson correlation coefficient (py,;,), which does not depend
on variable order, that is, py,; = pyx- Similarly, the total effect of competing mod-
els (byy and byy in Fig. 4.1a and b) both equal the correlation, pyy = pyy, in the
standardized case.

Many previous studies on causal mediation analysis discuss conditions for identi-
fying causal effects with a focus on experimental data scenarios (of course, principles
of causal mediation are not restricted to experimental studies). In addition, meth-
ods have been proposed for the evaluation of underlying assumptions. The more
fundamental assumption of causal ordering (i.e., assuming correctness of path speci-
fications in a mediation model), which is particularly important in observational data
scenarios, received considerably less attention. This chapter aims at filling this gap
by discussing methods for the evaluation of underlying directionality assumptions
of a hypothesized mediation model with a focus on cross-sectional nonexperimental
settings. The remainder of the chapter is structured as follows: First, we introduce
the key elements of causal mediation analysis and sensitivity analyses, developed to
quantify the robustness of causal mediation effects under potential assumption viola-
tions. Second, we review common approaches to address the issue of causal ordering
of variables. Third, we propose an empirical approach to test hypothesized direc-
tions of effects, which, under certain conditions, enables researchers to decide which
one of two competing mediation models (i.e., a target model and an alternative model
in which the causal flow is reversed) is more likely to reflect the true data-generating
process. Fourth, results of a Monte Carlo simulation experiment are presented, which
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demonstrate the adequacy of the proposed directionality tests. Fifth, an empirical
example on the development of numerical cognition in children is given to illustrate
the application of the proposed directionality tests.

4.2 ELEMENTS OF CAUSAL MEDIATION ANALYSIS

In the past decades, various authors have discussed potential outcomes in the context
of structural models (see, e.g., Holland, 1988, Robins, 1986, Robins and Greenland,
1992). Similarly, Pearl (2001, 2009, 2012) discussed general definitions of direct,
indirect, and total effects in mediation settings through redefining causal mediation
effects using the language of structural counterfactuals. Suppose that the model
given in Figure 4.1a represents the true underlying data-generating process. The
predictor variable X is assumed to cause a mediator variable M, which, in turn, is
assumed to cause the outcome variable Y. The (natural) direct effect (DE) of the
predictor—outcome relation can then be described as the expected change in the
outcome (Y), which is induced by changing the predictor (X) from value x to x’
while keeping the mediator (M) constant at whatever value it would have assumed
under X = x. Assuming that certain ignorability assumptions hold (which will be
discussed next), this can be expressed as

DE(Y) = Y [E(Y|x',m) — E(Y|x,m)|P(m]x) 4.1

where E is the expectation operator.! Further, the indirect effect (IE) is defined as
the expected change in the outcome (Y) when holding the predictor (X) constant at
the value X = x while changing the mediator (M) to whatever value it would have
assumed had the predictor been set to X = x/, that is,

IE(Y) = Z E(Y|x, m)[P(m|x") — P(m|x)] 4.2)

Equation (4.2) represents a nonparametric definition of the well-known
product-of-coefficients term commonly used to define the indirect effect, where
E(Y|x,m) describes the mediator—outcome relation for any fixed value X = x and
P(m|x") — P(m|x) captures the predictor-mediator relation by describing the impact
of changing x to x" on the probability of M. Finally, the rotal effect naturally arises
from effect decomposition. Although (4.1) and (4.2) provide general formulas for
the direct and indirect effects, which are applicable to linear and any nonlinear
systems, we focus on linear relations among variables. In this case, the fotal effect
(TE) can be written as the sum of the direct and the indirect effects, that is,

TE(Y) = DE(Y) + IE(Y). 4.3)

Following Pearl’s (2012) notation, we use the summation sign while implicitly assuming that integrals
should be used when variables are continuous.
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Assuming linearity of effects, the following three equations can be used to describe
the relevant elements of a simple mediation model (throughout the chapter, we
assume, without loss of generality, that model intercepts have been set to zero):

The b parameters describe the slope coefficients, and ¢ denotes the error terms.
In each term, the first subscript denotes the response variable and the remaining
subscripts denote predictor variables of the corresponding linear model. Following
Baron and Kenny’s (1986) stepwise approach, regression coefficients can be
estimated via ordinary least squares while error terms are assumed to be normally
distributed, homoscedastic, serially independent, independent of the corresponding
predictors, and independent of each other. In the linear system, the conditional
expectations, E(Y|x,m) and E(Y|x’, m), used in (4.1) are given as

E(Y|x,m) = byyx + bl,,,m 4.7

and
E(Y|x',m) = bl x’ + b, m. (4.8)

Thus, one obtains the following well-known expressions for the direct, indirect, and
total effects:

DE(Y) = ) [(Byx’ + by m) = (Blyx + by m)IP(m]x)
m
= Y [byyx — by xIP(mlx)
m
= byyx' = blyx

= b (X' —x) (4.9)
IE(Y) = )" (Byx + by m)[POm|x") = P(m|x)]

m
= bl [EM|x") — E(M|x)]
= b’YM(bMX)C, - bMXx)
= b;,MbMX(x’ —X) (4.10)
TE(Y) = by (X —x) + by by (X — x)
= (byy + by byx) (' — x). (4.11)
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As mentioned earlier, a set of ignorability assumptions must be fulfilled to iden-
tify the (natural) direct and indirect effects (given in Eqs (4.1) and (4.2)), that is,
to endow the estimated effects in (4.9)—(4.11) with valid causal interpretations. Imai
etal. (2010) argued that causal effects can be estimated consistently when the assump-
tion of sequential ignorability holds. The sequential ignorability assumption con-
sists of two parts: first, given a set of pretreatment covariates, that is, covariates that
are not affected by the treatment, the treatment assignment is assumed to be ignor-
able (i.e., statistically independent of potential mediators and potential outcomes). In
other words, the set of covariates is assumed to deconfound the treatment-{ mediator,
outcome} relation. Second, given the actual treatment status and pretreatment con-
founders, the mediator status is ignorable, that is, both treatment status and con-
founders are assumed to deconfound the mediator—outcome relation. Pearl (2014a)
discusses somewhat weaker assumptions of identification. Here, it is assumed that
(i) pretreatment covariates deconfound the mediator—outcome relation (while hold-
ing X constant), (ii) the covariate-specific effect of the treatment on the mediator is
identifiable, and (iii) the joint covariate-specific effect of treatment and mediator on
the outcome is identifiable—for further discussion, see Imai et al. (2014) and Pearl
(2014b).

Because the ignorability assumptions—necessary to identify causal mediation
processes—cannot be statistically tested using observed data, sensitivity analyses
have been proposed to evaluate the robustness of the results against potential
violations of the ignorability assumptions (Imai et al., 2010, 2011). In essence,
this sensitivity analysis identifies the degree of violation, which reverses one’s
initial conclusion by systematically varying the correlation between the error terms
of the mediator and the outcome model (cor(eyx)s €yx)) and examining how
corresponding effect estimates change.

A fundamental assumption that received less attention in the mainstream litera-
ture on causal mediation analysis is the assumption of correct causal ordering. This
may largely be attributed to the fact that causal mediation analysis is predominantly
discussed in contexts of randomized studies where questions of directionality are
less obvious (or do not occur at all), whenever the independent variable is under
experimental control. Of course, correctness of the path directions of a hypothe-
sized mediation model always has to be established theoretically (e.g., Pearl, 2012,
Valeri and VanderWeele, 2013), which can particularly challenging in observational
cross-sectional data settings. In the following sections, we discuss the assumption of
causal ordering and introduce statistical techniques to empirically test the direction
of effect in mediation models, which may help establish directional statements even
in scenarios where data are gathered nonexperimentally.

4.3 DIRECTIONALITY OF EFFECTS IN MEDIATION MODELS

Suppose that the model in Figure 4.1a constitutes the true data-generating process
and further suppose that there exists a substantive theory that justifies that X is the
true cause of variation, M is the true mediator, and Y is the true outcome. In practice,
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however, the true data-generating mechanism (i.e., the exact way how nature assigns
values to the three constructs of interest) is not always known. From a purely statis-
tical perspective, six alternative mediation models can be estimated given the vari-
able triple (X, M, Y). Of course, the majority of possible mediation models may be
excluded because of, for example, lack of substantive theory, logical inconsistency,
or arguments of face validity. However, at least a second alternative theory may exist,
which justifies the estimation of a competing mediation model.> Suppose that this
second theory involves exchanging the roles of predictor and outcome while M is
still treated as the mediator variable. In this case, the mediation model conforms to
the path diagram given in Figure 4.1b, which is in line with the recommendations of,
for example, Iacobucci et al. (2007), who state that of various competing mediation
models at least ¥ — M — X should be tested. The linear equations for this (in the
current setup) misspecified mediation model can be written as

X = bny + ex(y) (4.12)
X =byy Y + by M + exivmy (4.14)

In this misspecified model, the direct, indirect, and total effects are b;(Y, bMYb;( s
and by, = b;(y + bMyb;(M. Unfortunately, the estimated effects do not contain any
information that could be used to answer the question whether path directions are
correctly specified. In other words, through estimating the relevant effects of the two
competing mediation models given in Figure 4.1a and b, no additional information
is gained that could be used to distinguish between the two models (see also Fiedler
et al., 2011, Wiedermann and von Eye, 2015b). In the linear setting, for example,
when all variables are standardized prior to mediation analysis (i.e., all variables
have zero means and unit variances), knowledge of the three pairwise Pearson
correlation coefficients (pyy, pyy» and py,,) is sufficient to estimate the difference
in mediation effects of competing models without even estimating the models,
because indirect effects of both models can be written as functions of pairwise
correlations, and thus, the differences in indirect effect estimates can also be written
as a function of pyy, pyy, and py,, (Wiedermann and von Eye, 2015b). Still, the
rather exploratory approach of testing a series of alternative mediation models to
infer on the underlying data-generating mechanism is recommended by various
authors (e.g. Tacobucci et al., 2007; Hayes and Scharkow 2013; Gelfand et al.,
2009), and applied researchers tend to use the presence or absence of statistically
significant effects for model selection (e.g., Bizer et al., 2012; Coyle et al., 2011,
Greitemeyer and McLatchie, 2011; Guendelman et al., 2011; Huang et al., 2011;
Langer et al., 2014; Oishi et al., 2011; Shrum et al., 2011; Usborne and Taylor,
2010). Wiedermann and von Eye (2015b) showed that this strategy can be highly

2Note that this situation may also occur even when the predictor (X) is randomized, because correctness
of directionality of the mediator—outcome path cannot unambiguously established.
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problematic because, depending on the observed correlational pattern of pyy, pxu»
and py,,, researchers run the high risk to erroneously retain a misspecified model.

Alternatively, instrumental variable techniques (Smith, 1982) have been proposed
to empirically evaluate the hypothesis of a reversed causal flow (e.g., ¥ — X instead
of X — Y). For example, to test reverse causation for the mediator—outcome relation,
two additional (instrumental) variables (/; and I,) are incorporated into the hypoth-
esized mediation model. Here, /; must be known to be related to the mediator but
unrelated to the outcome and /, must be known to be unrelated to the mediator but
related to the outcome. These requested features of the instrumental variables can
hamper the applicability of the approach in practice, because such variables can some-
times be hard to come by.

Longitudinal or sequential approaches (e.g. Maxwell et al., 2011, Mitchell and
Maxwell, 2013)—for example, measuring the predictor at time point #,, the mediator
at t,, and the outcome at t;—are also commonly applied to counteract ambiguities
concerning the causal ordering. The argument of temporality is, from a philosophi-
cal perspective, deeply rooted in a Humean tradition of causality (Hume, 1777/1975)
where the cause must precede the effect. Temporal order is, for example, also a key
element of mediation as defined by the MacArthur Foundation Network Group (Krae-
mer et al., 2008). However, from a philosophical perspective, mechanistic approaches
of causation exist, which emphasize that two variables can only be causally related if
an appropriate underlying physical mechanism exists (Ney, 2009; Williamson, 2011).
Focusing on an underlying physical mechanism renders the element of temporal-
ity unimportant, because even if the time between the cause and effect is split into
infinitesimally small segments, one has to answer the question of what physically hap-
pens between the occurrence of the cause and the onset of the effect. Hicks (1979)
proposed considering time intervals (instead of splitting time into smaller units) as
a potential solution of this problem. Because time intervals are allowed to vary in
breadth, cause and effect are also allowed to be contemporaneous.

From a purely statistical perspective, temporal ordering does not guarantee a cor-
rect causal ordering for at least two reasons: first, spuriousness may cause certain
correlational patterns over time (e.g. Link and Shrout, 1992) and second, a particular
time point of measurement is not sufficient to ensure correctness of causal ordering.
For example, even if X is measured at ¢, M is measured at #,, and Y is measured at
13, one cannot rule out that, for example, earlier occurrences of Y have in fact caused
X (MacKinnon, 2008).

As mentioned earlier, the issue of directionality results from the symmetry prop-
erty of the Pearson correlation (i.e., pyy = pyy). Thus, recently, some authors have
invested effort into analyzing asymmetry properties of the Pearson correlation (Dodge
and Rousson, 2000, 2001). These asymmetry properties refer to data situations in
which the two variables, X and Y, are no longer exchangeable in their status as predic-
tor and outcome (see also Dodge and Rousson, 2016, Muddapur, 2003, Sungur, 2005).
Dodge and Rousson (2000, 2001) showed, for example, that the cube of the Pearson
correlation coefficient can be expressed as the ratio of the skewness of the outcome
(e.g., yy) and the skewness of the predictor (yy), piy = yy/7vx, when (i) the underlying
data-generating mechanism can be described by a linear model, (ii) the error term of
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the linear model is normally distributed and independent of the predictor, and (iii) the
true predictor is asymmetrically distributed. This result naturally arises from the fact
that, in this particular setup, the outcome variable results from the convolution of a
normal (the error term) and a nonnormal variate (the predictor) and will, thus, always
be closer to the normal distribution than the predictor. Methods of testing direction of
dependence based on this asymmetric facet of the Pearson correlation are discussed
in von Eye and DeShon (2012) and in the related chapter of Dodge and Rousson
(2016). Shimizu et al. (2006a) further generalized the result of Dodge and Rousson
(2000, 2001) to the multivariate case through assuming nonnormal error terms (see
also the related chapter of Shimizu, 2016). Determining the direction of effects (i.e.,
identifying which variable is more likely to be on the outcome side) becomes possible
through considering the higher order moment structure of observed data (as long as
at most one variable follows a normal distribution).

Wiedermann and von Eye (2015c¢) extended Dodge and Rousson’s (2000, 2001)
direction dependence approach to multiple variable cases under the assumption of
normally distributed true error terms. In essence, the authors make use of the fact that
the error term of the misspecified model will always show larger deviations from the
normal distribution, compared to the true error term when the true predictor variable
is skewed. Thus, evaluating the third moment structure of error terms of competing
models can inform researchers who aim at making statements about the correctly
specified model (provided that it exists). This residual-based direction dependence
approach has also been extended to mediation models (Wiedermann and von Eye,
2015b). While the approach of Wiedermann and von Eye (2015b) makes use of distri-
butional properties of error terms, this chapter discusses another approach to infer on
the directionality of a hypothesized mediation model. The current approach focuses
on independence properties of the error terms and the corresponding predictor vari-
ables and makes use of the fact that the independence assumption of predictor and
error term will systematically be violated in the misspecified mediation model when
the true predictor variable is skewed.

4.4 TESTING DIRECTIONALITY USING INDEPENDENCE
PROPERTIES OF COMPETING MEDIATION MODELS

In this section, we first introduce the key component of the proposed method,
specifically, the Darmois—Skitovich theorem, which is subsequently used to infer
on directional hypotheses of a priori defined mediation models. Then, we discuss
independence properties of predictors and error terms of both the bivariate and the
multiple linear regression models, which are part of the estimation process according
to Baron and Kenny (1986). Finally, we discuss significance tests that can be used
to empirically test the directionality of a mediation model, and, we present decision
rules that can be applied to select between competing mediation models (i.e., a target
model and an alternative model).

Various authors have studied consequences of stochastic independence of
linear functions of random variables (e.g., Basu, 1951, Darmois, 1953, Kac, 1939,
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Gnedenko, 1948, Laha, 1957, Skitovich, 1953). One of the most prominent related
results was independently proposed by Darmois (1953) and Skitovich (1953) (known
as the Darmois—Skitovich theorem). These authors showed that if there exist two
linear functions,

k k
U= 2 ;Z; and V = 2 bz, (4.15)
j=1 j=1

where ajﬁj #0 (G =1, 2,..., k) such that U and V are stochastically independent,
then each Z; follows a normal distribution. From this theorem, it straightforwardly
follows that when a nonnormal variable ZJ exists for which ajﬂj # 0, then U and V
are stochastically dependent. This fundamental (in)dependence property constitutes
the key element to be used when comparing competing regression models and has
also successfully been used to identify the causal structure of sets of variables in the
context of causal learning algorithms (see, e.g., Entner and Hoyer, 2011, Shimizu
et al., 2006b, 2011, Shimizu, 2016, Zhang and Hyvirinen, 2010). In the following
subsections, we show that consequences of the Darmois—Skitovich theorem can be
used to make decisions upon competing mediation models.

4.4.1 Independence Properties of Bivariate Relations

Let model (4.4) be the true data-generating process for the bivariate predictor—
outcome relation (i.e., the total effect) of a mediation model, and let Equation (4.12)
be the total effect of the misspecified mediation model. Further, we suppose that the
true predictor X is nonnormal (more precisely, we suppose that X is asymmetrically
distributed). For the misspecified model, it is then easy to show that there exists a
Joint nonnormal random variable Z; with «;; # 0. The error term of the misspecified
model can be written as

ex(y) =X = byyY

) %
= (1 - pXY) X - bYXO__zeY(X) (4.16)
Y

where byybyy = p3, and byy = byx(c5 /7). In other words, the error term of the
misspecified model is a linear combination of the true (nonnormally distributed) pre-
dictor variable (X) and the (normally distributed) true error term (eyy,). Note that
both byy and pyy are assumed to be nonzero. Thus, it follows that there exists a non-
normal variable, X, that satisfies byy(1 — piY) # 0 (we exclude the case of |pyy| = 1
because of practical irrelevance). From this, it follows that ¥ and ey y, are stochasti-
cally dependent. When estimating the misspecified regression model, ¥ and ey, will
be uncorrelated because estimation uses ordinary least squares. However, uncorrelat-
edness implies independence only in the normal case (which is excluded here due
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to the assumption of a nonnormal true predictor variable). In general, independence
holds when

E[f1 (ex(y))fz(y)] - E[fl (€X(Y))]E[f2(y)] =0 (4.17)

for any functions f; and f,. Uncorrelatedness refers to the special case of
zero-covariance of ex(y) and Y, that is,

Elexy)Y] — Elexy)IE[Y]1 =0 (4.18)

Thus, independence implies uncorrelatedness, but uncorrelatedness does not nec-
essarily imply stochastic independence. We now use the fact that the independence
assumption will systematically be violated in the misspecified model whenever
observed variables deviate from normality. This enables researchers to meaningfully
distinguish between the two competing models X — Y and Y — X, provided that one
of the two models reflects the true data-generating process and that the independence
assumption holds for the true model. For example, when the independence assump-
tion holds for the model X — Y (i.e., assuming the absence of latent confounders,
the error term and the predictor X are stochastically independent) and, at the same
time, the independence assumption is violated in the alternative model ¥ — X (i.e.,
the error term and Y are stochastically nonindependent), X — Y is more likely to
reflect the true underlying data-generating process.

Further, let (4.5) be the correctly specified bivariate model (X — M), which
describes the predictor-mediator relation, and let X = by, M + €y, constitute the
competing bivariate model. In this case, the error term of the misspecified model can

be written as
o2

X
exan = (1= pxy) X = Duax -, (4.19)
M

which implies that again the true predictor, X, possesses particular features (nonnor-
mality and b,y (1 — p)Z(M) # 0), which lead to stochastic nonindependence of M and
€x(u)- Assuming that the independence assumption holds for the true mediation model
(i.e., assuming the absence of latent confounders), observed independence properties
of both models can inform researchers about which of the two models is more likely
to be correct.
Finally, suppose that the true mediator—outcome relation is characterized through
Y =byyM + ey, and M = by Y + €4y, constitutes th}% misspecified bivariate
model. Then, the error term of the latter model can be rewritten as
o2
— 2 M
emry = (1= i) M = by — €evan) (4.20)

Oy

which implies that the true outcome Y and €y, will be dependent as long as M is
nonnormal and (1 — piM)bYM # 0. Note that potential dependencies in this bivariate
model (which is usually not part of Baron and Kenny’s, 1986, stepwise approach)
are expected to be weaker than in the other bivariate models, because the mediator is
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expected to be closer to the normal distribution than the predictor due to the normally
distributed true error €y, This directly follows from Dodge and Rousson’s (2000,
2001) result. In the present context, Dodge and Rousson’s (2000, 2001) result can be
written as piM = yu/7x (provided that €, x, is normal and independent of X) from
which follows that the skewness of M, y;, = pf(MyX, will always be smaller than the
skewness of X (again excluding |py,,| = 1). The magnitude of dependence of ¥ and
€y (y, depends on the degree of nonnormality of M. However, theoretically, decisions
concerning the two models M — Y and Y — M are possible as long as y,; # 0, and Y
is more likely to be the outcome when the independence assumption holds forM — Y
and, at the same time, is violated for Y — M.

4.4.2 Independence Properties of the Multiple Variable Model

So far, we have focused on the three possible bivariate regression models, that is,
each single path in the specified mediation model was treated as an isolated bivariate
regression problem. In the following sections, we discuss (in)dependence properties
of the multiple regression parts of competing mediation models. Again, let (4.5) and
(4.6) constitute the true underlying mediation mechanism and let Equations (4.13)
and (4.14) describe the misspecified mediation model. Then, the error term for the
misspecified multiple regression model (ex(yy)) can be expressed through

Exmny =X = (b;(y + b;(MbMY)Y - b;(MGM(y)
=X — (byy + Dby By + by by)X + byyepix) + €viaan]
= bwenr)

= (1 = byybyx)X — by, byyerxy = bxyeyean — Pxar€nmn (4.21)
with byy = bl + b, by and byy = b, + bl byy. Thus, provided that the true
predictor, X, is nonnormal, ¥ and Ex(ym) will be stochastically dependent whenever
(1 = byybyx)byy # 0. In a fashion analogous to the bivariate cases discussed earlier,
decisions concerning directionality can be made if the independence assumption is
fulfilled in the true model. Given that X and €y, are stochastically independent
and, at the same time, evidence is found that ¥ and ey, are stochastically nonin-
dependent, Y is more likely to reflect the true outcome and X is more likely to be the
cause of variation.

4.4.3 Measuring and Testing Independence

The theoretical implications of the Darmois—Skitovich theorem for nonnormal vari-
ables, together with the fact that the error term of a misspecified regression model
can be expressed as a function of the true predictor, lead to the conclusion that the
independence assumption of the error term and the explanatory variable will sys-
tematically be violated whenever a nonnormal true predictor variable is erroneously
used as the outcome. Thus, measures of independence and methods for statistical
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inference are required to test the independence assumption of regression models,
which can subsequently be used to evaluate hypotheses of directionality of effects.
A straightforward approach to evaluate the independence of two variables, say Z;
and Z,, relies on the fundamental relation E[f;(Z,)f>(Z,)] — E[f,(Z))IE[f>(Z,)] =0
for any functions f; and f,, given independence. For example, correlation coeffi-
cients applied to single nonlinear functions for f; and using the identity function for
5 (e, /,(Z,) = Z,) can be informative for the decision as to whether the indepen-
dence assumption is likely to be violated (Entner and Hoyer, 2011; Hyvirinen, 1998;
Shimizu et al., 2011; Shimizu, 2014). Because stochastic independence is only con-
firmed if E[f,(Z,)f>(Z,)] — Elf,(Z))]E[f>(Z,)] = 0 for any functions f| and f,, a simple
correlation test based on a single nonlinear function is, of course, not an ultimate
proof of stochastic independence of two random variates. Failing to reject the null
hypothesis of independence for one nonlinear function does not imply that no other
nonlinear function exists for which independence can be rejected. In other words,
this computationally simple approach introduces a Type II error when making deci-
sions concerning directionality (in addition to Type II errors due to small sample
sizes and low power). Alternatively, computationally more complex approaches are
discussed by Gretton et al. (2005, 2008), as well as Gretton and Gyorfi (2010). These
approaches are based on the concept of the Hilbert—Schmidt Independence Criterion
(HSIC). The HSIC approach overcomes these forms of Type II errors because any
statistical dependence can be detected in the large sample limit. For an application
of the HSIC to test consistency of causal effects when adjusting for covariates see
Entner et al. (2012).

In this chapter, we, however, focus on the computationally simple nonlinear
correlation approach which, in essence, relies on computing the well-known
Pearson correlation coefficient and is, thus, readily available in virtually every
general-purpose statistical software package. We will show that this simple approach
is well suited to identify serious model violations. Wiedermann and von Eye (2015a)
discuss the use of the square function f;(Z,) = le as one possible nonlinear function
for the evaluation of independence of regression residuals and the corresponding
model predictors. The authors suggested squaring the estimated regression residuals
and using the identity function for the values of the corresponding predictor, that
is, cor(X, 612/}() and cor(Y, eiY), which essentially corresponds to performing the
well-known Breusch—Pagan test (Breusch and Pagan, 1979) of homoscedasticity
for the two competing regression models. For a skewed true predictor, X, and
a normally distributed true error term, ey(x, (assumed to be independent from
each other), the covariance of the true outcome and the squared error term of the
misspecified model, cov(Y, e)z((y)), can be expressed as a function of the skewness
of the true predictor. For standardized variables, this function can be written as
cov(Y, e)z((Y)) = pyy(l — piy)zyx. In this chapter, we focus on the reverse case of using
the square function and the identity function and evaluate the covariance of squared
predictors and untransformed regression residuals, cov(X?, €yx)) and cov(Y?, €x(r))-
We present derivations for (i) the covariance terms for the bivariate model to estimate
the total effect (¥ — X) and the model to estimate the predictor—mediator relation
and (ii) the covariance term for the multiple regression model to estimate the direct
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and indirect effects ((Y,M) — X). Here, we do not focus on the third bivariate
regression (M — Y versus Y — M) because this model is not part of Baron and
Kenny’s (1986) stepwise approach and, for reasons explained earlier, the power for
this bivariate model is expected to be low.

Bivariate Predictor—Outcome Relation. Again, let Equation (4.4) be the true model
while (4.12) describes the misspecified causal flow. To simplify derivations, further
assume that all variables have been standardized. Note that prior standardization does
not affect decisions concerning strength of relation and significance of the consid-
ered association. The covariance of the squared predictor and the error term of the
misspecified model, cov(Y?, eX(Y)), can be expressed by

cov (Yz, €X(Y)) = p)z(y (l - p)Z(Y) Yx» (4.22)

with yy being the skewness of X (a proof is given in Appendix A). From
Equation (4.22), we derive the following conclusions: (i) the covariance of Y2 and
€x(y) can be interpreted as the weighted skewness of the true predictor, (ii) the
covariance of Y2 and €x(y) and the skewness of X will always have the same sign
(note that the weighting term in (4.22), pfﬂ,(l — piY), will always be positive), (iii)
the covariance of ¥? and €x(y 18 an inversely U-shaped function of the correlation
between X and Y, and most important, (iv) excluding zero and perfect linear correla-
tions because of practical irrelevance, the covariance of ¥? and €x(y) increases with
the skewness of X. In contrast, the covariance of Y* and ey, will always be zero for
symmetrically distributed variables (i.e., yy = 0). For the true model, independence
of the predictor and the error term is assumed, which implies cov(X?, €yx)) = 0.
Thus, the following decision rules can be used to decide between competing models:

(1) If the null hypothesis H,: cov(XZ,eY(X)) =0 1is retained and H:
cov(Yz,eX(Y)) =0 is rejected, then X is more likely to be the cause and
Y is more likely to be the outcome.

(2) If the null hypothesis Hy: cov(X?, eyx) =0 is rejected and Hy:
cov(Y2,€X(Y)) =0 is retained, then Y is more likely to be the cause and
X is more likely to be on the outcome side.

(3) If both null hypotheses, Hy: cov(X?, ey(x)) = 0 and Hy: cov(Y?, exy)) = 0,
are retained/rejected, no decision can be made.

Bivariate Predictor-Mediator Relation. In analogy to the decision rules for testing
the predictor—outcome relation, similar statements can be derived for the bivariate
relation between the predictor (X) and the mediator (M). Let Equation (4.5), that is,
X — M be the true model. Focusing on the simple bivariate association of X and
M, M — X, that is, X = by,;M + EX(M)> constitutes the corresponding misspecified
model. Again, assume that X and M have been standardized prior to analysis. Then
the covariance of M? and €xuy can be written as

cov (Mz, eX(M)) = p}Z(M (1 - piM) Yx- (4.23)
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The corresponding proof works in a fashion analogous to the proof for the bivariate
predictor—outcome relation presented in Appendix A. Again, for the true model, inde-
pendence of predictor and error term is assumed, which implies cov(X2, €mx) =0,
and which leads to the following set of decision rules:

(1) If the null hypothesis Hy: cov(X?, €y x) =0 is retained and Hy:
cov(Mz,eX(M)) =0 is rejected, then X is more likely to be the cause
and M is more likely to be on the outcome side.

(2) If the null hypothesis Hy: cov(X?, eyx) =0 is rejected and Hy:
cov(MQ,eX(M)) =0 is retained, then M is more likely to be the cause
and X is more likely to be on the outcome side.

(3) If both null hypotheses, Hy: cov(X?, eme) = 0and Hy: cov(M?, exan) =0,
are retained/rejected, no decision can be made.

Multiple Variable Relation. In the multiple variable case, we use Equations (4.5)
and (4.6) to define the true data-generating process, while Equations (4.13) and (4.14)
describe the corresponding misspecified model. Again, for the true model, we assume
normally distributed error terms, which are independent from each other and indepen-
dent of the corresponding predictor(s). Then, for standardized variables, the covari-
ance of the squared values of ¥ and the error term of the misspecified model (€xys))
can also be expressed as a weighted version of the skewness of X, that is,

2 2 2 (Pxm = PxyPyu)’
cov(Y ’€X(YM)) = Pxy (I- pxy) - 5 . | x (4.24)
(1= p2)

which implies that the covariance increases systematically with the skewness of the
true predictor (a proof is given in Appendix B). In the multiple variable setting,
the weighting term becomes more complex. Thus, we performed a small simulation
study to empirically demonstrate properties of Equation (4.24) (details of the simula-
tion algorithm are given in the section “Simulating the performance of directionality
tests””). One thousand observations were generated according to the mediation model
given in Figure 4.1a. The slope parameters of the true mediation model varied from
—0.6 to 0.6 in increments of 0.2, the intercepts were fixed at zero, and the skewness
of the true predictor was yy = 0.5, 1.5, and 2.5. The three effects were fully crossed
resulting in 7 (effect sizes for by;y) X 7 (effect sizes for b;X) X 7 (effect sizes of
b’YM) X 3 (magnitude of the skewness yy) = 1029 experimental conditions. For each
condition, the average covariance of Y2 and €x(ym) Was computed.

Figures 4.2—4.4 summarize the results of the simulation experiment for yy = 0.5,
1.5, and 2.5. The depicted data points refer to the average covariance estimates based
on the 1000 samples, and the solid black lines correspond to the theoretical values
based on Equation (4.24). As expected, the covariance increases with the skewness
of X, which is in line with the theoretical findings given in Equation (4.24). The
magnitude of covariation of Y2 and €x(ypr) depends on the magnitude and the sign
of all three b-coefficients. In general, the covariance increases with positive direct
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effects (b’YX > 0) together with positive indirect effects (bMXb;,M > () and decreases
with positive direct effects together with negative indirect effects (bMXb’YM < 0).
Conversely, the covariance increases with negative direct effects and negative
indirect effects and decreases with negative direct effects together with positive
indirect effects.

Based on the theoretical results and the empirical evidence, we formulate the fol-
lowing simple decision rules for the multiple variable case:

(1) If the null hypothesis H: cov(XQ,eY(XM)) =0 is retained and H:
cov(Yz,eX(YM)) =0 is rejected, then X is more likely to be the cause
and Y is more likely to be the outcome while adjusting for M.

(2) If the null hypothesis H: cov(X2,eY(XM)) =0 is rejected and H,:
cov(Yz,eX(YM)) =0 is retained, then Y is more likely to be the cause
and X is more likely to be on the outcome side while adjusting for M.

(3) Ifboth null hypotheses, Hy: cov(X?, eyx) = 0and Hy: cov(Y?, exyy) = 0,
are retained/rejected, no decision can be made.

Strictly following the stepwise approach proposed by Baron and Kenny (1986),
evaluating the direction of effects for the predictor—outcome, the predictor—mediator,
and the multiple variable relation would be necessary to empirically confirm the cor-
rectness of path specifications. However, assuming that M is known to be the mediator
(e.g., based on logical arguments), testing the directionality of the multiple regres-
sion models would be sufficient to determine which mediation model is more likely
to be correct. Because the selection of the necessary steps to test a tentative media-
tion model certainly has to be guided by prior knowledge, we will later evaluate the
performance of all three steps (i.e., testing the multiple variable relation as well as the
two bivariate relations) using Monte Carlo simulations to give a complete rendering
of the accuracy of the proposed procedure.

Statistical Inference. In practical applications, decisions whether observed covari-
ations of regression residuals and predictors are statistically different from zero are
necessary for conclusions concerning the underlying mechanism, which may have
generated the data. Here, various correlation tests can be used to evaluate the null
hypothesis of zero covariation. In this chapter, we focus on three significance tests:
(i) the ordinary Pearson correlation test, (ii) the Spearman rank correlation test, and
(iii) a correlation test based on normal scores. However, instead of treating the three
procedures as separate, unrelated methods for inference on the association of two ran-
dom variates, we discuss the significance tests from a rank transformation perspective
(Conover and Iman, 1981).

The most straightforward approach to evaluate the magnitude of correlation of
squared predictors and the corresponding regression residuals is to perform the classic
Pearson correlation significance test based on Student’s 7-distribution,

t=p (4.25)
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with df = N —2 degrees of freedom. However, the test statistic approximates a
t-distribution in case of bivariate normality, which will be violated in the present
context of testing, for example, the correlation between Y2 and €x(v)- Although it
is well known that the test is rather robust in the face of distributional violations,
nonparametric alternatives may be superior (in terms of Type I error protection and
power), in particular when sample sizes are small (see, for example, Fowler, 1987,
Stuart, 1954).

For example, the Pearson correlation (p) in (4.25) might be replaced by the Spear-
man correlation coefficient (Zar, 1972). In the absence of ties, replacing Pearson’s
coefficient by Spearman’s correlation is equivalent to performing a rank transforma-
tion in which continuous scores are replaced with the corresponding ranks (Conover
and Iman, 1981). In other words, considering, for example, the two competing regres-
sion models for estimating the total effect: The variable Y? and the estimated regres-
sion residuals eyy, are converted to ranks, R(Y 2y and R(exy), and one asks whether
cor(R(Y?), R(ex(y))) = 0 can be rejected. An analogous procedure is used to evalu-
ate the independence of X? and €y(x)- Transforming initial scores to ranks has the
advantage of down-weighting potential outliers.

Previous studies have shown that tests based on the so-called normal scores out-
perform nonparametric tests based on ranks (e.g., Hoeffding, 1951, van der Waerden,
1952). Normal scores transformations have successfully been used to develop robust
and powerful alternatives to classic nonparametric significance tests (e.g., Wieder-
mann and Alexandrowicz, 2011). Recently, Bishara and Hittner (2012) compared
various approaches of testing the significance of correlations in cases of nonnor-
mal data and concluded that, among all considered transformations, a correlation test
based on normal scores was most adequate. The normal scores transformation of a
random variate X can be defined as

(4.26)

NS(X) = @' <LX) - >

N

with ®~! being the inverse normal cumulative distribution, R(X) being the ranks of
X, and N being the sample size. The ranks of the variable are first used to compute
probabilities, which are then converted into z-values of the standard normal distribu-
tion. Again, considering the case of deciding between the two competing models for
the total effect, the variables Y2 and €x(y) are converted into normal scores, NS(Y?)
and NS(exy)), using (4.26) and the correlation test based on the #-distribution is used
to evaluate the null hypothesis H,, : cor(NS(Y 2, NS(ex(y))) = 0. Analogous steps are
used for X2 and ey x,.

4.5 SIMULATING THE PERFORMANCE OF DIRECTIONALITY TESTS

To analyze the accuracy of the three independence tests to identify the correct media-
tion model, we conducted a Monte Carlo simulation experiment using the R statistical
environment (R Core Team, 2016). Data were generated according to the mediation
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model given in Figure 4.1a. Regression coefficients were fixed at 0, 0.14, 0.39, and
0.59, which is commonly used to mimic zero, small (2% of the variance), medium
(13% of the variance), and large (26% of the variance) effects (MacKinnon et al.,
2002; MacKinnon et al., 2004; Preacher and Selig, 2012; Tofighi et al., 2009). In
general, b;,X = 0 refers to a full mediation model and b/YX > 0 constitutes cases of
a partial mediation process. The regression intercepts were fixed at zero throughout
the simulation study, and all error terms were randomly sampled from the standard
normal distribution. First, to evaluate Type I error performance, the true predictor X
was randomly drawn from a standard normally distributed population. Because of
the fact that uncorrelatedness implies independence when variables are normally dis-
tributed, the proposed correlation tests are expected to reject the null hypothesis of
zero correlation of residuals and squared predictors only by chance for both com-
peting mediation models. It is important to note that these Type I error scenarios do
not imply that directionality of effects does not exist. Rather, they refer to scenarios
where the causal mechanism is not reflected in correlational patterns of error terms
and corresponding predictors.

In the next step, the true predictor X was randomly drawn from various
;(Z-distributions with predefined degrees of freedom (df) to ensure yy = 0.5, 1, 1.5,
2, and 2.5. Marszalek ez al. (2011) analyzed sample sizes in psychological research
over the past 30 years and reported average sample sizes ranges of 180.49-211.03.
Thus, N = 200 observations were generated, which may be considered typical
for psychological studies. All simulation factors were fully crossed leading to 4
(effect size for b;X) X 4 (effect size for b;M) X 4 (effect size for byy) X 6 (level of
skewness; yy) = 384 experimental conditions. For each condition, 1000 samples
were generated. Following Baron and Kenny’s (1986) stepwise approach, the two
competing mediation models depicted in Figure 4.1 were estimated using a series
of ordinary least squares regression models for each generated triple X, M, and Y.
Correlation tests based on the Pearson, Spearman, and normal scores correlation
were applied to evaluate the independence of estimated regression residuals and
squared values of the corresponding predictor. All tests were performed two-sided
under a nominal significance level of 5%. Empirical Type I error and power rates
were computed for selecting the correct mediation model using the decision rules
discussed earlier, that is, cases in which the null hypothesis of zero correlation was
retained for the correct model and simultaneously rejected for the misspecified
model were of particular interest. Type I error robustness of the correlation tests was
assessed using the liberal robustness criterion of Bradley (1978). That is, a test is
considered robust if empirical Type I error rates fall within the interval 2.5-7.5%.

4.5.1 Results

Figures 4.5-4.7 give the Type I error rates for the Pearson, the Spearman, and the
normal scores correlation tests for the two bivariate regressions and the multiple lin-
ear regression models as a function of effect sizes of by, b;x, and b;M. In general,
empirical Type I error rates of all tests are within the robustness range. In other words,
rejection rates for the null hypothesis of independence for both models are well in
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Figure 4.5 Type I error rates of the Pearson correlation test as a function of b}, ., b, and b,y .

The dashed lines give Bradley’s (1978) liberal robustness interval (2.5-7.5%); m =X - Y,
O=X—->M,and e = (XM) - Y.

accordance with the nominal significance level of 5% and no distinct decision con-
cerning directionality can be made for normally distributed true predictors.

In the next step, we analyze the power of the tests to select the correct mediation
model. In general, the power to identify the correct models increased with the skew-
ness of the true predictor and the effect sizes of all regression coefficients (b;,M, b;X,
and by ). The effect size of b}, had the smallest impact on the power of the tests.
Thus, to save space, we restrict the presentation of the power results to the simulation
factors by, b;X, and yy. Figures 4.8-4.10 give the empirically observed power curves
for the three correlation tests for zero, small, medium, and large effects of b,y and b’YX
across all considered levels of predictor skewness (yy). Again, the curves represent
the relative frequencies of selecting the correct model based on the combined deci-
sion of separate tests of independence for the steps of Baron and Kenny’s approach.
In the case of by = b, = 0, which refers to the absence of an underlying media-
tional process, no decision can be made. The power of all correlation tests depends
on the skewness of the true predictor and the effect sizes of regression coefficients.
For b,y = 0 and b'YX > 0, that is, cases in which the model reduces to a simple mul-
tiple linear regression scenario, the power of the tests for evaluating directionality
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Figure 4.6 Type I error rates of the Spearman correlation test as a function of b, b, and
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Yo=X—> M,and e = (XM) - Y.

of the sub-models X — Y versus ¥ — X and (XM) — Y versus (YM) — X increases
with b’YX and the skewness of X, while power curves for the submodel X — M remain
unaffected. In contrast, for b;,X = 0and by;y > 0, that is, full mediation processes, the
power of the test that evaluates the submodel X — M systematically increases with
by and the skewness of X. Note that the power values for the models X — Y versus
Y - X and (XM) — Y versus (YM) — X appear to be low due to aggregating statisti-
cal decisions across all effect sizes of b;M. For partial mediation processes (i.e., when
both by and b/, are larger than zero), the test power for all three submodels increases
with the skewness of X. In general, the Pearson correlation test outperforms both non-
parametric correlation tests, and the Spearman correlation test is more powerful than
the normal scores test.

4.6 EMPIRICAL DATA EXAMPLE: DEVELOPMENT OF NUMERICAL
COGNITION

In this section, we illustrate the application of the proposed methodology using data
from Koller and Alexandrowicz (2010) and Gareif3 (2010) on the development of
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and b,,,. The dashed lines give Bradley’s (1978) liberal robustness interval (2.5-7.5%); m =
X->Y o=X->M,ande = (XM) - Y.

numerical cognition and number processing in children. Dehaene and Cohen (1998)
proposed the so-called triple code model, which posits that three different codes of
number representation exist, which are of particular importance for the development
of numerical cognition: (i) the Analog Magnitude Code (AMC), which describes a
child’s ability of number processing using abstract representations (e.g., used to make
judgments of which of two numbers is smaller/larger); (ii) the Auditory Verbal Code
(AVC), which consists of syntactic and lexical elements necessary for counting and
retrieving memorized arithmetic facts; and (iii) the Visual Arabic Code (VAC) neces-
sary for multidigit operations and parity judgments. Based on the triple code model,
von Aster and Shalev (2007) proposed a hierarchical developmental model of numeri-
cal cognition where the AMC constitutes an inherited core system, which is necessary
to further develop the AVC and, in turn, the VAC. In addition, a direct effect of the
AMC on the development of the VAC can be assumed. Thus, in this mediation pro-
cess, the AMC is assumed to be the cause, the AVC is assumed to be the mediator,
and the VAC is assumed to be the outcome. In an alternative mediation model, we
reverse the AMC-VAC path, that is, we assume that the VAC constitutes the predic-
tor and the AMC is the outcome (while the AVC is still used as the mediator). In the
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Figure 4.8 Empirical power rates of the Pearson correlation test as a function of b, , by,
andy,;m=X—>Y O0=X—> M,ande =(XM) - Y.

present reanalysis, we use data from 101 girls and 71 boys between 7 and 11 years
of age (M = 8.66, SD = 1.07) with preexisting difficulties with numbers to empiri-
cally test the directionality of the mediation model. The ability to deal with numeric
information in terms of the AMC, the AVC, and the VAC was measured using the
Neuropsychological Test Battery for Number Processing and Calculation in Children
(ZAREKI-R; von Aster and Shalev, 2007). All variables were standardized prior to
the mediation analysis.

In the first step, we evaluated distributional properties of the variables AMC,
AVC, and VAC. The Shapiro—Wilk normality test confirmed that all three variables
significantly deviated from normality (all p-values < 0.05). Table 4.1 shows the
results of all regression models compatible with the two competing mediation
processes. Following Baron and Kenny’s (1986) approach, we first regressed the
mediator (AVC) on the predictor (AMC; see Model I in Table 4.1), which suggests
that a significant linear association exists between the AMC and the AVC. In
addition, we observed nonsignificant independence tests for the extracted residuals
of the model and the squared scores of AMC (Pearson: p = 0.016, #(170) = 0.213,
p = .832; Spearman: p = 0.063, #(170) = 0.827, p = .410; Normal Scores: p = 0.060,
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Figure 4.9 Empirical power rates of the Spearman correlation test as a function of 4/, ., b
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1(170) = 0.778, p = .438), which suggests that the independence assumption is
fulfilled. Next, we regressed the putative outcome variable (VAC) on the predictor
AMC, which resulted in a significant total effect (Model II in Table 4.1). Again,
all correlation tests suggested independence between corresponding regression
residuals and squared values of AMC (Pearson: p = —0.012, #(170) = —0.155,
p = 0.8772; Spearman: p = —0.066, #(170) = —0.868, p = 0.387; Normal Scores:
p=-0.027, 1(170) = —-0.349, p =0.728). Third, we regressed VAC on AVC
(Model III in Table 4.1), which is usually not part of Baron and Kenny’s (1986)
stepwise approach. The results of this model will solely be used for testing the
direction of effects. Again, all correlation tests suggested independence between the
estimated regression residuals and the squared values of AVC (Pearson: p = 0.089,
t(170) = 1.165, p =0.246; Spearman: p = 0.030, 7(170) = 0.386, p = 0.700;
Normal Scores: p = 0.044, #(170) = 0.580, p = 0.563). Finally, we regressed VAC
on AVC and AMC. Both independent variables significantly predict VAC scores.
In addition, we observed a significant indirect effect of /E = 0.220 (95% percentile
bootstrap CI = 0.131-0.314; Sobel z-test: z =5.00, p < 0.001). The direct effect
in Model IV remains significant after including the mediator, which suggests a
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Figure 4.10 Empirical power rates of the normal scores correlation test as a function of by, ,
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partial mediation process. Although the common practice of using the significance
of the direct effect to distinguish partial from full mediation has been criticized
(Rucker et al., 2011), the partial mediation model seems plausible in light of the
proposed triple code model. Finally, we evaluated the directionality assumption
of the multiple linear regression model using correlation tests for the estimated
regression residuals and squared values of the putative predictor (AMC). Again,
all correlation tests suggest independence (Pearson: p = —0.020, #(170) = —0.259,
p =0.796; Spearman: p = —0.084, #(170) = —1.100, p = 0.273; Normal Scores:
p =—0.044, 1(170) = —0.575, p = 0.566).

Models I-IV in Table 4.1 are the regression models that reflect our a priori hypoth-
esized direction of the mediation model. To test the directionality assumption of von
Aster and Shalev’s (2007) hierarchical model, we next estimated the competing medi-
ation model depicted in Figure 4.1b (see Table 4.1, Models V-VIII). Here, VAC
serves as the predictor, AVC is again treated as the mediator, and AMC serves as
the outcome variable. For the competing mediation model, we again observed a sig-
nificant indirect effect of IE = 0.167 (95% percentile bootstrap CI = 0.084-0.258;
Sobel’s z-test: z = 3.500, p < 0.001). However, it is less surprising that the indirect
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TABLE 4.1 Linear Regression Results for Two Competing Mediation Models.

Model DV v b SE t-Value p-Value
1 AVC AMC 0.662 0.057 11.514 <0.001
I VAC AMC 0.772 0.049 15.853 <0.001

1 VAC AVC 0.698 0.055 12.721 <0.001
v VAC AMC 0.552 0.060 9.207 <0.001
AVC 0.333 0.060 5.556 <.001

A% AMC AVC 0.662 0.057 11.514 <0.001
VI AMC VAC 0.772 0.049 15.853 <0.001
VIL AVC VAC 0.698 0.055 12.721 <0.001
VIII AMC VAC 0.605 0.066 9.207 <0.001
AVC 0.239 0.066 3.639 <0.001

Models I-1V are tentatively assumed to describe the correct mediation process; that is, AMC = predictor,
AVC = mediator, and VAC = outcome (DV and IV denote the dependent and independent variables in the
corresponding regression model; SE denotes the standard error).

effect for the competing mediation models is smaller than the indirect effect esti-
mated from the target mediation model. Wiedermann and von Eye (2015b) showed
that the difference in estimated indirect effects only depends on the correlational pat-
terns between predictor, mediator, and outcome and cannot be used to infer on the
directionality of mediation models.

Next, we evaluated the directionality assumption of the competing mediation
model. We extracted the regression residuals of all estimated models and tested
the correlation between estimated regression residuals and the squared values of the
corresponding predictor. In addition, Figure 4.11 gives the estimated correlation
coefficients using the Pearson, the Spearman, and the normal scores correlations
together with the 95% nonparametric bootstrap confidence intervals. In Model V
(i.e., AVC — AMC), the reversed directional flow of Model I (AMC — AVC) is
considered. For Model V, all correlation tests suggest slightly larger correlations
between the estimated regression residuals and the squared values of AVC, which,
however, remain nonsignificant (based on the 5% significance criterion; Pearson: p =
0.119, #(170) = 1.547, p = 0.124; Spearman: p = 0.143, #(170) = 1.886, p = 0.0612;
Normal Scores: p = 0.144, #(170) = 1.892, p = 0.060). Next, Model VI (VAC —
AMC) estimates the reversed total effect (which, by necessity, is identical to the
total effect of Model II due to prior standardization). Again, the Pearson correlation
test suggests independence of the corresponding error term and the squared values
of VAC (p =0.128, t(170) = 1.652, p = 0.100). However, the Spearman correlation
test and the test based on normal scores reject the null hypothesis of zero correlation
(Spearman: p = 0.181, #(170) = 2.400, p = 0.018; Normal Scores: p = 0.173, #(170)
= 2.285, p = 0.024). Thus, for the total effect, we have found empirical evidence that
(compared to Model VI) Model II is more likely to reflect the correct data-generating
process.

Next, we evaluated the directionality assumption of Model VII (VAC —
AVC), which constitutes the competing bivariate model of the initial bivariate
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mediator—outcome relation. Here, no decision upon the correct directional flow can
be made based on the result of the three correlation tests applied to the estimated
residuals and the squared values of VAC (Pearson: p = 0.053, #(170) = 0.697, p =
0.487, Spearman: p = 0.127, t(170) = 1.676, p = 0.096; Normal Scores: p = 0.091,
1(170) = 1.190, p = 0.236).

In the last step, we considered the multiple linear regression of the competing
mediation model, which treats AMC as the outcome and AVC and VAC as the
explanatory variables. Although the Pearson correlation test for the estimated
residuals and the squared values of VAC suggests retaining the null hypothesis (p =
0.116, #(170) = 1.518, p = 0.131), both the Spearman correlation test and the normal
scores test suggest rejecting the null hypothesis of zero-correlation (Spearman:
p = 0.161, #(170) = 2.134, p = 0.034; Normal Scores: p = 0.159, #(170) = 2.030,
p = 0.044). In sum, (i) in the majority of cases, the correlations between error terms
and squared values of the corresponding explanatory variable were larger for the
competing mediation model than for the target model (see also Fig. 4.11), (ii) no
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VAC — AMC H—e— VAC — AMC e
AMC — AVC —e— AMC — AVC R
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VAC — AVC i VAC — AVC ———ri
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Figure 4.11 Pearson, Spearman, and normal scores correlations of estimated regression
residuals and squared values of the corresponding predictor (Error bars give the 95% non-
parametric bootstrap confidence interval).
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cases exist in which a reversed model is considered more likely to reflect the data
generating process, and, most importantly, (iii) the models that estimate the total
and the direct effect suggest no violations for the tentative direction according to
the theoretical developmental model and simultaneously reject the independence
assumption for the competing models. Thus, empirical evidence exists that the
tentative mediation model, in which AMC is the predictor and VAC is the outcome,
is more likely to reflect the underlying data-generating process, which is line with
the theoretical developmental model of von Aster and Shalev (2007).

4.7 DISCUSSION

Path modeling, or, more generally, structural equation modeling (SEM; Joreskog,
1970) has been surrounded by various misunderstandings; for a critical exami-
nation of various myths about SEM, see Bollen and Pearl (2013). One of those
misunderstandings is that path models are capable of establishing causal statements
from associations alone, that is, only observed covariances are necessary to decide
whether causal relations between variables exist. Consequently, various scholars
cautioned against premature causal interpretations of path modeling results (e.g.,
Freedman, 1987, Sobel, 1996, Sobel, 2008, De Leeuw, 1985). In an attempt to
dissolve this myth, Pearl (2009) and Bollen and Pearl (2013) follow the founding
fathers of path modeling such as Wright (1921), Haavelmo (1943), and Duncan
(1975) and explicitly declare that prior knowledge concerning the causal mechanism
is assumed (in addition to statistical assumptions). Technically speaking, the equal
sign in structural equations must be understood as assignment symbol (:=), and,
thus, structural equations rely on and reflect causal assumptions of researchers.
These causal assumptions must be derived from substantive sources such as theories
that explain causal mechanisms, logical arguments, temporality, or prior studies. The
redefinition of total, direct, and indirect effects using the counterfactual framework
makes these causal assumptions more transparent, clearly describes necessary
ignorability conditions to justify causal claims, and has subsequently led to the
development of sensitivity analyses to evaluate the robustness of obtained results
against potential violations of ignorability conditions (Imai e al., 2010). From a
purely statistical perspective, these ignorability conditions are additional assump-
tions that allow endowing estimated associations with causal meaning. Thus, other
authors suggested to sharply distinguish between regular SEMs and causal SEMs,
the latter describing structural models for which additional ignorability assumptions
hold (Wang and Sobel, 2013). Following this dichotomy, causal SEMs are a subset
of regular SEMs.

This chapter addresses causal assumptions that are used to substantially derive
the particular structure of a hypothesized linear mediation model and presents a
methodology designed to empirically validate the correctness of specified path
directions. In particular, in observational data settings, competing substantive
theories about the underlying causal flow may exist and researchers commonly
estimate a series of competing mediation models that reflect alternative explanations
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of observed relations. Wiedermann and von Eye (2015b) caution against the use
of this exploratory approach because researchers who use the significance of
indirect effects as a selection criterion may run the risk to select a misspecified
mediation model. As an alternative, we proposed three significance tests to evaluate
independence assumptions in linear mediation models. While Imai’s et al. (2010)
sensitivity analysis focuses on the independence of error terms in the mediation
model, the current approach evaluates the independence assumption of error terms
and model predictors and, thus, enriches the statistical repertoire of causal mediation
analysis. Simulation studies confirmed the adequacy of the proposed tests in terms
of both Type I error protection and statistical power.

The majority of studies on causal mediation analysis is embedded into the con-
text of randomized studies where, at least, the predictor, X, is under experimental
control. In this case, questions concerning an unambiguous (directional) interpreta-
tion of the direct effect (X — Y) and the predictor-mediator path (X — M) do not
occur. However, even in randomized studies where X is experimentally controlled,
directionality issues between the mediator (M) and the outcome (Y) may arise. The
presented approach can straightforwardly be applied to empirically evaluate compet-
ing directional theories about the mediator—outcome path (see also Wiedermann and
von Eye, 2015b).

The key element for testing the directionality of effects is that observed data are
assumed to deviate from normality. Thus, nonnormality (as a common phenomenon
in empirical data; see, e.g., Micceri, 1989), or, more specifically, asymmetry of vari-
able distributions, is not prematurely dismissed as a source of bias that threatens valid
statistical inference. Instead, nonnormality is viewed as an informative source that
can be used to gain deeper insight into the underlying data-generating mechanism.
Advantages of using data information based on skewness and kurtosis beyond its
capability of indicating deviations from normality have also been recognized by pre-
vious authors. For example, Bentler (1983) outlined that higher than second moments
may be used to resolve issues of equivalence of structural models, which subsequently
led to the development of nonnormal SEMs (Shimizu and Kano, 2008). In nonnor-
mal SEMs, higher order moment structures systematically differ across competing
models when variables are nonnormal, which can be used to resolve equivalence
issues. Extensions of nonnormal SEMs to behavior genetic models (the ACE and
the ACDE model for twin designs) were proposed by Ozaki and Ando (2009) and
Ozaki et al. (2011). Based on Bentler’s (1983) proposition, Mooijaart (1985) devel-
oped nonnormal factor analysis, which, under certain conditions, can be used to
uniquely identify factor loadings. Mooijaart and Bentler (2010) proposed consid-
ering higher than second moments in estimating nonlinear latent variable models.
Of course, previous research on mediation models also addressed the issue of non-
normality of observed variables. However, these studies typically focus on potential
biases of statistical inference. For example, Yuan and MacKinnon (2014) proposed
robust mediation analysis based on medians, Kisbu-Sakarya et al. (2014) used higher
order moments to explain confidence interval coverage and imbalance of indirect
effects, and Zhang (2014) proposed Monte Carlo—based statistical power analysis for
accurate power estimates under nonnormality.
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Within the line of research on causal discovery techniques, nonnormality and its
statistical consequences have been used to develop, for example, linear non-Gaussian
acyclic models (LINGAM; Shimizu and Kano, 2006a, Shimizu et al., 2011). For an
overview of the LINGAM approach, see also the related chapter of Shimizu (2016).
It is important to note that, compared to LINGAM, the presented approach differs
both conceptually and methodologically. On a conceptual level, causal discovery
algorithms (see, e.g., also model selection procedures based on conditional indepen-
dence tests such as the PC-algorithm implemented in the TETRAD project; Scheines
et al., 1998)) exhibit a major exploratory element, in the sense, that these methods are
ideally suited to deduce causal structures from multivariate data, which may further
lead to new hypotheses about the relation of constructs. In contrast, the method pro-
posed here is intended to be used as a confirmatory approach to empirically testing
a theory-based target mediation model against a plausible alternative model. From
a statistical perspective, the LINGAM approach differs from the presented method
in terms of distributional assumptions. In the currently considered linear mediation
model, the error terms of the target model (€y;x, and ey xy)) are assumed to be
normally distributed, which constitutes a common distributional assumption within
the framework of ordinary least square estimation. Distributional asymmetry is only
assumed for the true predictor variable. In contrast, LINGAMs assume that all error
terms (i.e., ex(= X), €y(x)» and €y(yyy)) are nonnormal, and at most, one variable is
allowed to be normal (Shimizu, 2016).

The current work focuses on the simple linear mediation model for manifest vari-
ables. In other words, we implicitly assume that measurement errors associated with
the predictor, the mediator, and the outcome are negligible. It is well known that low
reliability of variables affects significance tests (e.g. Zimmerman et al., 1993). Sim-
ilarly, it may be safe to assume that low reliability of variables also affects decisions
concerning the direction of effects based on the proposed tests. Similarly, careful data
cleaning and data modeling is necessary to guarantee best-practice applications of
directionality tests. This implies that data analysts have to check for outliers in order
to rule out spuriously inflated skewness values. When the linear mediation model is
applied, researchers implicitly assume that the linear model, as a mathematical rela-
tion to explain observed associations, is justified and valid. Zhang and Hyvirinen
(2010) discuss methods for causal discovery based on nonlinear models. Integrating
these nonlinear models into the framework of analyzing mediation processes is up to
future studies.

The proposed method relies on the assumption that the independence of predictors
and corresponding error terms holds in the true mediation model. In other words, it
is assumed that latent confounders do not exist. This assumption definitely warrants
future research, and simulation studies are needed to quantify the robustness of the
proposed tests under assumption violations. Currently, results of directionality tests
have to be interpreted with great caution whenever theoretical arguments exists that
suggest the existence of latent confounders. Furthermore, throughout the chapter, we
assume that the error terms of the true model are normally distributed. Although nor-
mally distributed error terms constitute a standard assumption in ordinary least square
estimation, this distributional assumption can be relaxed. All theoretical results
are based on the assumption of zero skewness, which implies that no restrictions
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concerning the kurtosis of the error terms are imposed. The proposed methodology
is expected to perform well even when the true error terms do not follow a normal
distribution as long as the symmetry assumption is fulfilled. Similar robustness
properties have been shown for the residual-based direction dependence approach
(Wiedermann and von Eye, 2015b). Future simulation studies are planned to quantify
the robustness of the current approach against violation of the normality assumption.

Throughout the manuscript, we used the terminology of “true” and “misspeci-
fied” models because in our theoretical derivations and Monte Carlo simulations,
we actually know the true model. This data—reality consistency cannot be assumed in
practical applications because the ultimately true model will never be known (Cudeck
and Henly, 2003). Thus, in practice, the questions answered by the proposed direc-
tionality tests as well as the subsequent directional statements must be rephrased.
Instead of asking which of two competing mediation models constitutes the true
model, researchers have to ask whether the target model better approximates the
underlying data-generating mechanism than an alternative model. However, this does
not solely apply to the presented methodology. This issue applies to data model-
ing as a tool for scientific discovery in general. Overall, provided that certain data
requirements are fulfilled, the presented approach can be considered a valuable tool
for putting directional mediation theories to the test.

APPENDIX A: DEPENDENCE PROPERTY OF THE
PREDICTOR-OUTCOME RELATION

Assuming standardized predictor and outcome variables (i.e., E[X] = E[Y] = 0 and
E[X?] = E[Y?] = 1), the error term of the misspecified model Y — X is given through

€x) = (1- pJZ(Y) X — pxy€y) (A1)

with Eleyy)] = (1 — piy)E [X] — pxyEleyx,] = 0. The expected value of the squared
true outcome variable is then defined as

E(Y?) = E[(byxX + €yx)’]
2 2 2

= by EIX°] + Eleg ]

= pyy + 00 (A2)

€Y(X)

Using the aforementioned expressions to derive the covariance of ¥? and €x(1)
results in

cov(Y?, exy)) = EL(Y? = E[Y*D(ex(y) — Elexy)D]
= E[(b?,xxz + zbyxxey(x) + gi(x) - (p)2(Y + 0-521/()() ))ex(y)]
2 2 2

— PixElexn) = 0ty Elexor)] (A3)
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Finally, making use of the fact that

E[X2€X(Y)] = E[X*[(1 - p},)X — Pxy€yx)ll
=(- /’)Z(Y)E[X3] - PXYE[XZGY(X)]
= (1 - Py EIX] (Ad)

E[Xeyx exon] = ElXeypol(1 = py)X = pxyeypo]
= (1 = pp ElX eyx)] — pxyElXey o]
=0 (A5)

and

E[GIZ/(X)GX(Y)] = E[G)z’()o[(1 - /’)z(y)X — Pxy€yll
2 2 3
= (1 - pxy)E[Xey(X)] - pXYE[ey(X)]

= —pxyE [613/()()] (AS)

while E[X] = E[ey(x)] = E[ex(y)] = 0, Equation (A3) simplifies to

cov(Y?, ex(y) = Uiy (1 = PRy )ELX°T = pyyEley |
= Py (1 = Py)7x = PXY T2y Yy (A7)

with yy and Yeyo being the skewness of the true predictor and the true error term.
Assuming a normally distributed true error term (i.e., Yeyoy = 0), Equation (A7)
reduces to cov(Y2, ex(y)) = piy(l — p}z(y)yx.

APPENDIX B: DEPENDENCE PROPERTIES IN THE MULTIPLE
VARIABLE MODEL

In this appendix, we show that the covariance of Y2 and €x(ymy can be written as
a weighted function of the skewness of the true predictor X. The error term of the
misspecified mediation model (see Figure 4.1b) can be written as (intercepts fixed at
ZEero)

Ex(ymy = (1 = byybyx)X — b;/MbXYeM(X) - bXYeY(XM) - b;(MeM(Y) (BD)

with by, and byy being the total effects of the competing mediation models. For
convenience, we assume standardized variables X, M, and Y (i.e., E[X] = E[M] =
E[Y] =0 and E[X?] = E[M?] = E[Y?] = 1), which implies E[exy;] = 0. Further,
the squared values of the true outcome (Y) are given by
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Because X, €)(x), and €y, are assumed to be independent of each other, the
expected value of Y2 can be written as

E[Y?] = by EIX?] + b, Eley | + El€g )] (B3)
The covariance of ¥? and €x(ym) can be defined through

cov(Y?, expry) = EI(Y? = EIY*Dexcyan) — Elexaan))]
= E[(Y? — E[Y*Dex)] (B4)

Inserting (B1), (B2), and (B3) into (B4) leads to

cov(Y?, exonny) = El((byxX + biypencx, + €voan)”
— (O3 EIX*1 + b, Eley o)) + EL€y o Dexonn]
= by EIX*exoyn ] + 2byx by ELX o Exonn)]
+ b Eley o exonn | + 2byxEIXeyganexn]
+ 26 Eleyonevoonexamn ] + ELeg g examn] (BS)
Next, we separately evaluate the expected value terms in (B5). Assuming indepen-
dence of X, €)/(x), and €y(xyy), the term E [XzeX(YM)] can be rewritten as
E[X2€X(YM)] = E[Xz[(l — byxybyx)X — b,yMbXYSM(X) - bXYeY(XM)
= D!
= (1 = byybyE[X?] — bl E[X €yy)]
= (1 = byybyx)EIX°1 = bl (byxc — barybyx)E[X’]
= [(1 = byybyy) — by, (barx — byyby)EIX?] (B6)

with E[XzeM(Y)] = E[X>(M — by, Y)] = (byy — byybyy)E[X?]. Further, assuming

normality of true error terms (i.e., E[ |=FE [ef,(XM)] =0), we obtain

61%/1(}()
E[XeM(X)eX(YM)] = E[XSM(X)[(l —byxybyx)X — b,YMbXYeM(X) - bXYeY(XM)
= Dyyemen]l
= (1 = byyby)E[X*€yx)] = by by ElX ey |
= byyElXey€yoan) = b ElX ey emer))
=0 (B7)
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2 2
E[eM(X)€X(YM)] = E[eM(X)[(l = bxybyx)X — b,YMbXYeM(X) - bXYeY(XM)
= Diyenn)]]

= (1 = byybyy)E[Xe>

M(X)] bXYE [e

M(X)]
= bxyEl M(X)eY(XM)] ~ BBl emm)
= —byybxyEley ] = B Eles o €nen)
=0 (B8)

(with E[e}, ey = Ele
tion),

bMYb E[e

wop] = 0 due to the normality assump-

ool —
ElXeyoanexam] = EXeyoan(1 = bxyby)X = by byyeu,
— bxyeym — b;(MeM(Y)]]
= (1 = byyby)EIX ey ] — by bxy ELX ey €]
— byyElXey ] = Dy ELXeypan€n)]
—0 (B9)
Eleyxevoanexamn] = Elepeyoanl(1 = byyby)X — bl byyey x,
= bxyeyeoan ~ ymm)|]
= (1 = byybyx)E[Xe€px)€yxan]
— by, bxyEle M(X)EY(XM)]
— byyE [€M(X)€Y(XM)] = BElemaoevoonemm)]

~0 (B10)
(Wlth E[eM(X)ey(XM)eM(y)] = E[EM(X)GY(XM)(M - bMyY)] = O), and

El€y o exann] = Eley oy [(1 = byyby)X = by byye — bxyeyon
= bremm|!
=(1- bxybyx)E[XeY(XM)] Bonbxy Elenn €5 o]
—byyE [eY(XM)] pond [eY(XM)eM ]
—bxyE [GY(XM)] wE [eY(XM)eM(Y)]

=0 (B11)

with E[F%’(XM)GM(Y)] = —bMyE[e;(XM)] and E[e;(XM)] =0 due to the normality
assumption.
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Finally, inserting the results of (B6-B11) into (B5), the covariance of Y and Ex(ym)
reduces to

cov(Y?, expar) = by [(1 = byybyx) — by, (bux — buyby)IELXC]. (B12)

For standardized variables, one obtains byy = pyy, byybyy = piy, byx = Pxuy> byy =
Pym» and b;(M = (pxpr — PxyPyu)/ (1 — pf/M), and Equation (B12) can be expressed
through

(Pxur = PxyPym)”

y (B13)
(-0, X

cov(Y?, Exrmy) = p)Z(Y (1- p)zgy) -

with yy being the skewness of X.
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5.1 INTRODUCTION

The concept of independence has been and still is playing an important role in cate-
gorical data analysis. A classical application comes in the form of the Pearson y? test,
in which the expected cell frequencies are estimated based on a log-linear model of
independence of the row and column variables. In log-linear modeling, the indepen-
dence model is often used as the base model with which more complex models are
compared in the process of model development (see Agresti, 2013, von Eye and Mun,
2013). Other models of independence, for example, models of conditional indepen-
dence, are frequently discussed and applied, and will be reviewed in the next section,
along with independence as it is an integral element of latent class analysis.

In this chapter, we pursue two goals. First, we place the concept of independence in
anew context. We embed this concept into an approach to testing hypotheses that are
compatible with direction of effects. Methods for the analysis of direction of effects,
as originally introduced by Dodge and Rousson (2000, 2001), have focused on the
univariate distribution of an (continuous) outcome variable, as it is explained by one
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(continuous) independent variable (see also the related chapter of Dodge and Rous-
son, 2016). The methods are based on the idea that the distribution of the outcome
variable can be considered a convolution of two elements, a nonnormally distributed
explanatory variable and a normally distributed random term, the error term, which
is assumed to be independent of the explanatory variable (i.e., it is assumed that no
latent confounders exist). In the context of linear regression models, this idea can
be illustrated using the simple regression model, ¥ = f, + ;X + €, where Y is the
outcome variable, f, is the intercept, f; is the slope parameter, X is the explanatory
variable, and e represents the residual term. If the regression model explains the dis-
tribution of the outcome variable (Y) and € is normally distributed and independent of
X, the distribution of Y will be closer to normal than the distribution of the explana-
tory variable (X), provided that the distribution of X is nonnormal. The concept of
explaining the distribution of an outcome variable was introduced into the domain of
categorical variables by Wiedermann and von Eye (2015a).

Second, we propose a new perspective on direction dependence. Instead of look-
ing at univariate distributions, we also look at multivariate distributions of categorical
variables. We ask whether explanatory variables allow one to capture multivariate dis-
tributions of manifest categorical variables, also including structural characteristics
of categorical outcome variables.

The remainder of this chapter is structured as follows. First, we review concepts
of independence and, second, concepts of direction dependence. We then discuss the
explanation of effects in cross-classifications. To this end, a new principle is pro-
posed, the generalized direction of effect principle. Further, we show that the direction
dependence principle originally proposed by Dodge and Rousson (2000, 2001) can
be considered a special case of the generalized direction of effect principle. Results of
a Monte Carlo simulation study are presented, which illustrate the relation between
Dodge and Rousson’s (2000, 2001) direction dependence principle and the general-
ized direction of effect principle. Application of the latter principle is illustrated in a
real-world data example.

5.2 CONCEPTS OF INDEPENDENCE IN CATEGORICAL DATA
ANALYSIS

To introduce and illustrate concepts of independence in categorical variables (see
Agresti, 2013, von Eye and Mun, 2013), we use the three manifest categorical vari-
ables X, Y, and Z with categories i, j, and k. Log-linear models that take into account
selections of the main effects of these three variables include
log iy = A+ A
- Y
log 7y = A+ 4;

log iy = A+ A7
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log rg = A+ A} + A
PO X, 4z
log 7y = A+ A7 + A
P Y | ,Z
log iy = A+ A7 + 4,

and
log rug = A+ A+ A] + A7

In each of these models,' the log of the estimated cell frequencies () equals an
additive function of model parameters (4), where the superscripts denote the variables
involved in an effect. The first of these models posits that the cells of the X X ¥ X Z
cross-classification are equiprobable. This implies that X, Y, and Z are independent.
The second model posits that the cells of the Y X Z subtable are equiprobable but
that X can have a main effect. This also implies that X, Y, and Z are independent.
This applies accordingly to the third and fourth models. The fifth model posits that
the categories of Z are equiprobable and that X and Y can have main effects. The
last model is the main effect model of all three variables, also known as the model of
mutual independence.

Starting from the model of mutual independence, we can formulate the model of
Jjoint independence of X as

log ryg = A+ A1+ A + A+ 47

This model posits that X is jointly independent of Y and Z. If one defines a variable
that has the YZ combinations (configurations; see von Eye and Gutiérrez Pefia, 2004)
as its categories, then this model posits that X is independent of this variable.

The model of conditional independence of X and Y, given Z is

P X | gY | 92 4XZ | 4YZ
log myy = A+ A7 + A7 + A+ 47 + A

This model posits that X and Y are independent in each subtable when Z is fixed. In
other words, this model posits that X and Y are independent in each category of Z.
There are other models of independence, for example, the model of marginal inde-
pendence. This model, however, is not a log-linear model and will not be discussed
in the remainder of this chapter, where we remain in the context of log-linear models.

It is interesting to realize that the model of latent class analysis (LCA; Lazarsfeld,
1955, Vermunt, 1997) uses a model of independence similar to the ones discussed
here. LCA is used to explain the covariation among manifest categorical variables
from one or more latent variables. Let there be a model with one latent variable, L,
and the three manifest variables, X, Y, and Z. Then, the log-linear representation of
the latent class model of these four variables is

A _ X Y zZ L XL YL ZL
log i = A+ AX + AY + 27+ A+ B+ AF 4+ 27

Note that here and in the rest of this chapter, we define A parameters under the zero-sum constraint (see
von Eye and Mun, 2013).



110 DIRECTION OF EFFECTS IN CATEGORICAL VARIABLES

Evidently, this model corresponds to a model of conditional independence. That is,
the manifest variables X, Y, and Z are mutually independent in each category of L.
In the following sections, we discuss direction dependence for metric and categor-
ical variables with reference to models of conditional independence and then apply
concepts of independence to direction dependence.

5.3 DIRECTION DEPENDENCE IN BIVARIATE SETTINGS: METRIC
AND CATEGORICAL VARIABLES

Instead of repeating the details of Dodge and Rousson’s (2000, 2001) approach, we
start by illustrating the distributional characteristics of three manifest metric vari-
ables, X, Y, and €. Let X be a skewed explanatory variable, Y denotes the outcome
variable, and e is the normally distributed residual. Figure 5.1 displays the kernel
density plots of the two artificial variables X and Y. The skewed X variable was gen-
erated as the square of an N(0, 1) variable (squaring resulted in a skewness of 2.81),
the residual term (e¢) was a standard normally distributed variable (with a skewness of
0.01), and Y was the sum of the skewed X and the residual € (i.e., fy = O and §; = 1),
which results in a skewness of 1.55.

Figure 5.1 shows that the outcome variable, Y (= X + ¢), is less skewed than the
explanatory variable, X. Based on Dodge and Rousson’s (2000) results, we know
that, of two variables, only the one with more skew can be the explanatory variable,
provided that assumptions of the linear regression model are fulfilled. This applies
to cross-sectional studies as well as to longitudinal studies in which the change in
skewness can be examined when the explanatory variable (the cause) becomes active
or ceases to be active between two observations (von Eye and DeShon, 2012). This
applies accordingly in the multivariate case and when regression residuals of com-
peting linear models are analyzed instead of raw scores (Wiedermann and Hagmann,
2015, Wiedermann et al., 2015, Wiedermann and von Eye, 2015c).

Standard textbooks on log-linear modeling, such as, for example, Knoke and
Burke (1980) or Agresti (2013), usually introduce the log-linear model in its general
form in which no explicit distinction is made between predictor and outcome
variables. In general log-linear models, all variables are considered as “responses”
whose mutual associations are analyzed. If researchers distinguish between predictor
and outcome variables, logistic regression models or multinomial logistic regres-
sion models are typically applied. The relations between, for example, a logistic
regression model and a log-linear model are well-known. Every logistic regression
model can be reformulated as a log-linear model; however, the opposite, that each
log-linear model has a logistic regression correspondence, does not generally hold
(Agresti, 2013, von Eye and Mun, 2013). When nominal-level categorical variables?
are analyzed using log-linear models, the goal of analysis can be similar to the metric

%In the following sections, we focus on binary variables. When variables are multicategorical, not all
coding forms guarantee independence of individual effects, which would impede parameter interpretation
and model selection.
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Figure 5.1 Kernel density plots of X (skewness = 2.81) and Y (skewness = 1.55).

case, that is, researchers can aim at explaining the univariate probability distribution
of a putative outcome variable. In the following paragraphs, we discuss log-linear
models, which can be used to answer these types of research questions.

In the first step, we need to distinguish between three types of information in a
contingency table (for simplicity, we start with the bivariate case; X and Y with cate-
gories i and j): the observed frequencies (n;;) of cells ij, the expected cell frequencies
(my;), and the estimated values of expected cell frequencies (7i;;) based on a particular
log-linear model.

Consider the (saturated) log-linear model

log 7y = A+ A% + Al + 4"

for the two categorical variables X and Y. In this special case, the number of parame-
ters equals the number of cells and the model will, by necessity, perfectly describe any
my; > 0. Thus, we have n;; = 7n;;. Now, suppose X is hypothesized to be the explana-
tory and Y is hypothesized to be the outcome variable. Suppose, in addition, that the
univariate probability distribution of X is not uniform (the necessity of this assump-
tion is discussed next). If X explains the univariate probability distribution of Y, and if
there is a relation between X and Y, the main effect term for Y is not needed any more.
The model thus reduces to log 7, = A + /11’.( + ﬂ?‘.y, that is, a nonhierarchical model
(for discussions of nonhierarchical log-linear models, see Mair and von Eye, 2007,
Rindskopf, 1990, Vermunt, 1997, von Eye and Mun, 2013). Furthermore, provided
that this nonhierarchical model with ¥ =0, /11).( # 0, and /lgy # 0 is indeed capable
of validly describing the data, the competing log-linear model, that is, the model that
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posits that X is the outcome and Y is the predictor, is more likely to be rejected in
terms of model fit.

Instead of expressing the “true’” nonhierarchical model in terms of estimated val-
ues of expected frequencies (7i;;), we can also write the model in terms of expected
frequencies (ml:/-), that is,

log my= A+ + 4" +¢;

with ¢;; being an error term that captures unexplained noise. Further, the misspecified
log-linear model can be expressed as

Y Y XY ’
log my;=A"+4; + 4" +¢;
which, due to AY = 0, further reduces to
Y XY ’
log m; =4+ 4" +¢;

The error term of the misspecified model (elfj) now conceptually captures the true
error term, the main effect of X, and the difference in model intercepts, 3 that is, elfj =
€+ /1?( + (A = 4"), from which follows that the portion of unexplained variability
of the misspecified model can expected to be larger than the portion of unexplained
variability in the “true” model, provided that /1[).( # 0.

The error term of a log-linear model basically reflects the difference between
observed (nij) and predicted cell frequencies (n%,»j). Whether a particular difference
value (n;; — 7in;;) indicates a poor or a good prediction depends on the cell counts itself.
Thus, the differences (i.e., the estimated residuals of the model) need to be rescaled
or standardized. For example, dividing n;; — 7i; by 4 /i leads to the standardized
Pearson residuals (see, e.g., Christensen, 1990). The components of the error term
of a log-linear model constitute the key element for evaluating the fit of a model.
The commonly used likelihood ratio (LR) )(2 statistic, for example, is defined as
=23 n;;log (n;;/f;) from which naturally follows that the 7 statistic increases
with deviations of predicted and observed frequencies. Thus, for /1}/ =0, /1[).( # 0, and
ﬂ?j‘.y # 0, it follows that the LR- y2 statistic for the misspecified model will be larger
than the LR- y? statistic obtained from the correctly specified model. Model selection
can be performed through separately inspecting the results of model fit tests. If the LR
test retains the null hypothesis for the nonhierarchical log-linear model X — Y and,
at the same time, rejects the null hypothesis of model fit for the competing model
Y — X, then Y is more likely to reflect the outcome variable and X is more likely to
constitute the cause.

So far, we have discussed the ideal scenario in which one particular nonhierar-
chical model describes the true data-generating process. In the next step, we link
Dodge and Rousson’s (2000, 2001) direction dependence results for metric variables

3Formally, the intercepts represent the overall mean of the logarithms of the expected frequencies.
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to the proposed directional (nonhierarchical) log-linear models and show that data
requirements assumed in Dodge and Rousson (2000, 2001) lead to a special case of
the generalized direction of effects principle. For this purpose, let X’ and Y’ be two
latent continuous variables where X’ constitutes the cause of Y’. Further, we assume
that the functional relation between the two latent variables can validly be described
by the (latent) linear regression model (for simplicity, we assume that variables have
an expected value of E[X'] = E[Y'] = 0)

Y =X +n

The error term of this model (#) is assumed to be normally distributed and indepen-
dent of X’. When X’ is asymmetrically distributed (i.e., the skewness yx» # 0), the
skewness of the outcome can be written as

Yy =P ry

(with p being the Pearson correlation of X’ and Y’), which directly follows from
Dodge and Rousson’s (2000, 2001) direction dependence results. From this relation,
it follows that |yy/| < |yxs| given that |p| < 1 and yys # 0. For a symmetrically dis-
tributed predictor (yy» = 0), one obtains yy, = 0, independently of p. Similarly, in
case of p = 0, one obtains yy, = 0 independently of yy.

Now, assume that the two latent continuous variables (X" and Y”) are only partially
observed as categorical variables, X and Y (e.g., we only know whether a respon-
dent’s response exceeds a critical threshold, 7). Assume that the predictor is observed
according to the threshold rule:

0 if X'<=z
X_{l it X' > 1,

with 7 set equal to zero. Y is defined in a similar fashion.

Then, considering that |yy| will always be smaller than |yy|, it naturally follows
that Pr(Y = 1) will be closer to 0.5 (i.e., the distribution of Y will be closer to
uniformity) than Pr(X = 1). Conversely, the distribution of X will systematically
deviate from uniformity given yy # 0. In terms of parameters of a log-linear
model, this implies that A}” — 0asyy — 0, and /1? # 0 given yy # 0. Of course,
given yy = p’yy, one cannot expect that /1}/ = 0 will exactly hold (except for
the practically irrelevant case of p =0 or, equivalently, Afy = 0); however, in
terms of statistical inference, it is more likely that the main effect of the outcome
variable (A') can be omitted without causing substantial harm to the model fit,
which lea(fs to the nonhierarchical model discussed earlier. To demonstrate the
behavior of competing nonhierarchical log-linear models in this setup, we performed
a Monte Carlo simulation experiment, which is discussed in detail in the next
section.
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5.3.1 Simulating the Performance of Nonhierarchical Log-Linear Models

To demonstrate that the direction dependence principle outlined by Dodge and
Rousson (2000, 2001) generalizes to the case of categorical variables, we performed
a Monte Carlo simulation using the R programming environment (R Core Team,
2015). Two latent continuous variables (X’ and Y’) were generated according to
Y =B, X" + e, with E[X'] = E[Y'] =0 and ¢ = N(0, 1). The slope parameter was
selected to obtain correlations of p = 0,0.2, 0.4, 0.6, and 0.8. First, the true predictor,
X', was sampled from a standard normally distributed population. Because in this
case, one expects yy =0, no decision about directionality can be made using
nonhierarchical log-linear models. Next, the predictor was sampled from various
;(z-distributions with yy = 0.5,---,(0.5),- - -, 3. The simulation factors were fully
crossed, leading to 5 (magnitude of p) X 7 (magnitude of yy/) = 35 experimental
conditions. For each condition, 5000 samples were generated. Each generated sample
was dichotomized using the decision rule described earlier (with the threshold set at
7 = 0), and the resulting binary variables were further analyzed using two competing
nonhierarchical log-linear models. The model that posits X — Y consisted of the
intercept (4), the main effect of X (4¥), and the interaction effect (/15 ¥). The second
model, ¥ — X, consisted of the intercept (4’), the main effect of Y (/1;/ ), and the

interaction effect (ﬁij). Type I error and power rates were determined in terms of
model selection, that is, given that the LR test retains the null hypothesis for the
model X — Y, and, simultaneously, rejects the null hypothesis for the model ¥ — X,
the procedure correctly identified the underlying model. All tests were performed
using a nominal significance level of 0.05.

Table 5.1 shows the empirically observed Type I error rates for the two LR tests
and the model selection procedure based on the combined decisions of the LR tests
for normally distributed (latent) predictors X’ as a function of p. Type I error rates for
all procedures fall within Bradley’s liberal robustness interval of 0.025-0.075 given
the nominal significance level of 0.05 Bradley (1978). Thus, as expected, for normally
distributed true predictors, no decision about directionality can be made based on the
two nonhierarchical log-linear models.

Next, we ask questions concerning the power of the nonhierarchical log-linear
models to identify the correct direction of effects given nonnormal continuous pre-
dictors. Figure 5.2 shows the boxplots of the observed relative frequencies for X = 1

TABLE 5.1 Empirical Type I Error Rates of Model Goodness of Fit
Tests and the Selection Procedure Based on the Combined Model Fit

Decisions.
p LR test (X — Y) LR test (Y — X) Model Selection
0.0 0.048 0.050 0.048
0.2 0.045 0.055 0.053
0.4 0.049 0.047 0.043
0.6 0.048 0.048 0.040

0.8 0.047 0.048 0.037
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Figure 5.2 Observed relative frequencies for X = 1 and Y = 1 as a function of p and y,,.

and Y = 1, that is, measures for Pr(X = 1) and Pr(Y = 1), as a function of the true
underlying correlation of X’ and Y’ and the true skewness of X’. As expected, the
relative frequencies of X = 1 decrease with the skewness of X’. In contrast, for small
to medium correlations, the relative frequencies of Y = 1 are close to 0.5 and system-
atically decrease for larger correlations. In terms of power of retaining the nonhier-
archical log-linear model, which posits X — Y and, at the same time, rejecting the
competing model (¥ — X), we expect an inverse U-shaped function, which depends
on both the true underlying skewness of X’ and the true underlying correlation p. Sim-
ulation results confirm this proposition. Figure 5.3 shows the empirically observed
power curves for (i) the model selection procedure described earlier (top left panel),
(ii) the LR test of the true model (top right panel), (iii) the LR test of the false model
(middle left panel), (iv) the main effect Al’.( of the true model (middle right panel), (v)
the main effect 4! associated with the misspecified model (bottom left panel), and
(vi) the interaction term Af.y of the true model (bottom right panel). In general, the
power to identify the correct causal flow increases with the skewness of X’. However,
the power of the model selection procedure is further moderated by the correlation
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Figure 5.3 Observed power for the model selection procedure, the two LR tests, the main
effects AX and A?, and the interaction effect AX” of the true model (for simplicity, we omitted
the subscripts of the A terms).
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between X’ and Y’ and decreases with p. Note that power loss is larger for medium
correlations than for highly correlated variables. This effect can be explained by the
fact that the observed power and the underlying correlation, p, are nonlinearly related.
In general, the power loss can be explained by the behavior of the LR test of the cor-
rect model (X — Y). Here, the probability of rejecting the null hypothesis increases
for highly skewed continuous variables due to statistically significant main effects A7
(see bottom left panel). This effect is in good accordance with the theoretical rela-
tion of third moments of X" and Y, that s, yy» = p’yys. The skewness of Y’ increases
with the correlation p, which, in turn, leads to a nonuniformly distributed categorical
variable Y. In other words, these are data settings where the main effect /ljy exists and
cannot be omitted from the log-linear model.

So far, we have focused on models that explain the univariate distribution of an
outcome variable, that is, when X — Y reflects the data-generating process, the main
effect of the outcome variable is not needed to explain observed frequency distribu-
tions. In the following sections, we extend the proposed methodology to answering
structural questions of the data-generating process.

5.4 EXPLAINING THE STRUCTURE OF CROSS-CLASSIFICATIONS

In direction dependence analysis, the models for metric and nominal-level categorical
variables share the characteristic that they are employed to explain the univariate dis-
tribution of an outcome variable. Models for multiple predictors have been proposed
for metric variables (Wiedermann and von Eye, 2015c¢), and multivariate models have
been proposed for categorical variables (Wiedermann and von Eye, 2015a). However,
none of these models enables researchers to test hypotheses concerning structural ele-
ments of distributions. These elements would be reflected in interaction terms of first
or higher order. We now discuss models for this purpose, in the context of categorical
variables.

In more general terms, if the effects of a first set of variables explain the effects
of a second set of variables, the terms needed to capture the effects of the second set
of variables become redundant. They can be removed from the model without doing
harm to model fit. More formally, consider the power set of the effects of variables,
V, P(V) :={U|U c V}, where U denotes the subsets of V. To exemplify, consider
the three explanatory variables, X, Y, and Z. The power set of the effects of these
three variables is depicted in Figure 5.4 (empty set depicted with no frame).

In Figure 5.4, one can see that the power set of the effects of the three variables,
X, Y, and Z entirely consists of sets U that correspond with the effects that can be
estimated in log-linear models. For example, the empty set §§ corresponds with the
null model. No effect is estimated. The set {X,Z}, corresponds to the effects esti-
mated for the interaction between X and Z. In addition, the power set contains the
relations between the subsets that correspond to hierarchical log-linear models. For
example, the main effect of Y is part of the two-way interactions [X, Y] and [Y, Z],
and the three-way interaction [X, Y, Z] (we use brackets for log-linear terms and curly
brackets (braces) for sets). The paths in the figure indicate how, in ascending order,
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Figure 5.4 Power set of the three variables, X, Y, and, Z (presented in the form of a Hasse
diagram).

higher order effects can be created for hierarchical models. Whenever a path from a
lower order effect to a higher order effect does not exist, models that contain these two
effects cannot be nested. For example, there is no path from [X] to [Y, Z]. Therefore,
models that contain these terms are not nested.

From a log-linear perspective, it should be noted that Figure 5.4 does contain all
possible effects. However, it does not contain all possible models. Models can be
created by including selections of effects, be they hierarchical or not (Mair and von
Eye, 2007). In other words, the number of elements of P(V), denoted by |P(V)],
is given by 2!, where ¢ is the number of variables. In the example with the three
variables X, Y, and Z, |P(V)| = 23 = 8. In contrast, the number of possible models is
t=1+ Zg <51’) + Zg ‘;’) + - - -, where g is the number of variables in the analysis,
and |[P(V)| <t.

In the following sections, we distinguish between two subsets of V, Up, and U.
Up is a subset that contains effects of predictor variables, and U is a subset with
effects of criterion or outcome variables. Together, Up and U constitute V. The
power set of V, P(V), which includes these two subsets, contains three groups of
effects (null model implied):

(1) All possible effects of predictor variables; that is, all main effects and all inter-
actions

(2) All possible effects of outcome variables; that is, all main effects and all inter-
actions

(3) All interactions between predictor and outcome variables.
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Figure 5.5 Hasse diagram of the power set of the two predictors, X, Y, and the outcome
variable Z.

To illustrate, consider the situation in which X and Y are predictors, and Z is on
the outcome side. Figure 5.5 displays the power set of these variables. The subsets
that involve the predictors are indicated by oval frames, the subset that involves the
outcome variable is indicated by a rectangular frame, and the subsets that involve
predictors as well as the criterion are indicated by hexagonal frames. As in Figure 5.4,
the empty set is depicted with no frame.

Now, to explain the univariate distribution of a variable, we propose omitting the
main effect terms for the variable from a model. If the univariate probability dis-
tribution of an outcome variable is captured by the explanatory variables, only the
random part is left, and the terms for the main effects are not needed for model fit-
ting. In the present example, Z is the outcome variable. The corresponding log-linear
model would include the terms that correspond to all subsets with oval, rectangular,
and octagonal frames, but not the terms that correspond to the rectangular frame in
Figure 5.5. The terms that correspond to the two shapes whose corresponding terms
are part of a log-linear model are needed for different reasons. Specifically,

(1) the main effects of X and Y are needed because they help explain the marginal
probabilities of X and Y;

(2) the X X Y interaction is needed because the model makes no assumption con-
cerning the joint distribution of X and Y; therefore, any association between X
and Y may prevail;

(3) the interactions between X, Y on one hand and Z on the other are needed
because there must be a relation between the explanatory variables and the
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outcome variable; without such an association, it would be pointless to test
hypotheses concerning the direction of effect on Z that originates in X and Y.

The model, therefore, has three characteristics. First, it is saturated in the explana-
tory variables. Second, it contains all possible interactions between the explanatory
and the outcome variables. Third, it does not include the main effects of the outcome
variable. It is, therefore, nonhierarchical (Mair and von Eye, 2007).

Figure 5.5 can also be used to delineate the model for the opposite direction of
effect, that is, the effect that originates in Z and goes to X and Y. In other words,
with this model, we attempt to explain the univariate distributions of X and Y. The
corresponding model would contain the following effects.

(1) All possible effects of the explanatory variable; in the present example, this
includes no more than the main effects of Z

(2) All possible interaction effects within the subset of the outcome variables X
and Y; that is, the X X Y interaction

(3) All interactions between predictor and outcome variables.

The comparison of the two models shows that they differ only in the main effects
that are part of the model. The main effects that are to be explained are not part of the
models.

Now, when it comes to making a decision concerning direction of effects, one of
the two models must fit, and at least one of the interactions among explanatory and
outcome variables must exist. In addition, the model for the reverse direction of effect
either must fail to describe the data well or come with nonsignificant parameters for
the interactions among the explanatory and the outcome variables. When these con-
ditions are fulfilled, the explanatory variables of the fitting model can be considered
explaining the univariate probability distribution of the outcome variable in the sense
of Dodge and Rousson (2000, 2001).

In this chapter, we take one additional step. We propose generalizing the princi-
ple that underlies the analysis of direction dependence based on Dodge and Rousson
(2000, 2001) to higher order effects. Specifically, we propose the generalized direc-
tion of effect principle, which posits that including an effect on the outcome variable
side of a model is redundant when this effect is captured by (i) the main effects of
explanatory variables, (ii) the interactions of explanatory variables with the outcome
variables, or (iii) interactions among explanatory variables. An effect is considered
captured when removing it from a model does not affect model fit. Among the main
characteristics of the generalized direction of effect principle is that it applies to any
effect on the outcome side as well as any effect on the explanatory side. Thus far,
this principle has been applied to main effects only, that is, to univariate probabil-
ity distributions in categorical variables (Wiedermann and von Eye, 2015a), and to
univariate score distributions in metric variables (Dodge and Rousson, 2000, 2001;
Wiedermann and von Eye, 2015b,c). In this chapter, we also consider higher order
effects in categorical variables.
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We just repeat the two additional prerequisites of interpretation of a result in the
sense of direction of effect that originates in the explanatory variables and goes to
the outcome variables. These prerequisites are the following: (i) the model describes
the frequency distribution of all explanatory and outcome variables well, and (ii)
interactions between putative explanatory and putative outcome variables exist.

To illustrate, consider the two predictors, X; and X,, and the two outcome vari-
ables, Y, and Y,. For these two sets of variables, we specify four models. The first
tests the hypothesis that X; and X, allow one to capture the univariate distributions
of Y, and Y, (Model 1). In other words, the first model tests the hypothesis that the
direction of effect goes from the two X variables to the univariate distributions of the
two Y variables. The second model tests the opposite direction of effect (Model 2).
The third model tests the hypothesis that X, and X, capture the association between
Y, and Y, (Model 3). Again, this model assumes that the direction of effect originates
in the two X variables. However, instead of targeting the univariate distributions of
the outcome variables, this model targets the association between the two outcome
variables. We thus move from looking at univariate distributions to looking at struc-
tural elements of a cross-classification. The fourth model also focuses on structural
elements, but it reverses direction of effect and tests the hypothesis that the direction
of effect originates in the two Y variables (Model 4). It should be noted that these
are not the only models that can be specified under the generalized direction of effect
principle. Models that target both univariate probability distributions and structure
are compatible with this principle as well.

Let M denote the set of four variables X, X,, Y|, and Y,. The power set of these
variables, P(M) := {U,|U; C M} can also be viewed as containing the three subsets
U,, U,, and Uz. U, contains all terms that involve the predictors, X; and X,. U,
contains all terms that involve the outcome variables, Y| and Y,, and U; contains all
terms that connect X variables with Y variables.

When nonhierarchical log-linear models are specified that allow one to test the
hypothesized direction of effect, terms from the three subsets are selected. Specif-
ically, for Model 1, one selects from U, all possible terms that include X; and X,.
The model is thus saturated in the predictors. From U,, one selects all terms that
reflect interactions among the outcome variables. The model is, therefore, not sat-
urated in the outcome variables. The main effects of the outcome variables are not
part of the model, because the direction of effect hypothesis implies that these effects
are redundant. From U, one selects all terms that reflect associations among X- and
Y-variables. In other words, the log-linear model includes all possible X X Y interac-
tions.

Model 2 is identical to Model 1 in the terms that are selected based on Uj. It differs,
however, in the terms selected from U, and U,. From U, only those terms are selected
that represent interactions. Terms that represent main effects are omitted. From U,,
in contrast, all terms are used, that is, all main effects and all interactions. Model 2
is thus saturated in the Y-variables but nonhierarchical in the X-variables, reflecting
that, for Model 2, variables have switched status as explanatory versus outcome.

Model 3, targeting structure, is identical to Model 1 in the selection of terms from
U, as well as U;. From U,, however, only those terms are selected that represent main
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effects. In the present example, there are no terms that represent three-way or higher
order interactions. Therefore, only the terms that represent main effects are used. The
interaction between Y, and Y, is to be explained. This term is, therefore, omitted.
Model 4, specified for the hypothesis of reverse direction of effect, is identical to
Models 1-3 in the selection of terms from Uj. It is saturated, however, in the terms
selected from U,, and it selects only those terms from U, that represent main effects.
Here, the interaction between X; and X, is to be explained and, therefore, omitted
from the model. The four log-linear models are (for the sake of simplicity, the sub-
scripts have been omitted):
Model 1:
log =4+ A%t 4 p%2 4 pXi%e 4 ghh
+ A0 KT g jRN g K
4 XN NNt L X601 L X6 Y

+ pXixan
Model 2:

log i =A+ AV + A%z 4 jX1%2 4 jhh
L LR N Lete
+ AN Nt L X601 XKD

4 Aianh
Model 3:

log it =A+ X1+ 3% 4 )1 4 )12 4 0%
R L L Lete
+ AN XNt 4 X1 XKD

+ AXnt,
Model 4:

log =4+ A%t + 2% 4 A" 4 )2 4 N1
L LR L Lete
+ AN N, o XN XX
+ pXianh

When researchers base model specification on the Effect Sparsity Principle (Box
and Meyer, 1986, Wu and Hamada, 2000), higher order terms are rarely considered.
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Therefore, and based on this principle, models can be considered that only contain
the first two lines of these equations (for a discussion of this principle in the con-
text of log-linear modeling, see von Eye, 2008, and von Eye and Mun, 2013). In the
following sections, we give a data example and discuss parameter interpretation.

5.5 DATA EXAMPLE

In the following example, we use data from a longitudinal project on intimate partner
violence (Bogat et al., 2006). A sample of 204 women provided, in 1-year intervals,
information on perpetration of severe violence by their intimate partners in the years
before the third, fourth, and fifth birthday of a respondent’s child. The observed vari-
able, severe violence (§), was coded as 1 = did not occur, and 2 = did occur. The
three observations will be labeled as S, S,, and S;.

The question we ask here is whether severe violence causes itself over time. A
basis for this question can be found in theories that discuss self-reinforcing and, thus,
self-perpetuating characteristics of violence (e.g., Bandura, 1973). Based on this type
of theory, the prediction could be formulated that, over time, direction of effect of
violence is such that earlier instances of violence cause later instances. This does
not simply imply that there is a regression-type relation between earlier and later
observations of violence. This can also imply that

(1) later (metric) observations of violence are closer to normally distributed than
earlier observations; and

(2) therelations among later observations of violence disappear when earlier obser-
vations are causes of later observations.

Interestingly, the first implication is hard to access using direction dependence
methodology. If, over time, distributions become more and more normal, statistical
tests of this development will have less and less power. This has been demonstrated by
Wiedermann and von Eye (2015b) in the context of mediation analysis. The second
implication, more important in the present context, suggests that, in the case of three
temporally ordered observations, the second and the third will look unrelated, given
the first.

This prediction can be viewed as parallel to those that are made to examine spu-
rious correlations. Observations 2 and 3 are both caused by Observation 1. Given
Observation 1, the correlation between Observations 2 and 3 will vanish (see also the
discussion of conditional independence in the Introduction). In the present example,
we use observations of violence that an intimate partner perpetrated on women in the
years before the third, fourth, and fifth birthday of her child. A model of the trajectory
of violence will, if the aforementioned hypothesis prevails, not need the interaction
between the reports on violence on the fourth- and fifth-year violence. In other words,
the structure of later observations is caused by earlier observations.

From the power set of the effects of the three observations S, S,, and S;, we,
therefore, need
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(1) the main effects of all three observations, that is, [S;], [S,], and [S5];

(2) the interactions between the first and the second, and the first and the third
observations, that is, [S},S,], and [}, S3].

However, we do not need the interaction between the second and the third obser-
vations, [S,,S3]. This term should be redundant if S; causes the structure of later
observations. To analyze the cross-classification of Sy, S,, and S5, we, therefore, esti-
mate the following two log-linear models:

Model 1:
log /it = A+ A5 + 252 4 155 4 35152 4 5153

and Model 2:
log = A+ A5 4+ 452 4 255 4 215152 4 5155 4 15255

The second model does contain the structural element in question, [S,, S3]. If the
hypothesis prevails, according to which [S;] captures [S,, 53], this term will come
with nonsignificant parameters, and the difference between the two models will be
nonsignificant. The first model, that is, the more parsimonious one will, therefore,
be retained (if it fits). Neither model includes the three-way interaction [S|, S,, S5].
Table 5.2 contains the observed frequencies of the §; X S, X S5 cross-classification
and the frequencies that were estimated under the two competing models.

Both models fit the data well. For the first, the more parsimonious model, we obtain
an LR- % of 3.401, which, for df = 2, suggests nonsignificant model-data discrep-
ancies (p = 0.182). For the second model, we obtain an LR- )(2 of 0.587, which, for
df =1, also suggests nonsignificant model-data discrepancies (p = 0.443). The dif-
ference in goodness-of-fit between these two nested models is A LR-y? = 2.814,
which, for Adf = 1, suggests a nonsignificant difference (p = 0.093). We, therefore,
retain the more parsimonious model, Model 1.

TABLE 5.2 Cross-Classification of S|, S,, and S;: Observed Frequencies and
Predicted Frequencies, Estimated under Two Log-Linear Models.

Cell Index Frequencies

M S, S, Observed Model 1 Model 2
1 1 1 157 156.16 156.56
1 1 2 2 2.84 2.44

1 2 1 8 8.84 8.44

1 2 2 1 0.16 0.56

2 1 1 20 18.94 20.44
2 1 2 2 3.06 1.56

2 2 1 11 12.06 10.56
2 2 2 3 1.94 3.44
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This result is not sufficient for a decision concerning the direction of dependence of
structural elements of a model. We need, in addition, to inspect the critical terms of the
model. In the present example, the two-way interaction [S,, S5] is the critical term. If
this term comes with a nonsignificant parameter, the direction dependence hypothesis
can be retained. The term is part of Model 2. We obtain a parameter estimate of
2525 = (.363, a corresponding standard error of 0.214, and a parameter-standard
error ratio of 1.692. This value suggests that this interaction is nonsignificant (p =
0.091). Considering that the two competing models do not differ significantly from
each other, this result is as expected.

We, therefore, conclude that the hypothesis can be retained according to which
earlier incidences of violence cause later incidences such that the relations among
the later incidences can be explained from the earlier incidences. We interpret this
result as providing the first example of direction of effect that targets the structure of
variables instead of just univariate probability distributions.

Parameter interpretation. Parameters can be interpreted only if they represent the
intended effects. Log-linear parameters can be interpreted based on the relation A =
w'w)=tw’ log m, where A is the vector of parameters, W is the design matrix, and
m is the vector of expected cell frequencies (von Eye and Mun, 2013). In Model 2, in
which the interaction S, X S5 is predicted from S, the design matrix is

[ 1 1 1 1 17
1 1 -1 I -1
1 -1 I -1 1

1 -1 -1 -1 -1
-1 1 1 -1 -1
-1 1 -1 -1 1
-1 -1 1 1 -1
-1 -1 -1 1 1]

SV VI G U

where the first column represents the model constant, the next three columns represent
the main effects of S|, S,, and S5, the second to last column represents the S; X S,
interaction, and the last column represents the S, X S5 interaction. Inserting into A =
(W'W)~'W’'log m results in the interpretation of the parameters. We present two
examples of how the parameters can be interpreted. The first example illustrates the
interpretation of the first interaction parameter, which is specified in the second to
last column in the design matrix:

A% = é(log myyy +log my, —log myy —log myy,
—log myy; —log myy, +10g myy; +1og myy,)

The second example is for the second interaction parameter, specified in the last
column of the aforementioned design matrix:

PRIRSES é(log myy; —log my, +1log myy —log myy,

—log myy; +log my, —log my,, +1og myy)
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Evidently, the parameters in this model are interpretable as specified in the design
matrix. This is a necessary precondition for an interpretation in the sense of direction
dependence.

5.6 DISCUSSION

In developmental research, most statements about change concern means. Individuals
show growth or decline. As was discussed repeatedly, however, (e.g., von Eye, 2010),
change can manifest in just any parameter that can be estimated. For example, the
correlation between variables can change with age, as was discussed in the context of
the debate on intelligence divergence (Garrett, 1938). In the present work (applicable
in both longitudinal and cross-sectional research), we propose considering that causal
effects and, thus, direction dependence can manifest in just any parameter. Causes can
affect more than the magnitude of scores. They can also affect cluster composition,
the number of latent variables, manifest variable correlations, interactions, or just any
structural parameter.

Existing methods for the analysis of direction dependence (Dodge and Rousson,
2000, 2001, von Eye and DeShon, 2012, von Eye and Wiedermann, 2014, Wieder-
mann et al., 2013, 2015) have focused on univariate marginal probability distribu-
tions, at the expense of structural characteristics of multivariate distributions. The
present work extends this line of work and discusses structural elements of variable
relations.

Methods for the analysis of direction dependence have been developed for metric
and categorical and for manifest and latent variables (Shimizu et al., 2006, von Eye
and Wiedermann, 2014). Models for single and for multiple predictors have been dis-
cussed (Wiedermann and von Eye, 2015c). This article extends this thinking into the
domain of multiple dependent or outcome variables and into the domain of structural
characteristics of distributions. The basic idea that propels the development of meth-
ods for the analysis of direction dependence is that the presence of causes allows one
to explain effects. If this is the case, the elements of distributions that are explained
disappear and are not needed in models.

In this chapter, we discuss models that explain interactions among categorical vari-
ables on the outcome side. This work can be extended in multiple ways, all compatible
with the generalized direction of effect principle. We give three examples. First, this
work can be extended into the domain of metric variables. Interactions among met-
ric variables are routinely included in manifest variable or latent variable models.
We propose developing models that allow researchers to test hypotheses according
to which these interactions are caused by events on the explanatory side of a model.

Second, we propose extending this work so that multiple independent variables
can be incorporated. Third, we propose extending this work so that causes can be
not only variables or events but also structural elements. An interaction between
independent variables could be considered the cause, and univariate probability dis-
tributions as well as the structure of relations among outcome variables can be the
effects.
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It is important to realize that the models presented here are more general than the
well-known models of conditional independence (see Agresti, 2013, von Eye and
Mun, 2013). Consider the three variables X, Y, and Z. The variables X and Y are
mutually independent, if

Pr(XnY) = Pr(X) Pr(Y)

The corresponding log-linear model is the well-known main effects model log 7;; =
At A+ AL

As discussed in the first section of this chapter, X and Y are conditionally inde-
pendent given Z, if, for the joint probability of X and Y, it holds that

Pr(X N Y|Z) = Pr(X|Z) Pr(Y|Z)
The corresponding log-linear model of X and Y, given Z, is
log fiyg = A+ &+ 4] + A+ B+ 4L

This model is a special case of the models considered in this chapter in the sense that
it proposes that the relation between X and Y does not exist when Z is known. In other
words, the model proposes that the term A?;Y can be removed from the model with-
out affecting overall model fit. Models of conditional independence differ from the
models of direction dependence discussed here, however, in three important aspects.
First, when researchers attempt to make decisions about direction of effect at the level
of univariate probability distributions, conditional independence models may be no
longer applicable. The reason for this is that, in contrast to models of conditional
independence, models of direction of effect do not contain the main effect of the puta-
tive dependent variable when a univariate frequency distribution is to be explained.
Second, models of conditional independence cannot be applied when hypotheses are
tested that imply that both univariate probability distributions are caused by another
variable as well as interactions. Here again, whereas models of conditional indepen-
dence are hierarchical, the lack of certain terms in models of direction of effect—in this
case, main effect and interaction terms—results in nonhierarchical models of direc-
tion of effect. Conditional independence models have not been described for cases in
which researchers attempt to predict univariate probability distributions and/or inter-
actions from interactions of other variables.

Finally, to embed the proposed methodology into the broader framework of causal
inference, it is important to realize that the questions posed by the presented nonhier-
archical models and the models for causal inference differ fundamentally. Studies on
causal inference typically deal with the identification of causally interpretable param-
eters. For example, Breen and Karlson (2013) discuss the identification of parameters
of nonlinear probability models using the counterfactual framework. Similarly, Yam-
aguchi (2012) presents causal log-linear models for computing counterfactual odds
ratios between treatment and outcome variables while eliminating influences of
confounders (see also the related chapter of Yamaguchi, 2016). Of course, log-linear
models for causally related categorical variables have been suggested earlier. For
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example, Goodman (1973) proposed a modified path analysis for nominal variables,
which has later been integrated into the latent class and directed graphical modeling
framework (known as directed log-linear modeling; see, for example, Hagenaars,
1998). In these models, it is assumed that joint probabilities of observed variables
can be decomposed into the product of marginal and conditional probabilities
(Vermunt, 1996). However, all these models assume that the causal ordering of
variables (i.e., X — Y versus Y — X) can validly be determined based on a priori
theory. In contrast, the log-linear models proposed in this chapter can be used to
empirically evaluate competing causal theories about the underlying data generating
process. Such competing causal theories may concern both univariate probability
distributions and structural characteristics of variables. Thus, whenever exchange-
able elements in causal theories exist, the proposed method can—under certain
conditions—be used to establish empirical evidence to support causal explanations.
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6.1 INTRODUCTION

The analysis of directional dependence in nonexperimental study has been applied
in various research contexts such as currency exchange rates (Dodge and Rousson,
2001), deficit hyperactivity disorder (Nigg et al., 2008), gene networks from gene
expression data (Kim et al., 2008), and development of aggression in adolescence
(von Eye and Wiedermann, 2014). By directional dependence, we mean asymmetric
dependence/interaction between the variables, for example, the influence is from one
variable to the other or two variables influence each other with different magnitude.

Approaches to the statistical study of directional dependence have been proposed
from different perspectives. The first approach is to compare measures of skewness
and kurtosis of the two variables of interest (Dodge and Rousson, 2000, 2001; Dodge
and Yadegari, 2010; von Eye and DeShon, 2012). The basic idea of this method is
as follows. In a valid simple linear regression where the error term is normally dis-
tributed, the dependent variable is a convolution of a nonnormal independent variable
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with a normal error term, and thus, the distribution of the dependent variable is closer
to a normal distribution. Wiedermann et al., (2013) further investigated properties
of residuals of competing simple linear regression models and proposed using the
skewness of residuals to statistically identify the direction of dependence.

The second approach proposed is the asymmetric copula-based regression model
(Sungur, 2005a, b; Kim et al., 2008; Kim and Kim, 2014). Copulas, useful for describ-
ing the dependence between the variables, arise from Sklar’s theorem (Sklar, 1959):
there exists a unique function, copula, that links the p univariate marginal distribu-
tions for the p continuous random variables to form the p-dimensional distribution
function. Copulas allow us to model the dependence structure of the joint distribu-
tion and its marginal distributions separately, and they are invariant under strictly
increasing transformations of the marginals. There are several important advantages
of using the asymmetric copula-based regression approach to the analysis of direc-
tional dependence. The assumptions of normal error term and linearity between the
variables of interest are not required in the models of copula regression. The asymmet-
ric interaction between two variables is explicitly taken into account via asymmetric
copula function. Furthermore, the copula regression approach enables us to study
directional dependence stemming from not only marginal behavior of variables but
also joint behavior of them.

In this chapter, we present a new methodology for analyzing directional depen-
dence in the data, skew—normal copula-based regression. Recently, there has been a
growing interest for more flexible parametric families of multivariate skew—elliptical
distributions, such as multivariate skew—normal distribution and multivariate skew—¢
distribution (Azzalini and Capitanio, 2014; Genton, 2004) because there are many
real applications where the data is nonelliptical and often skewed, heavy tailed. A
skew—normal copula, derived from the skew—normal distribution with additional
parameters allowing to regulate skewness, enables accounting for asymmetric
dependence between the variables. For estimation of the skew—normal copula-based
regression, two approaches are considered, fully parametric and semiparametric. The
semiparametric method is useful in assessing directional dependence resulting from
the joint behavior of the variables because it can remove the effect of the marginal
distributions on the directional dependence.

The rest of the chapter is organized as follows: First, we briefly review the concept
and properties of copula and copula-based regression. We then overview directional
dependence using the copula regression setting in Sungur (2005a,b). Second, we
introduce the skew—normal copula-based regression, consisting of two parts. In the
first, we review the multivariate skew—normal distribution (Azzalini and Capitanio,
1999) and the multivariate skew—normal copula (Kollo et al., 2013); in the second,
we study their properties in terms of the conditional distribution and regression func-
tion. Third, we discuss the inference procedure of the directional dependence using
skew—normal copula-based regression. To illustrate the proposed method, we provide
areal data example.
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6.2 COPULA-BASED REGRESSION

We briefly review the copula and copula-based regression. For a detailed overview,
we refer to Joe (2004), McNeil et al. (2005) and Nelson (2006).

6.2.1 Copula

Let X = (X;,X,) be a two-dimensional random vector with the joint continuous
distribution function H(x) := H(x|,x,) = P(X; <x;,X;, <x,) and the marginal
distribution function Fj(x;) := P(X; < x;) where j=1,2 and x = (xl,xz),. Here,
the marginal distribution F;(X;) can be viewed as a transformed variable that is
uniformly distributed on [0, 1].

From Sklar’s theorem (Sklar, 1959), the joint distribution function H(x) of X can
be expressed as the copula distribution of X,

H(x;,x,) = C(F(x1), F>(x,)) (6.1)

where C is a two-dimensional copula, the joint distribution function on [0, 1]* with
standard uniform marginal distributions, defined by

Cw) = Cluy.u)) = P(U; <y, Uy < 11y) 6.2)

where U; and U, are uniformly distributed over [0,1], and u = (i, uz),. Let U; =
Fi(X;). When F(X;) is continuous and strictly increasing, it has an inverse, continu-
ous, and strictly increasing quantile function, FJ ~1. If we evaluate Equations 6.1 and

6.2 atx; = Fj‘l(uj), we obtain

C(F(x)), F5(xy) = P(X; < F7'(u)), X, < F3'(uy))
= H(F (), Fy ' () (6.3)

The copula distribution C of X in Equation 6.2 has the following basic properties:

(1) Cis grounded and has univariate margins: C(u;,0) = C(0,u,) =0, C(u, 1) =
uy and C(1,uy) = u, for all uy,u, € [0,1]

(2) Cistwo-increasing : C(u}", uy*) — C(uy™, u3) — C(uy, u3*) + C(uj, u
all uT*, u’l‘ u;*u; € [0, 1] for which u’l‘ < uT* and ”Z < u;*

(3) C is invariant under strictly increasing transformations of the marginals: if 7}
and T, are two strictly increasing functions, the copula of (Y}, Y,) with Y| =

T,(X)) and Y, = T»(X,) is the same as the copula of (X, X,).

5) = 0 for

For an absolutely continuous H with strictly increasing and continuous marginal
distribution functions, the joint density function of X is obtained from Equation 6.1:

h(xy, %) = c(F(x), F5(x,)) f1(x1) fo(x5), (6.4)
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where c(u;, u,) := (0*C(u,, u,)/0u,du,) is some uniquely identified two-dimensional
copula density and f;(x;) is the density function of X;. Thus, the corresponding copula
density is given by

h(x.x) T ). Fy ()
HiGh()  {ET @))fF; (uy))

c(F(x)), Fy(xy)) = (6.5)

From Equations 6.1, 6.3, and 6.4, we can see that the joint distribution of the ran-
dom vector X is created from two sources, the distribution of each random variable in
X, U; = Fj(X;), and the copula C, which expresses the dependence structure between
the random variables in X (their comovement) on a quantile scale.

Assume that the unknown copula C belongs to an absolutely continuous para-
metric copula family C = {C,} where 0 represents a set of parameters measuring
dependence between the variables. Then there are various types of copulas com-
monly used in many applied areas, including the normal copula, the t-copula, the
Archimedean copula, Farlie-Gumbel-Morgenstern (FGM) copula, Plackett copula,
and so on. For example, when X = (X, X,) is a bivariate normal vector with zero
mean vector and the correlation matrix Z, then the bivariate normal copula and cor-
responding density are

Chluy,uy) = P (D' (u)), ®7 (1) 2, (6.6)

) . L7 ) o > (uy)
Cg(”puz)=| | 1/2 exp {_E(CID—‘(M;)) = 1_12) <(I)—1(u;)>} 6.7)

where ®y(-) denotes the joint distribution function of X, ®~!(-) denotes the quan-
tile function of the univariate standard normal distribution function, and I, is the
2 x 2 identity matrix. This shows that the bivariate normal density is expressed as the
product of the bivariate normal copula, as given in Equation 6.6, and two standard
normal marginal densities.

6.2.2 Copula-Based Regression

Using the definition and properties of copula function described earlier, we can
express the conditional distribution and the corresponding conditional mean (i.e.,
regression function) in terms of copula and marginals. The conditional distribution
function of X, given X, = x, and the corresponding conditional density are given by

Fy,1x, (% | x)=PX; <x1 | Xy =x)
=(13in(1)P(X1 Sxplx <Xy <x+06)

. H(xy,xy +6) — H(x(,x,)
=lim
-0  Fy(x, +6) — Fr(x,)
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C(Fl ()Cl ), Fz()C2 + 6)) - C(Fl (xl), Fz(Xz))

=lim
=0 Fa(xy +6) = Fa(xp)
0C(uy,u,)
= a—uz |L¢1:F|(X|),M2=F2(x2) (68)
S (1 x0) = By (0), Fy(x)) - fi(xy) (6.9)

The conditional mean of X; or regression function of X; given X, = x, can be
written as

my, x, ) = Ec(X; | X5 = x3)
=/x1fxl|x2(x1 | x3) dx
R
=/x1C(F1(x1),F2(x2)) fl(xl) dx1
R
=/XIC(F1(X1)’F2(X2)) dF,(x)) (6.10)
R

We can see from Equation 6.10 that the form of the regression function will be deter-
mined by the copula density of X; and X, (i.e., their dependence or comovement)
and the marginal distribution of X,. Hereafter, we call the regression function in
Equation 6.10 as the copula-based regression.

When X; and X, are uniformly distributed over (0, 1), then Equations 6.8-6.10
become

ac(ul,uz)
Fy v,y | uy) = “ou, Jo o,y 1 up) = c(uy, uy)
L oC(uy, u,)
mUlle(M2) = EC(UI | U2 = uz) =1- o a—uzdul

where U, (= X)) and U,(= X,) ~ U(0, 1). Note that the functional form of the copula
regression my;, ;, () depends on only the choice of the copula function.

An interesting property of the copula-based regression is that it can capture not
only linear dependence but also nonlinear dependence between the variables. By Tay-
lor’s Theorem, the copula-based regression in Equation 6.10 is represented as

my x, (%) = Ec(X, | X5 =x,)

S EQX %)

=Ec(X; | x)+ Z < (x —x9)* + Ry
s=1

s!

where  EQ(X; | x9) = (0°Ec(X, |32/ ymss Rs = ESTVX, |29/ + DY
(x, —x3)®*D and x¥ is an interior point between x, and x§. Depending on the
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behavior of E(CS)(X | | x3) determined by the choice of the copula function and the
marginal distribution of X, the copula regression can be either the linear or the sth
order polynomial function of x,. If E(CS) (X; | x3) = Oforall s > 2, my |y (x,) is linear
in x,. For example, suppose that X = (X;, X,) has the bivariate normal distribution

. . . 1 o
with mean vector y = (4, ,142)’ and the correlation matrix, X = - 112 . Then
12
the regression function in Equation 6.10 is linear in x,,
My, x,(X2) = uy + 0100 — i) (6.11)

6.3 DIRECTIONAL DEPENDENCE IN THE COPULA-BASED
REGRESSION

In this section, we briefly review directional dependence using the copula regres-
sion setting and the general measurements of the directional dependence in Sungur
(2005a,b). Suppose that X; and X, are continuous random variables whose joint dis-
tribution function is given by H(X;, X,) = C(U,, U,) in Equation 6.1, where C is the
copula function of X, and X,, and U; = F|(X;) and U, = F,(X,) are the marginal
distribution functions, respectively. Sungur (2005a) defined two types of directional
dependence, one stemming from joint behavior of the variables through copula (i.e.,
dependence on a quantile scale) and the other from their marginal behaviors.

Definition 6.1 (Sungur, 2005a)

(1) The random pair (U,,U,) is directionally dependent in joint behav-
ior if mU1|U2(w) # My, v, (w) where mU1|U2(w) =E-(U, |Uy=w) and
my, i, (W) = Ec(Uy | Uy = w).

(2) The random pair (X, X,) is directionally dependent in marginals ifmU1 |U2(w) =
my, g, (W) and my x (2) # my x,(2) where my ¢ (z) = Ec(X, | X, =2) and
my,ix, (@) = Ec(X; | X; = 2).

There are a few interesting results from Definition 6.1 (Sungur, 2005a, 2005b).
Firstly, it is not possible to identify directional dependence in marginals if there is no
directional dependence in joint behavior and the marginal distributions for X; and X,
are the same. Secondly, if one is interested in directional dependence stemming from
the joint behavior via copulas, one needs to consider a monotonic strictly increas-
ing transformation of X; and X, (such as U, = F (X)), U, = F,(X,)) that leaves
the joint dependence between the variables unchanged. In practice, as the marginal
distributions of the variables are unknown, one can then use the rescaled empirical
distributions of X; and X,:

U =F ()= Ry U, =F,(x,) = R 6.12)
1= Tn+1° 2= M T+l '
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where (X;;,Xj»), i =1, ... ,nbe an independent and identically distributed sample of
n observations from the distribution of (X;,X,), and R, and R, are the ranks of X,
among (X, ... ,X,;) and X, among (X,,, ... ,X,,), respectively. Thirdly, if the cop-
ula is symmetric satisfying C(u;,u,) = C(u,, u,) for every (u,,u,) € [0, 1], one can
investigate only the directional dependence in marginals, not the directional depen-
dence in joint behavior because my |y, (w) = my,y, (w) for symmetric copula C.
Lastly, if one is interested in directional dependence between the variables regard-
less of its source (marginal or joint behavior or both), one can check if My, |x, (z) and
my, x, (z) differ. Here, one should consider asymmetric copulas for better modeling
the joint dependence structure. In next section, we introduce a flexible asymmetric
copula, a skew—normal copula.

Sungur (2005a) also proposed the general measures for the directional dependence
from marginal or joint behavior or both.

Var(my,y, (Uy))

(U - Uy = AR 12E[(my, 1, (U})*] =3
p(Uy - U)) = %’ZSM = 12E[(my,|y,(U)"] =3
2 %) = Var(;i}i;()xl)) _ E[(mxzm‘gl& 2—)E(X2)>2] 613
2 X = Var(my, 1, (X)) El(my,x, (Xy) = E(X)))’] 614

Var(X,) Var(X,)

These measurements allow us to compare copula-based regressions in terms of pre-
dictive power, and each of them can be interpreted as the proportion of total variation
of one variable that is explained by the copula regression based on the other vari-
able. The difference is that the first two measurements, p%] U and p%] U take into
account the dependence between the variables on a quantil]e sczale, indezpendent of the
marginals of the variables, and they can measure the directional dependence in joint
behavior.

Sungur (2005a) showed that (i) if the copula-based regressions on a quantile
scale, my, Uz(UZ) and my, UI(U 1), are both linear, (U;, U,) cannot be directionally
dependent (i.e., my,| Uz(w) = my, Ul(w)), and (ii) if regressions on the original
scale, my x, (X,) and my |y (X)), are both linear, then X, = X,) = p’(X, = X)).
This means that if the simple linear regression is valid for (X;, X,), one can use the
approach based on skewness and kurtosis of the variables (Dodge and Rousson,
2000; Dodge and Rousson, 2001; Dodge and Yadegari, 2010; von Eye and DeShon,
2012) or regression residuals (Wiedermann et al., 2013) to identify the directional
dependence in marginals.
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6.4 SKEW-NORMAL COPULA

There are various assumptions commonly made for the structures of copulas, such as
symmetry, radial symmetry, joint symmetry, Archimedeanity, associativity, and max
stability. For more details, refer to Joe (2004), Nelson (2006), and Li and Genton
(2013). In this section, we are interested in asymmetric copulas because the copulas
with symmetric structure lack the flexibility to examine the dependencies between the
variables, particularly the directional (asymmetric) dependence and nonlinear forms
of dependence.

The bivariate copula C is defined to be symmetric if C(u, u,) = C(u,, u,) for every
(uy,uy) €10, 11 and is asymmetric otherwise. We can easily see the effect of the
symmetry by examining the conditional distributions of copulas. For the continuous
variables X; and X, with the copula C in Equation 6.1, the conditional distribution
of the copula (i.e., the conditional probability in Eq. 6.8) for (U,, U,) = (F| (X)),
F,(X,)) is

o0C(uy,u,)
PU Sy | Uy =) = — =5
U

If C is symmetric, then

This means that the probability that X, is smaller than or equal to the corresponding
u* quantile (F;'(u*)) given that X, is its u** quantile (F;'(u**)) is the same as the
probability that X, is smaller than or equal to the corresponding u* quantile (F )
given that X is its u™* quantile (¥ ]_1 (u™)) (McNeil et al., 2005). Commonly used cop-
ulas including the normal copula in Equations 6.7, the #-copula, and the Archimedean
copulas are symmetric.

This symmetric property is restrictive in reality because the associations between
variables are not always identical between all variables involved. For example, as
can be found in the insurance, operational risk, and finance problems, it is possible
that the effect of the change in the marginal probability of X, is not the same as that
of X,, even assuming that the marginal distributions of X; and X, are the same. In
this case, symmetric copulas cannot capture such asymmetric dependence. There are
also several cases where the causal relations among the variables of interest occur in
certain direction.

Compared to symmetric copulas, there are only few classes of asymmetric copu-
las, for example, skew—elliptical copulas (Genton, 2004; Kollo et al., 2013), product
of copulas proposed in Liebscher (2008), Marshall-Olkin family of copula (Marshall
and Olkin, 1967), and Tawn copula (Tawn, 1988). Kim and Kim (2014) applied the
product of Archimedean copulas in the areas of biological research and developmen-
tal research where the directional dependency between two variables is known to
theoretically exist.
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Recently, there has been a growing interest for more flexible parametric families of
multivariate skew—elliptical distributions, including multivariate skew—normal distri-
bution and multivariate skew—¢ distribution, with additional parameters allowing for
regulation of skewness and tails. This is because, in real applications, there are many
cases where the data is nonelliptical and often skewed, heavy tailed (Genton, 2004;
Azzalini and Capitanio, 2014). In this section, we focus on the skew—normal cop-
ula belonging to the skew—elliptical copula family introduced in Kollo ef al. (2013).
The skew—normal copula is attractive in applications because it can deal with various
types of skewness, while still maintaining mathematical tractability.

We first define the multivariate skew—normal distribution given in Azzalini and
Capitanio (1999) because it is associated with the skew—normal copula.

Definition 6.2 A p-dimensional random vector X = (X, ... ,Xp) € R?  has
skew—normal distribution with parameters u, %, and a, denoted by SNp(y, Z, ), if
X has the following density function

Ppn 55 1 2, @) = 268,055, DO 272 (x = 1) (6.15)

where u = (yy, ... ,yp)’ is a location parameter vector, X is a dispersion
matrix whose jth diagonal element is o, and (j,k)th off-diagonal element is
o a=(a, ... ,ap)/ is a shape parameter vector to account for skewness,
&,(x; 4, %) is the p-dimensional normal density with mean vector y and dispersion
matrix X, and ®(-) is the standard normal distribution function.

Note that when @ = 0 in Equation 6.15, the multivariate skew—normal distribution
reduces to the multivariate normal distribution.

By following the definitions in Kollo et al. (2013), the multivariate skew—normal
copula and the corresponding density are given in Equations 6.16 and 6.17.

Definition 6.3 A p-dimensional dimensional copula C™* is called a skew-normal
copula if

Cy'(uy, .. ouy)) = H, o (F7 (30, 1,a)), ... . Fy'(u,;0,1,a,);0,R, @) (6.16)

where F] —1 (uj; Hjs Cjjs aj) denote the inverse of the univariate skew—normal distribution
SN l(,uj, ojjs aj), R is the correlation matrix whose diagonal elements are unity and
whose (j, k)th off-diagonal element is oy, and H, ., () is the distribution function of
the multivariate skew-normal distribution with the density given in Equation 6.15.
The skew—normal copula density is

Iy w30, ay), o F (00,1, 0,):0.R, @)

c;"(ul, s Uy) = > (6.17)
1_[1 h],sn(Fjl_l(u]; 0’ 1’ aj); 07 1, a])
Jj=
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Note that the copula still remains invariant under a standardization of the
marginal distributions as it is invariant under strictly increasing transformations of
the marginals.

To better understand the features of the skew-normal copula defined
above, we construct the contours of the bivariate skew—normal density for
(X1, X)) ~ SNy(u, 2, ) in Equation 6.15, the corresponding copula function in
Equation 6.16, the corresponding copula density in Equation 6.17, and the plots of
two conditional probabilities, P(U; < u* | U, = u™) and P(U, < u* | U} = u™)
where U; = F;(X;; yuy, 011, ap) and U, = F,(X5; 4y, 045, @) The sets of the parame-
ter values used are (i = py = 0,01, =049 = 1,0, =0.5,¢; = @, = 0)in Figure 6.1
(i.e., the bivariate normal distribution), (¢, = 4, = 0,0, =09 = 1,01, =0.5,a; =
2,y = —=4) in Figure 6.2, (u; =y, =0,0)1 =0 =1,01,=05,a; = -4, a0, =4)
in Figure 6.3.

Figure 6.1 contains the plots of the bivariate normal distribution (i.e., bivariate
skew—normal distribution with a=(0,0)) whose copula is symmetric. The contour of
the density in Figure 6.1a is elliptical in the (X;, X,) space, and the copula function
in (b) and the copula density in (c) are symmetric along the diagonal line U, = U,
in the (U}, U,) space. As the bivariate normal copula is symmetric, we can see that
two conditional probabilities computed for the same values of #** in (d) are the same
over the value of u*.

On the other hand, as shown in Figure 6.2 and 6.3, the behaviors of bivariate
skew—normal distribution and corresponding copula are different. The contours of
bivariate skew—normal density in (a) are both nonelliptical, and so the contours of
the copula functions in (b) are not symmetric in the (U;, U,) space. Furthermore,
the two conditional distributions in (d) are different over the value of u* for a given
value of u**.

From the conditional mean regression analysis, we can also see the difference
between the skew—normal distribution and the normal distribution. Consider
the bivariate skew—normal random vector X = (X|,X,) ~ SN,(y, 2, @) where
u= <” ! > L= I on ,a = (a' ) This means that X has the two-dimensional

H2 (2P 1 )
skew—normal copula with the correlation matrix X, as given in Equation 6.17, and
two skew—normal marginals (i.e, X; ~ SN l(yj, 1,a;)). By Azzalini and Capitanio
(1999), the mean regression of X; given X, = x, is

d(x3)

my x, (%) = py + 01500 — ) +

where x5 = (& + @1012)(x; — pp)/4/1 + (xlz(l - 0'122)) and 7= (a;(1- 0'122)/

1+ a1l —oc?)).

The mean regression of X; on X, for the bivariate skew—normal distribution shows
the nonlinear dependence with respect to the conditioning variable, X, (see the third
term in Eq. 6.18). Note that the first two terms are the same as the conditional mean
for the bivariate normal distribution in Equation 6.11. There are two cases where
my, |X2(x2) in Equation 6.18 is linear in x,: (i) a; =0 (and so 7=0) and (ii) a, +
a;01, = 0 (and so x3=0).
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Figure 6.1 (X;,X,) ~ SN,(1#=(0,0), 0,,=0,,=1, ¢,,=0.5, a=(0,0)): (a) contour plot for
(X,,X,); (b) and (c) contour plots of the copula for (X,,X,) and its copula density; (d) con-
ditional distributions of the copula for (X,,X,), P(U, < u* | U, = u™) (left) and P(U, < u* |
U, = u*) (right) where u** = (0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95) with the line
types and colors range from solid/black (0.05) to dotdash/dark gray (0.5) to dotted/dim gray
(0.95).
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(d)

Figure 6.2 (X,X,) ~ SN,(u=(0,0), 6,,=0,,=1, 6,,=0.5, a=(2,-4) ) - (a) contour plot for
(X,,X,); (b) and (c) contour plots of the copula for (X, X,) and its copula density; (d) con-
ditional distributions of the copula for (X, X,), P(U, < u* | U, = u*) (left) and P(U, < u* |
U, = u*) (right) where u** = (0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95) with the line
types and colors range from solid/black (0.05) to dotdash/dark gray (0.5) to dotted/dim gray
(0.95).
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Figure 6.3 (X, X,) ~ SN,(u=(0,0), 6,,=0,,=1, ¢,,=0.5, a=(-4,4) ) - (a) contour plot for
(X;,X,); (b) and (c) contour plots of the copula for (X,,X,) and its copula density; (d) con-
ditional distributions of the copula for (X,,X,), P(U, < u* | U, = u™) (left) and P(U, < u* |
U, = u*) (right) where u** = (0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 0.95) with the line
types and colors range from solid/black (0.05) to dotdash/dark gray (0.5) to dotted/dim gray
(0.95).
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6.5 INFERENCE OF DIRECTIONAL DEPENDENCE USING
SKEW-NORMAL COPULA-BASED REGRESSION

In this section, we discuss the inference of the directional dependence (in marginal
or joint behavior or both) using skew—normal copula-based regression. The inference
procedure consists of two stages: (i) estimation of skew—normal copula-based regres-
sion and (ii) empirical identification of directional dependence and computation of
the directional dependence measures.

6.5.1 Estimation of Copula-Based Regression

The copula-based regressions for (X, X,) can be estimated as long as the estimators
for the marginal distributions and the copula density are given. The copula-based
regression function of X, given X, = x, in Equation 6.10 can be estimated by

it x, (62) = /R x,8(F, (xy), Fy () dF | (x))

where ¢, F 1> and I:"z are any given estimators for ¢, F'; and F,.

Assume that the unknown copula C belongs to an absolutely continuous para-
metric copula family C = {C,} where 6 represents a set of parameters measuring
dependence between the variables. Then, depending on the estimation method for
F, and F,, the estimator of the copula-based regression can be fully parametric or
semiparametric. A fully parametric approach is that the marginals are chosen from a
parametric family. A semiparametric approach is that the copula is still estimated
parametrically but the marginal distributions are estimated nonparametrically, for
example, by the rescaled empirical distribution or a kernel-smoothing estimator, in
order to take into account the impact of misspecifications in the marginal distributions
on the estimation of a parametric copula density.

Let X; = (X,;,X,,) be an independent and identically distributed sample of n
observations generated from the distribution H of X = (Xl,Xz), wherei=1, ... ,n.
As the joint density function of X can be represented using the copula density and
the marginal densities for the variables as shown in Equation 6.4, the log likelihood
function of n random samples is

£ = Z log h(x;.X;)
i=1

= Y log co(F(xip) Fo(xp)) + Y llog fi(xy) +log fo(x;)] (6.19)
i=1 i=1

For the fully parametric estimation, we here use the bivariate skew—normal density
in Equation 6.15 for A(x;, x,) because it has the shape parameter vector a = (@, a,) to
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take into account skewness in the bivariate data. Furthermore, when the distribution of
(X, X,) is the bivariate skew—normal distribution, the marginal distributions and the
conditional distributions are still skew—normal distributions (Azzalini and Capitanio,
1999). The likelihood method maximizing the log likelihood of Equation 6.19 over
the parameters in Equation 6.15 and the estimation of the regression functions (i.e.,
conditional means) can be done using the functions selm, makeSECdistr, con-
ditionalSECdistr,and sn.cumulants inthe sn package (Azzalini, 2014) of
R (R Core Team, 2014). We denote the fully parametric estimator of the skew—normal

copula-based regression function of X, given X, and of X, given X, as rhl;(l X (x,) and

’h?(z IX; (x,), respectively.

For the semiparametric estimation of the copula-based regression, we propose
using a novel and easy-to-use approach proposed by Noh et al. (2013). The non-
parametric estimator for the marginal distribution is the normalized rank, that is, a
rescaled empirical distribution function in Equation 6.12. Given the nonparametric
estimator ﬁ“j(xj) of the univariate margin Fj(xj), we employ the bivariate skew—normal
copula density in Equation 6.17 for the dependence structure between X; and X,. We
then obtain the maximum pseudo-likelihood (MPL) estimator (Genest et al., 1995;
Kim et al., 2007), which maximizes the log-likelihood contribution from dependence
structure in data over the parameters

£,0) = Y log cy(F)(xy), Fy(x)
i=1

1

where 6 = (0),, 0y, az)/. Here, we obtain the MPL estimate of 6 using a
general-purpose optimizer in R, function optim from the built-in package
stats.

Once we obtain the nonparametric estimator for F; and the MPL estimator for ¢
in the copula density, we construct the semiparametric estimator of the skew—normal

copula-based regression function of X, for a given X, = x,, denoted by ’hii X (xp):

n

s 1 : .

Y, () =~ foilcéMpL(Fl(xil), Fy(xy)) (6.20)
=

where ,,p; is the MPL estimator of § and F,(x,) is a kernel-smoothing estimator of
F,(x,) estimated using the function kcde in the R package ks (Duong, 2007). The
semiparametric estimator of the skew—normal copula-based regression function of
X, for a given X; = x;, denoted as m;lexl (x7), can be estimated in a similar fashion.
We use a kernel-smoothing estimator for the marginal distribution of the conditioning
variable (F(x;) in mj{; X, (x1) and F,(x,) in n%jfl X (x,)) to obtain a smooth regression
curve. For theoretical properties of the aforementioned semiparametric estimator, we
refer to Noh et al. (2013).



146 DIRECTIONAL DEPENDENCE ANALYSIS USING SKEW-NORMAL

6.5.2 Detection of Directional Dependence and Computation of the
Directional Dependence Measures

Suppose that the two regression models for (X;,X,) are estimated using the
method either fully parametrically (ﬁi‘;l X, (x,) and n%’;(z X, (x1)) or semiparametrically
(rhjg X, (x,) and ﬁzjf X (x1)), as described earlier. Then, from Definition 6.1, we can
empirically identify directional dependence between X; and X, (marginal or joint
behavior or both) by constructing a conditional regression plot, a plot of 7ty |y (2)
versus ’thle (z) with a diagonal reference line, X, = X;. Any deviation from the
reference line, above or below the reference line, indicates that X, and X, are
directionally dependent. An interesting property of a conditional regression plot
based on semiparametric regression estimators (i.e., a plot of n%;fl X, (z) vs rhjgl X, )
is that it is useful in evaluating if the directional dependence stemming from the joint
behavior empirically exists. This is because the semiparametric regression estimator
does not require specification of the marginal distributions and thus one can remove
the influence of the marginal distribution on the directional dependence.

Once the directional dependence between X, and X, is empirically identified, we
then compute directional dependence measures in Equations 6.13 and 6.14, depend-
ing on the regression estimators used:

! ('hfmxl () — E(X))?

X, > X)) =n""! ;’ o , 6.21)
P 21 (it 1x, ;zzx—l )E<X1>>2 | o)
P, = Xy) = n”! ; i ;;z);f(xz))z, (6.23)
P, — X)) =n"! § O ;;z}; )E(Xl - (6.24)

where E(Xj) and \7a\r(Xj) are the estimates of the mean and variance of X; under the
estimated bivariate skew—normal distribution for (X, X,), respectively, and INE(Xj)
and @r()(j) are the sample mean and the sample variance of a random sample
{X, js oo s an }, respectively. We further construct the 95% confidence interval for the
difference in two measures, pz(X1 - X,) - pz(X2 — X)), using the nonparametric
bootstrap bias corrected and accelerated (BCa) method (Efron and Tibshirani, 1993;
Davison and Hinkley, 1997).
Note that the R codes used in this chapter are available upon request.
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6.6 APPLICATION

In this section, we present an example concerning a study on development of aggres-
sion in adolescence analyzed in Finkelstein e al. (1994) and von Eye and Wieder-
mann (2014) to illustrate the proposed skew—normal copula-based regression. In this
study, there are 38 boys and 76 girls who responded to an aggression questionnaire in
1983, 1985, and 1987, and two aggression variables of interest are Verbal Aggression
Against Adults (VAAA) and Physical Aggression Against Peers (PAAP). von Eye and
Wiedermann (2014) analyzed this data to examine if physical aggression can predict
verbal aggression or vice versa, using several approaches including comparison of
skewness and kurtosis of the variables (Dodge and Rousson, 2000; Dodge and Rous-
son, 2001; Dodge and Yadegari, 2010; von Eye and DeShon, 2012) and evaluation of
residuals of competing regression models (Wiedermann et al., 2013) under the linear
regression model with normally distributed errors.

We here employ the skew—normal copula-based regression to investigate direc-
tional dependence between two variables, VAAA and PAAP, without imposing the
linear assumption. As there are the three measures of VAAA and PAAP from 1983,
1985, and 1987, respectively, as done in von Eye and Wiedermann (2014), we also
carry out two principal component analyses, one for the three measures of VAAA and
the other for the three measures of PAAP. We then obtain the component scores of
the principal components of VAAA and PAAP. Figure 6.4 shows the scatter plot of
component scores of VAAA and PAAP. Note that von Eye and Wiedermann (2014)
reported that the component scores of PAAP are nonnormally distributed, while the
component scores of VAAA are closer to a normal distribution.

In order to examine the directional dependence between the component scores
of VAAA and PAAP, we first obtain a fully parametric regression function under
the bivariate skew—normal distribution. Figure 6.4 displays (a) the fitted bivariate
skew—normal density and its contour levels and (b) Healy-type graphical diagnostics
in the form of Q-Q plot (Azzalini and Capitanio, 1999). We here consider the Q-Q
plot diagnostic to compare the data distribution with the bivariate skew—normal
distribution. Although the fitted bivariate skew—normal density appears to be satisfac-
tory, the Q—Q plot indicates that there is some deviation at the tails (i.e., a few points
deviating from the reference dotted line). As future work, it would be worthwhile
to consider the multivariate skew—t distribution with long tail. Note that estimated
bivariate skew-normal density is SN,(f, $,a) where A =(-0.957, —1.685)’,

= <§:ggg i:g?g) and & = (—0.179,3.492)’.

Figure 6.5 shows the conditional regression plot (i.e., ﬁz‘;AAPlVAAA(z) Vs
ml\’/AAA| paap(2)) and the two fitted copula-based regressions using the fully parametric
estimation, ﬁ’?AAPWAAA and rh"’,AAAl PAAP From Figure 6.5a, we see that directional

dependence exists because there is clear deviation from the reference line (dotted
line). Figure 6.5b and c show that the forms of the regression functions are different,
depending on the conditioning variable. Note that the solid line is a parametric
copula-based regression and the dotted line is a simple linear regression. The
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Figure 6.4 (a) Scatter plot of component scores of VAAA and PAAP and a fitted
skew—normal density; (b) Q—Q plot.
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Figure 6.5 Parametric estimation: (a) conditional regression plot, APAAP\VAAA(Z) versus
4 (2); (b) copula-based regression estimate for VAAA, 7z, (solid line); (c)

VAAA[PAAP PAAP|VAAA

copula-based regression estimate for PAAP, rh’\’/A AAPAAP (solid line).

estimated regression of PAAP on VAAA seems to be nonlinear especially when
VAAA is either small or large, unlike the estimated regression of VAAA on PAAP.
Figure 6.6 displays the plots of semiparametric copula regression analysis. From

s . ~ Sp A Sp . .
the conditional regression plot, Tilps APIVAA A(z) VTSUS 7ty 4 4 ipa AP(z), in Figure 6.6a,

there appears to be no directional dependence because of no deviation from the refer-
ence line (dotted line). This means that the directional dependence in the data stems
from the marginal behavior of the variables, not the joint behavior. We observe from

. . . ~ SP
Flggure 6.6b and c that both estimated copula-based regressions, 7, APIVAAA and
iy are not linear. Note that the solid line is a semiparametric copula-based

VAAA[PAAP’ A ° ) :
regression and the dotted line is a simple linear regression.



APPLICATION 149

—_ 4 1
z 2
s 7 % $
5,; 19 < <
< 04 o >
= 1
< )
2 00 . :
2-10 1234 3-2-10123 2 0 2 4 6
E(PAAPIVAAA) VAAA PAAP
(a) (b) (©)
Figure 6.6 Semiparametric estimation: (a) conditional regression plot, r?z;i AP[VAA A(z) versus
N apaap(@): (b) copula-based regression estimate for VAAA, gy Apjvaaa (solid line); (c)
copula-based regression estimate for PAAP, rhifA AAPAAP (solid line).
TABLE 6.1 Estimates for Directional Dependence Measures and
the 95% Nonparametric Bootstrap BCa Interval for
p*(PAAP — VAAA) — p*(VAAA — PAAP) (Number of
Nonparametric Bootstrap Samples = 999).
Parametric Semiparametric
p*(VAAA — PAAP) 0.404 0.364
p*(PAAP — VAAA) 0.415 0.389
p*(PAAP — VAAA) 0.010 0.025
—p?(VAAA — PAAP) (—0.0283, 0.0496) (0.0030, 0.0726)

Finally, Table 6.1 shows the estimates of the directional dependence measures
in Equations 6.24-6.23, and the 95% adjusted bootstrap percentile (BCa) intervals
for p?>(PAAP — VAAA) — p>(VAAA — PAAP) under fully parametric and semi-
parametric estimation of skew—normal copula-based regressions, respectively. The
proportion of total variation of VAAA that is explained by PAAP is 41.5% for the
parametric copula-based regression and 38.9% for the semiparametric copula-based
regression. The proportion of total variation of PAAP that is explained by VAAA is
40.4% for the parametric copula-based regression and 36.4% for the semiparametric
copula-based regression estimate. The 95% nonparametric bootstrap BCa interval for
p*(PAAP — VAAA) — p>(VAAA — PAAP) using the semiparametric copula-based
regression does not include 0, unlike the confidence interval computed using the
parametric copula-based regression, which requires restrictive assumptions on the
marginals. Thus, it appears that it is more edged for VAAA to be explained by PAAP
rather than vice versa (38.9% vs 36.4%, under the semiparametric estimation). Note
that von Eye and Wiedermann (2014) in fact concluded that VAAA is the response
variable and PAAP is the explanatory variable.
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6.7 CONCLUSION

In this chapter, we presented the skew—normal copula-based regression for the
inference of the directional dependence and demonstrated it using real data. Unlike
the elliptical copulas such as the normal copula and the #-copula, the skew—normal
copula-based regression can capture the asymmetric and nonlinear dependence
between variables due to the shape parameters accounting for skewness in the data.

The example used in the application section was the bivariate case. Some of the
tools presented in this chapter can be easily extended to the multivariate case. For
instance, the skew—normal copula-based regression is available in a multiple regres-
sion setting because the multivariate skew—normal distribution/copula is available as
shown in this chapter and the copula-based regression model can be estimated under
multiple covariate models (Noh et al., 2013). A valuable extension, which is cur-
rently under investigation, is to generalize the copula-based inference procedure for
the analysis of directional dependence to the multivariate data.

In addition, another future work would be to use skew—¢ copulas in the regression
model. The skew—# copula has additional parameters regulating skewness and kurtosis
in the data, and it would be very useful for applications where the data has heavy tails.
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NON-GAUSSIAN STRUCTURAL
EQUATION MODELS FOR CAUSAL
DISCOVERY

SHOHEI SHIMIZU

Institute of Scientific and Industrial Research, Osaka University, Osaka, Japan

7.1 INTRODUCTION

Structural equation models (SEMs) are mathematical systems that can be used to
represent data-generation processes and causal relations of variables (Bollen, 1989,
Pearl, 2000). An example of an SEM is

X1 =€ (71)

where x; and x, are observed continuous random variables, e; and e, are latent (unob-
served) continuous random variables, or error variables, and b,; is a constant. The
associated causal graph of the SEM in Equations (7.1) and (7.2) is shown on the left
side of Figure 7.1. The structural equations (7.1) and (7.2) represent a data-generation
process in which the values of e, and e, are first generated, x, is generated as the same
value as ey, and the value of x, is then given as a linear combination of x; and e,. The
error variables e, and e, are exogenous, as the other variables in the model do not
contribute to their generation.

Statistics and Causality: Methods for Applied Empirical Research, First Edition.
Wolfgang Wiedermann and Alexander von Eye.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
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Figure 7.1 Which of these two models, with opposing directions of causation, is better? The
errors ¢, and e, may be dependent.

A causal interpretation of this SEM is that, if the value of x| has been changed (i.e.,
is manipulated) from some constant ¢ to another constant d, that of x, changes by an
average of by, (d — c¢). Furthermore, the value of x; remains constant on average, even
if x, is changed. In other words, x; is the cause and x, is its effect.

We want to estimate such a cause-and-effect relationship between x; and x, based
only on their observed data, which are collected simultaneously, under minimal
assumptions on the distributions of the exogenous latent error variables e; and e,.
More formally, the basic problem is defined as follows: let us denote the number
of observations as n and collect them in a 2 X n matrix X whose (i, m)-th element
xl(.m) is the m-th observation of the variable x; (i = 1,2;m =1, ..., n). Suppose that
the observed data X are randomly generated from either of the following two SEMs
with opposing directions of causation:

)=
Model 1: {x2 hte (1.3)
Model 2 : {xl = b te (7.4)
.Xf2 = 62,

where b,, and b, are nonzero constants. In the former model, x; causes x,, whereas
in the latter, x, causes x,. The associated causal graphs of the two models are shown in
Figure 7.1. We wish to determine which of these two models generates the observed
data X. For example, x; and x, may represent verbal aggression against adults
(VAAA) and physical aggression against peers (PAAP), respectively, and could be
measured for many children at the same time (von Eye and Wiedermann, 2014).

In the example above, the classical Gaussian assumption on the error variables
is not particularly helpful in determining causal direction (Bollen, 1989), because
the two models’ data have the same mean and covariance structures. Fortunately,
however, many applications obtain non-Gaussian data (Micceri, 1989, Hyvirinen
et al., 2001, Smith et al., 2011, Sogawa et al., 2011, Moneta et al., 2013), which
means that the distribution contains information besides the mean and covariance
structures.

Dodge and Rousson (2000) showed that it is possible to estimate the causal direc-
tion of two observed variables x; and x, based on the non-Gaussian structure of data
(the third-order moment structure) when the following hold:
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Figure 7.2 Which of the two models with opposing directions of causation is better? Here,
the errors ¢, and e, are independent, which implies that Models 1 and 2 have no latent common
causes.

o The error variables e; and e, are independent.

e The error variable corresponding to the cause is skewed, but the error variable
corresponding to the effect is not.!

The independence assumption implies that there are no latent common causes
(unobserved confounding variables) in the two observed variables x; and x,. This
changes the causal graphs in Figure 7.1 to those in Figure 7.2. The second assump-
tion means that, when Model 1 generates the data, the true direction of causation can
be determined if ¢, is skewed and e, is not skewed; if Model 2 generates the data,
the true direction of causation can be determined if the skewness of e, is nonzero and
that of e is zero. (The skewness is zero if a variable is Gaussian and is nonzero for
asymmetric non-Gaussian variables.)

Models 1 and 2 provide the same conditional independence structure of data,
regardless of whether the error variables are Gaussian or non-Gaussian. Therefore,
classical causal discovery methods based on their conditional independence (Pearl,
2000, Spirtes et al., 1993) are not able to distinguish between the two models.?

Shimizu et al. (2006) generalized the results of Dodge and Rousson (2000) to
any non-Gaussian distribution, and further extended the theory to multivariate cases.
They also proved that the causal direction, and the existence of causal connections,
among p observed variables x;, x,, ..., x, can be uniquely determined, that is, they

P
are identifiable, under the following assumptions:

e The error variables ¢; (i = 1, ..., p) are independent.

e The error variables ¢; (i = 1, ..., p) have non-Gaussian probability density func-
tions.’

e The causal relations are acyclic.

'Wiedermann and Hagmann (2014) recently considered another interesting case in which the error variable
corresponding to the effect is skewed, but the error variable corresponding to the cause is not.

21t is possible to effectively combine these conditional independence-based methods with the non-Gaussian
methods discussed in this chapter. See Hoyer et al. (2008a), Hyvérinen and Smith (2013), Ramsey et al.
(2011) for such combinations.

3 At most one error variable may be Gaussian.
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Figure 7.3 Causal graphs of basic causal discovery models with no latent common causes.

A model with these three properties is called a Linear Non-Gaussian Acyclic
Model, or LINGAM. Several examples of causal graphs belonging to this class of
non-Gaussian model are shown in Figure 7.3.

These basic non-Gaussian models have led to the development of many extended
models (Hoyer et al., 2008b, 2009, Shimizu and Hyvirinen, 2008, Shimizu et al.,
2009, Lacerda et al., 2008, Hyvirinen et al., 2010, Zhang and Hyvirinen, 2009,
Tillman et al., 2010, Peters et al., 2011, Shimizu, 2012). Among others, Hyvirinen
et al. (2010) combined the basic non-Gaussian causal discovery model developed
by Shimizu er al. (2006) with the classic autoregressive model (Granger, 1969) to
analyze both contemporaneous and lagged causal relations based on time series data.
Hoyer et al. (2008b) relaxed the independence assumption, thus allowing latent com-
mon causes, and showed that under assumptions of linearity and non-Gaussianity,
it is possible to uniquely determine the causal direction of two observed variables,
even in the presence of latent common causes.

In subsequent sections of this chapter, we discuss the following three funda-
mental LINGAM models to elaborate the concepts and methods underlying this
non-Gaussian causal discovery approach:

e Basic LINGAM (Shimizu et al., 2006) (Section 7.3);
o LiNGAM for time series (Hyvérinen ef al., 2010) (Section 7.4);
o LiNGAM with latent common causes (Hoyer et al., 2008b) (Section 7.5).

These non-Gaussian methods have been applied to data studied in several fields,
including economics (Ferkingsta et al., 2011, Moneta et al., 2013, Coad and Binder,
2014), environmental science (Niyogi et al., 2010), epidemiology (Rosenstrom
et al., 2012, Helajarvi et al., 2014), neuroscience (Smith et al., 2011, Boukrina and
Graves, 2013, Manelis and Reder, 2014, Mills-Finnerty et al., 2014), and chemistry
(Campomanes et al., 2014).

7.2 INDEPENDENT COMPONENT ANALYSIS

The concepts and methods involved in the signal processing method known as
independent component analysis (ICA) are closely related to those of LINGAM.
Thus, we first provide a brief overview of ICA (Jutten and Hérault, 1991, Comon,
1994, Hyvirinen et al., 2001) before moving on to the detail of LINGAM methods.
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7.2.1 Model

The ICA model represents a data-generation process in which latent independent
source signals are linearly mixed with one another to generate observed signals. This
can be viewed as an SEM. An instance of such a model is given by

X1 =4ans + ain8y (75)

Xy = dy1 8 + (25520 (76)

where x; and x, are observed continuous random variables, s; and s, are latent
non-Gaussian continuous random variables, and a,,, a,,, a,,, and a,, are constants.
This model first generates the values of the latent independent variables s, and s,
and then generates values of the observed variables x; and x, as linear combinations
of s, and s,.

In general, an ICA model (Jutten and Hérault, 1991, Comon, 1994) for p observed
variables x; (i = 1, ... p) can be defined as follows:

q
X = ags; (1.7
=1
where s; (j=1,...,q) are continuous latent random variables that are mutually

J
independent. We refer to these as independent components. The latent independent

variables s; follow non-Gaussian distributions.
In matrix form, the ICA model in Equation (7.7) can be represented by

x = As (7.8)

where the p X g mixing matrix A collects coefficients a;;, and the vectors x and s
collect the observed variables x; and the independent components s;, respectively.
It is commonly assumed that there is more than one observed variable (p > 2) and
that no column of the mixing matrix A is pairwise linearly dependent (Comon, 1994,
Eriksson and Koivunen, 2004).

7.2.2 Identifiability

It has been shown that the mixing matrix A is identifiable up to some permutation,
scaling, and the sign of the columns (Comon, 1994, Eriksson and Koivunen, 2004).
Thus, the mixing matrix identified by ICA, which is denoted by A;-,, can be
written as

Ajcp = APD (7.9)

where P is an unknown ¢ X ¢ permutation matrix, and D is an unknown ¢ X g
diagonal matrix with no zeros on the diagonal.
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7.2.3 Estimation

Most ICA estimation methods assume that the mixing matrix A is square, which
means that the number of observed variables is equal to the number of independent
components, that is, p = ¢g. These methods estimate a matrix known as a separat-
ing matrix W = A1 (Hyvirinen et al., 2001). Furthermore, most of these methods
minimize the mutual information (or its approximation) of the estimated indepen-
dent components in§ = Wy, x, thatis, I(§) = {Z}jzl H(@))} — H($), where H(§) is the
differential entropy of § defined by E{—log p(§)}. It can be shown that the mutual
information of these estimated independent components is zero if and only if they
are independent. Thus, ICA methods estimate a separating matrix that minimizes the
independence among the estimated independent components. Following this, the sep-
arating matrix W is estimated up to the permutation P, and the scaling and the sign
D of the rows

W, = PDW(= PDA™") (7.10)

Note that ICA estimation methods provide a random permutation of the rows. Con-
sistent and computationally efficient estimation algorithms have been developed in
which there is no need to specify the independent component distributions (Amari,
1998, Hyvirinen, 1999).

A relevant method is principal component analysis (PCA), which is commonly
used as a preprocessing technique for ICA. PCA estimates a matrix Wp4 such that
the principal components in z = Wpcx are uncorrelated. This is because noncorre-
lation is a necessary condition for non-Gaussian variables to be independent, whereas
for Gaussian variables, being uncorrelated is equivalent to independence. Thus, ICA
can be seen as a method for determining a factor rotation that makes latent factors
independent (Hyvirinen and Kano, 2003).

For further details on ICA, readers are referred to the textbook of Hyvérinen ef al.
(2001) and its recent update Hyvérinen (2013).

7.3 BASIC LINEAR NON-GAUSSIAN ACYCLIC MODEL

In this section, we first review the basic LINGAM (Shimizu et al., 2006), before
going on to discuss its extensions to cases with temporal structures and latent com-
mon causes. Although the assumptions made in the basic LINGAM may appear to
be restrictive, they can be relaxed to develop more general methods based on the
information obtained from the basic setup.

7.3.1 Model

Shimizu et al. (2006) proposed a linear non-Gaussian acyclic SEM, known as
LiNGAM:

k() <k(i)
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where ¢; are continuous latent variables that are exogenous and b;; represent the
strengths of the causal connections from x; to x;. With a causal ordering denoted by
k(i), the causal relations among the variables x; are acyclic. The exogenous variables
e; follow non-Gaussian distributions and are independent of one another. Recall
that the independence assumption among e¢; implies that there are no latent common
causes. The LINGAM model in Equation (7.11) can be written in matrix form as

x=Bx+e (7.12)

where the connection strength matrix B collects the causal connection strengths b;;,
and the vectors x and e collect the observed variables x; and the exogenous variables
e;, respectively. The zero/nonzero pattern of b;; corresponds to the absence/existence
pattern of the directed edges. That is, if b;; # 0, there is a directed edge from x;
to x; in the causal graph; however, if this is not the case, there is no directed edge
from x; to x;. Note that acyclicity implies that the connection strength matrix B can
be permuted to become lower triangular with all zeros on the diagonal (i.e., strictly
lower triangular) if simultaneous, equal row and column permutations are made
according to the causal ordering k(7).

We provide two examples to illustrate the notion of the causal ordering k(i), as
provided by Shimizu (2014). The SEM corresponding to the leftmost causal graph of
Figure 7.3 is written as

X1 0 010 X1 €]
Xy =(-50 0 X + €y (7.13)
X3 00 0| [x3 e;
X B X e

In this example, the causal ordering that makes B strictly lower triangular has x5
in the first position, x; in the second position, and x, in the third position, that is,
k(3) =1, k(1) = 2, and k(2) = 3. If we permute variables x; to x; according to the
causal ordering, we obtain

X3 0 0 0]]xs e
x|=[10 0 of[x,|+]e (7.14)
Xy 0-50 Xy (2]

It can be seen that the resulting connection strength matrix is strictly lower triangular.
In this example, there is no other causal ordering of variables that results in a strictly
lower triangular structure. In contrast, there are two such causal orderings in the center
causal graph of Figure 7.3: (i) k(1) = 1, k(3) = 2, and k(2) = 3; and (ii) k(3) =1,
k(1) = 2,and k(2) = 3, because there is no directed path between x; and x;. A directed
path from x; to x; is a sequence of directed edges such that x; is reachable from x;.
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7.3.2 Identifiability

It has been shown that LINGAM is identifiable (Shimizu et al., 2006), that is, the
connection strength matrix B can be uniquely identified based only on the data x.
We now describe the method for identifying the connection strength matrix B of
LiNGAM in Equation (7.12), as shown by Shimizu ez al. (2006). Let us first solve
Equation (7.12) for x. From this, we obtain

where A = (I —B)~'. Because the components of e are independent and
non-Gaussian, Equation (7.15) defines the ICA model, which, as stated in
Section 7.2, is known to be identifiable.

ICA is capable of estimating the mixing matrix A (and W =A=' =1-B) up
to some permutation, scaling, and sign indeterminacies of its columns. ICA gives
Wica = PDW, where P is an unknown permutation matrix and D is an unknown diag-
onal matrix. However, in LINGAM, the correct permutation matrix P can be found
as follows (Shimizu et al., 2006):

(1) First, the correct P is the only one that contains no zeros on the diagonal of
DW, because B should be a matrix that can be permuted to become lower
triangular with all zeros on the diagonal (strictly lower triangular), and
W=1-B.

(2) Furthermore, the correct scaling and signs of the independent components
can be determined using the unity values on the diagonal of W =1 —B. To
obtain W, it is only necessary to divide the rows of DW by their corresponding
diagonal elements.

(3) Finally, the connection strength matrix B = I — W may be computed.

We now illustrate the concept of determining the correct permutation. Consider
the following LINGAM model:

X =e (7.16)

Xy = b21x1 + (&) (717)

where ¢, and e, are non-Gaussian and independent. In matrix form, the above model
can be written as follows:
[61] (7.18)

o =] [+ [

N~ Y~~~ Y~
X B x e
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Rewriting this in the form of ICA, we obtain

[2] :<[<1) ?]_[b(z)l 8])1 [2] (7.19)

M~ N ~ o
x (I—B)_l e
-1
_ 1 0 €1
-1 L] (720
e
w-1 e

In this case, the correct W =1 - B is

1 0
W = [—b21 1] (7.21)

which is lower triangular and contains no zeros on the diagonal. Premultiplying W
by a diagonal matrix D with no zeros on the diagonal does not have an effect on the
zero/nonzero pattern of W, as

d 0
DW = 11 ] (7.22)
[_d22b21 dy

However, by exchanging the first and second rows, we obtain

PI2DW = [‘déf]”ﬂ ‘%2] (1.23)

where P'? is the permutation matrix defined by

P-= [1 O] (7.24)
The permuted matrix P'?DW contains a zero on the diagonal. This observation can
be generalized to cases involving more than two variables (Shimizu et al., 2006): any
permutation of the rows of DW other than the correct one introduces a zero onto the
diagonal. Therefore, we can determine the correct permutation matrix P by finding
one that contains no zeros on the diagonal.

A Graphical Illustration Figure 7.4 provides an illustration of identifiability. The
left scatterplot in the figure is generated by the following SEM, where x; causes x,:

.xl = el (7.25)
X, = 0.8x; + e, (7.26)
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Non-Gaussian e, e, Non-Gaussian e, e,
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Figure 7.4 Different causal directions give different data distributions.

The right scatterplot is generated by the following model, where x, causes x;:

)Cl = 0.8)(:2 + el (727)
Xy =€y (728)

where the means and variances of e; and e, are chosen so that the observed variables
x; and x, have a mean of 0 and a variance of 1. That is, the means E(e) and E(e,)
are zero, and the variances var(e;) and var(e,) are 1 and V/1 — 0.82 in the left model,
and /1 —0.82 and 1 in the right model. ¢, and e, obey a uniform distribution, and
the sample size is 5000. Although the two models have different causal directions
that give the same mean and covariance structures, they exhibit different data distri-
butions, as shown in the figure. This implies that the difference in data distributions
can be used to identify the underlying causal direction. In the following section, we
show how non-Gaussianity and independence are useful in determining the causal
structure of observed variables.

7.3.3 Estimation

Analogous to ICA, we want to estimate the connection strength matrix B that mini-
mizes the independence of the estimated error variables under the constraint that B
can be permuted to be strictly lower triangular. Three estimation principles (Shimizu
et al., 2006, 2011, Hyvirinen and Smith, 2013) have been proposed in the literature,
each of which focuses on determining a causal ordering k(i) (i = 1, ..., p) that makes
the connection strength matrix B strictly lower triangular. The existence of such a
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Figure 7.5 An example of a causal graph for a cyclic SEM and its corresponding connection
strength matrix.

causal ordering of variables is ensured by the assumption of acyclicity (Bollen, 1989).
Figure 7.5 provides an example of a cyclic structure, and its corresponding connection
strength matrix, in which such a causal ordering does not exist. Once a causal order-
ing of variables is found in this way, we can prune redundant connection strengths,
that is, find actual zero coefficients using ordinary well-developed sparse regulariza-
tion methods (Tibshirani, 1996, Hastie et al., 2001, Bach et al., 2012), such as the
adaptive lasso (Zou, 2006).

7.3.3.1 ICA-Based Estimation Approach The first estimation approach for
LiNGAM, known as ICA-based LINGAM (Shimizu et al., 2006), involves the same
process as that of demonstrating identifiability. ICA is first applied to estimate the
separating matrix W, and then this estimated matrix is permuted so that the absolute
values of the diagonal elements are as large as possible (in order to avoid zeros on
the diagonal). This permutation problem can be efficiently solved using the classical
linear assignment method (Burkard and Cela, 1999). Finally, a causal ordering of
variables is estimated so as to make the permuted separating matrix as close to being
strictly lower triangular as possible. This permutation search is computationally
challenging, but an efficient approximation algorithm has been proposed by Hoyer
et al. (2006). See Shimizu et al. (2006) for details of the entire algorithm.

The ICA-LiNGAM algorithm is computationally efficient because well-developed
ICA techniques are available. One drawback is that most ICA algorithms, including
FastICA (Hyvirinen, 1999) and gradient-based algorithms (Amari, 1998), may con-
verge to local optima if the initial point is poorly chosen (Himberg et al., 2004), or
if the step size is unsuitable in the gradient-based methods. Another potential prob-
lem is that the approximate permutation algorithm (Hoyer et al., 2006) may need
improvements to ensure it is well posed.

7.3.3.2 Regression-Based Estimation Approach There is a second estimation
approach known as DirectLiNGAM (Shimizu et al., 2011). This does not use
ICA estimation methods but instead estimates the causal order k(i) (i =1,...,p)
of the variables by repeated least-squares linear regression and the assessment
of independence between each observed variable and its residuals. In contrast to
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ICA-based LINGAM, DirectLiNGAM is guaranteed to converge to the desired
solution in a fixed number of steps (which is equal to the number of variables),
provided that all model assumptions are satisfied and the sample size is infinite.

Two-Variable Cases To explain the underlying concept of DirectLiNGAM, we con-
sider the following two-variable cases in the framework of LINGAM. We first con-

sider the case where x; is the cause and x, is the effect:

X =e (7.29)

where b,; # 0. Regressing x, on x,,

) COV(.X:z,.xl)
=X, — ———— 7.31
"2 2 var(x)) (7.3D)
—e, (7.33)

Thus, if x;(= e,) is the cause, the fact that ¢; and e, are independent implies x; and
r(zl)(= e,) are also independent.
We now consider the case where x; is the effect and x, is the cause:

X1 = b12X2 + € (734)
Xy = €y (735)

where b, # 0. Regressing x, on x;,

M cov(xy, x;)
_ . covin,xy) 7.36
"2 2 var(x;) o
cov(xy, x;)
=X = Ticl)l(bIZ)Q +ep) (7.37)
_f_ biycov(x,, xp) . COV(xz’xl)el (7.38)
var(x,) var(x,)
/- bi,cov(x,, x1) o _ b12"5‘1’(’52)e1 (7.39)
var(x,) var(x;)

In contrast to the previous case, the effect x; and its residual rg) can be shown to
be interdependent. This is intuitively obvious, because e; contributes to the determi-
nation of both x; and rél), as implied in Equations (7.34) and (7.39), and introduces

some degree of dependency between them. This can be rigorously proved (Shimizu
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et al., 2011). Therefore, the cause-and-effect relationship between x; and x, can be
determined by examining the independence between observed variables and their
residuals.

In practice, an exogenous variable may be identified by determining the most inde-
pendent observed variable among its residuals. This independence can be evaluated
by mutual information and nonparametric independence measures (Bach and Jordan,
2002, Gretton et al., 2005, Kraskov et al., 2004).

Cases Involving More Than Two Variables In the two-variable case, the observed
variable representing the cause is exogenous. Based on this observation, we can
extend the idea stated above to cases involving more than two variables using the
following lemma. This lemma shows how an exogenous observed variable, which is
not caused by any other observed variable in the model, can be found.

Lemma 7.1 (Lemma 1 of Shimizu et al. (2011)) Assume that all model assumptions
of LINGAM in Equation (7.2) are met and that the sample size is infinite. Denote by rl@
the residual when x; is regressed on x;: rl@ = x; — cov(x;, X;) / var(x;)x; (i # j). Then,
a variable x; is exogenous if and only if x; is independent of its residuals rlg) for all

i#]. o

To explain the application of this method to cases involving more than two vari-
ables, we recall the following example considered in Shimizu (2014):

X3 000 X3 ey
X1 = 10 0 O Xy + € (740)
Xy 0-50 Xy €y

where e, e,, and e; are non-Gaussian and independent. The associated causal graph
is shown on the left side of Figure 7.3. DirectLiNGAM first seeks an exogenous
observed variable. This is an observed variable that is not determined inside the
model, that is, has no causal variable in the model, and hence the corresponding
row of B contains only zeros. In the example considered in Equation (7.40), x5 is
an exogenous variable, and the corresponding (i.e., first) row of B consists entirely
of zeros. Therefore, the exogenous variable x; (= e3) can be at the top of a causal
ordering, meaning that B is lower triangular with zeros on the diagonal. Following
this, the effect of the exogenous variable x5 on the other variables is eliminated using
least-squares regression. In other words, we compute the residuals rl@ when the other
variables x; (i = 1,2) are regressed on the exogenous x3. It can be shown that the resid-
uals rl@ (i =1,2) follow a LINGAM model if the relevant assumptions are met and
the sample size is infinite (Shimizu et al., 2011). Thus, we have

(3) 0 0 (3)
R A
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The causal ordering of the residuals r(13) and % is equivalent to that of the corre-

sponding observed variables x; and x,. Following this, DirectLiINGAM determines
an exogenous residual (in this case, r?)). This implies that the corresponding original
variable x, is second in the causal ordering, and the remaining variable, x,, will then
be in third position. Thus, we can estimate the causal ordering k(i) (i=1,...,p)
of the observed variables from the top down by repeatedly performing simple
least-squares linear regression and evaluating the pairwise independence between
each observed variable and its residuals.

7.3.3.3 Likelihood Ratio-Based Estimation Approach The third estimation
approach is known as Pairwise-LINGAM (Hyvérinen and Smith, 2013). Two
models can be compared in a statistical manner by computing their likelihoods and
considering the ratio of these values. Hyvirinen and Smith (2013) proposed such an
estimation method for LINGAM.

Consider the following two LINGAM models with opposite causal directions. In
the first model, x; causes x,:

.xl = é‘l (7.42)
Xy = b21x1 + € (743)

where b,, # 0. In the second model, x, causes x;:
Xy = €y (745)

where b, # 0. We denote the standardized versions of x; and x,, which have zero
means and unit variance, as x; and X,, respectively. e¢; and e, are non-Gaussian
and independent. Moreover, the log-likelihoods of the two models are denoted by
log L(x; — X,) and log L(x, — X,), respectively. The log-likelihood ratio of the
two models divided by the number of observations 7 is then given by

R=1log LG, - %) - Llog LG, — %) (7.46)
n n

If R > 0, that is, log L(x; — X,) > log L(x, — X,), the model in which x; causes x,
is preferred; otherwise, the model where x, causes x, is preferred.
Hyvérinen and Smith (2013) showed that the asymptotic limit is

Xy — pX X, — px

R—>—H(§1)—H{(2_—p])}+H(}2)+H{M} (7.47)
) 01

where p = corr(x;,x,), and o, o, are the standard deviations of the regression

residuals X, — pX;, X| — px,, respectively. They further approximated the differential

entropy H(-) in a computationally efficient way (developed by Hyvirinen (1998)) to

obtain

H(u) = H(v) — k;[E{log coshu} — y]* — ky[E{uexp(—u®/2)}1? (7.48)
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where H(v) = (1/2)(1 + log 2r)is the differential entropy of the standardized Gaus-
sian variable, and ky, k,, y are constants. This third approach is computationally sim-
pler than DirectLiNGAM because we need only to evaluate the one-dimensional
differential entropies of observed variables and their residuals, and do not have to
evaluate their independence.

This likelihood-ratio-based method can be used to determine an exogenous vari-
able by comparing all pairs of observed variables and finding that which is most likely
to have no causal variables. Thus, this approach is capable of estimating the causal
orders of more than two variables.

7.4 LINGAM FOR TIME SERIES

We next discuss an extension of the basic LINGAM to time series.

7.4.1 Model

Hyvirinen ef al. (2010) analyzed both lagged and contemporaneous (instantaneous)
causal effects in time series data. Such an approach is both necessary and useful if
the measurements can have a lower time resolution than the causal influences. Basic
LiNGAM is used to model contemporaneous causal effects, whereas a classic autore-
gressive model is used to model lagged causal effects. The combination of the two
leads to the following model:

h
x(t) =) Bx(t—7)+e(t) (7.49)
=0

where x(f) and e(f) are the observed variable vectors and the exogenous variable
vectors at time point ¢, respectively. B, = [bgjf)] (r=0,....hi,j=1,...,p) denotes
the connection strength matrices with time lag z. Note that the time lag = starts from
zero, and B, can be permuted to become strictly lower triangular, that is, the contem-
poraneous causal relations are acyclic. An example of a causal graph is provided in
Figure 7.6. The model described above is widely known in econometrics as a struc-
tural vector autoregressive model (Swanson and Granger, 1997).

e, (t-1) e (t)

(1)

2,(t-1) b\A 0 N
o N T
\ x,(t—1) 7,(t)
(R

62(25—1) eQ(t)

Figure 7.6 A causal graph of LINGAM for time series.



168 NON-GAUSSIAN STRUCTURAL EQUATION MODELS FOR CAUSAL DISCOVERY

7.4.2 Identifiability

Hyvirinen et al. (2010) showed that the model in Equation (7.49) is identifiable based
on data x(¢) if ¢;(¢) are both non-Gaussian and mutually and temporally independent.
We now explain a method for identifying the connection strength matrices B, (7 =
0,...,h) of the time series LINGAM in Equation (7.49), as provided by Hyvirinen
et al. (2010). Let us first solve Equation (7.49) for x(¢). From this, we obtain

h
x(t)= ). (I-By)'B, x(t — 7) + (1 - By)'e(t) (7.50)
7= N— S——
M, n(t)
h
= ) M, x(t— 1) +n() (7.51)
=1
where M, = (I - By)™'B, (r = 1, ..., h) represent autoregressive matrices and n(f) =

ax- BO)‘le(t) denotes the innovation vector. Because the time lag 7 now starts from
1, Equation (7.51) defines the classic autoregressive model, which is known to be
identifiable in general conditions. Therefore, we can compute the innovation vector
n(t) as

h
n(t) =x(t) — Y Mx(t - 7) (7.52)
=1

We are now ready to show that the time series LINGAM is identifiable. From the
relation n(f) = (I — BO)‘le(t) in Equation (7.50), we obtain

(I—By)n(1) = e(r) <> n(t) = Byn(1) + (1) (7.53)

As the components of e(r) are non-Gaussian, as well as mutually and temporally
independent, this defines the basic LINGAM model described in Section 7.3 for
n(t). Thus, we can estimate B, by applying a basic LINGAM estimation method
to the innovation vector n(¢). Then, from the relation M, = (I—BO)‘lBT in
Equation (7.50), we can estimate B, (r = 1,...,h) by

B, = (I- By)M, (7.54)

7.4.3 Estimation

There is a simple and practical two-stage estimation method for this model that
involves the same process of demonstrating identifiability as above. That is, a classic
autoregressive model is applied to x(7), followed by the application of the basic
LiNGAM estimation method discussed in Section 7.3 on the residuals or innovations
(Hyvirinen et al., 2010). Other extensions of the basic LINGAM may be used to
model contemporaneous causal relations, including the cyclic extension (Lacerda



LINGAM WITH LATENT COMMON CAUSES 169

et al., 2008, Hyvirinen and Smith, 2013). Moreover, other time series models
can be employed to estimate the residuals, including an autoregressive moving
average model and a vector error correction model, as shown in Kawahara et al.
(2011); Ferkingsta et al. (2011); Moneta et al. (2013). An approach considered in
Hyvirinen et al. (2010) uses a convolutive version of ICA, called multichannel blind
deconvolution (Cichocki and Amari, 2002), to estimate the connection strength
matrices directly, instead of using the two-stage method.

7.5 LINGAM WITH LATENT COMMON CAUSES

Many causal discovery methods, including LINGAM, make the strong assumption
that there are no latent common causes (Spirtes and Glymour, 1991, Chickering,
2002, Dodge and Rousson, 2000, Shimizu et al., 2006, Hoyer et al., 2009, Zhang and
Hyvirinen, 2009). A latent common cause is an unobserved variable that contributes
to determining the value of more than one observed variable (Hoyer et al., 2008b).
These methods are applied in various fields (Ferkingsta ef al., 2011, Moneta et al.,
2013, Coad and Binder, 2014, Niyogi et al., 2010, Rosenstrom et al., 2012, Helajarvi
et al., 2014, Boukrina and Graves, 2013, Manelis and Reder, 2014, Mills-Finnerty
et al., 2014, Campomanes et al., 2014). However, in many empirical sciences, it can
be difficult to accept the estimation results, because there often exist latent common
causes that have been ignored. It is well known that neglecting such latent common
causes seriously biases the estimation results (Pearl, 2000, Bollen, 1989). In this
section, we discuss a non-Gaussian approach that considers latent common causes
in the LINGAM framework.

7.5.1 Model

Hoyer et al. (2008b) proposed a model for LINGAM with latent common causes.
This can be formulated as follows:

L
X; = Z bl].x] + Z j’ifff + e; (755)

k() <k(i) ¢=1
where f, (£ = 1,..., L) are non-Gaussian latent common causes with zero mean and

unit variance, and 4,, denote the causal connection strengths from f, to x;. This model
is expressed in matrix form as

x=Bx+Af +e (7.56)

This is different from the basic LINGAM in Equation (7.56) because of the existence
of a latent common cause vector f that incorporates the f,. The matrix A collects the
Ajp» and is assumed to be of full-column rank.

Moreover, it is assumed that x; and f, are faithful to the generating graph. This
assumption of faithfulness (Spirtes er al., 1993) means that, when multiple causal
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Figure 7.7 A causal LINGAM graph with latent common causes f; and f,.

paths exist from one variable to another, the combined effect is not exactly equal to
zero (Hoyer et al., 2008b). The faithfulness assumption is not considered to be very
restrictive from a Bayesian perspective (Spirtes et al., 1993), because the probability
of obtaining the exact parameter values that do not satisfy faithfulness is zero (Meek,
1995). Without loss of generality, the latent common causes f, are assumed to be
mutually independent, as shown below. An example of a causal LINGAM graph with
latent common causes is shown in Figure 7.7.

7.5.1.1 On the Independence Assumption for Latent Common Causes Without
loss of generality, the latent common causes f, are assumed to be mutually indepen-
dent. This is because any dependent latent common causes can be remodeled by linear
combinations of independent latent variables if the underlying model is linear acyclic
and the error variables are independent (Hoyer ef al., 2008b). To illustrate this, we
recall the following example considered by Shimizu and Bollen (2014):

fi=¢, (7.57)
fr=wnfi+ €, (7.58)
X, = Af) +e (7.59)
X = Ao f1+ e (7.60)
Xy = Apnfr+ e (7.61)
Xy = bysxy + Apnfr + ey (7.62)

where errors eg ( f 1)- €7, and e;—e, are non-Gaussian and independent. The associ-

b f b
ated causal graph is shown in Figure 7.8. The relations of f 1> fz, and x;—x, are acyclic,
and latent common causes f| and f, are dependent. In matrix form, this example

model can be written as

X1 0000 X1 ﬁ]] 0 _ €]
5710000l T] 0 anl|lr] Tle (7.63)

X4 b43 000 Xq 0 142 €y



LINGAM WITH LATENT COMMON CAUSES 171

efl efz \ f2 (’[2,
/i /¢ Y
kR = /N\
VAVAN
T, T, Ty, /2 3_)14
0

O el 632 633 64

Figure 7.8 A causal graph to illustrate the idea of independent latent common causes.

The relations offl andfz to ez, and €z respectively, in Equations (7.57) and (7.58)

can be written as
-1
2 @y 1 “f

from which we obtain

Xy 0000 |x
X _ 0000 X
] | 0000]| |x; (7.65)
X4 by 000 [x4
—_—  ———
X B X
o-
A O]y | (7.66)
A3y Az ¢, €3
Ap®@y Ay €4

S———— ] N~——
A e
Taking f; = e, andf, = €5 this represents the LINGAM with latent common causes

from Equation (7.56), because ez, and eg, are non-Gaussian and independent.

7.5.2 Identifiability

Within the framework of LiINGAM with latent common causes given by
Equation (7.56), it has been shown (Hoyer er al., 2008b) that the following
two models, which have opposite directions of causation in the presence of latent
common causes, are distinguishable based on the observed data, that is, the two
different causal directions induce different data distributions:

L
Model 1" : {xl = 2ot hede+e (7.67)
Xy =byyxy + Yooy Aoply + €3,
_ L
Model 2 : {x' = bt Lpi Ao + e (7.68)
Xy = Yoy oply + e,
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Figure 7.9 The associated causal graphs of Models 1’ and 2’. For simplicity, only one latent
common cause is shown in the causal graph.

where b,,b;, # 0. In Model 1, x; causes x,, whereas in Model 2/, x, causes x;.
Moreover, from our definition of latent common causes (i.e., that they contribute to
determining the values of more than one variable) and the faithfulness assumption,
Mgy # 0. The associated causal graphs of Models 1’ and 2’ are shown in Figure 7.9.
To explain the concept of identifying the correct causal direction, as provided by
Hoyer et al. (2008b), we first consider Model 1’. For simplicity, and without loss of
generality, we take the number of latent common causes L = 1. We then have

X =Anfite (7.69)
Xy = b21x1 + izlfl + € (770)

where ¢, and e, are non-Gaussian and mutually independent. In matrix form, this can

be written as
X1 _ 00 X /111 e
[xz] _[b21 0] [xz] + [/121] il + [32] (7.71)
~——

e e e e ~——
x B x A

e

Rewriting this in the ICA form discussed in Section 7.2, we obtain

Xl _ -l (7 m-l 4
[XZ] _\[(I B! 1-B) Al [ f] (7.72)
N—— A N——
e
10 A ] !
= e 7.73
[bZI L by Ay + Ay f12 7.73)
X N——

s

where A is the mixing matrix and s is the vector of independent components in ICA.
Similarly, we have the following for Model 2’ in the opposite direction of causation
to that of Model 1’

e
xp| |1 bz A+ biady el (7.74)
Xy 0 1 121 f2 )

——

s

> <

X
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Because the latent variables e, e,, and f; are non-Gaussian and independent, these
two models define the ICA models. Although the mixing matrices A are identified
only up to the permutation, scaling, and sign of the columns (Comon, 1994, Eriks-
son and Koivunen, 2004), it can be seen that the zero/nonzero patterns of the mixing
matrices in the two models are different in Equations (7.73) and (7.74). In Model
1/, only the (1, 2)-th element is zero, whereas only the (2, 1)-th element is zero in
Model 2’. This difference cannot be eliminated by permuting the columns of the mix-
ing matrices and changing their scale and sign. Note that the coefficients b, 4, +
Ay and Ay + b4, cannot accidentally become zero because of the faithfulness
assumption. Using this difference in the zero/nonzero patterns of the mixing matrices,
we can identify the causal direction.

A Graphical Illustration Figure 7.10 illustrates identifiability. The left scatterplot is
generated by the following SEM, where x, causes x, in the presence of latent common
cause fi:

.xl = O'3fl + el (7.75)
Xy = O.le + 03f1 + € (776)

The figure on the right is generated by the following model, where x, causes x; in the
presence of latent common cause f; :

x; =0.8x, +0.3f] +¢; (7.77)
x2 = O'3fl + 62 (7.78)
Non-Gaussian e, e, Non-Gaussian e, e,
(uniform) (uniform)
X2 X2
5 5
0 0
-5 X1 -5 X1
-5 0 5 -5 0 5
Model 1" Model 2:
(7 (1
0.3 0.3 0.3 0.3
/ e N /N
1 — Lo T, €&=——— T
61 62 el 62

Figure 7.10 Different causal directions give different data distributions.
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where the means and variances of errors e; and e, are chosen so that the
observed variables x; and x, have zero means and variances of 1. That is,
the means E(e;) and E(e,) are zero, and the variances var(e;) and var(e,)
are \1-0.32 and \/1 —(0.8x0.3+0.3)2 —0.82var(e;) in Model 1’, and
\/1 = (0.8x0.3+0.3)2 —0.82var(e,) and V1 —0.32 in Model 2'. ¢, e,, and
fi follow a uniform distribution, and the sample size is 5000. The two models
with different causal directions provide the same mean and covariance structures.
However, they exhibit different data distributions, as shown in the figure. This shows
that it is possible to identify the underlying causal direction using the differences in
the data distributions.

7.5.3 Estimation

We provide a succinct exposition of estimation methods for LINGAM with latent
common causes in Equation (7.56).

7.5.3.1 ICA-Based Estimation Approach Hoyer et al. (2008b), Henao and
Winther (2011) proposed estimation approaches that explicitly model latent common
causes and compare two models with opposite directions of causation, that is,
Models 1’ and 2’. Similar to the ICA-based approach for the basic LINGAM, Hoyer
et al. (2008b) proposed an estimation method that involves the same demonstration
of identifiability as above, that is, an ICA model with more independent components
than observed variables is first applied on x to estimate the p X ¢ mixing matrix
A (p < g). Such an extension of ICA is known as an overcomplete ICA (Lewicki
and Sejnowski, 2000). The zero/nonzero pattern of the mixing matrix can then be
investigated to determine which of the two models is better.

In the method proposed by Hoyer er al. (2008b), the distributions of
independent components are modeled using a Gaussian mixture model. An
expectation-maximization-type ICA algorithm (Lewicki and Sejnowski, 2000) is
then used to estimate the mixing matrix, and a bootstrapping method (Efron and
Tibshirani, 1993) is applied to discover its zero/nonzero pattern. However, current
overcomplete ICA estimation algorithms often become stuck in local optima, and the
estimates are not sufficiently reliable (Entner and Hoyer, 2011). Furthermore, such
algorithms need to select the number of latent common causes, which can be quite
high. This can lead to computational issues and statistically unreliable estimates.
Henao and Winther (2011) proposed a more sophisticated method to investigate the
zero/nonzero pattern of the mixing matrix using a Bayesian approach based on a
sparse prior distribution of the elements in the mixing matrix. However, this method
also requires the number of latent common causes to be selected.

7.5.3.2 Mixed Model-Based Estimation Approach Shimizu and Bollen (2014)
proposed an alternative Bayesian approach that does not require the number of latent
common causes to be specified.
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LiNGAM with Observation-Specific Intercepts Shimizu and Bollen (2014) proposed
a variant of LINGAM that uses observation-specific intercepts. The model for obser-
vation m is formulated as follows:

M=+ Y by A" e (7.79)
k()<k(i)
where y; are intercepts common to all observations (i=1,...,p;m=1,...,n).

The key difference from the basic LINGAM of Equation (7.55) is the existence of
observation-specific intercepts /,t?"). Error variables ¢; (i = 1, ..., p) are non-Gaussian
and independent. This means that the observations are generated from the identifiable
basic LINGAM, possibly with different parameter values for the intercepts y; + ,uf'")
of different observations. Note that the causal ordering k(i) (i =1,...,p) of the
variables is identical for all observations in the sample. Moreover, the distributions
of egm) (m =1,...,n) are identical for every i. The model in Equation (7.79) can be
viewed as a mixed model (Demidenko, 2004), as it has effects y; and bij that are
common to all observations and observation-specific effects ,u(m)

Shimizu and Bollen (2014) then related the above L1NGAM model with
observation-specific intercepts to that with latent common causes in Equation (7.56).
For observation m, the LINGAM with latent common causes in Equation (7.56) is
written as follows:

W=t Y bux(m)+2/1 "t e (7.80)
k()<k(i)
%,_/
M(m)

i

where the common intercepts u; are explicitly modeled, unlike in Equation (7.56).
Taking ,u(m) Z{ 1 lff , this is simply the LINGAM with observation-specific
intercepts of Equation (7. 79) Graphical representations of the LINGAM with latent
common causes in Equation (7.56) and LINGAM with observation-specific intercepts
y?m) in Equation (7.79) are shown in Figures 7.11 and 7.12, respectively.

In contrast to the ICA-based approaches described above (Hoyer et al., 2008b,
Henao and Winther, 2011), the mixed model-based approach does not explicitly
model the latent common causes f,. Instead, it simply includes the sums of the
latent common causes Mﬁm) = zé:l /ll-ff;m) as model parameters. Thus, it is not
necessary to estimate the causal connection strengths 4;, or the number of latent
common causes L. However, this leads to many additional parameters, that is,

€G>, 2hx, <« 6

Figure 7.11 LiNGAM with latent common causes f, (£ = 1,...,L).
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Figure 7.12 LiNGAM with observation-specific intercepts y
observation-specific intercepts Ml(m), the number of which is of the same order as the
sample size.

Therefore, these observation-specific intercepts y?m) are assumed to follow an
informative prior. This manner of modeling priors is often used in the field of
mixed models (Demidenko, 2004) and multilevel models (Kreft and De Leeuw,
1998), although the estimation of causal direction is not a topic studied within these
areas. Shimizu and Bollen (2014) proposed using a bell-shaped curve distribution

(such as a ¢-distribution) for the /4?'") priors. This was motivated by the central limit
theorem (Billingsley, 1986), as the observation-specific intercepts M;m) are the sums
of independent variables f,.

The error variables e(l'") and e(zm) are modeled by Laplace distributions, but they
may be modeled by other non-Gaussian distributions, including the generalized Gaus-
sian family and a finite mixture of Gaussians. The other parameters that are common
to all observations are assumed to follow noninformative priors.

Following this observation, Shimizu and Bollen (2014) applied standard Bayesian
model selection techniques (Kass and Raftery, 1995) to compare two models with
opposite causal directions between two observed variables (i.e., Models 1’ and
2" in Equations (7.67) and (7.68), respectively). Their approach was based on the
log-marginal likelihoods from the framework of LINGAM with observation-specific
intercepts in Equation (7.79). Once the possible causal direction has been estimated,
it can be seen whether the common connection strength b, or by, is likely to be zero

by examining the posterior distribution.

Cases Involving More Than Two Variables For cases where more than two variables
are involved, the mixed model-based method can be applied to every pair of vari-
ables, and the resulting estimations integrated to determine the causal ordering, as
mentioned by Shimizu and Bollen (2014). Computationally, this approach is much
simpler than attempting to compare all possible causal orderings of variables. Once
a causal ordering has been estimated, the problem is to estimate causal connection
strengths or their posterior distributions. We can then examine whether there are direct
causal connections between these variables. Although this can still be computation-
ally challenging for large numbers of variables, the problem is made significantly
simpler by identifying the causal orders of variables.

An Empirical Example Using the mixed model-based approach, we reanalyzed
data from Finkelstein et al. (1994) on the development of aggression in adolescence.
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The data set was collected from 38 boys and 76 girls, that is, there are a total of 114
observations. von Eye and Wiedermann (2014) used the approaches proposed in
Dodge and Rousson (2000), Wiedermann et al. (2015) to analyze the causal direction
of two aggression variables: VAAA and PAAP. They analyzed the principal compo-
nent scores of the VAAA and PAAP measurement variables and suggested that it is
more likely that PAAP causes VAAA than vice versa. Some investigators might ques-
tion the assumption made in their analysis that there are no latent common causes.
Interestingly, the mixed model-based approach with ¢-distributed observation-specific
intercepts (Shimizu and Bollen, 2014), which allows latent common causes, also
indicated that PAAP causes VAAA using the same principal component scores.

7.6 CONCLUSION AND FUTURE DIRECTIONS

The utilization of non-Gaussianity in estimating SEMs is useful for causal discovery,
because a wider variety of causal structures can be estimated in this manner than
through classical methods. Non-Gaussian data is widely encountered, and the
non-Gaussian approach based on SEMs discussed in this chapter can be useful
in such applications. Download links to papers and codes on this topic are avail-
able online: https://sites.google.com/site/sshimizu06/home/
lingampapers.

Research is underway to refine non-Gaussian causal discovery methods based on
observational data. In particular, the following lines of research are expected to be
important in future:

e Developing methods for efficiently estimating causal directions in the presence
of latent common causes (Hoyer et al., 2008b, Henao and Winther, 2011,
Shimizu and Bollen, 2014) under minimal model assumptions is a fundamental
problem that requires more research. Computational and statistical efficiencies
need to be further improved.

e Methods for evaluating model assumptions and performing sensitivity analyses
for the choice of model assumptions are necessary to apply causal discovery
methods to real-world applications. Nevertheless, extensive research in the
context of causal discovery has not been conducted. Several studies along
these lines can be found in Shimizu and Kano (2008), Entner and Hoyer
(2011). Sokol et al. (2014) considered quantifying the difficulty of identifying
the ICA model when the distribution is close to Gaussian, and discussed the
implications for non-Gaussian causal discovery methods.

e Evaluating the statistical reliability of estimation results is also necessary.
Research in this direction can be found in Komatsu et al. (2010), Thamvitayakul
et al. (2012), Wiedermann et al. (2015).

e Extending general-purpose methods to tailor-made techniques for specific
applications is also useful and important in many application areas. Discussions
specific to brain imaging data and neuroscience can be found in Ramsey et al.
(2014), Xu et al. (2014).
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e Methods for analyzing causal relations between discrete variables should be

more extensively studied, as many variables in the social sciences are cate-
gorical. Peters et al. (2011), Inazumi et al. (2011) have considered extending
the idea of LiNGAM to discrete variable cases by assuming additive error
models. Nevertheless, a more promising direction might be to use generalized
linear models, including the logit model, to determine the causal relations of
discrete variables. Such logit model-based methods should benefit from classic
structural equation modeling (Muthén, 2002), and would lead to a more natural
extension of LINGAM for analyzing causal relations between both continuous
and categorical variables.

Finally, developing freely available software that implements the above meth-
ods and is easy to use for empirical researchers will be key to the proliferation
of applications for causal discovery methods.
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CODE AVAILABILITY

Codes for the non-Gaussian causal discovery methods discussed in this chapter are
available on the web:

o ICA-based LINGAM:
— Matlab code: http://www.cs.helsinki.fi/group/neuroinf/
lingam/
— R code: https://sites.google.com/site/dorisentner/
publications/VARLiNGAM

— The TETRAD project (Scheines et al., 1998): http://www.phil.cmu
.edu/projects/tetrad/

DirectLiNGAM

— Matlab code: https://sites.google.com/site/sshimizu06/
Dlingamcode

Pairwise LINGAM

— Matlab  code: http://www.cs.helsinki.fi/u/ahyvarin/
code/pwcausal/

LiNGAM for time series

— R code: https://sites.google.com/site/dorisentner/
publications/VARLiNGAM

— Matlab code (Faes et al., 2013): http://www.science.unitn.it/
biophysicslab/research/sigpro/eMVAR.html

°

e ICA-based LINGAM for latent common cause cases
— ICA-based approach

— Hoyer’s method (Matlab): http://www.cs.helsinki.fi/u/
phoyer/code/lvlingam.tar.gz

— Henao’s method (Matlab): http://cogsys.imm.dtu.dk/slim/
— Mixed model-based approach

— Matlabcode: https://sites.google.com/site/sshimizu06/
mixedlingamcode
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8.1 INTRODUCTION

Finding causal directions is a fundamental problem in scientific data analysis and
other fields. In general, finding causal directions is extremely complex, but we can
make progress by assuming that the causal relationships can only take some special
forms.

For simplicity, let us assume that we have only two observed random variables,
x and y, where either x is causing y or y is causing x. In particular, we exclude the pos-
sibility that there is some kind of bidirectional influence (feedback) between the two;
we also exclude the case where both are actually caused by some further, unobserved
variable (confounder).

Let us start by considering the very simplest case, where the relationship is
assumed linear. We thus need to choose between the following two models. The first
model assumes that x causes y, and is given by

y=px+n (8.1)

Statistics and Causality: Methods for Applied Empirical Research, First Edition.
Wolfgang Wiedermann and Alexander von Eye.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
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while the second model assumes that y causes x and is given by
xX=py+i (8.2)

In both models, the disturbances (also called external influences or noise), denoted
by n or @1, are assumed independent of the regressors x and y, respectively. Without
restriction of generality, we can assume that x and y are standardized to zero mean
and unit variance. The parameter p is then the same in the two models because it is
equal to the correlation coefficient.

Choosing between these two models, that is, identifying the causal direction, is a
well-known problem that is widely encountered in statistics and machine learning.
The problem is usually considered very difficult and perhaps unsolvable, since most
analysis assumes that the variables x and y are Gaussian, which also implies that
the disturbances are Gaussian. Under the Gaussian assumption, the two models are
completely symmetric in the sense that the variance explained is equal for the two
models, and further, the likelihood is the same for both models (both quantities being
simple functions of p).

The symmetry between the two models is illustrated in Figure 8.1a, where the
points were generated by y = 2x 4+ n and x and n follow the standard Gaussian dis-
tribution. We see that the Gaussian data cloud generated by any of the two models
looks just the same, which underlines the unidentifiability of the causal direction.

The inability to decide between these two models under the assumptions of lin-
earity and Gaussianity is one of the motivations for the well-known saying that “cor-
relations does not equal causality.” However, it is possible to change the situation by
modifying any of these two assumptions.

For example, we can make the causal direction identifiable by assuming at
least one of the variables (the regressor or the disturbance) in the true model is
non-Gaussian. This leads to the theory whose main model is the linear non-Gaussian
acyclic model (Shimizu et al., 2006), treated in another chapter of this volume. It
is worth noting that there have been several pieces of work in statistics about the
asymmetry between two variables in the linear non-Gaussian case. Dating back to
2000, Dodge and Rousson (2000, 2001) considered identifying the correct bivariate
linear regression model under the assumption of a non-Gaussian true predictor,
which is also addressed in a related chapter of this volume (Dodge and Rousson,
2016). The case of a normal predictor and a non-Gaussian disturbance has been
discussed by Wiedermann and Hagmann (2015).

Here, we merely show how the symmetry between the two models is broken, as is
illustrated in Figure 8.1b, where the data were generated by y = 2x +n and x and n
were obtained by taking the square of standard Gaussian random samples and keeping
their original sign. We see that scatterplots for the two models are quite different from
each other (note the thin “arms” along either the vertical or the horizontal axis), which
gives hope that the causal direction could be identifiable.

Another modification that makes the causal direction identifiable is to assume a
nonlinear relationship, which is the topic of this chapter. We start by defining the
basic nonlinear model, show how it can be estimated, and then go to a more general
theory with more complex nonlinear relationships.
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x>y y X

Figure 8.1 Illustration of the effect of the assumptions of linearity and Gaussianity on the
identifiability. On the left, we have data generated for the causal direction x — y, and on the
right, data generated for the causal direction y — x. The rows correspond to different models:
(a) linear Gaussian model, (b) linear non-Gaussian model, (¢) the nonlinear model, with two
squaring nonlinearity in both directions, (d) the nonlinear model, with cubic root nonlinearity
and cubic nonlinearity.
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8.2 NONLINEAR ADDITIVE NOISE MODEL

8.2.1 Definition of Model

We start with a particularly simple form of nonlinear relationship, where a
scalar-valued nonlinear function, f or g, is taken of the regressor, and the disturbance
is added in an additive manner. Thus, we obtain the following two models to choose
from. The first model, which we denote by x — y, assumes that x causes y and is
given by

y=f)+n (8.3)

while the second model that assumes that y causes x, which we denote by y — x, and
is given by
x=gy)+n (8.4)

Again, in both models, the disturbances n and 7i, are independent of the regressors
x and y, respectively. Here, unlike in the linear case, the functions f and g are likely
to be very different from each other. Furthermore, no assumption is made on the
distributions of the residuals.

To start with a graphical illustration, see Figure 8.1c. Here, on the left side, we
have generated data from x — y with f(x) = x> and used Gaussian noise n. We use
exactly the same nonlinearity and noise on the right in the direction y — x. This is
to illustrate the intuitively quite obvious idea that if the nonlinearity is not invertible
(such as squaring), the model is intuitively easy to choose since in the wrong direction,
it is not at all of the desired form: nonlinear transform plus independent noise. In fact,
it is implausible that y on the right-hand side (generating direction y — x) could have
been obtained by adding independent noise on some function of x since any function
of x cannot predict y well; in fact here the function of x that predicts y best is y = 0.
Thus, only the true generating model is at all plausible.

In Figure 8.1d, we have a less drastic, and invertible, nonlinearity (third power) for
x — y. Now, since f and g need not be the same in general, a more realistic illustration
would take g = f~!, which we do here. In particular, we take f(x) = x> and g(y) =
[y|'/3sign(y). The breaking of symmetry between x and y is seen in the fact that the
data distributions are slightly different for the two models, even though they attempted
to create the same kind of joint distribution. (We also tried to match the noise levels to
make the distributions as similar as possible.) In particular, the noise is seen to “fatten”
the regression curve either vertically or horizontally, depending on the direction of
causal influence.

8.2.2 Likelihood Ratio for Nonlinear Additive Models

An attractive way of deciding between the two models in Equations (8.1) and (8.2)
is to compute their likelihoods and compare them in terms of their ratio. Essentially,
we choose the model that has the larger likelihood.
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The log-likelihood of the model x — vy, for a single data point, can be obtained as
the sum of the log-prior of the variable x and the log-likelihood of the residual:

log p(x,y) = log p,(x) + log p,(y — f(x)) (8.5)

Here, it is crucial that we have some kinds of estimates of the log-probability density
functions (log-pdf’s) of the regressor and the disturbance. Since it is usually more
convenient to operate with standardized quantities, so let us denote the log-pdf of the
standardized residual by G,, and the log-pdf of x by G,. Then, the log-likelihood for
a single data point can be written as

y—fx)
O,

n

log p(x.y) = G,(x) + G, < ) ~log, (8.6)

where we denote the variance of the disturbance by ¢2. Choosing the standardized
log-pdf’s G,, G, could be done by modeling the relevant log-pdf’s by parametric (Kar-
vanen and Koivunen, 2002) or nonparametric (Pham and Garat, 1997) methods. It is
also possible that we have enough prior information on them, so we can fix the G in
advance.

Consider a sample (x;,y;),---,(xp,yp) of data. Let us add together the
log-likelihoods of the data points and take the difference, and we obtain the
logarithm of the likelihood ratio for the sample as

1 t (t) r t)
R=72 [Gx(x,>+ G, <y%> - G,00 -G, (ﬂ)]

n

—log o, + log o; 8.7)

where we also need the standardized log-pdf’s of y and the disturbance 7.

The likelihood ratio further depends on the estimated nonlinearities f, g. The esti-
mation of f and g can be done with classic least-squares estimation methods, fitting
some nonlinear (nonparametric) regression model on the sample. Such regression
methods are independent of any developments in this chapter. A large number of
nonparametric methods have been developed in the literature; see Hoyer et al. (2009)
for an example.

8.2.3 Information-Theoretic Interpretation

The likelihood ratio has a simple information-theoretic interpretation, which also
means we can use well-known information-theoretic approximations for its practi-
cal computation in the case where we do not want to postulate functional forms for
the G’s.

In fact, if we take the asymptotic limit of the likelihood ratio (T — o0), we obtain
asymptotically

R > —H(x)—H<i
(o}

7l

> +H(y)+H< > —log o, + log o}, (8.8)
O,

n n
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where we denote differential entropy by H. The differential entropy, defined as
Hx)=- / p(x)log p(x)dx, is the fundamental information-theoretic quantity for
continuous-valued variables.

We can go back to the nonstandardized quantities (which can here be done by
using the fundamental transformation formula H(ax) = H(x) + log a, and we further
obtain a very simple equivalent expression:

R — —H(x) — H(n) + H() + H(i) (8.9)

Here, we see that determining causal direction is related to finding the direction that
corresponds to minimum entropy in the sense of the sum of the marginal entropies of
the regressor and the disturbance; we have more on this connection next.

The practical utility of this connection is that we can approximate the likelihood
ratio using any general, possibly nonparametric, approximations of differential
entropy. Several such approximations have been developed; for example, we can
use the maximum entropy approximations by Hyvérinen (1998), which are compu-
tationally simple. In fact, we only need to approximate one-dimensional differential
entropies, which is much simpler than approximating two-dimensional entropies.

This information-theoretic formulation also leads to a simple intuitive inter-
pretation of the likelihood ratio. It is well known that in the space of probability
distributions of unit variance, differential entropy is maximized by Gaussian
distribution. This is why (negative) differential entropy is often used as a measure
of non-Gaussianity. In our case, we can thus interpret the asymptotic limit of the
log-likelihood ratio in terms of non-Gaussianities and errors in regression:

R —
nongaussianity(x) + nongaussianity(residual in x — y) — log(error in x — y)

— [nongaussianity(y) + nongaussianity(residual in y — x) — log(error in y — x)]
Intuitively, this means that

(1) if the non-Gaussianities are negligible, we choose the direction in which the
error in the regression is smaller;

(2) if the errors in the regression are almost equal, we choose the direction of
causality in which the sum of non-Gaussianities of the regressor and residual
is maximized;

(3) in the general case, we have a sum of these two criteria: error in regression
and non-Gaussianity.

An interesting point here is that in the linear non-Gaussian case, the errors in
the regression are always equal, and thus, choosing the direction is solely based on
maximizing the non-Gaussianity. In contrast, in the nonlinear case, the errors in the
regressions can be the decisive factor in the identification. This is intuitively clear in
Figure 8.1c, where the right direction leads to a small regression error, while in the
wrong direction, the regression is catastrophically bad.
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8.2.4 Likelihood Ratio and Independence-Based Methods

An alternative approach to nonlinear additive models is provided by the
independence-based method by Hoyer et al. (2009). In such methods, the idea
is to use the independence of the regressor and the disturbance in each model as
the selection criterion: the model in which the residual (i.e., estimate of distur-
bance) is more independent of the regressor is chosen (again, assuming that some
nonparametric regression method is used to estimate f and g; see Section 8.3.3.)

The fundamental information-theoretic quantity for measuring the independence
of two random variables is mutual information, defined as

I(u, v) = H(u) + H(v) — Hu, v) (8.10)

which is always nonnegative and zero if and only if the two variables are independent.
Here, H(u, v) is the joint entropy, which is simply the entropy of the random vector
consisting of (u, v).

In fact, the likelihood ratio can be interpreted from the viewpoint of such max-
imization of independence. Using basic information-theoretic properties, we have
under x — y

H(x,y) = H(x) + H(y|x) = H(x) + H(y — f(x)|x)
= H) + H(n|x) = H(x, n) (8.11)

and by symmetry, this is equal to H(y, 7). Now if we can consider the difference
between the mutual information of the regressors and residuals in the two directions
and obtain

I(x,n) —I(y,e) = H(x) + H(n) — H(x,n) — [H(y) + H(e) — H(y, e)]
=H(x)+ H(n) — H(y) — H(e)

=H@+H<i>—H@—H<i>
Oy 7]

+log 0, — log o3 (8.12)

where two terms equal to H(x, y) cancel. Here, we see that asymptotically, the objec-
tive derived from the likelihood ratio is equal to the difference of the two mutual
information (with sign reversed). Its sign tells which mutual information is larger and,
in particular, in which direction the residual of the regression is more independent.
Thus, using the likelihood ratio is equivalent to using mutual information as indepen-
dence measure in the methods by Hoyer et al. (2009). We will elaborate more on this
in Section 8.4.

The aforementioned developments thus show that when comparing independen-
cies of the residuals such as Hoyer et al. (2009), it is not necessary to explicitly
estimate mutual information; estimation of one-dimensional entropies leads to an



192 NONLINEAR FUNCTIONAL CAUSAL MODELS FOR CAUSAL DISCOVERY

equivalent result. This is very important from a practical viewpoint, since estimating
one-dimensional entropies is much easier than estimating two-dimensional quantities
such as mutual information.

8.3 POST-NONLINEAR CAUSAL MODEL

Obviously, it is important to use sufficiently general functional models in causal dis-
covery: if the assumed functional causal model is too restrictive to properly approxi-
mate the true data-generating process, the causal discovery results may be misleading.
Therefore, if specific knowledge about the data-generating mechanism is not avail-
able, we should attempt to fit a model that is as general as possible. Post-nonlinear
(PNL) causal models offer an interesting generalization of the nonlinear additive
model of the previous section.

8.3.1 The Model

The PNL causal model consists of a nonlinear influence from the cause, a noise or
disturbance, and—in contrast to the model above—a possible sensor or measurement
distortion in the observed variables (Zhang and Hyvirinen, 2009b, 2010). The effect
y is generated by a post-nonlinear transformation of the nonlinear effect of the cause
x with additive noise n:

y=hH{1x) +n) (8.13)

where both f; and f, are nonlinear functions and f, is assumed to be invertible.
The post-nonlinear transformation f, represents the sensor or measurement distor-
tion, which is frequently encountered in practice. A slightly more restricted version
of the model, in which the inner function, f}, is also assumed to be invertible,
was proposed in Zhang and Chan (2006) and applied to causal analysis of stock
returns.!

The PNL causal model has the most general form among all well-defined func-
tional causal models in which the causal direction has been shown to be identifiable
under mild assumptions. Clearly, it contains the linear model and the nonlinear addi-
tive noise model as special cases. The multiplicative noise model, y = x - n, where
all involved variables are positive, is another special case: the multiplicative noise
model can be written as y = exp(log x + log n), where log n is considered as a new
noise term, f; (x) = log(x), and f,(-) = exp(-).

Next, we discuss the identifiability conditions of the causal direction for the PNL
causal model, which naturally contain those for the linear model and nonlinear addi-
tive noise model as special cases.

In Zhang and Chan (2006) both functions f| and f, are assumed to be invertible; this causal model, as a con-
sequence, can be estimated by making use of post-nonlinear independent component analysis (PNL-ICA;
Taleb and Jutten, 1999), which assumes that the observed data are componentwise invertible transforma-
tions of linear mixtures of the independence sources to be recovered.
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8.3.2 Identifiability of Causal Direction

The identifiability conditions of the causal direction according to the PNL causal
model were established by a proof by contradiction (Zhang and Hyvérinen, 2009b).
We assume the causal model holds in both directions x — y and y — x and show that
this implies some very strong conditions on the distributions and functions involved in
the model. Therefore, if the data are generated according to the PNL causal model in
settings not fulfilling those strong conditions, the backward direction does not follow
the model, and the causal direction can be determined. We will next explain this in
more detail.

Assume that the data (x, y) is generated by the PNL causal model with the causal
relation x — yin (8.13). Moreover, let us assume (by contradiction) that the backward
direction, y — x, also follows the PNL causal model with independent noise. That is,

X = g,(81() + 1) (8.14)

where y and 71 are independent, g, is nonconstant, and g, is invertible.

Equations (8.13) and (8.14) define the transformation from (x,n) to (y,7); as a
consequence, using the change-of-variable technique, p, ; can be expressed in terms
of p,, = p.p,- The identifiability results were derived by making use of linear sep-
arability of the logarithm of the joint density of independent variables, that is, for a
set of independent random variables whose joint density is twice differentiable, the
Hessian of the logarithm of their density is diagonal everywhere (Lin, 1998). Since y
and 7 are assumed to be independent, log p, ; then follows such a linear separability
property. This implies that the second-order partial derivative of log p, ; w.r.t. y and 71
is zero. It then reduces to a differential equation of a bilinear form. Under certain tech-
nical assumptions (e.g., p,, is positive on (—oo, +0)), the solution to the differential
equation gives all cases in which the causal direction is not identifiable according to
the PNL causal model. Table 1 in Zhang and Hyvérinen (2009b) summarizes all five
nonidentifiable cases. The first one is the linear-Gaussian case, in which the causal
direction is well known to be nonidentifiable. Roughly speaking, to make one of those
cases true, one has to adjust the data distribution and the involved nonlinear functions
very carefully.

In other words, in the generic case, the causal direction is identifiable if the data
were generated according to the PNL causal model. Simulations results were further
presented in Zhang and Hyvirinen (2009b) to verify the established identifiability
results.

8.3.3 Determination of Causal Direction Based on the PNL Causal Model

The commonly used approach to distinguishing cause from effect with nonlinear
functional causal models consists of two steps, which are similar for both the non-
linear additive noise model and post-nonlinear model. First, one fits the nonlinear
regression model on the data for both hypothetical causal directions, obtaining esti-
mates for f and g. The second step is to do a statistical analysis of the regressors and
the residuals to determine the causal direction.
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For the nonlinear additive noise model, the functions f and g are usually estimated
by performing quite conventional Gaussian process (GP) regression (Hoyer et al.,
2009). (For details on GP regression, one may refer to Rasmussen and Williams,
2006) In contrast, estimation of the PNL causal model (8.13) has several indetermi-
nacies: the sign, mean, and scale of the noise term, and accordingly, the sign, location,
and scale of f, g are arbitrary. In the estimation procedure, one may impose certain
constraints to avoid such indeterminacies in the estimate. However, we should note
that in principle, we do not care about those indeterminacies in the causal discovery
context, since they do not change the statistical independence or dependence property
between the estimated noise and the hypothetical cause.

It is well known that for linear regression, the maximum likelihood estimator of the
coefficient is still statistically consistent even if the noise distribution is erroneously
assumed to be Gaussian. However, this may not be the case for general nonlinear
models. As shown in (Zhang et al. 2016, Section 3.2), if the noise distribution is mis-
specified, the estimated PNL causal model (8.13) may not be statistically consistent,
even when the indeterminacies in the estimate discussed earlier are properly tackled.
Therefore, the noise distribution should be adaptively estimated from data, if the true
one is not known a priori.

Regarding the statistical analysis of the regressor and the residuals, performing
independence tests between the estimated noise and hypothetical cause is one
approach (Hoyer et al., 2009), (Zhang and Hyvérinen, 2009b). A commonly used
option is the Hilbert-Schmidt information criterion (HSIC; (Gretton et al., 2005)),
although many others could be used. In fact, for nonlinear additive noise models,
as we discussed in Section 8.2.2, following Hyvirinen and Smith (2013), the
independence can be evaluated using one-dimensional entropy estimators as well.

Considering concrete implementations in the literature, Zhang and Hyvirinen
(2009b) proposed to estimate the PNL causal model (8.13) by mutual information
minimization with the involved nonlinear functions represented by multilayer
perceptrons (MLPs). Later, Zhang et al. (2016) proposed to estimate the PNL
causal model by making use of warped Gaussian processes with a flexible noise
distribution, which is represented by a mixture of Gaussians. We call these two
implementations PNL-MLP and PNL-WGP-MoG, respectively.

8.4 ON THE RELATIONSHIPS BETWEEN DIFFERENT PRINCIPLES
FOR MODEL ESTIMATION

So far, we have mainly discussed the identifiability of the causal direction in the
two-variable case, and it should be noted that the results can be readily extended
to the case with an arbitrary number of variables, as shown in Peters ez al. (2011).
The basic idea is that no matter how many variables are involved in the system, when
we are interested in a particular pair of directly connected variables, it becomes the
two-variable case if the values of relevant variables are fixed.

Maximum likelihood is usually used to fit the functional causal model together
with a directed acyclic graph (DAG) to the given data. Not surprisingly, the negative
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likelihood (with the distribution of the noise adaptively estimated from data) is
equivalent to the mutual information between the estimated noise terms, as stated in
Theorem 3 in Zhang et al. (2016). The higher the likelihood, the less dependent the
estimated noise terms. (Note that the root variables in the DAG are also counted as
noise terms.)

On the other hand, traditionally, it has been noted that under the causal Markov
condition, which states that each variable is independent from its nondescendants
conditioning on its parents, and the faithfulness assumption, one could recover an
equivalence class of the underlying causal structure based on conditional indepen-
dence relationships of the variables (Spirtes et al., 2001, Pearl, 2000). This is known
as the constraint-based approach to causal discovery. How are these principles,
including mutual independence of the estimated noise terms and the causal Markov
condition, related to each other? Next, we will answer this question, and the results
in this section hold for an arbitrary number of variables.

In the following, we consider optimization over different DAG structures to find
the causal structure. We assume we have infinite data, and we optimally fit the non-
linear functions f; according to the DAG structure given, using some hypothetical
method, which is statistically consistent. Then the question is how the statistical
properties of the estimated noise terms (residuals) are related to the conditional inde-
pendence properties of the variables x;, for each particular DAG.

Suppose (first) that we fit the nonlinear additive noise model given the DAG struc-
ture, that is,

x; = filpa;) + n; (8.15)

where pa; represents the direct causes of x;, to the data, that is, parents in the DAG. It
has been shown that mutual independence of the estimated residuals and conditional
independence between observed variables (together with the independence between
n; and pa;) are equivalent; furthermore, they are achieved if and only if the total
entropy of the disturbances is minimized (Zhang and Hyvirinen, 2009a). More specif-
ically, when fitting the model (8.15) with a hypothetical DAG causal structure to the
given variables x|, - - -, xg, the following three properties are equivalent:

(i) The estimated noise terms n; are mutually independent.
(i) The total entropy of the estimated noise terms, that is, ZiH (n;), is minimized,
with the minimum being equal to H(x, - - -, xg).
(iii) The causal Markov condition holds (i.e., each variable is independent of its
nondescendants in the DAG conditioning on its parents), and in addition, the
noise term in x; is independent of the parents of x;.

Let us then consider the PNL causal model. When one fits the PNL causal model
x; = fo(fu(pay) +n;) (8.16)

to the data, the scale of the noise terms as well as f;; is arbitrary, since f;, is also to be
estimated. Consequently, unlike for the nonlinear additive noise model, in the PNL
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causal model context, it is not meaningful to talk about the total entropy of the noise
terms (see condition (iii)). However, as shown in Zhang and Hyvérinen (2009b), when
fitting the PNL causal model with a hypothetical DAG causal structure to the data,
we still have the equivalence between conditions (i) and (iii).

The next question is how to estimate a functional causal model for more than
two variables in practice. one approach is to use exhaustive search: for all possible
causal orderings, fit functional causal models for all hypothetical effects separately
and then do model checking by testing for independence between the estimated noise
and the corresponding hypothetical causes. However, note that the complexity of this
procedure increases superexponentially along with the number of variables. Smarter
approaches are thus needed.

The aforementioned theorem suggests a simpler two-step method to find the
causal structure implied by the PNL causal model. We use here the relationship
between mutual independence of the noise terms and the causal Markov condition
combined with the independence between each noise term and its associated parents.
One first uses the constraint-based approach (Spirtes et al., 2001), (Pearl, 2000) to
find the Markov equivalent class from conditional independence relationships given
by some nonparametric conditional independence tests; for instance, one can adopt
the kernel-based test (Zhang et al., 2011). This approach first finds the skeleton of
the causal graph by removing the edge between a pair of variables, if there exists
some subset of variables (including the empty set) given that they are conditionally
independent. It then uses the orientation rules to find the causal directions of some
edges. The PNL causal model is then used to identify the causal directions that
cannot be determined in the first step: for each DAG contained in the equivalent
class, we estimate the noise terms and determine whether this causal structure is
plausible by examining whether the disturbance in each variable x; is independent of
the parents of x;. Consequently, one avoids the exhaustive search over all possible
causal structures and high-dimensional statistical tests of mutual independence of
all noise terms.

8.5 REMARK ON GENERAL NONLINEAR CAUSAL MODELS

We have discussed several functional causal models, namely, the linear model, non-
linear additive noise model, and PNL causal model. Now let us discuss the possibility
of doing causal discovery with the general form of functional causal models. A func-
tional causal model represents the effect y as a function of the direct causes x and
some unmeasurable noise (Pearl, 2000):

y=f(x,n;0)) (8.17)

where n is the noise that is assumed to be independent of x, the function f € F
explains how y is generated from x, F is an appropriately constrained functional class,
and 0, is the parameter set involved in f. We assume that the transformation from
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(x,n) to (x,y) is invertible, such that n can be uniquely recovered from the observed
variables x and y.

In the functional causal model (8.17), the noise term is assumed to be independent
of the cause. If for the reverse direction, one cannot find a noise term that is inde-
pendent of the hypothetical cause (which is y), then we can determine the true causal
direction or distinguish cause from effect. As discussed earlier, in general, this is the
case for the PNL causal model, as well as for the linear and nonlinear models with
additive noise. Unfortunately, this is not the case if we do not impose any constraint
on the function f.

As discussed in Hyvirinen and Pajunen (1999), given any two random variables
x and y with continuous support, no matter how they are related, one can always
construct another variable, denoted by 7, which is statistically independent of x. In
Zhang et al. (2016), the class of functions to produce such an independent variable 7
(or called independent noise term in our causal discovery context) was given, and it
was shown that this procedure is invertible: y is a function of x and 7.

This is also the case for the hypothetical causal direction y — x: we can also always
represent x as a function of y and an independent noise term, if the functional form
is not properly constrained. That is, any two variables would be symmetric accord-
ing to the functional causal model, if f is not constrained. Therefore, in order for the
functional causal models to be useful to determine the causal direction, we have to
introduce certain constraints on the function f such that the independence condition
on noise and hypothetical cause holds for only one direction. Examples of such con-
straints include the linear model, the nonlinear additive noise model, and the PNL
causal model discussed earlier. As we have already seen, under appropriate assump-
tions, the constraints of additive noise and the PNL data-generating model serve such
a goal.

8.6 SOME EMPIRICAL RESULTS

Various nonlinear functional causal models have been used to distinguish cause from
effect on the cause-effect pairs available at http://webdav. tuebingen.mpg
.de/cause-effect/. They consist of different data pairs, for which the causal
direction is believed to be known, for testing the performance of causal detection
algorithms. They are from different scientific disciplines including climate analysis,
finance, and computer science. Here let us summarize the results reported in Zhang
et al. (2016). The exploited approaches include the PNL causal model estimated
by mutual information minimization with nonlinear functions represented by MLPs
(Zhang and Hyvirinen, 2009b), denoted by PNL-MLP for short, the PNL causal
model estimated by warped Gaussian processes with Gaussian noise, denoted by
PNL-WGP-Gaussian, the PNL causal model estimated by warped Gaussian processes
with MoG noise, denoted by PNL-WGP-MoG, the additive noise model estimated
by Gaussian process regression (Hoyer et al., 2009), denoted by ANM, the approach
based on the Gaussian process prior on the function f (Mooij et al., 2010), denoted
by GPI, and IGCI (Janzing et al., 2012). The data set consists of 77 data pairs. To
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reduce computational load, we used at most 500 points for each cause-effect pair:
if the original data set consists of more than 500 points, we randomly sampled 500
points from them; otherwise, we simply used the original data set.

The accuracy of different methods (in terms of the percentage of correctly discov-
ered causal directions) is reported as follows:

PNL-MLP: 70%
PNL-WGP-Gaussian: 67%
PNL-WGP-MoG: 76%
ANM: 63%

GPI: 72%

IGCI: 73%

One can see that all results are better than chance, illustrating the effectivity of using
functional causal models to distinguish cause from effect. Here PNL-WGP-MoG
gives the best performance among these methods.

8.7 DISCUSSION AND CONCLUSION

We have given a survey of functional causal models that enable us to fully identify the
causal structure from observational data. We focused on the two-variable case, where
the task is to distinguish cause from effect. We have reviewed the linear non-Gaussian
causal model, nonlinear additive noise model, and the post-nonlinear causal model,
listed from the most to the least restrictive. We addressed the identifiability of the
causal direction: for those three models, in the generic case, the backward direction
does not admit an independent noise term, and as a consequence, it is possible to
distinguish cause from effect. We have also briefly discussed the procedure to achieve
s0, which consists of fitting the functional model and performing an independence test
between the estimated noise and the hypothetical cause. For nonlinear additive noise
models, we have also presented a likelihood-ratio-based approach to determining the
causal direction.

There are some open problems along this line of research. First, one can consider
functional causal models as a way to represent the conditional distribution of the
effect, given the cause. Can we then find hints as to the causal direction directly from
the data distribution? Or, in other words, can we find a general way to characterize
the causal asymmetry directly in terms of certain properties of the data distribution?
An attempt to do so is to make use of the so-called exogeneity property of a causally
sufficient causal system (Zhang et al., 2015).

Secondly, note that nonlinear functional causal models are usually intransitive.
That is, if both causal processes x; — x, and x, — x3 admit a particular type
of functional causal model, the process x; — x3 does not necessarily follow the
same model. (Linear models are transitive.) This could be a potential issue of
functional-causal-model-based causal discovery: it may fail to discover indirect
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causal relations. (Here, by direct causal relations, we mean the causal relations in
which only a single noise variable is involved.) On the other hand, this may be a
benefit of using functional causal models for causal discovery, in that it is possible
to detect the existence of the causal intermediate variable and further recover it. But
how to do so is currently unclear.

In this chapter, we were concerned with causal discovery in the continuous case. In
the discrete case, if one knows precisely what model class generated the effect from
cause, which, for instance, may be the noisy AND or noisy XOR gate, then under
mild conditions, the causal direction can be easily seen from the data distribution.
Consider binary variables and take the noisy AND gate as the causal process. Then
the probability of the effect variable taking value 1 is smaller than (or equal to, if the
noise only takes value 1) that for the cause variable. However, generally speaking,
if the precise model class of the causal process is unknown, it is difficult to recover
the causal direction from observed data in the discrete case, especially when the car-
dinality of the variables is small. As an illustration, consider the situation where the
causal process first generates continuous data and discretizes such data to produce the
observed discrete ones. It is then not surprising that certain properties of the causal
process are lost due to discretization, making causal discovery more difficult.

Finally, developing efficient methods for causal discovery of more than two
variables based on functional causal models is an important step toward solving
large-scale real-world causal analysis problems in various domains including
neuroscience and biology. To make causal discovery computationally efficient, one
may have to limit the complexity of the causal structure, say, limit the number of
direct causes of each variable. Even so, a smart optimization procedure instead of
exhaustive search is still missing in the literature.

The package for estimating the post-nonlinear causal model and causal direction
identification based on this model is available at http://webdav. tuebingen
.mpg.de/causality/CauseOrEffect NICA.rar (with nonlinear func-
tions represented by MLPs) or http://people.tuebingen.mpg.de/
kzhang/warpedGP.zip (estimated by warped Gaussian processes with
mixture-of-Gaussian noise).
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9.1 INTRODUCTION

Granger causality testing is an increasingly popular approach to determine causal
relations among dynamic processes. It originated within econometrics (Granger,
1969), but now also has important applications especially in biophysics (e.g.,
Valdes-Sosa et al., 2011) and neuroimaging (e.g., Goebel et al., 2003). Perhaps part
of the popularity of Granger causality testing is due to its straightforward implemen-
tation that in essence is similar to the implementation underlying causal inference
from data obtained with cross-lagged experimental designs (Rogosa, 1980). The
implementation of Granger causality testing can be summarized in its barest form as
follows. Suppose a bivariate process z(¢) with univariate components x(¢) and y(z).
A causal time series model (to be explained shortly) is fitted to the observations of
z(1), including lagged cross-relations between x(f) and y(t — u), u > 0, and lagged
cross-relations between y(¢) and x(¢ — u), u > 0. If the lagged cross-relations between
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x(t) and y(t — u) are substantial whereas the lagged cross-relations between y(z)
and x(¢# — u) are negligible, then y(#) is considered to be a Granger cause of x(t).
Alternatively, if the lagged cross-relations between y(¢) and x(f — u) are substantial
while the lagged cross-relations between x(¢) and y(# — u) are negligible, then x(7) is
considered to be a Granger cause of y(f).

This simple implementation of Granger causality testing will be generalized in
various important ways. In particular, alternative ways to carry out Granger causality
testing are considered, using frequency-domain representations of causal time series
models of p-variate processes, where p > 0 is a finite but arbitrary natural number.
Also generalizations to nonstationary and heterogeneous processes (to be explained
in due course) are considered, including reference to an innovative and extremely
successful way to obtain a valid common time series model for a given set of heteroge-
neous replications. But the main focus will be on an important theoretical ambiguity
in current Granger causality testing for which (to the best of our knowledge) no solu-
tion has been proposed yet. The details of this ambiguity will be discussed at some
length, after which a new data-driven solution is presented. It is expected that this
solution may considerably change the current practices of Granger causality testing.

9.2 SOME INITIAL REMARKS ON THE LOGIC OF GRANGER
CAUSALITY TESTING

Before embarking upon the main issues that predominantly are of a statistical nature,
it may be helpful to first clarify somewhat the logical reasoning underlying Granger
causality testing. The rationale why the implementation of Granger causality testing
described in the previous section indeed can result in substantial conclusions about
causal relations between x(f) and y(¢) is based on the following counterfactual rea-
soning. The basic assumptions are that the occurrence of a cause happens prior to its
effects. Therefore, if variation in x(¢) is a sufficient cause of variation in y(7), then at
least some of the lagged cross-relations between y(¢) and x(¢# — u), u > 0, will be sub-
stantial because these cross-relations are compatible with the assumed cause-effect
timeline (presumed effects of x(t — u), u > 0, on y(¢) occur at later times ¢). In schema:
if A and P then Q, where

A: the occurrence of a cause happens prior to its effects;
P: variation in x(¢) is a sufficient cause of variation in y();

Q: some of the lagged cross-relations between y(f) and x(# — u), u > 0, are sub-
stantial.

Of course, a similar counterfactual reasoning scheme results with the alternative spec-
ifications:

P’: variation in y(¢) is a sufficient cause of variation in x(7);

Q’: some of the lagged cross-relations between x(¢) and y(t — u), u > 0, are sub-
stantial.
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This yields
if A and P’ then Q'.

Representing the rationale underlying Granger causality testing in this way immedi-
ately makes clear that it involves a logical fallacy. In empirical applications it is Q or
Q’that is affirmed. Suppose that Q is affirmed. Then the Granger causality test implies
affirmation of P. In schema:

if A and P then Q; Q; hence P.

This argument is logically invalid, called affirmation of the consequent. It only would
be valid if P is the only sufficient condition for Q, but this assumption rarely if ever is
true. To yield a valid argument in general, it therefore has to be assumed that all possi-
ble causes of variation in x(¢) and y(#) are explicitly included in the time series model
underlying Granger causality testing. To the extent that this is practically impossible,
the results obtained in Granger causality testing may not be valid.

In an interesting monograph (Kleinberg, 2013, section 2.4.2) summarizes
philosophical critique of bivariate Granger causality testing, including references
to the pertinent literature. She acknowledges that p-variate Granger causality
testing, where p is a sufficiently large integer, avoids many of the criticisms of
its bivariate analogue, but mentions practical difficulties in dealing with causal
dynamic time series modeling of high-dimensional time series. It will be argued
that our data-driven approach to be introduced below can alleviate these practical
difficulties to a substantial degree. Kleinberg also presents an interesting alternative
approach based on temporal logic and compares this in simulation studies with
bivariate Granger causality testing (Kleinberg, 2013, chapter 7). It should be noted
that only standard Granger causality testing in the time domain is considered; not the
alternative time-frequency domain analogues that are the main focus of this chapter.

9.3 PRELIMINARY INTRODUCTION TO TIME SERIES ANALYSIS

To reiterate, Granger causality testing is based on fitting causal time series models
to observations of multivariate dynamic processes. This section defines some basic
concepts of time series analysis that will figure in what follows. For a more complete
discussion, the reader is referred to, for instance, Brillinger (1975), Gardiner (1983),
and Grigoriou (2002). Schelter et al. (2006) contains many contributions directly
relevant to Granger causality testing.

Henceforth, a time series is conceived of as a stochastic dynamic process; the dis-
tinctions between the two are unimportant for our purposes. The definition of a time
series is simple: it is a collection of random variables indexed by time. Hence for our
purposes, sufficient description of a time series is in terms of its finite-dimensional
distributions on the product space of time-indexed random variables making up the
process. This definition goes back to Kolmogorov, whose so-called extension theorem
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provides the analytical bridge between cylinder sets of finite-dimensional distribu-
tions and the existence of an underlying stochastic dynamic process (Kolmogorov,
1933). Wiener (1930) gives an alternative functional definition that can be proven to
be equivalent to Kolmogorov’s (cf. Brillinger, 1975, section 2.11).

In what follows, the following simplifying assumptions are made. Time is
conceived of as discrete with equal intervals between consecutive time points. The
finite-dimensional distributions characterizing a stochastic dynamic process will be
considered to be Gaussian. In addition, only weakly stationary time series models
(to be defined shortly) will be considered. These assumptions are made to ease the
presentation but can be dropped.

The following notational conventions are used. Manifest variables are denoted by
Roman letters and latent variables by Greek letters. Matrices are denoted by boldface
uppercase letters and vectors by boldface lowercase letters. Vectors are column vec-
tors; if y is a (column) vector then y’, where the apostrophe denotes transposition, is
the corresponding row vector. No notational distinction is made between fixed and
random variables; this distinction is always made within the text.

Let y(¢) = [y, (), ,(0), ... ,yp(t)]’ be a p-variate time series, p > 1. The mean of
y(#) at each time point 7 is E[y(#)] = u(#), where E[.] stands for the expectation oper-
ator. Considered as function of ¢, u(¢) denotes the p-variate mean function (trend)
of y(t). If u(¢) = u, that is, if the mean function is constant in time, then y() is
said to have a stationary mean function. The sequential covariance of y(f) between
each distinct pair of time points ¢, and t, is defined as Z(¢,,1,) = cov[y(r,),y(5,)'],
where cov[.] stands for covariance. Considered as function of two-dimensional time,
that is, for V#,, Vt,, X(1,, t,), denotes the (p, p)-variate covariance function of y(¢). If
X(t;,t,) only depends on the relative time difference, called lag, ¢, — ¢, = u, that is,
X(ty, 1) = X(t, — t,) = X(u), Vu, then y(¢) has stationary covariance function depend-
ing only on lag u. If both the mean function and covariance function of y(¢) are station-
ary, then y(#) is called a weakly stationary p-variate time series. Hence, the statistical
characterization of a weakly stationary p-variate series consists of the specification of
its p-variate mean level u and the sequence of (p, p)-dimensional covariance matrices
2(u) specifying the sequential dependencies at all lags u. Because Gaussian series are
completely characterized by the first two moment functions, weakly stationary Gaus-
sian series are also strongly stationary in the sense that all their finite-dimensional
distributions are invariant under time translations.

Granger causality testing almost always is based on the class of linear time
series models for weakly stationary dynamic processes called vector autoregressive
moving-average (VARMA) models. The VARMA(a, b) model for a p-variate series
¥(?) is defined by

YO =u+®yi—1)+ ... + DY —a)+e(t) +Oe(t— 1)+ ... +O,e(t —b)
©.1)

where a and b are the natural numbers indicating, respectively, the order of the autore-
gressive component and the order of the moving average component. In what follows,
we will, to ease the presentation, assume that the mean function equals zero: u = 0.
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The zero-mean p-variate () process is the so-called white noise, implying that it
lacks any sequential dependencies. Hence, the covariance function of £(¢) is cov[e(f +
u), e(t)'] = (u)X,, where the Kronecker delta equals 1 if u = 0 and equals 0 other-
wise. The sequence of (p, p)-dimensional matrices ®;,k = 1,..., p, contain along the
diagonals the lagged autoregressive coefficients, while the off-diagonal elements are
the lagged cross-regression coefficients. The sequence of (p, p)-dimensional matri-
ces @,k =1,...,q, contains the coefficients of the lagged relationships among the
elements of (7).

Equation 9.1 is called a causal time series model because y(¢) only depends upon
previous realizations y(¢ — k), k > 0, as well as on contemporaneous and previous
realizations of &(f). Noncausal VARMA models also include dependencies of y(7)
on future realizations y(¢ + k), k > 0, as well as future realizations of £(¢). Noncausal
models, also called physically unrealizable models, are relevant in the mathematical
statistical theory underlying time series analysis. For instance, the original version
of the Wold decomposition theorem includes a noncausal VARMA (Wold, 1954).
Aggregation of causal VARMA models may also yield a noncausal model for the
average (cf. Forni and Lippi, 1997). But for our purposes, the most important obser-
vation is that causal models may become noncausal after statistical analysis in the fre-
quency domain and consequent inverse discrete Fourier transformation of the results
thus obtained (cf. Molenaar, 1987). Hinich (1984) presents an alternative frequency
domain approach involving Hilbert transforms that guarantees causal models after
inverse transformation.

Hannan and Deistler (1988) present a thorough discussion of the class of VARMA
models and its relationship with the class of state space models (to be defined below).
For our present purposes, it suffices to only consider the subclass of vector autore-
gressive models (VARSs): VAR(a) = VARMA(a, 0), because Granger causality testing
almost always is based on VARs. Appealing to the so-called decomposition theorem
of Wold (1954), it turns out that any weakly stationary process can be approximated
to any degree by a VAR(a) if its order a is chosen to be sufficiently large.

Introducing the backshift operator B defined by By(¢) = y(t — 1), each VAR(a) can
be represented as

YO =®yt—1)+ ... +®, y(t —a) + e(t) = ®,By(t) + ... + D BY({) + (D)

Introducing the polynomial in B defined by ®(B,a) =1-®B— ... — ® B,
where I denotes the (p, p)-dimensional identity matrix, the VAR(a) can now be com-
pactly written as (B, a)y(t) = e(¢). The backshift operator fulfills a role akin to
the discrete Laplace transform or z-transform (Papoulis, 1977), where z is in gen-
eral a complex number. Keeping only the imaginary part of z, hence substituting
B =exp [-2niw;], wherei = \/—_1 andk = 0,1, ..., the discrete Fourier transformed
representation of a VAR(a) at each frequency w; becomes

D(wp)y(@y) = e(wy) 9.2)

where ®@(exp [—2rziw,], a) is concisely written as ®(w;,); y(w;,) and e(w; ) are, respec-
tively, the discrete Fourier transforms of y(¢) and &(¢) (e.g., Brillinger, 1975). For a
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finite stretch of time series data y(¢), ¢t = 0, 1, ..., T — 1, the frequency w, in the dis-
crete Fourier transform is defined as w;, = k/T,k=0,1,...,T7 — 1.

Expression (9.2) is the basis for the representation of the spectral density matrices
associated with a VAR. The latter are obtained by taking the inverse of ®(w,) :
I'(w,) = ®(w;)~". Then the spectral density matrix cov[y(w;),y(w;)*] = ¥(w,),
where * denotes the complex conjugated transpose, is proportional to

¥(w,) « T(w)E, ()" 9.3)

where X, is the full covariance matrix of the white process noise £(¢). For each fre-
quency @, # 0, 1/2 the (p, p)-dimensional complex-valued spectral density matrix
¥(w),) is Hermitian with real values (the autospectra) along the diagonal and complex
values (the cross-spectra) off-diagonal.

For weakly stationary time series, there exists an invertible 1-1 relation between
its covariance function and its spectral density matrices. This implies that statisti-
cal analysis of a weakly stationary series can be based on the covariance function
(so-called analysis in the time domain) or, equivalently, on the spectral density matri-
ces (so-called analysis in the frequency domain). In what follows, Granger causality
testing will be considered both in the time and frequency domains, but mainly in
the latter because the spectral density matrices associated with weakly stationary
series observed at t =0, 1,...,7 — 1 are asymptotically (i.e., if T increases indefi-
nitely) independently complex-Wishart distributed (Brillinger, 1975, chapter 7). This
unique feature of the complex exponentials spanning the frequency domain consider-
ably eases statistical analysis because spectral density matrices at distinct frequencies
Wy, m,,, kK # m, can be analyzed independently of each other. In contrast, analysis in
the time domain requires simultaneous consideration of the covariance function at
all lags.

9.4 OVERVIEW OF GRANGER CAUSALITY TESTING IN THE TIME
DOMAIN

Only weakly stationary time series are considered; generalization to nonstationary
series is discussed in later sections. Also, it is assumed that a Granger cause precedes
its effect by at least one time step. Therefore, contemporaneous Granger causality
(Liitkepohl, 2007, section 2.3.1) will not be the prime focus, although it is addressed
in what follows.

To convey the main ideas, we consider the special situation that the simple VAR(1)
holds for a bivariate series: y(f) = ®y(r — 1) + £(¢), where y(t) = [y, (¢), y,(®)]". This
model can be expanded as

Vi) =yt =1+ 1y, = 1) +€,()
Vo) = Py (t = 1) + ooy (t — 1) + £,(2) 9.4)
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Following Liitkepohl (2007, section 2.3), Granger causality testing in this simple
model reduces to testing whether ¢, differs significantly from zero and ¢, does not,
which would indicate that y,(#) is a Granger cause of y, (). Or, alternatively, testing
whether ¢, differs significantly from zero and ¢, does not, which would indicate
that y,(#) is a Granger cause of y,(f).

Generalization from a VAR(1) to a VAR(p) for bivariate series is straightforward:

i@ =My =D+ ¢yt =D+ ... +d@)y1y, (7 = p)
+ @) 12y, (1 —p) + £,(D)
Vo) = (M y 1t = D + Doyt = D + ... + ¢yt —p)
+ P)roy: (1 = p) + £5(1) 9.5)

It now is more practical not to test whether each of ¢(k), or ¢p(k),;, k = 1, ..., p, differ
significantly from zero, but instead follow a more indirect approach. For instance, to
determine whether in (9.5) y,(?) is a Granger cause of y,(¢), the following steps are
carried out. First fit (Eq. 9.5) to the bivariate series y(¢) at hand. Then fit univariate
AR(g) and AR(r) models to y,(f) and y,(), respectively, where the orders g and r
may differ from the order p in (9.5)

(@ =Myt =D+ ... + gyt —q)+ ()
20 =y(My(t =D+ ... +y(y,(r = 1) +£@) 9.6)

Let X, be the (2, 2)-dimensional covariance matrix of the white process noise £(¢) in
(9.5). Then the total interdependence F’ v between y, (¢) and y, () can be computed
as (cf. Wen et al., 2013):

t t
F,, =l var[{(D)]var[£()] ©.7)
172 det[X, ]
where In is the natural logarithm, det[.] denotes the determinant and var[{ (¢)], var[&(¢)]
denote, respectively, the variances of the white process noise ¢(7) and &£(¢) in (9.6).
Geweke (1982) shows that F ,, can be decomposed as

F =F +F

Yiy2 Y12 Y2701

+F

v ©-8)

where F = In{var[{(t)]/varle ()]}, varle,(¢)] being the (1,1) element of X;

) =y
Fyz—>y1 =)lln'{ﬁzar[f(t)]/var[sz(t)]}, var[e,(t)] being the (2,2) element of X ; Fyl*y2 =
In{var(e,(t)]var[e,(1)]/ det[Z,]}. If F, V=2 is large positive and Fyz—m small (close
to zero) then y, () is a Granger cause of y,(1); if F, _, is large positive and F),
small then y,(?) is a Granger cause of y,(?).

Generalization to p-variate time series, where p > 2, is unproblematic (see Wen
et al., 2013, for details). Basically, two nonoverlapping subseries are selected from

the p-variate time series y(¢) = [y, (), ..., yp(t)]’ : the p,-variate series y, () consisting

172
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of p, component series of y(¢) and the p,-variate series y,(¢) consisting of p, com-
ponent series of y(¢). For instance, for p = 6, p; =2, and p, = 3:y,() = [y, (), y3(1)]
and y, (1) = [y,(2), y5(1), y6(H]'. Then y,(r) and y,(r) are treated in the same way as
the univariate series y,(¢) and y,(¢), that is, appropriate multivariate generalizations

of (9.5)—(9.8) above are determined. For instance in the computation of Fy|—>yz and
F, variances are replaced by determinants of (py, p;)- and (p,, p,)-dimensional

covariance matrices of the white process noise concerned (see Barnett and Seth,
2014).

In their influential paper introducing Granger causality testing in fMRI brain
imaging research, Goebel et al. (2003) present a simulation example of a bivariate
VAR(1) such as Equation 9.4 above in which ¢, = —0.8454, ¢, =0, ¢p,; = 0.5,
and ¢,, = —0.8454. The (2, 2)-dimensional covariance matrix X of the white process
noise is taken to be diagonal with var[e(¢)] = var[e,(t)] = 0.2853. Because ¢p;, =0
and ¢,; = —0.5 it is clear that y,(¢) is a Granger cause of y,(f). Based on a simulated
series of length 7' = 1000, it is found that Fy oy, = 0.5076 and F, _,, =0.0007.

The most important question regarding Granger causality testing in the time
domain based on Fy, _,, and Fy _,, , where y,(#) and y,(?) are, respectively, nonover-
lapping p,- and p,-variate subseries of a given p-variate series y(¢), concerns the
consistency of results obtained in a series of such tests obtained with different
subseries. If p > 2, then several distinct subsets of nonoverlapping p,- and p,-variate
subseries y,(f) and y, () can be considered, and it is not guaranteed that the results
thus obtained converge into a consistent overall causal network.

9.5 GRANGER CAUSALITY TESTING IN THE FREQUENCY DOMAIN

A decomposition analogous to (9.8) also applies in the frequency domain (cf. Wen
et al., 2013). The focus of Granger causality testing in the frequency domain, how-
ever, is on a set of measures derived from the spectrum ¥(w,) given by (9.3), ®(w,) in
the frequency domain representation (9.2) of VARs, and its inverse ['(@,) = ®(w;)~".
There are quite a few of such measures; see Schlogl and Supp (2006) for an overview.
In what follows only a single measure will be considered, namely, the partial directed
coherence (PDC), to be defined below. But first an important issue has to be addressed.

9.5.1 Two Equivalent Representations of a VAR(a)

Until now, it was understood that a VAR(a) for a weakly stationary p-variate series
y(?) is defined by

yH=®yt-1+ ... + Dyt —a)+e() 9.9)

where the white process noise £(f) has full covariance matrix X,. There exists, how-
ever, an equivalent VAR(a) representation defined by

YO =EyO+Eyt—-D+ ... +Ey(t—a)+0o(t) (9.10)
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where the white process noise v(¢) has diagonal covariance matrix X,. That is, the
univariate component processes v;(?), k = 1, ..., p, are mutually uncorrelated.

In agreement with the pertinent literature representation (9.9) will be called the
standard VAR while representation (9.10) will be referred to as a structural VAR. Each
standard VAR (9.9) can be transformed into the equivalent structural VAR (9.10) by
decomposing X, as

T, =U-E)'E,I-E5) " ©.11)

where the superscript —7 denotes transposition and inversion. It is noted that (9.11)
formally constitutes a Choleski decomposition. It then follows that the coefficient
matrices associated with the lagged regressions in both representations are related by
(cf. Gates et al., 2010)

[1]

,=UI-E)®, and @, =I-E) ', k=1,..a 9.12)

It is clear from (9.12) that the choice of representation (9.9) or (9.10), while equiva-
lent, can yield entirely different results in Granger causality testing!

The important difference between the two equivalent representations is that in the
structural VAR (9.10) the contemporaneous relations among the univariate compo-
nent series y, (1), k = 1, ..., p, are explicitly represented by unidirectional regressions
with coefficients in &, whereas in the standard VAR (9.9) these contemporaneous
relations are a function of the contemporaneous associations among the univariate
component process noise series £,(f), k = 1,..., p. One possible way to interpret this
difference is the following: in the structural VAR (9.10) contemporaneous relations
are endogenously generated while in the standard VAR (9.9) contemporaneous rela-
tions are exogenously generated. Additional aspects of the difference concerned are
addressed in a later section.

9.5.2 Partial Directed Coherence (PDC) as a Frequency-Domain Index
of Granger Causality

The focus is first on the standard VAR(a) (9.9) for a p-variate observed time
series y(#). Discrete Fourier transformation of the associated polynomial in the
backshift operator B, ®(B,a) =1—-® B—- ... —® B’ yields at each frequency
w;, the (p, p)-dimensional complex-valued matrix ®(w,) in (9.2). Let A, denote the
diagonal (p, p)-dimensional matrix with the inverse diagonal elements of X_ along
the diagonal and zero elements off-diagonal. That is, the mth diagonal element of
A, is 1/varle,(t)],m=1,...,p. Then the so-called generalized partial directed
coherence gPDC 7, (w;) between univariate component series y;(f) and univariate
component series y,,(#) is defined as follows (Baccald and Sameshima, 2001; Faes
and Nollo, 2010):

7, (@) = (D, (@) /var[e,(1)] ©.13)

\/d’:m(wk)*As ¢:m(wk)
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where \/' denotes the square root and ¢.,, (@, ) is the mth column of ®(w;). Because
7, (@) is complex-valued, one usually takes the absolute value |x;,,(w;)|, where
because of the normalization it always holds that 1 > x;,,(c0;) > 0.

The Granger causality test based on the gPDC is now straightforward. If for
univariate component series y;(f) and y,,(¢) it holds that |x;,,(w,)| is large, whereas
|z,,;(w,)| is about zero, then y,, (7) is a Granger cause of y;(f) at frequency w,. For a
p-variate series y(¢) application of the gPDC-based Granger causality test, therefore,
involves p(p — 1)/2 of such pairwise comparisons at each frequency.

Next the gPDC analogue for the equivalent structural VAR(a) (9.10) is considered.
Define the following polynomial in the backshift operator B: W[B,a) =1 — ;B —
... —&,B“. The discrete Fourier transform at each frequency w, of W[B, a) is denoted
by the (p, p)-dimensional complex-valued matrix ¥(w, ). Let A, denote the inverse of
the diagonal covariance matrix X, . Then the so-called instantaneous partial directed
coherence (iPDC) y;,,(w;) between univariate component series y;(f) and univariate
component series y,,(¢) at each frequency w, is defined by (Faes and Nollo, 2010):

tin(a) =~ QLoD 9.14)
\/W : m(a)k)*AvW : m(a)k)

where y ., (w;) is the mth column of ¥(w;). Because y;,(w;) is complex-valued,
one usually takes the absolute value | y;,,(w,)|, where because of the normalization it
always holds that 1 > | z;,,(@w;)| > 0.

9.5.3 Some Preliminary Comments

Before presenting illustrations of the application of the gPDC and iPDC, the follow-
ing comments should be made. First, note that in the definitions of gPDC and iPDC in,
respectively, (9.13) and (9.14) the numerator and denominator of each ratio are scaled.
In (9.13), the scaling is based on the diagonal elements (variances) of the covariance
matrix X, of the white process noise €(¢) in (9.9), whereas in (9.14) the scaling is
based on the diagonal elements of the covariance matrix X, of the white process noise
o(?) in (9.10). It is noted that analogues of the gPDC and iPDC have been consid-
ered without such scaling. Similar scaled and unscaled analogues also exist for other
frequency-domain measures for Granger causality. We focus on the scaled versions of
gPDC and iPDC because these can be expected to be more robust against differences
in variability of univariate component series y;(f), i = 1,...,p. Second, it is noted
that in defining the gPDC analogue for the equivalent structural VAR(a) (9.10) the
polynomial in the backshift operator B could have been defined differently, namely
as Q[B,a) =8, —-&E,B— ... —&,B% In Q[B, a) the first element is E, containing
the directed contemporaneous relations among the univariate component series y;(z),
i=1,...,p. In contrast, in W[B, a) underlying (9.14) the first element is the identity
matrix while the elements at lags k > 0 are equal to those of Q[B, a). Hence the iPDC
Xim(@;) based on W[B, a) only quantifies lagged Granger causality. Faes and Nollo
(2010) call the analogous PDC index based on Q[B, a) the extended PDC because it
quantifies both contemporaneous and lagged Granger causality. We will not further
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Figure 9.1 Representation of the model described in Equation 9.15. Time-domain repre-
sentation of the model with instantaneous effects (a) and corresponding frequency domain
representation (b). Time-domain representation of the equivalent VAR(2) model (c¢) with cor-
responding frequency-domain representation (d).

consider the latter extended PDC. Instead, an alternative test for contemporaneous
Granger causality is introduced in what follows.

9.5.4 Application to Simulated Data

Faes and Nollo (2010) apply the gPDC and iPDC to data simulated by means of the
following structural VAR(2):

v () = =0.9025y,(t — 2) + v,(?)
Yo (t) = y,(1) —0.9025y,(t — 1) + 0,(?) (9.15)

This model is depicted in Figure 9.1(a) (Fig. 9.1 is redrawn after Fig. 1 in Faes
and Nollo, 2010, p. 392). The iPDCs y,,(w;) and y,(w;) are depicted in, respec-
tively, the left-hand and right-hand panels of Figure 9.1(b). Clearly the iPDCs are
zero across all frequencies, yielding the correct conclusion that there is no lagged
Granger causality between y,(¢) and y,(¢). Figure 9.1(c) shows the equivalent stan-
dard VAR(2). It has a cross-lagged relation directed from y, (¢) to y, (), suggesting that
v (®) is a lagged Granger cause of y,(#). The gPDCs 7, (@) and 7;,(w,) are depicted
in, respectively, the left-hand and right-hand panels of Figure 9.1(d). Comparison of
both panels clearly suggests that y,(¢) is a lagged Granger cause of y, (7).



216 ALTERNATIVE FORMS OF GRANGER CAUSALITY, HETEROGENEITY

These results show that if the data are generated by a structural VAR then appli-
cation of the gPDC based on a standard VAR yields incorrect results. It can similarly
be shown that if the data are generated by a standard VAR then application of the
iPDC based on a structural VAR yields incorrect results. Note that the latter implica-
tion is not addressed by Faes and Nollo (2010). We will return to the latter important
observation in the following section.

9.6 A NEW DATA-DRIVEN SOLUTION TO GRANGER CAUSALITY
TESTING

The application to simulated data suggests that the iPDC given by (9.14) is a valid
and sensitive index to test for lagged Granger causality, that is, Granger causality not
confounded by contemporaneous relations among the univariate component series of
an observed vector-valued time series, if the time series is generated by a structural
VAR. The iPDC is based on fitting the structural VAR (9.10) to the data, usually by
means of a two-step procedure. In the first step, a standard VAR(a) (9.9) is fitted to
the data. Then the estimated full covariance matrix of the white process noise thus
obtained is subjected to the Choleski decomposition (9.11), yielding the coefficient
matrix Ey of the equivalent structural VAR as well as the diagonal covariance matrix
X, of its white noise process. The remaining coefficient matrices £, k =1, ..., 4, in
the equivalent structural VAR then are obtained via (9.12).

There is, however, a major problem associated with this two-step procedure: the
results obtained in the Choleski decomposition (9.11) depend upon the ordering of
the p univariate component series y; (), k = 1, ..., p (cf. Liitkepohl, 2007, pp. 61-62).
If this ordering is permuted, the results obtained in the Choleski decomposition of the
associated permuted covariance matrix of the white process noise also change in that
a different &) is obtained. Because the ordering of the univariate component series in
a vector-valued observed time series is arbitrary, this dependence of the coefficient
matrices in the structural VAR obtained by means of the two-step procedure on the
particular ordering chosen is unacceptable.

We have developed an alternative approach to fit structural VARSs to the data in
which the Choleski decomposition in the two-step procedure is not needed. This alter-
native approach, described in Gates et al. (2010), consists of rewriting the structural
VAR as a structural equation model (SEM), called the unified SEM (uSEM), and
using standard SEM software to fit the model directly to the data. Gates and Molenaar
(2012) present the results of a large-scale simulation study validating this alternative
approach. Henceforth, we will refer to this alternative approach as fitting a uSEM.
The computer program implementing the fit of a uSEM can be freely accessed at
http://www.nitrc.org/projects/gimme/.

While the availability of an alternative approach that sidesteps the problems with
the usual two-step approach to fit structural VARs is in itself important, it also opens
up a possibility to solve the problem of equivalent VAR representations in Granger
causality testing. Remember that the standard VAR (9.9) and the structural VAR
(9.10) are equivalent, but that the results of Granger causality testing based on either
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(9.9) or (9.10) are different. In particular, as shown in the previous section, the results
of applying the gPDC (9.13) based on the standard VAR or the iPDC (9.14) based
on the structural VAR are different. Only if one knows the true stochastic dynamic
system that generated the data (as one does in a simulation study) can one make the
correct choice between the two equivalent representations. But for empirical data,
the true dynamic model almost always is unknown. Our new approach to fit a uSEM,
however, can be adapted to let the data decide what the appropriate representation is.

9.6.1 Fitting a uSEM

To describe the main steps in fitting a uSEM, the structural VAR(1) is taken as
the most elementary example (see Gates et al., 2010, for a complete description).
Equation 9.10 then reduces to y(f) = Eyy(¢) + E;y(t — 1) + v(¢). To fit this model to
the data, the model is expanded for two consecutive time points in the following way:

Y0 =0
yae+ D) =Byt + 1D+ Ey@) +o(+1) (9.16)

The first equation in (9.15) is simply an initial condition, where 0°(#) denotes p-variate
pseudonoise equal to y(¢). The (2p,2p)-dimensional covariance matrix implied by
(9.15) is a so-called block-Toeplitz matrix (Molenaar, 1985), the estimate of which
serves as input to the SEM software. To fit a structural VAR/uSEM, the following
steps are carried out:

(a) Fit (9.15) to the block-Toeplitz input covariance matrix, but fix all coef-
ficients in Z, and E; at zero. Only free up the diagonal elements of the
(p, p)-dimensional subcovariance matrix of v(¢ + 1). Free up all nonredundant
elements of the (p, p)-dimensional subcovariance matrix of v°(¢). The goodness
of fit of this model almost always will be bad. If so, go to step b. If not, stop.

(b) Perform the Lagrange multiplier tests of all fixed parameters in Z, and &, ; each
such value is asymptotically chi square distributed with one degree of freedom.
Select the fixed parameter having the largest value of the Lagrange multiplier
test.

(c) If this value is significant, free up this parameter. Refit the model thus extended
and go to step b. If not, stop.

9.6.2 Extending the Fit of a uSEM

Note that in the procedure described in the previous section, the (p, p)-dimensional
subcovariance matrix of o(t + 1) is not changed. It is a diagonal covariance matrix
during all steps of the procedure. Hence, the final result of the above procedure is a
structural VAR/uSEM.

However, step b in the above procedure can be changed in such a way that the
data decide whether a structural VAR, a standard VAR, or a hybrid of structural and
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standard VAR (hybrid VAR) is the appropriate representation. To accomplish this,
step b is changed as follows:

(b") Perform the Lagrange multiplier tests of all fixed parameters in &, &; and
the (p, p)-dimensional subcovariance matrix of o(¢ + 1). Each such value is
asymptotically chi square distributed with one degree of freedom. Select the
fixed parameter having the largest value of the Lagrange multiplier test.

We claim that with the stepwise procedure a, b, ¢ the best-fitting representation
is obtained, whether it is a standard VAR, a structural VAR, or a hybrid VAR. The
new procedure will be referred to as fitting a hybrid VAR. If only parameters in Z,
and Z, are freed up, the best-fitting representation is a structural VAR/uSEM. If only
parameters in &; and the (p, p)-dimension subcovariance matrix of o(¢ + 1) are freed
up, the best-fitting representation is a standard VAR. If parameters in E,, &, and
the (p, p)-dimensional subcovariance matrix of o(f + 1) are freed up, the best-fitting
representation is a hybrid VAR.

9.6.3 Application of the Hybrid VAR Fit to Simulated Data
The following hybrid VAR(1) is used to generate data:

Vi) =07y = 1) +n(0)

Y2() = 0.7y,() + 0.7y,(t = 1) + n,(2)

¥3(#) = 0.7y;(t = 1) + n3(2)

Ya() = 0.7y = 1) + n4(0) 9.17)

where var[n(t)] = var[n,(t)] = var[n;(t)] = var[n, ()] = 1. Unit variances were
used for simplicity of this demonstration. All Gaussian white process noise compo-
nent series are uncorrelated, save for #;(¢) and #,(f): covln;(?), n4(1)] = .7. Hence, the
simulation model is a hybrid VAR(1) involving a directed contemporaneous relation
from y, (¢) to y,(#) as well as a nonzero off-diagonal element of the (4, 4)-dimensional
covariance matrix of 7(f) representing a contemporaneous association among #5()
and 7,(¢). The hybrid VAR simulation model is depicted in Figure 9.2. The data were
generated by means of the Fortran program (calling subroutines from IMSL that is
part of the Fortran compiler) presented in the Appendix section.

Application of the hybrid VAR fit procedure to a time series of length 7' = 900
generated according to this model correctly recovers the true (hybrid) model structure,
while all estimated parameters are within 95% confidence intervals about their true
values. For instance, the estimate of the directed contemporaneous relation from y, (¢)
to y,(#) (true value 0.7) is 0.7 with standard error s.e. = 0.03. The estimate of the
covariance between #;3(f) and 7,(¢) (true value 0.7) is 0.66 ([s.e. = 0.04). Figure 9.3
shows the recovered hybrid VAR model.

The fit of a standard VAR to the same data yields a goodness of fit that is compara-
ble to that of a hybrid VAR, but the set of estimated parameters contains two spurious
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Figure 9.2 Time-domain representation of the hybrid VAR(1) model given by Equation 9.17.

£1(0) = .70
14 m i

PELE Yo N
VAV

511(1)= 73 522(1)=70

Y34(0) = .66
1z Ms N4 Ya

Sas(1) =7 Eu(1) =72

Figure 9.3 Hybrid VAR fit estimates for model given by Equation 9.17.

elements. While, like in the hybrid VAR fit, all autoregressive parameters are correctly
recovered with values within 95% of the confidence intervals about their true values,
there now also is a cross-lagged relationship in which y,(z — 1) influences y,(#) with
estimated value 0.5 (s.e. = 0.04). This significant cross-lagged relationship would
incorrectly suggest that y, () is a lagged Granger cause of y, (7). Also, apart from the
correct recovery of the covariance between #;(f) and #,(¢) with estimated value 0.66
(s.e. = 0.04), there now is also a significant covariance between 7,(7) and #, (t) with
estimated value 0.7 (s.e. = 0.05). Figure 9.4 shows the estimated standard VAR.
Finally, the fit of a structural VAR (uSEM) to the same data again yields a goodness
of fit that is comparable to that of a hybrid VAR, but the set of estimated parameters
contains two spurious elements. Like in the hybrid VAR fit, all autoregressive param-
eters as well as the directed contemporaneous relation from y, (¢) to y,(¢) are correctly
recovered with estimated values within 95% confidence interval about their true val-
ues. In addition, there is a contemporaneous directed relation from y,(f) to y;(¢) with
estimated value 0.69 (s.e. = 0.02). Obviously, this contemporaneous directed relation
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Figure 9.4 Standard VAR fit estimates for model given by Eq. 9.17.
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Figure 9.5 Structural VAR fit estimates for model given by Equation 9.17.

captures the contemporaneous covariance between #;(¢) and 7,(7). But there is also a
significant directed lagged cross-relation from y,(¢ — 1) to y;(f) with estimated value
—0.48 (s.e. = 0.03). The latter spurious directed lagged relation suggests that y,(f) is
alagged Granger cause of y;(#). The estimated structural VAR is shown in Figure 9.5.

This initial illustration of the new hybrid VAR procedure is encouraging, showing
its feasibility as well as the dangers involved in fitting a standard VAR or structural
VAR when the true data generating mechanism is a hybrid VAR. These dangers gen-
eralize to Granger causality testing based on the fitted VAR models, either in the time
or frequency domain. It is noted that the illustration is limited in important ways (one
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replication, one simulation model, etc.). What is needed is a large-scale simulation
study in order to thoroughly investigate its statistical properties. This will be carried
out in the near future.

9.7 EXTENSIONS TO NONSTATIONARY SERIES AND
HETEROGENEOUS REPLICATIONS

Until now, it has been assumed that observed time series are weakly stationary. Also
the focus has been on Granger causality testing for a single replication. In applied
research, however, one often has to deal with multiple heterogeneous replications
and/or nonstationary time series. In this section, some promising ways to deal with
these are concisely discussed.

9.7.1 Heterogeneous Replications

The question to be addressed is how Granger causality testing can be carried out if het-
erogeneous replications are available. It is understood that heterogeneity implies that
the time series data obtained with different cases in the set of replications obey differ-
ent VARSs. Of course, if each case is tested individually, then there is no problem. But
it is supposed that the question to be addressed concerns how to carry out a Granger
causality test that generalizes across the heterogeneous cases. For instance, Forni and
Lippi (1997, Chapter 11) discuss some of the problems with Granger causality test-
ing of aggregated heterogeneous data. Suffice it to state that aggregation, pooling,
or concatenation (i.e., adding the series of the kth case at the end of the (k — 1)th
case, k = 2,..., N, and treating the result as a single long series) is a bad idea because
it generates spurious relations. Molenaar and Nesselroade (2014) present a simple
example involving data that are simulated by means of a structural VAR for N =3
replications. Two replications are homogeneous (same directed contemporaneous and
lagged relations with identical parameter values) while the third replication is almost
homogeneous, differing only in the direction of a single lagged relation. Yet the fit of
a structural VAR to the pooled block-Toeplitz covariance matrix (cf. Molenaar, 1985)
has several spurious relations that do not exist for any of the three replications.

An innovative alternative approach to arrive at a common structural VAR is
called Group Iterative Multiple Model Estimation (GIMME; Gates and Molenaar,
2012) and is based on the following rationale. Suppose one has p-variate time
series obtained with N possibly heterogeneous replications and, to ease the presen-
tation, it can be assumed that each replication obeys a first-order structural VAR:
y(©) =Egy(H) + Ey(t — 1) + v(¢). Then GIMME first determines an instance of the
structural VAR that has a common group structure across all N persons. That is, this
so-called group model has exactly the same pattern of free parameters in E; and E;
across all N replications, although the actual values of these parameters are allowed
to differ arbitrarily between subjects. Hence in the first phase, GIMME determines a
common dynamic network structure for the complete group of N replications, while
allowing that the weights associated with each link are replication-specific.
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GIMME determines the group model in an automatic data-driven way in which
new parameters (directed links) in E, and &, are freed up sequentially, one by one,
starting from a model that in default mode contains no free parameters. It is an option
to start the sequential search with a model containing already free parameters in
and/or &, where these parameters have been selected based on (theoretical) a priori
knowledge. It also is an option to forbid that a subset of selected parameters in =,
and/or E, is freed up during the sequential search, where this subset again is deter-
mined based on a priori knowledge. At each step in the sequential model search, it is
determined which one of the subset of eligible parameters that have not yet been freed
up will maximally improve the likelihood across the N subjects. If this improvement
of the likelihood is significant for at least a fixed proportion P of the N persons, then
this parameter (directed link) is added to the common dynamic network structure, the
replication-specific values of the parameter are estimated and the sequential search
moves to the next step. If not, the next phase of GIMME, to be described shortly,
starts. Based on extensive simulation studies, the proportion P of the N replications
for which the increase in the likelihood ratio should be significant has been fixed at
75%.

In the second phase of GIMME, the group network structure determined in the first
phase constitutes the starting model in a sequential model search for each replication
separately. In this search for each replication k € {1,2,...,N}, replication-specific
directed links are added one by one until no additional replication-specific directed
links can be found that significantly improve the likelihood ratio for this replication.
GIMME has been validated in extensive simulation studies, showing superb perfor-
mance (Gates and Molenaar, 2012). GIMME is freely accessible at http://www
.nitrc.org/projects/gimme/.

The group model obtained with the current implementation of GIMME consti-
tutes a structural VAR, but this will be extended to a common group hybrid VAR in
the near future. The group model thus obtained can serve as the starting point for
Granger causality testing with heterogeneous replications because it has an identi-
cal pattern of contemporaneous and lagged relations across all replications, although
the coefficient weights are replication-specific. Consequently, for each of the replica-
tions, a Granger causality test can be carried out in a way that is directly comparable
across the N replications. No applications of this innovative approach are available
yet, but research concerned is in progress.

9.7.2 Nonstationary Series

Taking as example a first-order standard VAR y(t) = ®,y(t — 1) + £(2), there are var-
ious possible causes of nonstationarity. For instance, the coefficient matrix @, can be
time-varying. Or the covariance matrix X, of the white process noise is time-varying.
Another possible cause of nonstationarity is that one or more eigenvalues of @, have
modulus equal to or larger than 1 (Liitkepohl, 2007, Chapter 2). Finally, although
throughout this chapter it is assumed that the mean function is stationary and zero,
it is of course possible that this mean function is time-varying and hence nonsta-
tionary. In what follows, the focus will be on zero-mean observed processes, the
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nonstationarity of which is caused by time-varying coefficient matrices such as @,
in the standard VAR.

The basic model is the so-called state-space model (SSM) for an observed p-variate
time series y(¢). First, the SSM for weakly stationary series is considered (Molenaar,
1985):

Y = An() +£(0)
n(t) =Byt — 1) + &(1) (9.18)

where n(¢) is a g-variate latent state process, {(¢) is a p-variate white noise pro-
cess representing measurement error, £(f) is g-variate white process noise, A is
a (p, g)-dimensional matrix of so-called loadings, and B is a (g, g)-dimensional
matrix with regression coefficients. The first equation making up the SSM defined
by 9.16 has the form of a common factor model in which 7n(¢) denotes the latent
factor series. The second equation is a VAR(1) for the latent factor series. The
zero lag (p, p)-dimensional covariance matrix of §(7) is Z;; it is a diagonal matrix
because the measurement error has to obey conditional independence. The zero lag
(g, g)-dimensional full covariance matrix of £(¢) is X, .

The assumption that the latent state process n(t) obeys a VAR(1) is not restric-
tive because each VAR(a) can be rewritten as an equivalent VAR(1) by extending the
dimension of the latent state process (Liitkepohl, 2007, Chapter 2). Clearly, the stan-
dard VAR is a special case of (9.16) in which A = I, the (p, p)-dimensional identity
matrix, and {(f) is absent. Although the structural VAR also can be expressed as a
special case of (9.16), it involves extending the dimension of the latent state process
as well as the introduction of intricate nonlinear constraints, which is why we will not
consider it. Similar remarks apply to the hybrid VAR as special case of (9.16). Durbin
and Koopman (2012) and Shumway and Stoffer (2013) are excellent introductions
to SSMs.

The SSM with time-varying parameters (TV-SSM) is defined as

Y = AlOOIn®) + @)
nt+1)=B[O@)]nit)+e(+1)
0t+ 1) =00+ &+ 1) (9.19)

The first equation of (9.17) shows that loadings in A[6()] depend upon a time-varying
parameter-vector 0(f) and hence can change in time. The second equation describes
the time evolution of the state process 7(¢); the autoregressive weights in B[O(7)]
depend upon 6(r) and therefore can also be arbitrarily time-varying. The third
equation in (9.17) describes the time-dependent variation of the unknown param-
eters. The r-variate parameter vector process 0(f) obeys a so-called random walk
with Gaussian white process noise &(7). Other dynamic models for the parameter
vector process 6(¢) are available (e.g., higher order random walks or autoregressive
models).
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To fit the TV-SSM to the data a special and intricate estimation method is required.
A beta version of the computer program implementing this estimation method can
be obtained from the first author. The method yields estimated trajectories of each
parameter across the whole observation interval. Because the estimation algorithm
has been developed only recently, a limited number of applications of the TV-SSM
have been reported until now. A variant of the model was first considered in Mole-
naar (1994). The first application of (9.17) was to father—stepson interactions and
is presented in Molenaar et al. (2009). Wang et al. (2014) present an application to
patient-specific treatment of diabetes.

The TV-SSM can be straightforwardly extended in several ways, including the
effects of external input and bilinear terms. But (9.17) suffices for the present pur-
poses. At each time r = 1, ..., T, the TV-SSM is subjected to discrete Fourier trans-
formation, yielding a time-varying sequence of (p, p)-dimensional spectral density
matrices and hence time-varying sequences of PDCs. The three-dimensional array
of PDC values as function of time and frequency for each pair of distinct univari-
ate component series of y(#) then can be treated as before to decide about Granger
causality. To the best of our knowledge no applications have been published yet.

9.8 DISCUSSION AND CONCLUSION

Each VAR has two equivalent representations: a standard VAR and a structural
VAR. The choice of which of these two equivalent representations is used for lagged
Granger causality testing has in general a large effect on the outcomes thus obtained.
For instance, using the gPDC (based on standard VAR modeling) will in general
yield different conclusions about lagged Granger causality than the iPDC (based on
structural VAR modeling). This raises the all-important question: Which of the two
equivalent representations should one choose in Granger causality testing of a given
empirical data set? The pertinent literature is mostly silent about this question (e.g.,
Barnett and Seth, 2014).

Faes and Nollo (2010) are a positive exception in that they explicitly recommend
using the structural VAR(a). They distinguish the gPDC (9.13), the iPDC (9.14),
and the extended PDC based on Q[B,a) =&, — &,B — ... —E&,B“. Faes and Nollo
(2010) correctly indicate that results of lagged Granger causality testing based on the
gPDC and the PDC derived from Q[B, a) will in general yield different results. They
recommend using the iPDC to detect pure lagged Granger causality. Faes and Nollo
(2010) do not discuss the problem associated with the commonly used two-step pro-
cedure to estimate structural VARs, that is, its dependence upon the ordering of the
univariate component series in y(f).

We present an innovative alternative approach in which the decision whether
a standard VAR, a structural VAR, or a hybrid VAR best describes the stochastic
dynamic system underlying a given observed time series, is determined in a
data-driven way. The new approach is invariant under permutations of the univariate
component series in y(7). In an application to data generated by a hybrid VAR(1),
incorporating both a directed contemporaneous relation and a contemporaneous
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correlation among a pair of univariate components of the white process noise,
the new approach correctly recovers the true model and therefore also can yield
the correct results about lagged Granger causality. In contrast, applications of the
standard VAR as well as the structural VAR yield incorrect conclusions in this
respect.

Having determined whether a standard VAR, a structural VAR, or a hybrid VAR
best describes the stochastic dynamic system underlying a given observed time series,
Granger causality testing in the frequency domain then can proceed as follows. If the
selected model is a standard VAR, the gPDC is the index of choice for testing lagged
Granger causality while it also is concluded that contemporaneous Granger causality
is absent. If the structural VAR is selected, then the iPDC is the index of choice for
testing lagged Granger causality. Moreover, &, constitutes a straightforward indica-
tion of the presence of contemporaneous Granger causality. If &;.(0) is substantial
while £,(0) is close to zero, then y,(f) is a contemporaneous Granger cause of y;(f).
If the selected model is a hybrid VAR, then again the iPDC is the index of choice for
testing lagged Granger causality and E is scrutinized again in the same way as for
the structural VAR to test for contemporaneous Granger causality.

This completely data-driven approach has been developed only very recently. It
has to be properly implemented and then subjected to large-scale simulation studies.
All this is in progress. We are confident that the new approach will prove to be of con-
siderable value for Granger causality testing in both the time and frequency domains,
solving several ambiguities as indicated.



226 ALTERNATIVE FORMS OF GRANGER CAUSALITY, HETEROGENEITY

REFERENCES

Baccald, L.A. and Sameshima, K. (2001) Partial directed coherence: a new concept in neural
structure determination. Biological Cybernetics, 84 (6), 463-474.

Barnett, L. and Seth, A.K. (2014) The MVGC multivariate Granger causality toolbox: a new
approach to Granger-causal inference. Journal of Neuroscience Methods, 223, 50-68.

Brillinger, D.R. (1975) Time Series: Data Analysis and Theory, Holt, Rinehart & Winston,
New York.

Durbin, J. and Koopman, S.J. (2012) Time Series Analysis by State Space Methods, 2nd edn,
Oxford University Press, Oxford.

Faes, L. and Nollo, G. (2010) Extended causal modeling to assess partial directed coherence
in multiple time series with significant instantaneous interactions. Biological Cybernetics,
103 (5), 387-400.

Forni, M. and Lippi, M. (1997) Aggregation and the Microfoundations of Dynamic Macroeco-
nomics, Clarendon Press, Oxford.

Gardiner, C. (1983) Handbook of Stochastic Methods for Physics, Chemistry and the Natural
Sciences, Springer-Verlag, Berlin.

Gates, K.M. and Molenaar, P. (2012) Group search algorithm recovers effective connectivity
maps for individuals in homogeneous and heterogeneous samples. Neuroimage, 63 (1),
310-319.

Gates, K.M., Molenaar, P., Hillary, F.G., Ram, N., and Rovine, M.J. (2010) Automatic search
for fMRI connectivity mapping: an alternative to Granger causality testing using formal
equivalences among SEM path modeling, VAR, and unified SEM. Neuroimage, 50 (3),
1118-1125.

Geweke, J. (1982) Measurement of linear dependence and feedback between multiple time
series. Journal of the American Statistical Association, 77 (378), 304-313.

Goebel, R., Roebroeck, A., Kim, D.S., and Formisano, E. (2003) Investigating directed cortical
interactions in time-resolved fMRI data using vector autoregressive modeling and Granger
causality mapping. Magnetic Resonance Imaging, 21 (10), 1251-1261.

Granger, C.W. (1969) Investigating causal relations by econometric models and cross-spectral
methods. Econometrica, 37, 424—-438.

Grigoriou, M. (2002) Stochastic Calculus: Applications in Science and Engineering,
Birkhéuser, Boston, MA.

Hannan, E.J. and Deistler, M. (1988) The Statistical Theory of Linear Systems, John Wiley &
Sons, Inc., New York.

Hinich, M.J. (1984) Estimating the gain of a linear filter from noisy data, in Time Series in the
Frequency Domain. Handbook of Statistics, vol. 3 (eds D. Brillinger and P. Krishnaiah),
Elsevier, Amsterdam, pp. 157-168.

Kleinberg, S. (2013) Causality, Probability, and Time, Cambridge University Press, Cam-
bridge.

Kolmogorov, A. (1933) Grundbegriffe der Wahrscheinlichkeitsrechnung, Springer-Verlag,
Berlin.

Liitkepohl, H. (2007) New Introduction to Multiple Time Series Analysis, Springer-Verlag,
Berlin.

Molenaar, P.C. (1985) A dynamic factor model for the analysis of multivariate time series.
Psychometrika, 50 (2), 181-202.



REFERENCES 227

Molenaar, P.C. (1987) Dynamic factor analysis in the frequency domain: causal modeling of
multivariate psychophysiological time series. Multivariate Behavioral Research, 22 (3),
329-353.

Molenaar, P.C. (1994) Dynamic latent variable models in developmental psychology, in Anal-
ysis of Latent Variables in Developmental Research (eds A. von Eye and C. Clogg), Sage
Publications, Newbury Park, CA, pp. 155-180.

Molenaar, P. and Nesselroade, J. (2014) Systems methods for developmental research, in Hand-
book of Child Psychology and Developmental Science, Theory and Method, vol. 1, 7th edn
(eds W.F. Overton and P.C.M. Molenaar), John Wiley & Sons, Inc., Hoboken, NY, in press.

Molenaar, P., Sinclair, K., Rovine, M., Ram, N., and Corneal, S. (2009) Analyzing develop-
mental processes on an individual level using non-stationary time series modeling. Devel-
opmental Psychology, 45, 260-271.

Papoulis, A. (1977) Signal Analysis, McGraw-Hill, New York.

Rogosa, D. (1980) A critique of cross-lagged correlation. Psychological Bulletin, 88 (2),
245-258.

Schelter, B., Winterhalder, M., and Timmer, J. (eds) (2006) Handbook of Time Series Analysis:
Recent Theoretical Developments and Applications, Wiley-VCH Verlag GmbH, Weinheim.

Schlogl, A. and Supp, G. (2006) Analyzing event-related EEG data with multivariate autore-
gressive parameters, in Event-Related Dynamics of Brain Oscillations, Progress in Brain
Research, vol. 159 (eds C. Neuper and W. Klimesch), Elsevier, Amsterdam, pp. 135-147.

Shumway, R.H. and Stoffer, D.S. (2013) Time Series Analysis and its Applications: With R
Examples, 3rd edn, Springer-Verlag, New York.

Valdes-Sosa, P.A., Roebroeck, A., Daunizeau, J., and Friston, K. (2011) Effective connectivity:
influence, causality and biophysical modeling. Neuroimage, 58 (2), 339-361.

Wang, Q., Molenaar, P., Harsh, S., Freeman, K., Xie, J., Gold, C., Rovine, M., and Ulbrecht,
J. (2014) Personalized state-space modeling of glucose dynamics for type 1 diabetes using
continuously monitored glucose, insulin dose, and meal intake an extended Kalman filter
approach. Journal of Diabetes Science and Technology, 8 (2), 331-345.

Wen, X., Rangarajan, G., and Ding, M. (2013) Multivariate Granger causality: an estimation
framework based on factorization of the spectral density matrix. Philosophical Transac-
tions of the Royal Society of London, Series A: Mathematical, Physical and Engineering
Sciences, 371 (1997), 20110 610.

Wiener, N. (1930) Generalized harmonic analysis. Acta Mathematica, 55 (1), 117-258.

Wold, H. (1954) A Study in the Analysis of Stationary Time Series, 2nd edn, Almquist and
Wiksell Book Co., Uppsala .



228

ALTERNATIVE FORMS OF GRANGER CAUSALITY, HETEROGENEITY

APPENDIX

Source Code for Program Generating Data for Model Presented in
Equation 9.17

10

11

12

31
30

32

99

34

35

36

37

38

program gen
parameter (my=9, mm=999)

implicit double precision (a-h,o-2z)
implicit integer (i-n)

dimension par(l),lagar(l),pma(l),lagma (1)
dimension a(my),wi (my),w(my),y (my,mm)
dimension be (my,my),aa(my,my), ps(my,my)
dimension d(my,my),dd(my),ds (my,my)
open(l,file="gpar.doc’)
open(2,file="svar.doc’)
read (1, *)ny,nt

do 10 i=1,ny

read(1l,*) (aa(i,j),j=1,ny)

do 11 i=1,ny

read(1l,*) (be(i,j),j=1,ny)

do 12 i=1,ny

read(1l,*) (ps(i,3),Jj=1,ny)

do 30 i=1,ny

do 31 j=1,ny

d(i,3)=0.d0

d(i,i)=1.do

do 32 i=1,ny

do 32 j=1,ny

d(i,j)=d(i,j)-aa(i,])

call dlinrg(ny,d,my,aa,my)
format (6 (1x,£10.4))

do 34 i=1,ny

do 34 j=1,ny

d(i,j)=0.do

do 34 k=1,ny
d(i,j)=d(i,j)+aa(i,k)*be(k,])

call dchfac(ny,ps,my,tol,irank,ds, my)
do 35 i=1,ny

do 35 j=1,ny

ps(i,j)=0.do0

do 36 i=1,ny

do 36 j=1,1i

ps(i,j)=ds(j,1)

do 37 i=1,ny

write(6,99) (ps(i,3),j=1,ny)

do 38 i=1,ny

do 38 j=1,ny

ds(i,j)=0.d0

do 38 k=1,ny
ds(i,j)=ds(i,j)+aa(i,k)*ps(k,]J)

do 91 jj=2,nt+50

lagar(1l)=1
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lagma (1) =0
par(1)=0.d0
pma (1) =0.d0
wi(1)=0.d0
call drnarm(ny,0.d0,1,par,lagar,0,pma,lagma,0,1.d0,a,wi,w)
do 92 i=1,ny
dd(i)=0.d0
do 92 j=1,ny
92 dd(i)=dd(i)+ds(i,3)*w(j)
do 93 i=1,ny
y(i,jj)=dd (i)
do 93 j=1,ny
93 y(i,j3)=y(i,33)+d(i,3)*y(3,F3-1)
91 continue
do 22 1i=51,nt+50
22 write(2,*) (y(3,1),3=1,ny)
stop
end

Example Input for Generating Data Following Equation 9.17

4 900

0 0 0 O
.7 0 0 0
0 0 0 O
0 0 0 O
.7 0 0 0
0.7 0 O
0 0 .7 0
o o0 0 .7
1 0 0 O
0 1 0 0
o o 1 .7
0o 0 .7 1
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10.1 INTRODUCTION

Longitudinal data analysis is an important topic in the field of assessing educational
trajectories. For example, the aim of the interdisciplinary National Educational Panel
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Study (NEPS) in Germany is to assess individual educational processes from early
childhood to late adulthood (Blossfeld et al., 2011). For this purpose, several tests to
assess competencies, such as reading, mathematics, and science, are constructed and
administered in a longitudinal design.

The ambitious goal to assess competencies across the life span results in several
methodological challenges, for example, to measure the same competence across sev-
eral phases of the life span. Unidimensional measurement in time is addressed by
complex instrument development and study designs and is evaluated by scaling the
observed data using item response theory models. In NEPS, the Rasch model (RM;
Rasch, 1960) and unidimensional extensions (e.g., the Partial Credit Model; Masters,
1982) are used for scaling competence tests (Pohl and Carstensen, 2013).

Further challenges arise through the question “Which further competencies or con-
text variables affect modifiability of the target competence?” To answer this question,
one approach could include a two-step procedure, that is, scaling the competencies of
interest separately and subsequently estimating the influence of a competence X on
the change in Y using regression analysis. But this approach has one disadvantage.
Analyzing data using manifest variables (e.g., the raw score or person ability
parameters) without considering the estimation error of the measurement model may
lead to attenuated covariance estimates (e. g., von Davier et al., 2009). Therefore, it
is recommended to scale and model the data in one step. Here, latent associations
are modeled while considering potential measurement error. In this chapter, we pro-
pose a one-step approach that combines multidimensional longitudinal item response
models and Granger causation techniques. The chapter is structured as follows: First,
we introduce the basics of Granger causation, followed by an introduction in the
RM and its multidimensional extension. Then, multidimensional longitudinal item
response models and the investigation of Granger causation with multidimensional
longitudinal item response models are described. An empirical example on the topic
of science knowledge of children is given. In the discussion section, we address
potential limitations of the approach and outline potential future research.

10.2 GRANGER CAUSATION

The concept of Granger causation enables researchers to estimate the causal
relations between two series of observations (Granger, 1969; see also, Liitkepohl,
2007; von Eye et al., 2015, von Eye et al., 2014a,b). In essence, Granger causality
analysis is based on a prediction error approach, which is, from a philosophical
perspective, deeply rooted in Hume’s conceptualization of causality, that is, the
cause must precede the effect (Hume, 1777/1975). More recently, von Eye and
Wiedermann (2015) integrated Granger causation in mechanistic concepts of
causality that also acknowledge the existence of contemporary causes. Let £, be the
information set containing all the relevant information up to time point ¢. Further,
let 0'12/ (h|€2,) be the prediction error variance of the h-step predictor of Y, based on
the information Q,. Then, a variable X, is said to “Granger-cause” a variable Y,,
if o-f,r(hlﬂt) < a%{(tht\{Xsls < t}). Note that Granger (1969) original formulation
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Test X TestY Test X TestY

Figure 10.1 Path diagrams for two linear autoregressive models, the right panel assumes that
X Granger-causes Y.

included contemporary causes. Thus, af, (h|Q\X,|s < t}) should be replaced with

af/ (h|Q\{X,|s < t}). However, in practical applications researchers tend to ignore
pottential instantaneous effects because estimates of directional instantaneous effects
are not uniquely identified without making strong assumptions concerning the
direction of effects (von Eye and Wiedermann, 2015). Of course, the choice of
the information set €, is essential in Granger’s conceptualization of causality. In
practice, all relevant information up to time point 7 is not available. Thus, in the
majority of cases, Q, reduces to the information in the past and present of the
processes of interest. Then Granger causality statements simplify to the following:
X, is said to Granger-cause Y, when lagged values of X, provide significantly more
information concerning future values of Y, (see Fig. 10.1, right panel) than past
values of Y, alone (see Fig. 10.1, left panel).

Consider the following example of a first-order vector autoregressive process,
VAR(1): Y(t) = ®Y(t — 1) + €(¢) with Y(?) = [Y,,X,], Yt — 1) =[Y,_;,X,_,], and
(1) = [, . &, ,]', which expands to

YVi=¢dn Y + X +eq,
X, =¢n Y+ dnX, + ot (10.1)
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In this simple case, Granger causality analysis involves testing the null hypotheses
Hy: ¢p,=0andH; : ¢ =0.When H, : ¢, = 0canberejected and H; : ¢, =
0 can be retained, one concludes that X, Granger-causes Y,. Alternatively, when H :
¢, =0 1is retained and H,, : ¢,; = 0 is rejected, one has found empirical evidence
that Y, Granger-causes X,.

Figure 10.1 depicts the principle of Granger causation in case of associated
competencies (circles) together with the manifest indicators (rectangles). The latter
constitute the measurement part of the model. Thus, the model involves three
elements: (i) scaling the data using a measurement model, (ii) assessing modifiability
of unidimensional competencies across time (autoregressive part), and (iii) assessing
Granger causation in multidimensional functioning competencies through comparing
the autoregressive model shown in the left panel of Figure 10.1 with the model in
which cross-lagged effects are also considered (right panel of Figure 10.1).

10.3 THE RASCH MODEL

The Rasch model (RM) is a unidimensional item response model that offers several
attractive mathematical properties (e. g., all items measure the same latent construct
in the sense of unidimensionality) if the model holds for the data (see, e. g., Embret-
son and Reise, 2000; Fischer, 1995b; Molenaar, 2007). In the RM, the probability
of solving an item X,; = 1 given the ability 6 of subject v = 1,...,V and the item
difficulty p (i=1,...,1) is

exp(0, — f;)

PGy =110, B) = 755

(10.2)

The RM is a special case of the multidimensional random coefficient multinomial
logit model (MRCML model; Adams et al., 1997), which is a generalization of a wide
class of Rasch type models, for example, the Partial Credit model (PCM; Masters,
1982) or the linear logistic test model (LLTM; Fischer, 1973). A detailed description
and derivation of the multidimensional model is given in Adams ef al. (1997). In the
MRCML model, the probability of solving an item in category k = 1,..., K can be
written as

exp(b; 0 +a’,
P(X,; = 1:A.B.B|6) = — p(bi ih) (10.3)
2 exp(b; 0 +a’yp)
k=1
where f =1,...,1 is the vector of item parameters, @ = (0,,0,, ...,0) is the vec-
tor of person abilities across dimensions d = 1,..., D, A is the design matrix with
entries for each category k initem i, A = (a1, a3, ..., a1k Ay15 -5 Aok - 5 a,Kl)’.
The scoring matrix B includes by = (b, by, ---» big,)), which are D x 1 column

vectors for each item i, category k, and dimension d. This term can be generalized to
B, = (b;;,b;5, ..., b;p), which is the scoring submatrix for each item i and dimension
d,and B = (B, B’z, ..., B}), which is the scoring matrix for each item i. Considering,
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Figure 10.2 Path diagrams (upper panel) and the associated scoring matrices (lower panel)
for the between item multidimensional model (left panel) and the within item multidimensional
model (right panel).

for example, four items and two dimensions with two items per dimension, the design
matrix (A) and the scoring matrix (B) can be written as

00
0100
A—0010 (10.4)
00
and
10
10
B—O1 (10.5)
01

The design matrix defines the item parameter estimation, that is, one parameter
for each item. The scoring matrix defines that the first two items are influenced by
dimension one and the items three and four by dimension two.

In general, two types of multidimensionality models can be defined (see Adams
et al., 1997). First, if more than one dimension is included in item responses and each
item is influenced by only one dimension, one refers to between item multidimen-
sionality (see Fig. 10.2, left panel). Second, when a subset of items (or all items) is
influenced by additional dimensions (see Fig. 10.2, right panel), one refers to within
multidimensionality. Figure 10.2 shows the path diagrams (upper panel) and their
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associated scoring matrices (lower panel). The MRCML model is a generalized RM
that allows modeling different types of multidimensionality including the evaluation
of longitudinal data.

In the following section, we give a brief overview of longitudinal item response
models and describe how to define the design and scoring matrices for the longitudinal
MRCML model. After that, we show the definition of the model for the investigation
of Granger causation.

104 LONGITUDINAL ITEM RESPONSE THEORY MODELS

Several longitudinal item response models are described in the literature (e.g.,
Bacci, 2012; Cho et al., 2013; Fischer, 1976; Gliick and Spiel, 1997, 2007; Hojitink,
2007; Hsieh et al., 2013; von Davier et al., 2011). Well-known models include, for
example, the linear logistic test model for measuring change (LLTM; e. g., Fischer,
1974, 1989, 1995a), the linear logistic model with relaxed assumptions (LLRA;
e.g., Fischer, 1974, 1989, 1995b), and associated hybrid forms of these models
(e. g., Fischer and Ponocny-Seliger, 1998; Formann and Spiel, 1989). These models
possess useful properties provided that certain preconditions are fulfilled (see,
e. g., Koller et al., 2015; Ponocny, 2002). For example, the models assume specific
objectivity of change, which means only one change parameter is needed for all
items. In other words, it is irrelevant which items are used for the investigation of
change, and different changes are solely determined by different groups of subjects.
Therefore, it is not possible to model associations between time points as well as
individual differences in change, which hampers the application of these models to
test hypotheses compatible with Granger causation.

Multidimensional models constitute a second class of models for measuring
change. Two very popular models are the multidimensional Rasch model for learning
and change (MRMLC; Embretson, 1991) and the multidimensional Rasch model for
repeated testing (MRMRT; Andersen, 1985). These models offer the possibility to
assess change on the individual level. In their classical formulation, the models are
restricted to dichotomous items (an MRMLC for polytomous items is discussed in
Fischer, 2001) and the RM has to hold within time points.

Comparatively less research has been done on multidimensional longitudinal item
response models. Cho et al. (2013) discuss the analysis of change in multidimen-
sional data using generalized explanatory item response models. However, as speci-
fied above, one can also use the MRCML model for the investigation of change (see
Wang et al., 1998). This class of models allows the analysis of dichotomous and
polytomous items and enables researchers to assess more than one dimension or test
within one time point. Further, as will be demonstrated, this class of models enables
researchers (i) to formulate Granger causation hypotheses, (ii) to evaluate prespec-
ified associations of latent variables, and (iii) to account for measurement error in
a one-step approach. For these purposes, the MRCML model has to be combined
with multidimensional models for measuring change. For a better understanding, the
MRMLC and the MRMRT are introduced. Then we show how to define the model for



LONGITUDINAL ITEM RESPONSE THEORY MODELS 237

Figure 10.3 Path diagrams for Embretson’s MRMLC (left panel) and for Andersen’s
MRMRT (right panel).

the investigation of change and further for empirically establishing Granger causation
statements.

The MRMLC (Embretson, 1991) is a unidimensional multiparameter model (see
Wang et al., 1998) that combines the RM with a T X D matrix, where T are the time
points (# =1,...,7T) and D are the dimensions or abilities (d = 1,...,D). The T x
D matrix is a Wiener simplex with rows representing the time points and columns
representing the dimensions, that is,

100
A=(110 (10.6)
111
The MRMLC can be written as
T
exp(X 0, = B)
r=1
P(X,) = 116, B) = " (10.7)
l+exp (X 6,,—B)
r=1
where 0, is the vector of abilities with 8, being the initial ability atf; and 8 ,, ..., 0,

being the modifiabilities of further time points. For example, the ability at #; is given
by 05 = 0,; + 0,, + 0,5. Item parameters f; are also kept constant over time. The left
panel of Figure 10.3 depicts the path diagram for three time points.

The second model is the MRMRT (Andersen, 1985; see Fig. 10.3, right panel),
which is also a unidimensional multiparameter model. Here, the same items have to
be administered across time points (see Wang et al., 1998). The model equation can

be written as
exp (0,, — B;)

1+ exp(0,, — B)’ (108)

P(Xvit = llevt’ ﬁl) =
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TABLE 10.1 Scoring Matrix B and Design Matrix A for the Joint MRMLC and
MRCML Models (see also Wang et al., 1998).

Scoring Design matrix A
IT T D Matrix B (Saturated Model)
I 1 1 1 0 0 -1 0 0 0 0 0 0 0 0
1 2 1 11 0 -1 0 0 -1 0 0 0 0 0
1 3 1 11 1 -1 0 0 0 -1 0 0 0 0
2 1 1 1 0 0 0 -1 0 0 0 0 0 0 0
2 2 1 11 0 0 -1 0 0 0 -1 0 0 0
2 3 1 11 1 0 -1 0 0 0 0 -1 0 0
3 1 1 1 0 0 0 0 -1 0 0 0 0 0 0
32 1 11 0 0 0o -1 0 0 0 0 -1 0
3 3 1 11 1 0 0 -1 0 0 0 0 0 -1

Note: For Model Identification You Have to Fix the Person Parameters or Remove One Parameter from A.

where 6, is the ability of person v at time point ¢. Parameter estimation is restricted to
person abilities for each time point and their potential associations. The item parame-
ters f; are kept constant over time. In contrast to the MRMLC, 65 is the ability at #; and
not the modifiability between #, and #5. In their original formulation, both models, the
MRMLC and MRMRT, lead to identical results (see von Davier et al., 2011). Thus,
the modifiability at #, in the MRMLC is given by the difference of change parameters
0, — 0, estimated using the MRMRT.

Wang et al. (1998) showed that the MRCML model is a generalization of the
MRMLC and the MRMRT when the scoring matrix B and design matrix A are appro-
priately defined. In Table 10.1, an example of the MRMLC with three dichotomous
items and three time points is given (for a more detailed description of the approach,
see, Wang et al., 1998). For each of the three items, a Wiener simplex scoring matrix
B is defined. The design matrix A defines a model that estimates the maximum num-
ber of change parameters in the model (often called the maximum model; for models
with other variations in item difficulties across time; see Wang et al., 1998). Thus,
one item-specific parameter together with one item-specific change parameter are
estimated across all time points, that is, one change parameter for #, and one for #;.
No change parameter is estimated for the first time point because #, serves as the ini-
tial ability (the corresponding parameter being set to zero). Using this representation
of A, the assumption of measurement invariance of items over time (by removing
the last six columns of A) or the existence of item-specific change effects can be
evaluated.

Integrating Andersen’s MRMRT into the MRCML model is straightforward. Here,
the scoring matrix B is defined not through r Wiener simplex matrices but through
identity matrices for each time point (see Table 10.2).

Using the definitions of the scoring matrices and the design matrices stated above,
it is possible to analyze change in the multidimensional case, irrespective of whether
the change is assumed to be linear or nonlinear. In this chapter, only the case of
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TABLE 10.2 Scoring Matrix B and Design Matrix A for the
Combination of MRMRT with MRCML Model for the Investigation of
Granger Causation.

IT T D Scoring Matrix B Design Matrix A
1 1 1 1 00000 -1 0 0 0 0 O
1 2 1 01 000O0O0 -1 0 0 0 0 O
1 3 1 001000 -1 0 0 0 0 O
2 1 1 1 00000 0 -1 0 0 0 O
2 2 1 01 000O00O0 0 -1 0 0 0 O
2 3 1 001000 0 -1 0 0 0 O
3 1 1 1 00000 0o o0-1 0 0 O
3 2 1 01 000O00O0 0O 0 -1 0 0 O
3 3 1 001000 0O 0 -1 0 0 O
1 1 2 000100 0 0 0 -1 0 0
1 2 2 000O0T1O0 0O 0 0 -1 0 O
1 3 2 00 0O0O0°1 0 0 0 -1 0 0
2 1 2 000100 0o o0 o0 0 -1 0
2 2 2 000O0T10 0o o0 o0 0 -1 0
2 3 2 00 0O0O0°1 0O o0 o0 0 -1 0
3 1 2 000100 0O 0 0 0 0 -1
3 2 2 000O0T10 0O 0 0 0 0 -1
3 3 2 00 O0O0O0°1 0O 0 0 0 0 -1

Note: For Model Identification You Have to Fix the Person Parameters or Remove One
Parameter from A.

linear effects is examined. Modeling approaches for nonlinear effects can be found in
Wilson et al. (2012).

As we will show next, it is straightforward to define the scoring matrix B for
the multidimensional case for constructing an IRT model to test Granger causation
hypotheses. For this purpose, we integrate the Andersen MRMRT into the MRCML
model. In this model, latent abilities are estimated for each time point. To account
for the autoregressive structure, latent regression parameters are estimated instead of
latent associations (MRMRT, iseq)- Next, the autoregressive models for X and Y
and the associated latent associations within each time point (double-headed arrows
in Fig. 10.1) are estimated in one step. The resulting model is given in the left panel
of Figure 10.1. An example of a scoring matrix and design matrix for three time
points, two dimensions (i.e., X and Y) while assuming measurement invariance of
items across time is given in Table 10.2.

The above specification enables researchers to test whether earlier/past values of X
provide more information about future values of Y than exclusive past values of Y by
including additional regression parameters as displayed in Figure 10.1, right panel.

The model selection procedure consists of two modeling phases: First, more
restrictive models are compared with a maximum model, for example, testing the
assumption that one common change parameter is sufficient for all items (the case of
item-specific change parameters is discussed in Wang et al., 1998). Second, models
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with and without Granger causation parameters are compared using information
criteria such as the Akaike Information Criterion (AIC; Akaike, 1974), the Bayesian
Information Criterion (BIC; Schwarz, 1978), or the consistent Akaike Information
Criterion (CAIC; Bozdogan, 1987). In addition, Granger causation parameters
(i.e., cross-lagged effects) must statistically exist. In the following section, we
demonstrate the application of the Granger-IRT model using an empirical example.

10.5 DATA EXAMPLE: SCIENTIFIC LITERACY IN PRESCHOOL
CHILDREN

Empirical data used for illustration are part of a longitudinal study on the develop-
ment of scientific literacy in preschool children in Germany (SNAKE !; Carstensen
et al., 2011, 2012; Steffensky et al., 2012a,b). Goals of the project include the con-
struction of a Rasch model conform scientific literacy test for 5-year-old children
and to investigate the extent to which scientific literacy of children can be improved
through instruction. The sample consisted of 257 (n = 123 girls) 5-year-old children
who were tested at three time points within 7 months. The scientific literacy test
developed for the study refers to the topics of water, its physical states, changes in
state, and solutions in water (Carstensen et al., 2011). The tasks were administered
in structured interviews and the children’s responses were scored by trained inter-
viewers by using two- to four-category response formats. For scaling of responses,
some response categories were collapsed in order to achieve discriminating response
categories. An example task on melting and knowledge of science is presented in
Figure 10.4.

The final test form at #; (initial ability) included 29 items that were adminis-
tered and scored, at #, (after an intervention phase) 29 items, and at #; (follow-up
phase) 31 items were scored. Twenty-four items were used as link items. The other
items at f, and t; were on average slightly more difficult than the items used at ¢,
and t,. In addition, the subscale Figural Analogies of the Culture Fair test (CFT1;

When Paul and Jan walked to the kindergarten one morning, they find all puddles to be
slippery and they can stand on them. Paul says “Look, the water has turned into ice”. Jan
asks “How did that happen?”

What do you think? Why has the water turned into ice?

Scoring:

(2 points) coldness, cold outside, low temperatures (responses which name coldness)

(0 points) other responses

(0 points) child says I don’t know.

Figure 10.4 An example of melting and knowledge of science from the SNAKE study.

I'Studie zur Naturwissenschaftlichen Kompetenzentwicklung im Elementarbereich.
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Cattell et al., 1997) that includes 12 dichotomous items was administered at #; to
adjust for general cognitive abilities (reasoning).

Carstensen et al. (2012) analyzed possible change effects in SNAKE applying the
MRMLC and the MRMRT using different numbers of link items. Based on the result
from these analyses, Carstensen et al. (2012) concluded that the MRMLC and the
MRMRT using 24 link items showed the best model fit compared to a model esti-
mated with the maximum number of parameters (BIC ;. = 29846.9; BICyryic =
29756.4; BIC\jgpmrr = 29756.3). The modifiabilities of the MRMLC at £, had a mean
of fy, = 0.49 and were uncorrelated with the estimated ability parameters at 7; (6y,);
the modifiabilities at 73 had a mean of 6y, = 0.13 and were moderately correlated
with 0y . Thus, scientific literacy improved through the intervention. However, the
development over a longer observational period was again correlated with the initial
ability.

For illustrative purposes, we used data from #, and ¢,, and dichotomized the items
of SNAKE. Note that post hoc dichotomization of items may have a negative impact
on results (e. g., loss of information, decreased correlation between variables). How-
ever, in our case of two- and three-categorical items, dichotomization resulted in
no significantly different results than these reported in Carstensen et al. (2012). We
used the MRMRT, 4i5eq including 24 link items in SNAKE to test the hypothesis
that CFT is Granger-causing SNAKE. Because the CFT was only assessed at ¢,
we only analyzed whether CFT at ¢, is significantly related to SNAKE at #,. Thus,
this example is a very minimal version of Granger causation assessment. In addition,
using the MRCML model, it is possible to assess item-specific intervention effects,
but, for SNAKE, the assumption of measurement invariance holds across time (see
Carstensen et al., 2012). Thus, no item-specific intervention effects were assessed in
this analysis. Two models were estimated and compared (see Fig. 10.5). The analyses
were performed using MPlus version 7 (Muthén and Muthén, 2013). A code example
for applying the MRMRT,4isieq 15 given in the appendix.

The results show that CFT at ¢, did not Granger-cause SNAKE at ¢,
(MRMRT, gifeq:  LogLik = —=9274.173, npar =59, AIC = 18666.346, BIC =
18875; MRMRT,,,oificd Granger: LOgLik = —=9273.981, npar = 60, AIC = 18667.962,
BIC = 18880.906). The estimated correlation and regression parameters are given
in Figure 10.5. Overall, results suggest a moderate latent relation between CFT and
SNAKE at #;; however, CFT results have no significant influence on the changed
ability at t,.

10.6 DISCUSSION

In this chapter, we proposed a new approach to assess Granger causation with
multidimensional longitudinal item response models. For this purpose, the MRMRT
was integrated in the MRCML model as described by Wang et al. (1998). This
approach allows scaling of data, estimation of modifiabilities across time, and
assessing Granger causation in a unified framework and has the advantage that
measurement error is considered in the model.
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CFT SNAKE CFT SNAKE

Figure 10.5 Path diagrams for the two linear autoregressive models. Correlation and regres-
sion parameters are displayed for each path (the standard errors are given in parentheses;
*=p <0.05.

Multidimensional longitudinal item response models offer the advantage that the
assumption of Rasch model conformity within time points and across time points can
be relaxed. Thus, these models allow the assessment of change in multidimensional
data by defining the scoring and design matrices accordingly. In addition, one central
precondition of several longitudinal item response models is measurement invariance
of change across time, that is, all items of a test change in the same way. If this precon-
dition is fulfilled, the property of specific objectivity of change holds for the data and
it is, therefore, irrelevant which items are used to assess change (e. g., Koller et al.,
2015). The MRCML model can be used to evaluate this precondition by comparing
different models (e. g., comparing the maximum model and a model with only one
change parameter for all items), and to model violations of measurement invariance
as item-specific change.

The data example serves as an illustration of the assessment of Granger causa-
tion with multidimensional longitudinal item response models. The example does not
include two time series as depicted in Figure 10.1. The CFT was only administered
at #;. Results suggest that reasoning is moderately related to scientific literacy. How-
ever, past values of reasoning do not contribute to the prediction of scientific literacy
at #,. Note that changes in scientific literacy between ¢, and #, were not related with
the literacy at ; either and were assumed to be due to the intervention. Because child-
care groups were assigned to the treatment randomly, the intervention phase results
should not covary with pretest intelligence.

It is important to note that complexity of model estimation increases with potential
multidimensionality of observed data and, thus, may lead to inestimable parameters
due to computational limitations. In this case, a more exploratory approach (e. g.,
Cho et al., 2013; Stevenson et al., 2013) in which, for example, the predictor X is
only included as subject-covariate in analysis may be worthwhile. This approach can
be seen as a two-step procedure in which, in the first step, the person parameters of
the predictor X are estimated and, in a second step, the measurement model of Y
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and Granger causation are assessed using explanatory item response models. How-
ever, this approach only accounts for error in the measurement model of Y, while
measurement errors associated with X are not part of the model.

In this chapter, we focused on a Granger-IRT model that uses past information of
series of observations. Contemporaneous effects are not considered. Granger (1969)
formulated his causality principle for both, lagged and contemporaneous informa-
tion (cf. von Eye and Wiedermann, 2015). While the former is generally accepted
to provide valuable information to derive statements of Granger causality, contem-
poraneous effects are often modeled in terms of bidirectional associations. In other
words, the direction of instantaneous effects must be derived from additional infor-
mation about the relation of variables and cannot be established empirically (Liitke-
pohl, 2007; see, however, Wiedermann and von Eye, 2015a,b). Of course, the pro-
posed Granger-IRT model can be reformulated to consider contemporaneous effects
as well. To address the issue of potentially ambiguous interpretations of the direction
of contemporaneous effects, recent advances in regression modeling may be consid-
ered. In cross-sectional data settings, recent studies of Dodge and Rousson (2001),
Shimizu et al. (2006), or Wiedermann and von Eye (2015b) showed that contempo-
raneous effects can be unambiguously interpreted as directional provided that higher
than second moments (i.e., skewness and kurtosis) of variables indicate deviations
from the normal distribution. Time series applications of these insights are discussed
by Hyvirinen et al. (2010). Combining these recent advances with the proposed
MRMRT,, 4iseq May enable researchers to account for potential contemporaneous
effects within the IRT framework while solving the issue of ambiguity of contem-
poraneous effect interpretation. Such an approach, of course, would require latent
ability distributions being nonnormal — a prerequisite that may be quite common in
practice (Micceri, 1989).

Furthermore, when applying the classic principles of Granger causality, one must
implicitly make the assumption of no hidden confounders. Various studies showed
that results of Granger analyses can be seriously biased in the presence of unobserved
confounders (Asghar, 2008, Hsiao, 1982, Peters et al., 2013). Similarly, application
of Granger-IRT models requires the assumption of the absence of latent confounders.
This potential issue definitely warrants future studies to quantify robustness proper-
ties of the proposed model against confounder influences.

In sum, the possibility to estimate the measurement model and to assess Granger
causation may be highly valuable for psychometric research. Future research in the
field of multidimensional item response models should examine how many dimen-
sions can be considered in one step and which effect complex linking designs can
have on parameter estimation and interpretation.
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APPENDIX

The following Mplus code can be used to estimate the modified MRMRT to assess
Granger causality assuming three items for each latent factor (lar_u, lat_vl, and
lat_v2). Removing the path ‘lat_v1 on lat_u’ in the MODEL command, estimates the
baseline model given in the left panel of Figure 10.5. Missing values are assumed to
be coded with 999.

TITLE: Modified MRMRT for testing Granger causality hypotheses;
DATA:

FILE = "C:\fakepath\mydata.dat";

VARIABLE:

NAMES = v11 v21 v31 v21 v22 v23 v31 v32 v33;
USEVARIABLES = v11 v21 v31 v21 v22 v23 v31 v32 v33;
MISSING = all (999);

CATEGORICAL = v11 v21 v31 v21 v22 v23 v31 v32 v33 ull u21 u3l;
ANALYSIS:

TYPE = missing;

ESTIMATOR = ML;

ITERATIONS = 2000;

CONVERGENCE = 0.00005;

COVERAGE = 0.10;

INTEGRATION = MONTECARLO (5000);

MODEL:

lat_ ubyull@1 u21@1 u31@1; ! estimating the latent factor U
lat v1 byvl1@1v21@1v31@1; ! estimating the latent factor V at tl
[lat_v1@0];

[v11$1](01);

[v21$1](02);

[v31$1](03);

lat v2 by v12@1 v22@1 v32@1; ! estimating the latent factor V at t2
[lat_v2*];

[v12$1](01);

[v22$1](02);

[v32$1](03);

lat_v1 with lat_v2; ! estimating the correlation between U and V at t1.
lat_v1 on lat_u; ! testing Granger causality

OUTPUT:

SAMPSTAT RESIDUAL STANDARDIZED TECH1 TECH3 TECH4;
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11.1 INTRODUCTION

Causality describes the relation between a cause and its effect (its consequence). One
can say that the inverse problems, where one would like to discover unobservable
features of a cause from the observable features of an effect (Engl et al., 1996), can
be seen as causality problems. When several elements or phenomena are considered
and the causal relationships among them are questioned, we talk about the so-called
causality network. A causality network can be seen as a directed graph with nodes,
which correspond to the variables (¥, j=1,---,p} and directed edges, which rep-
resent the causal influences between variables. The variables represent entities or
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objects, for example, genes. We write x' « & if the variable ¥ has a causal influence
on the variable x'.

11.1.1 Causality Problems in Life Sciences

Causality networks arise in various scientific contexts. For example, in cell biol-
ogy, one considers causality networks that involve sets of active genes of a cell. An
active gene produces a protein. In biological experiments, it has been observed that
the amount of the protein, which is produced by a given gene, may depend on or
may be causally influenced by the amount of proteins produced by other genes. In
this way, causal relations between genes and corresponding causality network arise.
These causality networks are also called gene regulatory networks. In cell biology,
these networks are used in the research of causes of genetic diseases.

In neuroscience, causality networks are widely used to express the temporal inter-
actions between various regions of the brain. Knowledge of these interactions can
help to understand the human cognition or neurological diseases (Palus et al., 2001,
Seth, 2005, Marinazzo et al., 2012).

In practice, the first important information that can be observed about a network
is the temporal evolution (time series) of the involved variables {xlj ,t=1,---,T},
where ¢ is the index of time and j is the index of the concrete variable in the network.
How can this information be used for inferring causal relations between variables?

The statistical approach to deriving causal relations between a target variable y and

potential predictor variables {x/,j=1,---,p} using the known temporal evolution of
their values {y,,xtj,t =1,---,T,j=1,---,p} consists of specifying a model of the
relations between y and {x/, j=1,---,p}. As a first step, one can consider a linear

model for variable y,:

The coefficients {#7/,j=1,---,p}, which can be estimated using the least-squares
method, serve as indicators of causal relations. For instance, in statistics (Wikipedia,
2013) by fixing the value of a threshold parameter f, > 0, one says that there is a
causal relationship y < x/ if |/| > B,

The goal of this chapter is to overview existing approaches for the reconstruction
of the causal relations and to present novel techniques, originating from regularization
theory, that allow for a more accurate and robust reconstruction of causality networks.

11.1.2 Outline of the Chapter

In Section “Granger Causality and Multivariate Granger Causality”, we continue our
discussion of causality in general terms and introduce the notion of Granger Causality
and Multivariate Granger Causality. We also discuss some methods for the recon-
struction of causalities in gene regulatory networks. Consequently, we present the
concept of gene regulatory networks and some recent approaches for their reconstruc-
tion. Since we consider causality problems as a special case of inverse problems, in
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Section “Regularization of I1l-Posed Inverse Problems,” we introduce the state of the
art in the regularization theory for treating inverse ill-posed problems. We will mainly
focus on approaches for treating problems with incomplete, high-dimensional, and
noisy data, because of their high relevance to real-life applications. Section ‘“Mul-
tivariate Granger Causality” describes the state of the art for its analysis. Further,
we discuss quality measures, which are used in numerical experiments for checking
the performance of the methods. Finally, we discuss novel regularization techniques
for the reconstruction of causal relationships and present results of numerical experi-
ments on gene regulatory network reconstruction using the classical approaches such
as Lasso and our novel methods.

11.1.3 Notation

First, we introduce some standard notation that will be used in this paper. The entries
of a matrix X are denoted by lowercase letters and the corresponding indices. We
define the Frobenius norm of a matrix X as

1
2
I Xl 2= (Z |xw|2>
irf

where x; ; is the entry (7, ) of the matrix X. It is also convenient to introduce the £,
vector norms

n 1/p
lxlln 2=l = (lei|p> , 0<p<oo.
i=1

This notation will be used in Section “Multivariate Granger Causality Approaches
Using 7, and ¢, Penalties.” More specific notations will be defined in the paper,
where they turn out to be useful.

11.2 GRANGER CAUSALITY AND MULTIVARIATE GRANGER
CAUSALITY

In 1969, the econometrist Clive Granger introduced a method to quantify
temporal-causal relations among time series measurements (Granger, 1969),
which gained great success across many scientific domains and in a variety of
applications. In 2003, Granger was for his achievements awarded with the Nobel
Prize in Economics. He introduced Wiener’s concept of causality into the analysis
of time series (Wiener, 1956) and the notion of the “computationally measurable”
causality. His method is usually referred to as Granger causality. Granger causality
is based on the statistical predictability of one time series using knowledge from one
or more other time series. The basic idea of the method is straightforward.

Consider two simultaneously measured signals x and y, and examine two predic-
tions of the values of y: the first one uses only the past values of the signal y, and the
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second one uses the past values of both signals y and x. If the second prediction is
significantly better than the first one, then we call x to be causal to y (Wiener,
1956). Note that the contemporaneous effects are not considered. The standard test
developed by Granger is based on linear regression models and leads to the two
well-known alternative test statistics, the Granger—Sargent and the Granger—Wald
(discussed in detail below) tests (Abramowitz and Stegun, 1972). The probabilistic
nature of Granger causality leads to uncertainty concerning the relationship of cause
and effect, which are fundamentally deterministic. The efficient applicability of the
original Granger causality is impaired by several crucial problems of discovering
latent confounding effect, missing counterfactual reasoning and capturing instanta-
neous and nonlinear causal relationships (Spirtes et al., 2001, Pearl, 2009, Bahadori
and Liu, 2013b). Nevertheless, due to its simplicity and scalability, Granger causality
remains a popular method for uncovering temporal dependencies and for detecting
interactions between time series.

Rather than referring to Granger causality as a causal analysis tool, we will
define it in our paper as a temporal dependence discovery method. Being aware of
the above-mentioned criticism, we will use the terms “G-causality,” “G-causal” or
“Granger causality” in terms of temporal dependency or inference.

11.2.1 Granger Causality

Granger causality, GC hereafter, characterizes the extent to which a process x, influ-
ences another process y, and builds upon the notion of incremental predictability.
It is said that the process x, Granger causes another process y, if future values of
¥, can be better predicted using the past values of x, and y, rather than only past
values of y,.

The standard test of Granger causality is based on a linear regression model

L L
yi=ap+t Z by, + Z byx, 1+ & (11.1)
=1 =1

where &, are uncorrelated random variables with zero mean and variance o2, L is
the time lag, which denotes the maximum number of the considered past values of a
variable, and # = L+ 1, - - -, N. The null hypothesis that x, does not Granger cause y,
is supported when by, =0 for/=1,---,L, reducing (11.1) to

L
Ye=ag+ ) by + & (11.2)
=1

This model leads to the two well-known test statistics, the Granger—Sargent (GS) and
the Granger—Wald (GW) test. The Granger—Sargent test is defined as

(R, —R)/L

GS=N——
R, /(N —-2L)

(11.3)
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where R, is the residual sum of squares in Equation (11.1 ) and R, is the residual sum
of squares in Equation (11.2 ). The GS test statistic has an F-distribution with L and
N — 2L degrees of freedom. The Granger—Wald test is defined as

GW =N— d (11.4)
6’2
&
where 6'?, is the estimate of the variance of 5,’ from model (11.2 ) and 6'52 is the
t t

estimate of the variance of &, from model (11.1 ). The GW statistic follows the ;(z
distribution under the null hypothesis of no causality.

11.2.2 Multivariate Granger Causality

The bivariate Granger causality can straightforwardly be extended to p-dimensional
multivariate time series represented by x, € RPX!.

Based on the intuition that the cause should precede its effect (i.e., following
Hume’s definition of causality), in multivariate Granger causality one states that a
(vector) variable x’ can be potentially G-caused by the past versions of the involved
variables {x/,j =1,---,p}. Then, in the spirit of the statistical approach described
above and using a (multivariate) vector autoregressive model (VAR) for the G-causal
relations among p (scalar) variables x;, we consider the following approximation
problem for the scalar values:

=3

J=1

plx) . t=L+1,--,T (11.5)

M=~

—
I

1

where L is the maximal time lag. The approximation problem (11.5) can be specified
using the least-squares approach:

r P L PR ?

z <x§ - 2 2 ﬁl]xi_l> — min.
=L+1 =1 =1 B
Then, the coefficients { ﬁlj } can be determined from a system of linear equations. In
the following sections, we denote the coefficient matrix by A®! = (B 1 ﬂz,- -, pP),
where the coefficients are obtained by an approximation method. Performing a sta-
tistical significance test on the value of coefficients, one identifies the Granger causes
of the target series. As in the statistical approach, one can now fix the value of the
threshold parameter (i.e., of the substantive cutoff) f,. > 0 and say that

L
x/ Granger causes x', denoted by x' « x/ if z |ﬂlj| > P (11.6)
I=1

It is well known from the literature (see, e.g., Lozano et al., 2009) that an applica-
tion of Granger causality on gene regulatory networks with a large p may not lead
to satisfactory results. This poor performance is reflected in the nonuniqueness of
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the solution of the corresponding minimization problem and the potentially large
number of reconstructed spurious relations. Actually, in practice one would expect
to have only a few causal relations for a given gene, which means that the vector (ﬁ/ )
is sparse. In this case, the statistical significant tests are inefficient, while they lead to
higher chances of spurious correlations. Moreover, the high dimensionality of biolog-
ical data leads to further challenges. To address this issue, various variable selection
procedures can be applied. Most of them are extensions of “classical” variable selec-
tion procedures such as Lasso (Tibshirani, 1996), LARS (Efron et al., 2004), and
elastic nets (Zou and Hastie, 2005).

Lasso (least absolute shrinkage and selection operator) is an alternative regularized
version of least squares, which, in addition to the minimization of the residual sum
of squares, imposes an #; norm on the coefficients { ﬂ/ }. Due to the nature of ¢,
norm, Lasso shrinks the regression coefficients toward O and returns some coefficients
that are exactly 0, implementing variable selection in this way. In the following, we
will refer to Lasso Granger as to an algorithm for learning the temporal dependency
among multiple time series based on variable selection using Lasso.

LARS (least angle regression) is a less greedy version of traditional forward selec-
tion method. A simple modification of the LARS algorithm is computationally less
intensive compared to Lasso. The efficiency of the LARS algorithm makes it widely
used in variable selection problems.

However, for highly correlated variables, Lasso tends to select only one variable
instead of the whole group. To overcome this challenge, the elastic net method, which
combines ¢, and £ penalties on the coefficients, was proposed. The convex func-
tion induced by the ¢, penalty helps elastic net to achieve a grouping effect, where
strongly correlated predictors tend to be in or out of the model together. Elastic net
often outperformed Lasso in terms of prediction error for correlated data.

In the following sections, we continue our discussion on existing variable selection
procedures with an emphasis on methods for discovering causal relations in gene
regulatory networks.

11.3 GENE REGULATORY NETWORKS

Biomolecular interactions in a cell, called transcriptional regulation, show a complex
nonlinear dynamics. Models of transcriptional regulation are commonly depicted in
the form of networks, where directed connections between nodes represent regulatory
interactions. The goal of these models is to infer on (or to reconstruct) the structure
of gene regulatory networks from experimental data. Biological samples are usu-
ally profiled using the so-called gene expression microarrays, which correspond to
the vector measurements and provide quantitative information to assess molecular
control mechanisms. An experiment as sample, y, is a result of a single microar-
ray experiment corresponding to a single column in the matrix of gene expressions,
y= (x},- . -,x/’f)’ where n is the number of genes in the data set. A gene expres-
sion profile from microarrays has typically 5000—-100,000 variables (genes) and just
15-100 measurements.



REGULARIZATION OF ILL-POSED INVERSE PROBLEMS 255

The detection of causality in a gene regulatory network from gene expression mea-
surements is a challenging problem, being solved by various computational methods
with various successes.

The most popular methods to model interactions in gene regulatory networks from
experimental data are the so-called Dynamic Bayesian networks (see, for example,
Yu et al., 2004). The application of ordinary differential equations is also popular
in biological modeling (see, for example, Cao and Zhao, 2008, Bansal et al., 2007,
Zou and Conzen, 2005). These methods are reliable for modeling the local kinetics
among a small number of genes; however, for larger gene regulatory networks, these
approaches are computationally intensive.

Several other methods for modeling interactions among genes have been recently
proposed and applied to gene expression data, such as Structural Equation Models,
Probabilistic Boolean Networks and Fuzzy Controls (see, for example, Cao and Zhao,
2008, Shmulevich et al., 2002, just to mention a few). These methods are mainly
applied to small genetic networks to study the dynamics of adjacent genes and will
not be discussed in this paper.

Taking into account the increasing interest of biologists in investigating interac-
tions among large number of genes together with the scalability and simplicity of
Granger causality methods, we focus in this chapter on these methods together with
various ¢ and £, penalties.

11.4 REGULARIZATION OF ILL-POSED INVERSE PROBLEMS

The problem of the reconstruction of a gene regulatory network belongs to the class
of inverse problems with high-dimensional data set and sparse number of measure-
ments. Recently, this problem attracted increasing attention from various scientific
communities in inverse problems, machine learning, and approximation theory.

A general inverse problem (see, e.g., Engl et al., 1996, Hofmann, 1999, Rieder,
2003, Kabanikhin, 2008, Lu and Pereverzev, 2013) can be seen as an operator
equation

y=Ap (11.7)

where y represents the data obtained in observational experiments, in other words, the
effect, B is the solution to be reconstructed, the cause, and the operator A represents
the model between the cause and its effect. The approximation problem (11.5) can be
seen as a problem of form (11.7).

In practice, one has to take into account that the data y in (11.7) are noisy. Ideally,
one assumes that there is a hidden cause " with corresponding ideal data y* such that
y' = ABT. The data y deviate from y', and the norm & :=|| y* —y || is referred to as
noise. Typically, the sources of the noise are imperfect measurements and modeling
errors.

Inverse problems are often ill-posed, which means that Equation (11.7) using the
noisy data y, may have no solution, or the solution of (11.7) may be arbitrarily far
away from the expected cause 7. So-called regularization methods are proposed to
deal with the ill-posedness of inverse problems.
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A well-known class of regularization methods is the so-called Tikhonov-type reg-
ularization (see, e.g., Tikhonov, 1963, Tikhonov and Arsenin, 1977, Tikhonov et al.,
1995), where the solution of (11.7) is constructed as the minimizer (1) of the fol-
lowing functional:

Iy =ABI* + 4 p(B) — min. (11.8)

In (11.8), 4 is the so-called regularization parameter, and p(-) is a functional that is
often similar to a norm functional. The methods (11.11)—(11.13), which are discussed
below, have form (11.8).

The appropriate choice of the regularization parameter A is very important for the
successful application of regularization methods. The goal is to choose A such that the
reconstruction error || 7 — B(A) || is minimal. This choice has to be made without
the knowledge of ﬁT. From a theoretical viewpoint (Bakushinskii, 1984), the choice
of A has to be coupled to the noise level 6 and to the data y.

In the theoretical analysis of choice rules, one tries to obtain an estimate for the
reconstruction error || BT — B(4) || that converges to zero as the noise level tends to
zero. Also, the rate of convergence of || ﬁT — B(A) || is of interest, and one tries to
design choice rules such that the convergence rate of the error is optimal over a class of
solutions 7. In this respect, the so-called balancing principle (Mathé and Pereverzev,
2003, Pereverzev and Schock, 2005, Lazarov et al., 2007) is highly important.

Although the knowledge of the noise level is important from the theoretical point
of view, in practice it is either unknown or it is challenging to estimate its value
reliably. This is the case, for example, for inverse problem (11.5). In this case, one uses
heuristic choice rules. In this paper, we use the so-called quasi-optimality criterion,
which we present in Section “Granger Causality with Multipenalty Regularization.”
This choice rule has a close connection to the above-mentioned balancing principle,
providing a certain reliability in its results.

In the context of causality detection, the concept of consistency of the reconstruc-
tion methods, which is discussed in the following section, seems to be similar to
the concept of the above-mentioned convergence of regularization methods. How-
ever, clear links between these two concepts seem to be missing, and consideration
of these links is an interesting subject for future research.

11.5 MULTIVARIATE GRANGER CAUSALITY APPROACHES USING 7,
AND ¢, PENALTIES

In Liu ef al. (2009) and Song and Bickel (2011), statistical properties of the Lasso
Granger methods were reviewed. Prior to these papers, Arnold et al. (2007) and Fujita
etal. (2007) discussed the consistency of the Lasso Granger algorithm and proved that
the learned temporal dependencies will converge to the ground truth exponentially
fast, if the time series data are generated from linear Gaussian models.

Inspired by Liu ef al. (2009), the common objectives in the analysis of Lasso
Granger methods are showing that the method is consistent in terms of three per-
formance metrics:
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(1) Prediction consistency states that the estimation matrix A" by Lasso Granger
can be used to accurately predict the future values of the time series. Formally,
an estimation ACTSt obtained from a time series of length 7 is a consistent esti-
mator if

L 2

T
% Z Z(ACTSt’[ —A"™Dx(t = D|| — 0, forT - o (11.9)
t=1 || I=1 2

where A™¢ is the true coefficient matrix.

(2) Parameter estimation consistency states that the estimated coefficients should
be close to the true coefficients:

I A;St’l—Alrue’l”F—)O,T—) o, for [=1,---,L (11.10)

(3) Support recovery states that the nonzero pattern of the estimate A;St matches
the nonzero pattern of the true coefficient matrix with a high probability as
T — 0.

The consistency of the Lasso Granger method in terms of the first two perfor-
mance metrics under some additional assumptions on the matrix A" has been shown
in a recent paper (Song and Bickel, 2011). We refer to Song and Bickel (2011) for
further discussion on consistency of the method and the corresponding error esti-
mates. Unfortunately, no consistency for support recovery and asymptotic normality
are ensured for the Lasso Granger method. These results, however, were derived for
special modifications of Lasso, such as adaptive Lasso (Song and Bickel, 2011, Zou,
20006).

The multivariate Granger causality methods that apply Lasso to the problem of
reconstruction of gene regulatory networks were first proposed by Arnold et al
(2007). This method and its variations belong to Graphical Lasso Granger (GLG)
methods. The model of the GLG method has the form

T p L 2
> (xi—ZZﬁjxi_,) + | Bll; - min (1L11)
1=L+1 =1 =1 B

where 4 > 0 and L denotes the lag of the time series.

The solution of (11.11 ) for each variable {x',i=1,---,p} with the causality
rule (11.6) defines an estimator of the causality network between the variables {x'}.
Although method (11.11) enjoys great computational advantages and excellent per-
formance, it is a well-known fact that the Lasso has a tendency to overselect the
variables, that is, reconstruct spurious causation.

In many situations, natural groupings exist between variables, and variables
belonging to the same group should be either selected or eliminated as a group.
Yuan and Lin (2006) proposed an extension of Lasso, the so-called Group Lasso, to
address this issue. This approach was used in Lozano et al. (2009) to develop a novel
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methodology, termed Graphical Group Lasso Granger (GgrLG), which overcomes
the limitations mentioned above for the detection of causal relations. In particular,
given J groups of variables that partition the set of predictors, the so-called group
Lasso estimate Bgroup(l) (Yuan and Lin, 2006) is defined as the minimizer of

T P Lo\ J
Z (x;_ZZﬂ;x;_1> +’12” rBG_/Hz (11.12)

t=L+1 j=1I=1 j=1

where B = {B; : k € G;}, 1> 0 is a regularization parameter. This form of the
functional presupposes that the groups are of equal length, which is a quite natu-
ral assumption in this case since they correspond to the number of sampling points
realized in regression. It is worthwhile to mention that the use of the £,—norm as
a penalty norm enforces the coefficients ﬁG within a given group to be similar in
amplitude (as opposed to using the £, norm) A limitation of the group Lasso is that
it requires a priori information of group structures, which is often unavailable. More-
over, the procedures of minimizing (11.12) are nonlinear and require the solution of
O(pL) equations on each iteration step. This can be computationally intensive for
large numbers of genes.

By extending upon these results, Zeng and Xie (2012) proposed two new methods
to select variables in correlated data, the so-called gLars and gRidge. These methods
conduct grouping and selecting at the same time and therefore work well when prior
information of group structures is not available. Simulations and real examples show
that the proposed methods often outperform the existing variable selection methods,
including least angle regression (LARS) and elastic net, in terms of both reducing
prediction error and preserving sparsity of representation. Another method based on
group Lasso penalty with a linear autoregressive model was proposed and applied to
gene regulatory networks by Kojima er al. (2008).

Analysis of Granger causality between two groups of time series was also applied
in brain functional connectivity analysis, where the functional connection between
two regions of brain is investigated by analyzing multiple time series representing
each region. Using the concept of canonical correlation (Soto et al., 2010), canonical
Granger causality is proposed to be calculated between two time series representing
the groups of times series, which are linear combinations of the time series in each
group (Ashrafulla et al., 2012).

Rajapakse and Mundra (2011) experimentally tested the stability of multivariate
vector autoregressive (MVAR) methods with ridge, Lasso, and elastic net penalties
by simulation on synthetic data and on gene expression data sets gathered over the
HeLa cell cycle. The stability of these MVAR methods with Lasso and with elastic
net were comparable, and their accuracies were much higher than the MVAR with
the ridge function.

Other methods to infer causal relationships, the so-called Adaptive Threshold-
ing Lasso Granger (AtrLG; Shojaie et al., 2012b) and Graphical Truncating Lasso
Granger (GtrLG; Shojaie and Michailidis, 2010), were proposed by Shojaie and
Michailidis and their consistency was proved in Shojaie ef al. (2012a). Let x be the
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n X p matrix of observations and let x, denote the matrix corresponding to the t-th
time point, and x; be its j-th column. The truncating Lasso estimate of the graphical
Granger model is found by solving the following estimation problem fori = 1,---,p

2
p L L )4
argmin— ||x;. — 2 Zx;_lﬁl] + A Z y! 2 Iﬂl]|w]].
' ) =1 j=1
Wl =1, II/I - MI{||d(l_l>||0<P2ﬂ/(T—1)},l >2 (11.13)

where M is a large constant, f is the allowed false negative rate, determined by the
user, and a/~' = (ﬁll_l,' R f_]) is a vector of coefficients, estimated at (/ — 1). In
practice is selected M = g exp n for g a large positive number, see [65]. Selection of
f can be based on the cost of false negatives in the specific problem at hand, as well
as the sample size; as sample size increases, smaller values of f can be considered. A
practical strategy for selecting f is to first find the Lasso (or adaptive Lasso) estimate
and select f so that the desired false negative rate is achieved.

The truncating effect of the proposed penalty (imposed by w!) is motivated by
the rationale that the number of effects (edges) in the graphical model decreases as
the time lag increases. Consequently, if there are fewer than (p?>f/T — [) edges in
the (I — 1) estimate, all the later estimates are forced to zero. Hence, the truncating
Lasso penalty provides an estimate of the order of the underlying VAR model. In
addition, by applying this penalty, the number of covariates in the model is reduced
as the coefficients for effects of genes on each other after the estimated time lags are
forced to zero. Shojaie and Michailidis (2010) showed that the resulting estimate is
consistent for variable selection (i.e., the correct edges are estimated with increasing
probability, as the sample size increases) in the high-dimensional sparse setting. With
high probability, the signs of the effects are consistently estimated and the order of
the underlying VAR model is correctly estimated.

Similar to GtrLG, AtrLG method attempts to simultaneously estimate the order
of the VAR model and the structure of the network. While the truncating Lasso esti-
mate is based on the assumption that the effects of genes on each other decay over
time, the adaptively thresholded Lasso estimator relies on a less stringent structural
assumption that sets a lower bound on the number of edges in the adjacency matrix of
the graphical Granger model at each time point. The relaxation of the decay assump-
tion allows the new estimator to correctly estimate the order of the time series in a
broader class of models. The GtrLLG may fail in situations where the decay assumption
is violated. The method has two more drawbacks. First, the order of the VAR model
d is often unknown and is, therefore, set to 7 — 1, resulting in p(T — 1) covariates
in the weighted Lasso estimation problem. Moreover, the weighted Lasso estimate
may potentially include edges from different time points of variable x; to any given
variable x;, i # j. We also refer the reader to the recent work of Shojaie, where recon-
struction of gene regulatory networks by regularization techniques was addressed, for
more detailed analysis of the above-presented methods and their extensions (Shojaie,
2013).
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As another application of a Lasso Granger method, Bahadori and Liu (2013a) used
the copula approach and proposed a semiparametric algorithm (Granger nonpara-
normal (G-NPN)) for dependency analysis of time series with non-Gaussian marginal
distributions, called Copula Granger (CG) method. Modeling of the dependency rela-
tions requires p time series O(p?) parameters, which can lead to high dimensionality
and inconsistency of the nonparametric methods. The goal of the copula approach is
to separate the marginal properties of the data from their dependency structure. The
marginal distribution of the data can efficiently be estimated using nonparametric
techniques with exponential convergence rate. The £, regularization technique could
be used to estimate the dependency structure in high-dimensional settings.

The learning G-NPN model involves three steps:

(i) Find the empirical marginal distribution for each time series ¥ i

(i) Map the observations into the copula space as fi(x}) = f; + 6;®~ ' (F;(x)))
where fi; and 6; are the mean and standard deviation of the original time
series. ®~! is the inverse cumulative distribution function of a standard
normal.

(iii) Find the Granger causality among fi(xﬁ).

In practice, the Winsorized estimator of the distribution function is used, to avoid the
large numbers ®~!(0*) and ®~!(17), (Bahadori and Liu, 2013a):

8,s if F(x/) < 6,

F,=qF(x)) if6, <F(x/y<1-38,
(1-6,) ifFx/)>1-34,

The Winsorized estimator is the transformation of statistics by limiting extreme val-
ues in the statistical data with the goal of reducing the effect of possibly spurious
outliers, see, for example, Hastings et al. (1947). Bahadori and Liu (2013a) proved
that the convergence rate for Copula Granger method is the same as the one for Lasso.

The Copula Granger method was tested with respect to the Granger method and the
Lasso Granger method on synthetic and experimental data (Twitter applications) with
the best precision for Copula Granger Lasso method (Bahadori and Liu, 2013a). We
compared the Copula Granger method to the Lasso Granger in Hlavackova-Schindler
and Bouzari (2013) on the network of 19 genes with better results for the Copula
Granger method.

In our recent paper (Pereverzyev and Hlavackova-Schindler, 2014), we focused
on an important tuning possibility of the Lasso, namely, an appropriate choice
of the threshold parameter f, and introduced the so-called GLG method with
two-level-thresholding. This method is equipped with an appropriate thresholding
strategy and an appropriate regularization parameter choice rule.

In Hlavackova-Schindler and Pereverzyev (2015), we compared our method to
other Lasso Granger methods for gene regulatory network reconstruction, namely, to
the Lasso Granger method from Arnold et al. (2007), Graphical Truncating Lasso
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from Shojaie and Michailidis, to the Copula Granger method from Bahadori and
Liu (2013a), and to a method not using Lasso, that is, a modification of a Bayesian
network method from Aijo and Lihdesmiki (2009). As in Shojaie and Michailidis
(2010) and Lozano et al. (2009), we used the gene expression data for the set of
selected genes from the data basis of genes active in human cancer (HeLa), analyzed
by Whitfield ez al. (2002). Our method was superior in this comparison. Details are
discussed in Section “Novel Regularization Techniques”.

Despite the computational benefit and simplicity of the linear regression, model
(11.5) could be too simple to appropriately match the underlying dynamics of the
phenomena and may sometimes lead to misspecifications. A more realistic situation
would be to assume that the target function depends nonlinearly on relevant vari-
ables. This situation is much less studied and in the vast majority of the literature is
restricted to the so-called additive model, where the target function is assumed to be
the sum

14
f0) =Y fx) (11.14)
=1

of nonlinear univariate functions f; in some Reproducing Kernel Hilbert Spaces
(RKHS) H; such that f; =0 for j & {vi}le. For the sake of brevity, we omit the
discussion on RKHS, and refer the reader to the seminal paper (Aronszajn, 1950) on
a comprehensive theory of RKHS.

Several authors, for example, Bach (2009), Mosci et al. (2011), just to mention
a few, observed that detection of relevant variables in the model (11.14) can be per-
formed using multiparameter regularization with special regularization terms: partial
derivatives, different regularization spaces, and so on. However, the application of
the proposed multiparameter methods on the real-life problems can be a nontriv-
ial task due to several important reasons. First of all, the authors do not address
the issue of selecting regularization parameters, which is a challenging and tedious
task when there are more than two or three parameters. Second, the above-mentioned
approaches can be computationally demanding and, therefore, are not always suitable
for problems with higher dimensions.

In the context of regularization theory, the multiparameter regularization has
been broadly studied as a mechanism to achieve the theoretically optimal rate of
reconstruction without an a priori knowledge of relevant information on the solution.
We refer the interested reader to recent papers on multiparameter and multipenalty
regularization (Lu and Pereverzev, 2011, Naumova and Pereverzyev, 2013, Fornasier
etal.,2014). Taking our inspiration from these recent works and the above-mentioned
findings in learning theory community, we propose in Section “Granger Causality
with Multipenalty Regularization” a novel multipenalty regularization approach
for detecting relevant variables from a priori given high-dimensional data under
the assumption that the input—output relation is described by a nonlinear function
depending on few variables. Different than the above-mentioned work on detection
of relevant variables, the method we propose is simple and fast to implement, that is,
there is no need for any sophisticated parameter choice rules.
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11.6 APPLIED QUALITY MEASURES

Let a causality network among n elements be given by a directed graph with the
nodes given by these elements. A graphical method is a method that reconstructs the
causality network with the variables {x/} by means of a directed graph. Graphical
methods are frequently used in biology; see, for example, Khanin and Wit (2007),
Zhang and Kim (2014).

Intuitively, the quality of a graphical method can be evaluated by the ability of the
method to reconstruct the known causality network. It can be tested by various ways,
for example, by using the adjacency matrix. An adjacency matrix A = {a;; | {i,j} C
{1,---,p} } for the causality network has the following elements:

a.=1 if x' < x/; a;; = 0 otherwise.
.

Assume that there is a true adjacency matrix A'™¢ of the true causality network,
and its estimator A®*', which is produced by a graphical method. The elements of the
adjacency matrix A® can be classified as follows:

o If a?;.‘ = land a% = 1, then ¢ is called true positive. The number of all true
positives of matrix A will be denoted as TP.

o If a;’;‘ = 0and @] = 0, then a* is called true negative. The number of all true
negatives of matrix A®* will be denoted as TN.

o If a?;.‘ = 1l and a}rf’e = 0, then a?‘ is called false positive. The number of all false
positives of matrix A®' will be denoted as FP.

o If a’f;.‘ =0 and a}fjf*e = 1, then a??t is called false negative. The number of all
false negative of matrix A®*' will be denoted as FN.

The following quality measures of the estimator A**' will be considered:

e Precision (also called positive predictive value) of A%

p=—TP o<p<i (11.15)

= 7’ O — -
TP + FP
e Recall (also called sensitivity) of A%

TP

R=————0<R<1 (11.16)
TP + FN

Since it is possible to have a high precision and low recall, and vice versa, one
considers also an average between these two measures.
The so-called F;-score is defined as the harmonic mean of precision and recall:

1 _1/P+1/R

11.17
= . (11.17)
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The computational complexity of Lasso Granger methods (i.e., including the
above-mentioned one) is O(nd’p?), where n is the number of observations (i.c.,
the length of the time series), p is the number of genes, and d is the order of the
corresponding VAR model. The computational complexity of Graphical Truncating
Lasso is O(nglzpz), where d is the estimate of the order d of VAR model (i.e., the
effective number of time lags in VAR, noted L elsewhere) from the truncated Lasso
penalty (Shojaie and Michailidis, 2010).

11.7 NOVEL REGULARIZATION TECHNIQUES WITH A CASE STUDY
OF GENE REGULATORY NETWORKS RECONSTRUCTION

11.7.1 Optimal Graphical Lasso Granger Estimator

Assume that the true network arise in various scientific causality network with
the variables {x/} is given by the adjacency matrix A"™¢. Assume further that
the observation data {xt] } are given. The best reconstruction of A™¢ that can be
achieved by the so-called optimal GLG estimator we proposed in Pereverzyev and
Hlavackova-Schindler (2014).

Let B;(4) denote the solution of the minimization problem (11.11) in the
GLG-method, and /(1) = (ﬂlj,l.; . -,,BLJJ.). Then, the GLG estimator ASYG(4, §,) of
the adjacency matrix A™¢ is defined as follows:

AT B = TiE 1 B DI > By
AgLG(A, f,) =0 otherwise.

Let A?*LG(A, py.) denote the i-th row of the GLG estimator. For the given regular-

ization parameter A, let ﬂfr(/l) be the threshold parameter that minimizes the number
of false entries in the row Al.G*LG(/l, B,.), that is, the threshold parameter that solves the
following minimization problem:

| AT — APES(A, Bl — min. (11.18)

Then, we consider the minimization of the number of false entries with respect to

the regularization parameter 4, that is, let 4, ; solve

| A — APES (A, BN — min. (11.19)

In this way, we obtain, what we call, the optimal GLG estimator AGLG.opt of the true
adjacency matrix A™°:

GLG,opt _ ,GLG i
Ai,j - AiJ ( /lopt,i’ ﬁtr(/IOPhi))'
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Note that the optimal GLG estimator minimizes the following quality measure,
which we call Fs-measure:

Fs=i2 || AT — A%|,,0 < Fs < 1. (11.20)
p

Fs-measure represents the number of false elements in the estimator A®* that is scaled
with the total number of elements in A%,

In practice, the minimization problems (11.18) and (11.19) can be approximated
by the corresponding minimization problems over finite sets of parameters f,, 4.
If we consider a set with N, values for f, and a set with N, values for 4, then,
in order to determine ASX9:°Pt one needs to use N, - N, Lasso Granger solvers. The
computational complexity of one Lasso Granger solver was discussed in the previous
section.

In the networks created by nature, the true causal relations among selected
genes are often unknown. One can use the detected relations from available genetic
databases, for example, from frequently updated gene and protein interactions data
base Biogrid !. The Biogrid tool “Genemania” is a graphical database of detected
interactions among genes by experimenting in genetic laboratories all over the
world. The biological experiments are expensive, and, therefore, the knowledge of a
reliable computational method is of high importance.

To approach the problem of how close one can get to ASTG-°Pt without the knowl-
edge of A"™¢, let us first focus on the choice of the threshold parameter f,,.

11.7.2 Thresholding Strategy

The purpose of the threshold parameter f3,, is to differentiate the relations x « x/ with
small values of || ﬂi](/l)lll as the noncausal ones. When can we say that || ﬂij(/l)||l is
small? We propose considering the following guiding indicators of smallness:

BrinA) = min{ll BDll, j=1,--.p | | BJ(DI, # 0},
ﬂrlnax(i)=max{” ﬁ]t(ﬂ)”h .]= 177p} (1121)

In particular, we propose considering the threshold parameter of the following form:
Brea() = Bin(A) + & frog (4) = B (A)) (11.22)

It should be noted tha}t ﬂ;lin(/l) and ﬁ,ﬂwx(i) determine the interval of possible values
for p;, namely f. € [B; (1) — €}, fnax(4)], where €; > 0 is a small constant. Thus,
with @ € [—e,, 1], where e, > 0 is another small constant, ﬁ{m covers the entire range
of possible values for f,.. The choice @ = 1/2 is the default. Also, it is worth noting
that the choice of the threshold (11.22) is independent of the scaling of the data.

'l (n.d.) Biological General Repository for Interaction Datasets, Biogrid 3.2.
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The optimal GLG-estimator with the threshold parameter ﬁ’ can be defined as

1/2
follows. Let /lt 1{2 solve the minimization problem:

IAZS = AZO (4 By (DI — min.

Then, the corresponding optimal GLG-estimator is

GLG ,opt GLG, ,tr.1/2 tr,1/2
tr1/2 @)= A ( Aoptl ﬂrl/Z(/lopt,i )

The choice of the threshold parameter ﬂt’ |/, Taises the following issue. A gene
receives always causal relations, unless the solution of (11.11) B;(4) is zero. But how
strong are these causal relationships compared to each other? The norm I ,6 ()»)||l
can be seen as an indicator of the strength of the causal relationship x' « x/.

Let us now construct a matrix AtGII‘(;zOpt # similar to the adjacency matrix A

in which the norm || g l’ ()|, is used instead of the value 1. That is,

GLG,opt
tr,1/2

GLG 1/2 . i /2 i
AZPP Gy =N B G DI i1 BIGe I > B
GLGoptﬂ

Apipn @J)=0 otherwise .

The false causal relations of the estimator Agﬁj};pt showed up in the experiments on
a gene regulatory network in Pereverzyev and Hlavdckova-Schindler (2014) to be
actually weak. This observation suggested to use a second thresholding that is done
on the network, at the level of the adjacency matrix.

Thresholding on the network level is similar to thresholding on the gene level.
Specifically, let us define the guide indicators of smallness on the network level in a
similar way (11.21):

. GLG,0opt; /. .
min (A5G # 0)

_ GLG,0pt; . .
Amax - i‘jlllﬁlxp{Atr 1/2 ( )}

A

min —

And, similarly (11.22), define the threshold on the network level as follows:
Atr,a = Amin + o Amax - Amin ). (11.23)

We propose terming the described combination of two thresholdings on the gene
and network levels rwo-level thresholding. The adjacency matrix obtained by this
thresholding strategy is as follows:

GLG,opt
tr,1/2;a;

GLG, '
Ay, 1/20§t(’1) 0 otherwise.

. GLG,opt;f3,. .
@j)=1 if AG TP > A
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It turned out that with @ = 1/4, in (11.23) the optimal GLG-estimator for the gene
regulatory network in Pereverzyev and Hlavackova-Schindler (2014) can be fully
recovered.

11.7.3 An Automatic Realization of the GLG-Method

For an automatic realization of the GLG-method, that is, when the true adjacency
matrix A™¢ is not known, one needs in addition to a thresholding strategy, a choice
rule for the regularization parameter A in (11.11). For such a choice, we proposed in
Pereverzyev and Hlavackova-Schindler (2014) using the so-called quasi-optimality
criterion (Tikhonov and Glasko, 1965, Bauer and Reif3, 2008, Kindermann and
Neubauer, 2008). In this criterion, one considers a set of regularization parameters

=2d" g<1, k=0,1,---,n, (11.24)

and for each A, the corresponding solution of (11.11) ﬂi(ﬁk) is computed. Then, the
index of the regularization parameter is selected as follows:

kgo = argming (| B(4r) = B2 }- (11.25)

Let us note that the motivation for the choice of the set of possible regularization
parameters as (11.24), and for the choice of the regularization parameter as (11.25)
is discussed in Pereverzev and Schock (2005).

In the experimental part of this paper, we compare the GLG-method with an appro-
priate thresholding to other discussed methods on the network of 19 genes given by
gene expressions from biological experiments of Whitfield er al. (2002).

11.7.4 Granger Causality with Multi-Penalty Regularization

The natural groupings between the values xj’. of variables x; can be introduced into
multivariate regression by considering, instead of (11.5) the following form:

L
x’szﬁ<2ﬁ;x;_l>,t=L+1,L+2,~--,T (11.26)

j=1 I=1

where Jj are univariate functions in some RKHS Hj. Then, a conclusion that gene x;,
causes the gene x, can be drawn by determining that variable x; is a relevant variable
of a function of the form (11.14).

In this section, we present a novel method for variable selection in (11.14) using
the multipenalty regularization. To our best knowledge, this is the first work in the
field that describes an application of multipenalty regularization for inferring causal
relations in gene regulatory networks.



NOVEL REGULARIZATION TECHNIQUES WITH A CASE STUDY OF GENE 267

p
An estimator of the target function (11.14) can be constructed as the sum Y, ]j.’l(xj)
=1
of the minimizers of the functional

N p 2y
1 ) )
Tififor o 2 =5 2 (yl - Zﬁ(x})) + 2 450G, a2
i=1 j=1 =1
where 4 = (4,4,,--+,4,) is a vector of the regularization parameters, and Zy =
{(x"l,xé,- . ~,x§,,y")}f.\;1 denotes a data set of observed values y', i = 1,2,---,N, of a
variable of interest y paired with simultaneously observed values xi, v=1,2,---,p,
of the variables x;,x,, - - -, x,, that possibly interact with y.

On first sight, it may be seen that the results of the minimization of the func-
tional (11.27 ) do not systematically lead to sparsity as in the previously addressed
approaches. The sparse structure can be reconstructed followm% the next three steps.

The first step consists of constructing the minimizers f; = f (x;) of the function-

als TA(f,ZN)deﬁnedby(ll 27) withp =1, ) = 4;, x —x Hl H;,j=1.2,-
By usmg classical results from approximation theory (Klmeldorf and Wahba 1970
Scholkopf et al., 2001), such minimization is reduced to solving systems of N linear
equations. Then the minimizers f) / (x;) are used to rank the variables x; according to
the values of the discrepancies

‘ N ' o 1/2
DO (); Zy) = <% > (v -re) ) J=120

i=1

as follows: the smaller the value of D(f (x ); Zy), the higher the rank of x;. This step
can be seen as an attempt to interpret the data Zy by using only a unlvanate function,
and the variable with the highest rank is considered as the first relevant variable x,, .
The next step consists of testing the hypothesis that a variable with the second
highest rank, say x,, is also relevant. For such a test, we compute the minimizers

e fM of the functional

T(f,, S Zy) = 2@‘ Fa @) = £ D7 + Ay, L W5+, 1 F 1,

(11.28)
Our idea is based on the observation (Naumova and Pereverzyev, 2014) that in
multi-penalty regularization with a componentwise penalization, such as (11.28),
one requires small as well as large values of the regularization parameters 4, , 4,,
that is, both 4, and 4, <1, and 4, > 1 respectively. Therefore, in the proposed
approach, variable X, is considered relevant if for {Avl , AM} C (0, 1), the values of

the discrepancy

N 12
D(fvlvl’ P Zy) = <;,Z(y fvl”( )= fi ))) (11.29)

i=1
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are essentially smaller than the ones for ﬂvl e (0,1), 4 0> 1. If it is not the case, the
above hypothesis is rejected, and we test in the same way the variable with the third
highest rank and so on. When the variable x, was accepted as the second relevant
variable, that is, X, =X,, We proceed with testing whether the variable with the third
highest rank, say x,,, can be taken as the third relevant variable, that is, whether Xy, =

o Ay phvy A .
x,. Thus, we compute the minimizers f, "', f,,*, f;" of the functional

N
1 . : . .
Ty Fonfit Zn) = 5 200 =1, @1, = £, (1) =)
i=1
Wy Wy, 1y Wy 0 WA I, (11.30)

j'\/
where, with a little abuse of notation, we use the same symbols f, , fvl‘ as
in (11 28)(11 29). Then, as above, variable x, is considered relevant if for
{A A,} € (0, 1), the values of the dlscrepancy

Vl’ V2’ v

N N /2
DY Lo 1 Zy) = <% Z, (v = Al =0l = o) >
’ (11.31)
are essentially smaller than the corresponding values of (11.31 ) for {Avl, V2} C
(0, 1), 4, > 1. In our experiments, the small parameter was chosen from the inter-
val [0.00001, 0.3] and the large one from [1, B], where B is some large constant, say

= 10.

Otherwise, the variable with the next highest rank is tested in the same way.

If the discrepancy (11.31) exhibits the above-mentioned property, then for testing
the variable with the next highest rank in accordance with the proposed approach,
we need to add to (11.30) one more penalty term corresponding to that variable, so
that the functional 7, (f},f5,- - -, fp; Zy) of the form (11.27) containing the whole set
of penalties may appear only at the end of the testing procedure.

For the sake of brevity, we omit the theoretical justification of the pre-
sented approach here and refer the interested reader to our recent paper
(Hlavackova-Schindler et al., 2014) for a detailed mathematical description
and theoretical justification. However, we note that the theoretical results do not
require any strict assumptions neither on the distribution of the data points nor on
the number of them.

It is important to mention that the choice of the regularization parameter(s) is
not a tedious and tricky task for the proposed method, since we are not interested
in the exact reconstruction of the given value y’ but in values of the discrepancies
for small and large values of the regularization parameters. Simulations of Monte
Carlo type are used to make such comparisons. Namely, if x, ,x,,---,x,  have
been already accepted as relevant variables, then the values of D for the randomly
chosen (4 ) € (0, 1) are compared to the ones for the randomly cho-
sen (4,5 Ay, s V]) e 0, H"'x[1,B], B> 1, and x,, is accepted as relevant if
these values are essentially dominated by the ones for (/1‘, Ayt V]) e (0, x
(1, B].

Vi ’ V2
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The computational complexity of multi-penalty regularization is O(Np?), where
N is the number of given points and p is the number of variables.

11.7.5 Case Study of Gene Regulatory Network Reconstruction

We used the databases of gene expression data from the biological experiments of
Whitfield et al. (2002), as in our papers Hlavackova-Schindler and Bouzari (2013)
and Hlavackova-Schindler and Pereverzyev (2015). We selected 19 genes that are
active in human cancer cell line, whose gene regulatory network was reconstructed
based on the biological experiments by Li et al. (2006). The causal structure for these
genes was adapted from Lozano et al. (2009) and is presented in Figure 11.1. We
take this causal network as a benchmark network for a comparison of the discussed
methods. The 19 genes, which we consider, play a substantial role at the human cancer
cell lines. They have the following names: PCNA, NPAT, E2F1, CCNE1, CDC25A,
CDKNI1A, BRCA1, CCNF, CCNA2, CDC20, STK15, BUB1B, CKS2, CDC25C,
PLK1, CCNBI1, CDC25B, TYMS, and DHFR. The gene expressions in the database

NPAT

CCNBH1

Figure 11.1 Causal structure from biological experiments for 19 selected genes. Reproduced
from Lozano et al. (2009) with permission of Oxford University Press.
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Figure 11.2 The horizontal coordinate x indicates the 48 time measurements and the verti-
cal coordinate y indicates 19 genes ordered. The color of the pixel corresponds to the value
determined by the color scale on the right-hand side.

from Whitfield er al. (2002) for these genes were given for 48 observations with
one-hour intervals.

The data values are illustrated in Figure 11.2. The horizontal coordinate x indicates
the 48 time measurements, the vertical coordinate y indicates the order of the 19
genes; the color of the pixel corresponds to the value determined by the color scale
on the right-hand side.

We used the following MATLAB codes: our code for GLG-method with an appro-
priate thresholding that we extended with graphical outputs using MATLAB graphi-
cal software Graphviz4MATLAB Version 2.24. For experiments with Lasso Granger
method, we used the MATLAB code from Bahadori written for the bivariate case,
which we extended to the multivariate case. We extended this code also with the
graphical outputs using Graphviz4MATLAB. Similarly, we extended the MATLAB
code for Copula Granger method from Bahadori. These methods were compared to
the method using dynamic Bayesian networks and ordinary differential equations
from Aijo and Lihdesmiki (2009) in Hlavackova-Schindler and Pereverzyev (2015).
The latter method showed frequent overfitting with respect to the number of false pos-
itives and had high computationally costs. Here we compare the performance of the
Lasso Granger methods with the Granger method with multi-penalty regularization.
We developed the code for the multi-penalty regularization method in MATLAB.

As quality (performance) measures we considered the number of true positive out-
comes denoted by 7P and the classification accuracy CA = (TP + TN) /(TP + TN +
FP + EN).

The Lasso Granger method was tested in four variations:

o Lasso Granger with zero threshold (f, = 0in (11.6)) and optimized regulariza-
tion parameter A in (11.11). We refer to this variation as LG.

e [asso Granger with optimized regularization parameter and threshold, which is
referred to as LG1.
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TABLE 11.1 Quality Measures for the Considered Methods. The Number of the
Causal Links in the Considered Gene Regulatory Network from Figure 11.1 Is 95. This
Number Can Be Seen as the Maximal Possible Value for TP.

CG LG LG1 LG2 LG3 MPR
CA 0.80 0.58 0.88 0.85 0.81 0.88
TP 58 38 63 51 42 53

e Lasso Granger with optimized regularization parameter and threshold given by
formula (11.22) with « = 1/4, LG2.

e And finally, Lasso Granger with regularization parameter chosen by quasiop-
timality criterion and threshold given by formula (11.22 ) with « = 1/4, LG3.
This is an automatic realization of the Lasso Granger method without the knowl-
edge of the true adjacency matrix.

We call the Granger causality method with Multi-Penalty Regularization (MPR).
Let us note that in MPR, the coefficients (ﬁ;) in (11.26) have to be precomputed. For
this purpose, one can use any (regularization) method for solving the approximation
problem (11.5). In this case, of course, the results of MPR depend on the choice
of this method. In Hlavackova-Schindler et al. (2014), we used the [,-regularized
least-squares method for obtaining the coefficients (ﬂ(). Here, we used the Lasso,
which is the [, -regularized least-squares method. The regularization parameter in both
regularization methods was chosen by the quasi-optimality criterion.

The Copula Granger (CG) method , all mentioned variations of the Lasso Granger
method, and the Granger Causality with Multi-Penalty Regularization required only
a few seconds run at a PC workstation with 64-bit processor. CA and TP quality
measures of the considered methods are summarized in Table 11.1. In Figure 11.3,
we present the considered gene regulatory network and its reconstructions with LG3
and MPR in the circular layout.

One observes that although the CG gives the largest number of TPs among the
automatic realizations of graphical methods, that is, CG, LG3, and MPR, it gives the
lowest CA, while MPR gives the highest CA together with rather high TP. This makes
MPR a very promising method for the reconstruction of gene regulatory networks.

11.8 CONCLUSION

The results of the reconstruction of the gene regulatory network in the experimental
section emphasize the importance of the thresholding strategies for the variable selec-
tion regularization methods, such as the Lasso. The newly developed MPR technique
(Hlavackova-Schindler et al., 2014) can be seen as an advanced thresholding, and
our experimental results show its superior behavior with respect to our method with
thresholding strategy.

As we noted earlier, the MPR requires a method that computes the coefficients
(ﬂ;) in (11.26). Currently, we tested the behavior of the MPR with /,-regularization
in Hlavackova-Schindler et al. (2014), and here with /;-regularization, which is the
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Figure 11.3 The considered gene regulatory network (a) and its reconstructions with LG3
(b) and MPR (c) in the circular layout.

Lasso. In our tests, the MPR gave superior results. Also, the coupling between these
Lasso-modifications and MPR is interesting to realize. It would be also interesting
to see the reconstruction of the gene regulatory network in Figure 11.1 by means of
the discussed modifications of Lasso: truncating Lasso and adaptively thresholded
Lasso.

The methods proposed in this paper are written in MATLAB and are available
upon request.
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UNMEASURED RECIPROCAL
INTERACTIONS: SPECIFICATION AND
FIT USING STRUCTURAL EQUATION
MODELS
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12.1 INTRODUCTION

The opportunity to write this chapter is particularly well timed for me personally
as it has been approximately 40 years since I first read Ludwig von Bertalanffy’s
(1968) General Systems Theory, the first book I encountered that used mathematics
to describe mutual or reciprocal relationships in biological and physical systems. It
also marks roughly 30 years since I have learned more about structural equation mod-
eling (SEM) as a National Institute of Aging postdoctoral fellow at Penn State, where
Ilearned how structural equation models can be used to specify models of growth and
change over time. Since then I have been interested in using SEM to investigate pos-
sible causal models for longitudinal data with special emphasis on problem behaviors
such as alcohol use.

Happily, this chapter provides occasion to address an issue that touches on all three
topics. Specifically, I would like to focus on models with “instantaneous” reciprocal
or autocausal effects which are characteristic of systems which involve reciprocal
or self-referring loops. Given the other contributions to this book, it is necessary to
first briefly contrast how these differ from cross-lagged panel correlation models and
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Granger causality, which are more traditionally used. The effect of unincluded feed-
back loops on the parameters of causal models is qualitatively different in form than
the usual biases in estimation that result from unincluded relevant variables, which
involve traditional linear effects. Unincluded reciprocal effects are unusual in that
they may result in under- or overestimation of unstandardized path coefficients but do
not necessarily result in changes in the estimated amount of error variance in depen-
dent variables. When reciprocal effects are estimated from cross-sectional data, it is
often assumed that instrumental variables exist that are related to some but not all
dependent variables of the system. Although instrumental variables make specifica-
tion of a mathematically identified model easier, other alternatives are also possible
when longitudinal data are considered. I will demonstrate a few of these examples
using a small Monte Carlo study and actual data.

12.2 TYPES OF RECIPROCAL RELATIONSHIP MODELS

Many models have been proposed for characterizing reciprocal relationships, and,
therefore, a brief review of proposed models is discussed in order to explain how
the unmeasured reciprocal effects differ from other alternatives. Although methods
based on the asymmetric properties of the correlation coefficient are taken up in sev-
eral of the chapters in this book, the terms Granger causality and cross-lagged panel
analysis are often mentioned in the context of longitudinal data. Although search
heuristics have also been used to generate models in which the pattern of causal direc-
tion is based on search heuristics of patterns of conditional probability (e.g., Csardi
and Nepusz, 2006; Epskamp et al., 2012; Kalisch et al., 2012; Pearl, 2009), they
are not taken up here because these approaches do not permit specification of auto-
causal effects (described below), and their focus is generally on manifest as opposed
to latent variable relationships. Some of the modules of the Tetrad program consid-
ered in Scheines et al. (1998) are exceptions to this, but even these modules only
consider simple factor structures and not more complicated alternatives such as ran-
dom intercept factors (Maydeu-Olivares and Coffman, 2006).

12.2.1 Cross-Lagged Panel Approaches

The cross-lagged panel approach for longitudinal data was originally proposed in the
field of sociology by Lazarsfeld (1948). This approach involved use of two dichoto-
mous variables measured over time in an analysis of the “two-attribute turn-overs”
within a “16-fold table.” This approach was extended in subsequent years to advance
a theory of how class membership is related to voting over time (Lipset et al., 1954)
and later extended to cross-lagged associations for continuous data and experiments
(e.g., Campbell, 1963). The general approach was then subsumed as part of the gen-
eral analysis of parallel time series (Gottman et al., 1969). The cross-lagged panel
approach can be most simply illustrated by Figure 12.1, in which two variables are
measured across three occasions. Bivariate associations between the two variables at

a first occasion are modeled by a simple covariance (o, . ), as are (often) the residual
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Figure 12.1 Cross-lagged panel correlation model.

effects (ex, y, » €x,v,)- In addition, it is thought that each variable over time modeled by
autoregressive components (4, 4,, 45, and A,). The important question, though, of
the relative magnitude of causality between the constructs is assessed by the estimated
regression weights from each construct at an earlier assessment to the other construct
at the subsequent assessment (i.e., comparisons of A5 with Ag and 4, with Ag).

Many limitations of cross-lagged panel models are not mentioned in applications
of the technique, however. First, the cross-lagged model is not, strictly speaking,
a “true” model of the kind of systems level instantaneous reciprocal causality
proposed by von Bertalanffy (and discussed in more detail below). This aspect of
the cross-lagged model is important because it is often referred to as a model of
reciprocal effects (e.g., Selig and Little, 2011, p. 268) and latent variable extensions
of the approach tend to only consider the basic logic of cross-lagged approach at
the latent variable level (e.g., Sikora ef al., 2008). Assumptions of the cross-lagged
model are often either ignored or overlooked. Although Kenny (1975) is clear that
the cross-lagged panel approach makes the assumption of stationarity in the data, and
others have noted that the approach is only valid for systems that are in equilibrium
(e.g., (Coleman, 1968)), these limitations are frequently unmentioned in research
applications (e.g., Grunberg et al., 2000) or descriptions of the technique (e.g., Selig
and Preacher, 2009). Although some (e.g., Rogosa, 1980) have argued that these
limitations make the entire approach inadvisable, these cautions appear to be ignored
in research applications.

12.2.2 Granger Causality

On first examination, the notion of Granger causality appears similar to the
cross-lagged panel approach in that both models test for prospective associations of
some other variable on a time series. The two approaches are also similar in that
both require the system under examination to be at equilibrium and the measurement
model of the constructs involved to be known. Tests of Granger causality are
different, however, in that they first involve specification of the lagged structure of a
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series and then compared it to a model in which lagged values of a variable thought
to be causally related to the series. The time series approach taken by Granger also
permitted the accommodation of autoregressive effects within a time series model,
permitting a different measurement model for the time series than the usual approach
to cross-lagged models. Consider, for example, a variable y measured at time ¢. For
each y,, a regression of the lagged effects would have the following form:

Vi =ag+ayy,_ +ay, o +azy,_3 - (a,y,-) + error (12.1)

The second regression testing for Granger causality associated with a second vari-
able x would have the following form:

Ve=agtayy,y +ay, o+ azy, 3+ (aYm-1)
+ bl.xt_l + bzxt_z + A + bmx[_m + error (12.2)

where the subscript of b indicating lagged effects of a given length. The hypothesis
that x does not Granger-cause y is rejected only if none of the lagged values of x are
retained in the second regression. The basic idea of Granger causality appears to be
extended to a wider variety of possible models, such as techniques not as sensitive
to departures from normality of error variances (e.g., Hacker and Hatemi-J, 2012) or
asymmetric causal models over time (e.g., Hatemi-J, 2012). Granger causality mod-
els, similar to cross-lagged models, however, do not allow for the specification of
instantaneous reciprocal relationships such as those considered in systems theory.

12.2.3 Epistemic Causality

The models presented so far assume that causal relationships in the data manifest
themselves over time in a stationary system at equilibrium. Causal models for any
given system, however, can characterize a great variety of causal mechanisms and
the time-delayed causal effects such as those considered in cross-lagged and Granger
models can be used to specify and test a variety of causal structures (see von Eye
and Wiedermann, 2015 for a taxonomy of several types of Granger causal models in
data and their implications for model section and specification). These models, how-
ever, do not permit specification of feedback relationships that include instantaneous
effects such as those related to chemical or cellular metabolism or thermoregulation,
however.

The models considered in this paper differ from those often encountered in discus-
sions of causal effects over time. This larger universe of entertained causal relation-
ships is understood within the context of “epistemic causality” (Williamson, 2006a,
2006b, 2009). From this perspective, causality is a general term that describes sev-
eral types of relationships between constructs and may include conditional proba-
bility, time-bound associations, propensity, or processes such as metabolic rates, for
example. Across these various types of causality, however, a causality acts in con-
junction with evidence and background knowledge to constrain one’s beliefs about
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relationships between constructs and these constraints can in turn be represented as
a causal graph. While some causal graphs may be acyclic and contain no feedback
loops (as in the case of Granger causality models), other possible causal networks
consist of directed cycle graphs (in which the variables are connected to form a poly-
gon and all arrows are oriented in the same direction), or a reciprocal causal model
(in which causal effects in both directions are estimated between at least two of the
variables in the diagram. It is possible that competing theories may produce different
causal models. These causal graphs are then used in conjunction with the data at hand
to generate plausible structural models for the data.

The mapping from a causal graph to a causal model is not one-to-one: A given
causal graph may imply more than one structural model, in which case the data at
hand may be thought of as agnostic in deciding between equivalent candidate mod-
els. Parameters estimated under such equivalent models may, however, be useful in
informing subsequent experiments regarding magnitude of effects. Subsequent exper-
iments that include additional variables, longitudinal assessments, or experimental
designs can permit more focused tests to enable adjudication between candidate mod-
els. In general, then, a given experiment may provide a useful test of an entire pro-
posed causal structure, may be partially informative regarding parts of the model, or
may be agnostic regarding the relative merits of candidate causal relationships.

12.2.4 Reciprocal Causality

Although cross-lagged panel correlations and Granger causality are models of recip-
rocal effects occur over the course of time, other models may contain reciprocal or
circular effects that are instantaneous or so finely resolved in time as to be unde-
tectable over time. Such feedback loops can be positive (in which a level of one
variable causes more of that variable to be produced) or negative (in which the level
of the variable is damped by other processes in the system). Positive feedback loop
examples include audio feedback loops (the familiar sound produced when holding a
microphone too near a speaker) and maternal oxytocin levels during labor (in which
labor is initiated by a given level of oxytocin, which in turn causes further produc-
tion of oxytocin until birth occurs). The thermostat example alluded to earlier is an
example of a negative feedback loop, as well as many aspects of homeostasis such
as control of blood sugar in the body or blood pressure regulation. Other examples
from von Bertalanffy’s (1968) General Systems Theory include predator—prey rela-
tionships and population control within ecological systems.

At the heart of all of these feedback systems is the notion of a signal transported
within some closed circuit of the system. Within the field of electronic circuits, Mason
(1953) addressed the mathematics of the transmission of electrical feedback loops by
means of “flow graph” models, which enabled construction of a “gain formula” to
model electrical transmission. It was quickly realized, however, that the mathematics
underlying such feedback control systems had application to other mathematical sys-
tems involving circular transmission of a signal, such as some aspects of hydraulics.
In the field of SEM, the transmission of a signal (in this case variability exogenous
to the system) led Heise (2001) to extend such models to social science research
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questions. Although Heise (2001) and Mulaik (2009, p. 293) illustrate use of the gain
formula within SEM to produce statements of the expected relationships between
variables when the model contains feedback loops, generation of the predicted covari-
ance matrix using standard SEM approaches is straightforward and produces models
that correspond to unmeasured reciprocal effects under particular identification con-
straints.

Generally, feedback systems can consist of reciprocal effects in which arrows
pointing in both directions appear as in the arrows are modeled as shown in the
relationship between variables Y and Z in Figure 12.2a or as part of a larger model
as shown in Figure 12.4a. Cycle relationships are another type of feedback model
in which a chain of variables is both causal and antecedent to other variables as
shown in Figure 12.4b. Under both reciprocal and cycle relationships, effects between
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Figure 12.2 Reciprocal and autocausal effects models and bias of univariate regression.
(a) Reciprocal effect with instrumental variable. (b) Autocausal effect. (c) Estimation of auto-
causal effect using phantom variable. (d) Bias of bivariate regression.



TYPES OF RECIPROCAL RELATIONSHIP MODELS 283

variables are referred to as “closed paths” in order to distinguish them from the “open
paths” of directed effects more common in structural models.

Mason flow graph analysis is used to specify the total effect of signal transmission
in the presence of feedback loops. This is useful because it can be used to describe
the patterns of transmission in the circuit even when it was not practicable to directly
assess the variable(s) responsible for the feedback but where the instantaneous feed-
back is determined from theory. Figure 12.2a is a frequently used example of a model
containing a single reciprocal relationship between variables Y and Z. This model
of reciprocal causation is mathematically identified due to the presence of variable
X, which acts as an instrumental variable. The term “instrumental variable” was first
introduced by economist Philip Wright (Wright, 1922), the father of geneticist Sewell
Wright who was, in turn, the father of path analysis. Wright’s original definition of
an instrumental variable applied to path models and stated simply that the variable
X be unrelated to the error term of the criterion variable, Z. Pearl (2009) proposed
a more general definition of instrumental variables that relies on graph theory and
requires only the criteria of conditional independence of the instrument with the cri-
terion given the predictor. In this chapter, we will confine ourselves to instrumental
variables within structural equation models and make only the minor adjustment that
it is possible that the instrumental variable of interest may be a manifest variable or
a latent variable posited by the researcher. Within the context of structural equation
models, the requirement of conditional independence does not represent sufficient
conditions for the model, as it is also necessary that the proposed model by mathemat-
ically and empirically identified (as discussed below), but at this point, any variable
that is conditionally independent of an error term will be taken as a working definition
for an instrumental variable, which can potentially enable estimation of reciprocal
effects of the type considered here. The critical issue in specifying and estimating
reciprocal effects concerns whether a model is mathematically identified, which can
often be a somewhat difficult issue as discussed in what follows.

Returning to Figure 12.2a, we can think of the boxes labeled X, Y, and Z as repre-
senting points on an electrical circuit (which, in the case of ¥ and Z, not only consist
of both speakers on a sound system but also microphones that produce a feedback
loop). Suppose that the researcher is interested in the “total signal” being delivered
to the component Y. In this diagram, a signal, with magnitude indicated by &2 , is
transmitted from X to Y. The proportion of the signal sent is indicated by the path
coefficient 4,. A second unique signal is directly sent to component Y and its amount
is indicated by ef. Component Y also transmits its (total) signal to variable Z in pro-
portion to A;. Variable Z, in turn, receives a unique signal indicated by e%, and sends
A, of its total signal back to component Y, completing a feedback loop between vari-
ables Y and Z. Given this causal structure, reciprocal relationships can be modeled as
structural equation models provided that the variables involved in the feedback loop,
A, and A5, satisfy certain properties to be described in the following section.

12.2.4.1 Predicted Covariance Matrix As with any structural equation model, the
parameters of the model can be used to generate a statement of the predicted vari-
ance/covariance matrix based on the model. A standard way to express this predicted
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covariance matrix is (I — A)~1S(I — A)‘l/, where S is a symmetric matrix of variances
in the diagram and A is a matrix of path coefficients (McArdle and McDonald, 1984;
McDonald, 1980). For these data, the exogenous variance of X, 0)2(, and the errors of
prediction associated with X and Z (6‘]2 and eg, respectively) are expressed as

2
oy 00
S=10 ¢ 0 (12.3)
00 e%
while the matrix of path information,
00O
04 0

Although, for recursive models, the inverse of / — A can be calculated as I + A +
AA + AAA, the presence of a feedback loop in the diagram results in infinite sums, as
the matrix of powers of A never become a null matrix. Specifically, the first several
terms of / + A + AA - - - can be written as

1 0 0

2122 3,3 494 212 333 424 5,5 2 233 3.4 435
ALt A A AL+ A A4 + A A + A A5, A A+ AL+ A+ AL+ A+ Ay + A5+ A3 + 54 + 454

2 243 394 514 24 2233 4 2374 4 1455 292 10 1323 4 2434 4 3525
AL+ A5+ M A+ A A+ A RA A+ LA+ A+ A+ A A, A+ A+ A+ A + L

which can be rewritten as

1 0 0
A 3 Ak K 5 ARk ) 5 pLY
]Eo 273 /Eo 273 ngo 2% (12.6)

Ay XA Ay Y ASAE X ASAL
| k=0 k=0 k=0 |

This infinite series converges (as explained below) provided that |4, 45| < 1. The pre-
dicted covariance matrix then is

1 0 0 5
- k 1k - k 7k - k 1k GX 02 0
MY 55 > 545 Ay > A5 0 e; 0
k=0 k=0 k=0 00 55

VIV R IV AN W LY D YLV
k=0 k=0 k=0
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14 oomk“ oomk
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k=0 k=0

0 4, Y Akak 3 kK
i 2k=023 k=023_

which, upon multiplying out and factoring yields

oy Aoy 2 A5 AAon X A5 AL
k=0 k=0
Aol kgo ik @R+ + e ];0 A (Mol s+ 2hy) k_zo A
N z MK (A302 2% + €A + e%)gb KA @222+ 22+ eg)kgo A
Since 21210 Agﬂ’; =7 ; p (provided, again, that [1,43] < 1), we can rewrite this as
—Ad3
[ 0_2 /110')2( A] 120')2( i
X 1 — A4 1= 2,73
/110)2( ef + egig + 6)2(),% 220')2(/1% + €f/12 + 6513
1= 4y4 (1 = Ay43)? (1 = Ay43)?
11/126)2( /126)2(/1% + 612/12 + 6'%/13 0'}2(1%/1% + 6']2/15 + eg
| 1 — 443 (1 = Ay 23)? (1 = Ay45)?

This model is, then estimable, provided, then, that the researcher knows in advance
the causal structure of the system the relative magnitude of particular reciprocal
effects, that the product of 4, and A5 is less than 1, and the actual and predicted
variance/covariance matrices are positive semidefinite. There is reason, in some situ-
ations, to believe that this is the case. For example, Pearl (2009) considers the case of
a randomized experiment in which a coin flip (the X variable in the diagram) deter-
mines assignment to experimental condition (the Y variable) in order to assess the
magnitude of the causal relationship of an independent variable (Y) on the dependent
variable (variable Z variable in the diagram). In Pearl’s presentation, this structural
model is presented with the goal of arguing that such a structural model yields an
unambiguous direction of causality, as the randomized variable X (the coin flip) can-
not be correlated with the dependent variable.

As an example of a study corresponding to Figure 12.2a, suppose that a researcher
decides on a randomized experimental manipulation in which the treatment consists
assigning individuals to drinking one alcoholic beverage per day for a month and
the control group is to assign a placebo drink. Suppose further that the researcher is
interested in knowing whether alcohol consumption affects individuals’ perceptions
of the effects of alcohol consumption (say, the expectation that alcohol consumption
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make social interactions easier). If, on completion of the experiment, an association
is found between alcohol consumption and the social expectation variable, this is
taken as evidence of the causal association of alcohol on expectancy. Although Pearl
(2009) used this experimental design to determine the direction of the effect between
the two variables, from a structural modeling perspective such an experiment permits
joint estimation of both coefficients, thereby permitting an estimate of a feedback
effect. The feedback loop given in the top of Figure 12.2a can be used to simulta-
neously estimate two causes of alcohol consumption: one based on the randomized
variable X, but another due to the social lubrication variable Z. This model could then
be compared with unidirectional models of effect to determine whether a reciprocal
relationship actually obtains between the variables of alcohol consumption and social
lubrication.

In similar manner, one can consider the case of a directed cycle system in which
variables are arranged in a connected graph in which causal direction is the same, as
shown in Figure 12.3b. This system does not have individual instrumental variables
usually encountered in discussions of reciprocal effects, but these can be estimated.
For example, von Bertalanffy (1968) considers the case of a feedback loop involving
athermostat, a furnace, and a (heated) room as an example of a feedback loop. Such a
cycle involving three variables is just identified and, provided that |4;4,43| < 1, the
model may be estimated. The predicted covariance matrix is
S+ ERR+ 2 EM+ A+ NI €A+ i+ e, |

(1 = 4,4, 45)? (1 = 4,4, 45)? (1 = A, A,45)?

2 2 24 32 2924 24 27292 27 92 2 2
eh +ehA+esAA5 el + e esAAy el AA A+ s,

(1= A, Ay Ay)? (1= A, Ay Ay)? (1= A, Ay Ay)?

(12.8)

2 25 92, 2 27 924 2 2 292924 232 4 2
eiMAs+ A+ e5h, el A3 esd, i ATAS H A5+ €

(1= A, Ay Ay)? (1= A, Ay Ay)? (1= A, Ay Ay)?

and it is seen that all terms in the predicted variance/covariance matrix are adjusted
by (1 — A;4,45)%. Note that circular systems differ from models with instrumental
variables in that the direction of causality can be reversed without loss of fit. Specifi-
cally, a model in which X causes Y which causes Z which in turn causes X fits just as
well as a model in which the causal direction of these arrows is reversed. If circular
effects are specified in the presence of at least one instrumental variable, however,
the direction of the effects makes the direction of causal effect distinguishable.

12.3 UNMEASURED RECIPROCAL AND AUTOCAUSAL EFFECTS

It seems unlikely, however, that only a single reciprocal effect or even single cycle
is present in the data as many additional unmeasured variables may be present in
any self-regulatory system process. Alcohol expectations, for example, may involve
many other attributions in addition to social lubrication effects. As mentioned, in
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Figure 12.3 Autocausal model and estimates for drinking data. (a) Model parameters.
(b) Unstandardized ('fixed parameter). (c) Standardized (' fixed parameter).

some situations it appears that a variable may seem to “cause itself” by increasing or
decreasing values in direct proportion to their current levels. Such effects are often
discussed as damping or stimulative effects (as in the thermal regulation or oxytocin
examples mentioned above). Given, however, that technically such effects are due
to other components of the system, one may alternatively think of such autocausal
effects as unmeasured reciprocal effects.

As an example of this, consider now a slightly different experiment in which indi-
viduals are again enrolled in either the alcohol or placebo conditions but are asked
(or assessed) regarding their actual level of alcohol consumption. Assuming that indi-
viduals would have some nonzero base rate of alcohol consumption in absence of the
experimental manipulation, reports of alcohol consumption in the experimental con-
dition that are higher or lower than that associated with the control condition may be
thought of as representing satiation (in the case of lower-than-expected baseline con-
sumption patterns) or promotion effects (in the case of elevated alcohol consumption).

As an example of an unincluded reciprocal effect, in Figure 12.2b the variable
Z (alcohol’s social lubrication effects in our example) is omitted. This model
contains six estimated parameters, and, based on only bivariate information, is not
identified. If, however, the problem can be reduced to one of estimation of three
parameters, the problem can be specified as a just-identified model and the model
shown in Figure 12.2b can be estimated. If the statistical software used does not
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allow for the specification of autocausal effects, they can be programmed using a
phantom variable with zero variance as shown in Figure 12.2c. Consider, however,
the case of a quasi-randomized design in which the coin flip variable is defined as
earlier, but unmeasured reciprocal interactions are also present. The reduction in the
number of freely estimated parameters can be accomplished in the case of a ran-
domized assignment variable such as the coin flip due to the fact that the researcher
also knows that exact value of the regression weight assigned in addition to knowing
the causal direction. For example, if the coin flip is coded as a dummy vector,
the regression weight A; corresponds to the number of points on the variable Y
associated with a one point gain in the coin flip variable. In our example above, for
example, if the X variable consists of the number of drinks consumed in a day, 4,
will be known and fixed to 1. If the free parameters of the model consist then of the
freely estimated variance of the coin flip variable, the residual variance (which is
the sum of ef + A3€§), and the net effect of the unmeasured reciprocal interaction
(4,43) the model is mathematically identified. In order to estimate this net effect,
the model can be rewritten using phantom variables (Rindskopf, 1984). The biasing
effects of unmeasured, but correlated predictors is well understood, but in the case
of the randomizing variable X, there can be no such correlated predictors given the
construction of the variable. Although the “usual” unmeasured predictors can still
introduce bias in standardized coefficients (due to the failure to correctly model the
error term associated with X), the only remaining source of bias in the Y variable
is due to the net effect of the unmeasured reciprocal effect, 4,45, which will cause
values greater or less than the true value of A; depending on whether 4, 45 is positive
(a positive feedback loop) or negative (indicating a negative feedback loop).

12.3.1 Bias in Standardized Regression Weight

Suppose that the researcher models the relationship between X and Y as a standard
regression. By further rewriting the structural model to remove the presence of the
unmeasured reciprocal relationship, the parameters of the regression model will cor-
respond to those shown in Figure 12.2d. For example, the researcher calculates a
regression model assuming only a unidirectional regression model, the regression
weight predicting Y from X alone, this yields

C(o/1=hdy)
! o2 1= Ayhy

From this we can see that the estimated regression weight will be an overestimate
(in absolute value) of the true effect if A, is the same sign as A3, and will be an
underestimate (in absolute value) if A, is opposite in sign from A5;. In terms of bias in
the standardized regression weight, note that the estimated standardized regression
weight, f, can then be calculated as

. ﬁ] Ox
ﬁl: 1_/11)’2 2 2/12 2)’2 1= A1
(€] + €45 + oy A1 /1 = A, 43)
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whereas the true standardized regression weight is

[0}
B =4 X

e+ e A +op /(1= AyA3)

Now the variance in Y accounted for the reduced model is ((/llo'x)2 /(1= /12/13)2) =
(A6%/4343 —24243 + 1) leaving the error variance to be (7 + €543 + 06347/
(1 = 4p43)") = (Aog /(1 = AyA3)?) = (€] + €543 /(1 — A, 43)%) as shown in doubled-
headed arrow associated with Y in Figure 12.2d.

That the estimated proportion of error is larger than the true value due to the
failure to include the proportion of variance due to the unique effects of variable
Z(egig /(1 — A, 43)?) is unsurprising, but the fact that the magnitude of the reciprocal
effect not involving variability due to Z (as expressed in the term (1 — /12/13)2),
means that the estimated error variance can also be larger than the true variance ef
if the product of 4, and 45 is positive but can produce smaller values if the product
Ay A5 1s negative. It is, for example, possible to calculate the difference between
the true error associated with Y and that based on the standard single predictor
model and the true value of eg as (e%/l%/(l — A A3)%) + (ef/(l — AyA3)?) — 612 =
(6’%/1%/(1 — A A3)%) + (612/12/13(—/12/13 +2)/(1 = A, 43)*). It is unsurprising that the
magnitude of the estimated error variance, eg, is larger due to the failure to include
the variable Z in the model. The fact, though, that a term exists that involves only
612 and that can cause the estimated error of the single predictor variable to be larger
or smaller than the true value of ef is, however, somewhat surprising. Specifically,
the estimated error variance due to the unmodeled reciprocal relationship error is
bigger than ef when 4,4 is positive, but less than ef when 4,45 is negative. The
unexplained variability due solely to unmodeled reciprocal relationships constitutes
an additional source of variation distinct from variances, covariances, and path
coefficients usually considered in path diagrams. Although such variabilities may be
of interest, it is essential that such effects be estimable from the data at hand. It is to
this topic that we now turn.

For a simple model with one predictor such as the one shown in Figure 12.2b,
the value of A; must be fixed to some known value in order to identify the model
and estimate the total signal associated with it via the reciprocal feedback term. It
is not possible to identify the separate values of A, and A5, given that variable Z is
not assessed, but the net effect of reciprocal effects can be estimated. Given that the
“self-referring arrows” of feedback effects are not possible in some SEM software
packages, such effects can be modeled using phantom variables that contain “signal”
or variance components set to zero (Rindskopf, 1984), as shown in Figure 12.2c.
Finally, if it is the case that the researcher believes the structural model relating X to
Y contains no feedback terms, the resulting parameters which be combinations of the
true values as shown in Figure 12.2d.

12.3.2 Autocausal Effects

It may be the case that no specific unmeasured variable exists, but that deviations from
the predicted amount of the dependent variable are a structural aspect of the system.
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In the case of alcohol, for example, a researcher may be able to titrate the amount of
alcohol administered to produce a desired blood alcohol level based on body mass
but, on measuring the amount of alcohol actually in the blood stream, finds that this
is significantly lower than predicted for some individuals. It would seem reasonable
to believe that the physiological systems of these individuals appear able to more
rapidly metabolize alcohol, an autocausal effect.

Taken together flow diagrams or path diagrams with reciprocal relationships high-
light the qualitatively different ways in which reciprocal causality affect causal struc-
ture. These effects have not been frequently addressed, perhaps due to the belief that
such unmodeled sources of variability are covered under the more general topic of
unincluded variables. The behavior of unincluded open-ended loops results in only
two effects: overestimation of error variability and bias in parameter estimates if the
unincluded term is correlated with other exogenous variables in the model. The sit-
uation is somewhat different for models with reciprocal relationships, however. If
the magnitude of the feedback effect is known, it becomes possible to estimate some
parameters of the structural model without bias. In addition, as shown in Figure 12.2d,
estimated path coefficients associated with variables unrelated to the feedback loop
can be either over- or underestimates of their true values, depending on whether
the composite effect of the feedback loop is positive or negative. In the text that
follows, however, the argument is made that unincluded reciprocal causal effects
are qualitatively different from the case of unincluded variables because reciprocal
effects constitute an additional source of unmodeled variability in the variables that
are included in the model as well.

In order to demonstrate estimation of unmeasured reciprocal effects in a real-world
example, follow-up data from an alcohol challenge study are considered, which were
collected by Heath (2015). In this study, 193 college students were administered on
average 1.78 ounces of alcohol, while 186 students participated in a control condi-
tion and 176 were given a placebo nonalcoholic drink. The following day, participants
were asked how many alcoholic beverages (beer, wine, hard liquor) they consumed
the next day. For purposes of the analysis, individuals in the control and placebo con-
ditions were combined into a single group and reports of next day drinks of alcohol
were converted into the corresponding ounces of alcohol consumed. These ounces of
alcohol were then combined with the previous day’s consumption (when the experi-
ment occurred) to produce a single alcohol composite. The research question of inter-
estexplored whether the intervention of consuming alcohol reduced or enhanced indi-
viduals’ base rates of alcohol consumption. The model consisted of a single dummy
variable (indicating the random assignment to the alcohol or no-alcohol condition)
with the regression weight from the dummy variable fixed to the amount of ounces
of alcohol administered in the study and the dependent variable consisting of total
ounces of alcohol consumed over the 2 days.

Unfortunately, this particular data set appears to show that participation in the con-
dition of consuming alcohol had no effect whatever on alcohol consumption patterns
of the students on the next day, with no evident differences in alcohol consumption
at any level between the two groups. To illustrate what such an effect could look like,
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however, I deleted the data from individuals in the alcohol condition who did not con-
sume alcohol the next day in order to simulate a condition in which individuals who
consumed alcohol in the study had a higher base rate of alcohol consumption than
those in the control groups. For this modified data set, a single predictor regression is
fit in which the regression weight is fixed to the known value of alcohol administra-
tion (in this case equal to 1.8, the known number of ounces of alcohol administered)
as shown in Figure 12.2b. This model has freely estimated variances for the dummy
coded condition variable (0.102, p < 0.001), error variance (0.767, p < 0.001), and
autocause (0.634, p < 0.001). (As this model is just identified, no traditional measures
of goodness-of-fit measures are estimable for the data.) This autocause effect, then,
could represent a property of the system (i.e., “promotion” or “satiety”) or could rep-
resent the net effect of one or more feedback terms involving unmeasured variables in
the system. This example, although contrived, however, illustrates how conditions of
experimental control can also be used to produce a test for the presence of autocausal
or unmeasured reciprocal interactions in the data. It highlights the fact that autocausal
or unmeasured reciprocal effects model the discrepancy between the observed covari-
ance between an exogenous variable and an endogenous variable and that predicted
under the structural model.

12.3.3 Instrumental Variables

The estimation of reciprocal effects in general is made possible by such discrepancies
between the observed covariance of an exogenous variable with some other endoge-
nous variables in the system.. Discussions of reciprocal effects for structural models
appear to assume that the exogenous variables of the system take the form of “in-
strumental variables” related to one, but not all endogenous variables in the system.
For example, Heise (2001) notes: “Coefficients in non-recursive relations can also be
identified and estimated provided that the specification of the system includes some
variables with certain restricted features. These “instrumental variables”... may be
part of the original specification of the system or they may be added to the system
specification merely as a matter of research design. Regardless of whether instru-
mental variables are considered practically relevant, their conceptualization at the
time of theorizing is a matter of utmost importance. The structural coefficients in
a nonrecursive system can be estimated from cross-sectional data only if adequate
instruments are available.” As noted above, the number of instrumental variables
and their relationship to variables in the model have important implications for the
types of relationships that can be modeled between variables in a feedback loop. For
example, in Figure 12.4a, the presence of two indicator variables in a path diagram
permits the estimation of both reciprocal relationships between the dependent vari-
ables Y and Z and the estimation of the covariation between measurement errors, a
constellation of effects that was not estimable if only one instrumental variable was
present as shown in Figure 12.1. This model, however, is just identified, meaning that
it involves the estimation of as many parameters as there are unique elements of the
variance/covariance matrix for the data.
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model.

The same algebra can be used to generate the predicted variance/covariance matrix
for other models that involve feedback loops and correlated error terms. Using the
same algebra for the structural model shown in Figure 12.4a, the predicted covariance
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As can be seen, covariance terms between an exogenous variable with variables
involved in the reciprocal loop are adjusted in the denominator by the magnitude
of the reciprocal effect (1 — A,45) while covariance and variance terms between the
variables involved in the reciprocal effect (even covariances between error terms)
are adjusted by the square of this effect.

124 LONGITUDINAL DATA SETTINGS

12.4.1 Monte Carlo Simulation

When considering longitudinal data, it seems reasonable to think that repeated mea-
surements of behavior could also constitute a chain meeting the requirement for
instrumentality. If, for example, behavior is measured on three different occasions,
and it is assumed that only autoregressive paths of length 1 are assumed, the dis-
crepancy between the observed covariance between the initial and final measurement
occasions would make it possible to estimate the magnitude of an autocausal effect
for the third time of measurement or, if the magnitude of the autocausal effect is
constrained to equality across either the second and third measurement occasions or
across all three measurement occasions. An example of estimation of an autocausal
model for three times of measurement is shown in Figure 12.5a and b, for example.
Note that although this model is identified based on the number of estimated parame-
ters, it would not be identified if the researcher had included a lagged effect of length
two and that other models such as those that view measurements as indicative of a
single trait over time constitute an alternative explanation of the data. In practice, it
often becomes necessary to impose the constraint that the autocausal path not exceed
1 in absolute magnitude to avoid improper solutions and the use of large sample sizes
or other model constraints may be necessary to secure a converged, proper solution.
These issues are discussed further in the Monte Carlo simulation later.

When more than three measurement occasions are present, however, it becomes
possible to consider autocausal effects even when the repeated measurements of
behaviors under investigation are often thought to be due to one or more latent
variables that span time. Although it is attractive to consider that the latent variable
might itself constitute an unmeasured instrumental variable, it is not possible to
use the congeneric factor model as a basis for the identification of autocausal or
reciprocal effects between all manifest variables, as the solution is not uniquely
identified. If, however, one specifies a single manifest variable as not containing
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autocausal effects, such unmeasured reciprocal effects are estimable, as they then
model, as before, the discrepancy between the observed covariance between manifest
variables and that predicted under the remaining structural model.

The number of longitudinal assessments necessary for a mathematically identi-
fied solution increases markedly, however. The number of estimated factor loadings,
estimated error variances, and possible reciprocal effects at the manifest variable
level requires a minimum of five measurement occasions to produce a model that
is just identified. For those situations in which autoregressive paths between adjacent
measurement occasions are also required, six measurement occasions are needed to
produce a model with nonzero degrees of freedom.

In practice, however, a single underlying factor is often insufficient to characterize
a general trait over time. In many situations, for example, a random intercept com-
ponent is estimated as a latent variable (often represented as a latent variable with
unit loadings and freely estimated factor variance, Maydeu-Olivares and Coffman,
2006). When measurement occasions span long periods of time, the postulated latent
variables are estimated with nonzero means in order to model patterns of growth
over time. Such growth curve models may also include autoregressive terms as well
(e.g., Wood et al., under review). Such extensions, however, do not alter the concep-
tual status of the postulated latent variables as potential instrumental variables, but
may increase the number of measurement occasions required to produce an identified
model.

The question arises then, as to whether reciprocal effects can be detected when
researchers consider longitudinal factor models that contain the necessary number
of measurement occasions for identification. The path diagrams involved in specify-
ing feedback loops often lead researchers to believe, for example, that unmeasured
reciprocal effects, if present, would be subsumed in the error terms associated with
manifest variables in the model or that the estimation difficulties in estimating such
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models preclude their use. To this end, I would like to present two reasonably realis-
tic Monte Carlo simulations to make the following points: (i) Unmeasured reciprocal
effects can be successfully recovered in factor models that contain sufficient mea-
surement occasions to identify the model; (ii) misspecified models that do not include
unmeasured reciprocal effects do not fit the data as well and, further, produce sub-
stantially different patterns of estimated factor loadings depending on whether the
unincluded reciprocal effects are positive or negative; and (iii) when the data do not
include unmeasured reciprocal effects, the estimated reciprocal effects are zero.

In the service of conducting a Monte Carlo study that better reflects the complexity
of longitudinal models often encountered, I considered a Gompertz growth curve
model as representative of nonlinear growth. The Gompertz growth curve considered
had the following functional form as a function of time ¢:

)

y,=e (12.10)

with A indicating the time at which maximum growth occurs and « indicating a rate of
change. Grimm and Ram (2009) provide a more detailed discussion of this curve and
compare its substantive merits relative to other parametric curves. It is worth noting
here, however, that the Gompertz curve contains an inflection point, indicating the
maximum rate of growth over time and that the curve is asymmetric about this inflec-
tion point with 1/e of the total growth (about 37%) occurring before the inflection
point with the remainder occurring afterward. The curve has found application, for
example, in growth populations with confined space or limited nutrients. Studies of
human stature, for example, appear to show a similar “biphasic” pattern with some
individuals demonstrating an initially slower rate of growth accompanied by more
rapid growth at later ages and vice versa (e.g., Masuyama, 1979). For these data, A
(the horizontal displacement) was chosen to be 60 and « (the growth rate) to be 6.
Parameter values for the simulation are shown in the first column of Table 12.1. To
make this simulation realistic, unequally spaced times were chosen for assessment
at times 1, 5, 6, 8, 9, 10, 11, and 13, a random intercept factor was also included,
with means and variances of the intercept and growth factors were estimated at unity.
The magnitude of change over the course of time is similar to the amount of change
observed in some studies (such as cognitive outcomes of higher education), while
markedly other studies (such as change in verbal ability during childhood (McArdle
and Epstein, 1987), or stature (Masuyama, 1979). Error variances were chosen so that
the internal consistency of the model (in the absence of autoregressive and reciprocal
effects) was 0.85, which was taken as a reasonably representative degree of measure-
ment reliability. Positive and negative autoregressive effects between measurement
occasions were also estimated as shown in Table 12.1, as well as a variety of positive
and negative reciprocal effects. Note also that for one measurement occasion in the
simulation no autoregressive effects were modeled (between measurement occasions
7 and 8) and for one occasion, no reciprocal effect was modeled (measurement occa-
sion 1). In order to mirror the fact that researchers may not have any a priori reason
to anticipate the functional form of growth over time, the models fit to the data were
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Figure 12.6 Longitudinal growth model with autocausal effects Monte Carlo values.

fit as free curve growth models (FCSI; Wood et al., 2015). The path diagram corre-
sponding to this model is shown in Figure 12.6. The Mplus model corresponding to
this simulated data is shown in Table 12.2.

12.4.1.1 Convergence Issues In order to assure convergence during minimiza-
tion, the magnitude of the reciprocal effects was constrained to be between —1 and
1 using the Model constraint command in Mplus. Although a large sample size of
1000 was considered for the analysis given that the real-world data considered below
are also from a large-scale assessment, it should be noted that when the sample size
is decreased to 500, models converged in only 97.3% of the simulations and when a
sample size of 250 is considered, models converged in only 93% of the replications,
suggesting that the issue of nonconvergence may be more significant for models that
test for unincluded reciprocal effects.

12.4.1.2 Results As can be seen from the second column of Table 12.1, when the
correct model is fit to these data, coverage (the proportion of times that the confi-
dence interval of the simulation includes the true population value) occurs for all
parameters, although a slight bias is noted for the smaller reciprocal effects (Times 1
and 2, 19.50% and 11.50%, respectively), and the autoregressive effect from Time 1
to Time 2 (—24.20%). As would be expected, observed y2 model fit statistics closely
approximated the degrees of freedom for the model (average y2(19) = 18.78) and
the percentiles of the distribution appeared similar to their values based on normal
theory. The average RMSEA was 0.003 across replications.

When, however, these same data are modeled as a standard growth curve model,
however, fit of the resulting model is appreciably worse (average y2(25) = 63.43),
and the average RMSEA was 0.05. Failure to include the unincluded reciprocal effects
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TABLE 12.2 Example Mplus Model for Estimated Autocausal Effects.

s by tl1*0.500000 (L1)
t2*0.050427
t3*0.194092
t4*-0.610312
t5*0.762620
t6*0.861806
t7*0.921620
t8*0.975716;

i by tlel

t2e@l

t3@l

t4@l

ts@l

te@l

t7@1

t8@l;

t2 on t2*0.10000(r
t3 on t3*-0.20000 (
t4 on t4*-0.30000(
t5 on t5*0.30000(r
té6 on t6*0.40000 (r6
t7 on t7*0.46081 (xr7
t8 on t8*0.40000 (r8
t2 on t1*0.1000;

t3 on t2*-0.1000;
t4 on t3*%*0.2000;

t5 on t4*-0.2000;
t6 on t5*%0.4000;

t7 on t6*0.2000;

t8 on t7*%*0.0000;
[s*1];

[i*1];

s@l;

i*1;

t1*0.18 (el) ;
t2*0.18 (el) ;
t3*0.18 (e2) ;
t4*0.2422;
t5*%0.2791;
t6*0.3075;
t7%0.2422;
£t8*0.2791;

3);
4);

7

7

2)
r

r
5)
)
)

)

7

7

produced markedly different loadings, which ranged from 0.48 to 2.33 across mea-
surement occasions, resulting in biased estimates ranging between 55% and 800%.
Bias in estimated factor means and the random intercept variance was also observed.
Estimates of error variance were also underestimates in those measurement occasions
associated with an unmeasured negative feedback loop (measurement occasions 3 and
4) but were overestimates for the remaining measurement occasions.
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Taken together, this simulation suggests that the failure to model unincluded recip-
rocal effects can result in markedly poorer fit for growth curve models even though
the unstandardized estimates of loadings may appear markedly higher than their true
values.

12.4.1.3 False Detection of Unincluded Reciprocal Effects Although the simu-
lation described in the previous section makes the case that unincluded reciprocal
effects may be a source of model misfit and may substantially affect estimated param-
eters, it is possible that modeling unincluded reciprocal effects may also result in false
positives, that is, estimation of unincluded reciprocal effects where, in fact, none exist.
To address this question, the simulation described above was rerun except that the
true model now included no reciprocal effects. When this is done, average estimated
reciprocal effects were all very close to zero (ranging from —0.02 to 0.02). Statisti-
cally significant reciprocal effects were found at levels close to the 0.05 alpha level of
significance (ranging between 0.05 and 0.08 across measurement occasions). Param-
eter estimates for the remaining parts of the model appeared close to their population
parameter values. On the basis of this initial Monte Carlo exploration, then, it seems
that the estimation of unincluded reciprocal effects when they are not present does
not appear to result in a necessarily high rate of false positive identification of unin-
cluded reciprocal effects. This observation, however, must be tempered by the fact
that the false-positive rate may be present if the data fail to meet other assumptions
of the factor model, such as conditional normality of error variance or nonlinearity
of parameter estimates.

12.4.2 Real-World Data Examples

Although the results of the Monte Carlo simulations provide some evidence that it is
possible to estimate unincluded reciprocal interactions and that failure to do so may
result in substantial bias in parameter estimates, it is unclear whether it is possible
to do so in practice, given that real-world data may not possess the ideal proper-
ties of randomly generated data and patterns of missing data present in the data may
make estimation of such parameters problematic. Accordingly, this chapter concludes
with analyses of four constructs drawn from a study of collegiate problem behaviors
in which individuals were assessed across eight measurement occasions. Because
the focus of the study was to explore patterns of onset of and desistance in problem
behaviors and related constructs during the college years, the structural models that
were explored were models that explored latent variables with estimated mean levels.
The IMPACTS data set is based on assessments of 3720 first-time college students at
a large Midwestern University who were assessed twice a year for 4 years. Further
details of the study are given in Sher and Rutledge (2007). Although the initial sam-
ple of students constituted a near-complete assessment of all eligible freshmen, over
the course of the 4 years missing data occurred between 69% and 60% of the original
sample. In order to explore whether unmeasured reciprocal effects could be assessed
with these data, three constructs were considered: general distress, as assessed by the
Brief Symptom Inventory (BSI; Derogatis, 1975) report of the number of times in
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the past 3 months that the individual felt drunk (QDRUNK), felt high from alcohol
(QHIGH), or consumed five or more drinks in one sitting (PLUSS5). Because patterns
of change for these four constructs are quite likely to be qualitatively different, the
factor structure of each construct was first explored by means of confirmatory factor
models in an attempt to “right size” the model before fitting growth curve models
to the data (Wood er al., 2015). Specifically, an exploratory factor analysis was first
conducted on the data to determine the dimensionality of the data and then, based on
this, models were considered that explored whether the dimensionality could be best
recovered using congeneric factors (i.e., factors in which freely estimated loadings
were estimated) or using a random intercept factor (i.e., a factor in which loadings
were set to equality). For these variables, however, it was found that two-factor solu-
tions fit the data well based on exploratory factor analyses, and, given that all four
variables are characterized by a general pattern of desistance over the college years, it
was decided to identify the factor structure of each construct by fixing the loading at
the last measurement occasion to zero for the second extracted factor. Corresponding
growth curve models were then explored for the data in which factor means were esti-
mated while constraining manifest variables to zero or to equality (a constraint that
results in McDonald’s (1967) linear factor model. See Wood et al. (under review) for
a more complete description).

12.4.2.1 QPLUSS5 For the report of the number of times that the individual
reported drinking five or more drinks in one sitting during the previous 3 months,
a two-factor solution fit the data best based on an exploratory factor analysis of
the data. Given that the normative pattern of alcohol use during undergraduate
years shows a normative pattern of desistence over time, it was decided to identify
this factor structure by freely estimating factor loadings across all measurement
occasions for the first factor and to mathematically identify the second factor by
constraining the loading associated with the first measurement occasion to zero.
Because this resulted in a factor solution in which the factor loading for the second
wave was nonsignificant, it was decided to fix the second loading to zero as well,
making the factor representative of behavior after the first year of college. When
this model is fit with intercepts constrained to zero and freely estimated factor
means, the resulting fit is quite good, and, based on this, it was decided to explore
whether unincluded reciprocal effects could be present. Although the 2 statistic
from the resulting model is statistically significant ( 72(13) = 39.25; p = 0.0002), the
fit of the model is quite good based on other fit statistics (CFI = 0.99; TLI = 0.99;
RMSEA = 0.02, CI = [0.02 — 0.03]). In addition, the )(2 difference test (also known
as A y%) comparing the model with a reciprocal effect with the model containing no
reciprocal effects is statistically significant (3> = 31.31,p < 0.0001).

12.4.2.2 QHIGH For the reports of the number of times the person reported
being “high” or “buzzed” while using alcohol, a similar pattern of results was
found as for the QPLUSS variable. Overall fit for the model with common
reciprocal effects appeared good (y?(14)=49.74; CFI=0.99, TLI = 0.99;
RMSEA = 0.03[0.02 — 0.03]), and a model in which no unmeasured reciprocal
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effects were included fit significantly worse (y>(1) = 15.07,p < 0.0001). A model
in which the magnitude of unincluded reciprocal relationships was equal across
time appeared to be a parsimonious alternative to modeling different magnitudes of
reciprocal relationships at each measurement occasion (y2(6) = 0.01,p < 0.0001).

12.4.2.3 QDRUNK No reciprocal effects were found for the QDRUNK variable,
and, the estimated value of the unmeasured reciprocal effect, when estimated, was
positive (0.17) rather than negative as found for the other alcohol consumption vari-
ables. The A y? test comparing the reciprocal model with a model with no reciprocal
effects was not statistically significant ( 72(1) = 1.60, p <0.21).

12.4.2.4 BSI-GSI The pattern of results for BSI-GSI was different than that for the
alcohol consumption variables. Specifically, the model with magnitudes of reciprocal
effects across measurement occasions appeared to fit the data the best.

For these data, reports of the quantity of drinking five or more drinks in a sitting
and quantity of times that the person drank until “high” were associated with a nega-
tive autocausal effect, suggesting that some “satiety”” or unmeasured reciprocal effect
was present, which caused covariances between a measurement occasion and remain-
ing occasions to be lower than expected under the growth curve models estimated.
The other two variables relating to general psychological distress and quantity of
times reported drunk were not associated with autocausal or unmeasured reciprocal
effects. The finding regarding the number of times drunk variable is somewhat sur-
prising, given that the autocausal effects regarding five or more drinks and “feeling
high” appeared interpretable as reflecting “satiety” effects. It should be noted, how-
ever, that the factor loadings associated with the QDRUNK variable were, however,
much lower than those for the other two alcohol variables, suggesting that the failure
to find autocausal effects may be due to a lack of reliable assessment of the construct.
Although a more detailed discussion of the conceptual interpretation of these rela-
tionships cannot be taken up in the interests of space, it appears that these data show
that it is possible to estimate autocausal effects and/or unmeasured reciprocal effects
in real-world longitudinal data with several measurement occasions.

12.5 DISCUSSION

The identification of autocausal, reciprocal, and cycle effects presented in this chapter
is based on the discrepancies between observed variables and based on the predicted
covariance under the remaining structural model assumed. The effect of unincluded
reciprocal effects in structural models appears qualitatively different from the usual
bias terms associated with the simple failure to include relevant predictor variables to
the model in that it deals with unexplained covariance and not differences in amount
of explained variance in the variables under study. Put another way, unmeasured
reciprocal effects do not appear to be absorbed into the error terms or autoregressive
components of longitudinal models.

The specification of models that can test for the presence of such unincluded recip-
rocal effects appears both feasible and not overly prone to false positives, given the
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preliminary Monte Carlo work presented here. It also appears that estimation of such
effects can be done with real-world data, given the analyses based on the longitu-
dinal study presented here. Results from the collegiate data suggest that feedback
loops associated with alcohol consumption indicate that, when present, the unin-
cluded feedback loops are negative, which suggests that when such reciprocal effects
are not included in the model that estimated error variances are underestimates.

The possible detection of unincluded reciprocal effects causes speculation as to
the specific nature of such reciprocal relationships. It may well be, for example, that
such unincluded reciprocal effects are the result of feedback relationships between
other variables in the system. For example, it may be that peer effects of alcohol
consumption affect one’s consumption of alcohol (either positively or negatively)
and the example of one’s drinking in turn affects the alcohol consumed by one’s
peers. Alternatively, however, it may be that the feedback loops associated with a
given behavior are “autoreciprocal” or “autochthonous” and arise from the behavior
itself. It may be, for example, that consumption of one alcoholic beverage may lead
to another one or, alternatively, that some appetitive aspect of alcohol consumption
has been fulfilled, resulting in a negative feedback loop in alcohol consumption.

As McArdle and Nesselroade (2014) have noted, the estimation of reciprocal (and
presumably autocausal and cycle effects) can be quite difficult in real-world applica-
tions. As we have seen, however, imposition of nonlinear constraints during estima-
tion (such as those necessary to ensure that autocausal or the product of reciprocal
effects does not exceed the absolute value of 1) seem to improve the estimation of such
models considerably. When feedback loops are present in the data, the standard errors
associated with estimation appear somewhat larger than in acyclic systems, and, for
this reason, models in which more equality constraints are present have appeared in
practice to improve the convergence rates of these models. Clearly, however, there
is additional work to be done in improving the design, estimation, and interpretation
of models with feedback loops. It is important to recall, however, that a researcher
who tests for and finds possible unincluded reciprocal effects in data has not nec-
essarily proven their existence. A variety of alternative explanations for an observed
feedback loop may exist, which have nothing to do with autocausal or reciprocal cau-
sation. These effects rely strongly on the assumption that the remaining parts of the
structural model have been correctly specified and to the extent, for example, that
relationships between variables in the model are not linear but condition or nonlin-
ear, estimated reciprocal effects can be ephemeral. Ad hoc modifications to scoring
or the assumed measurement model of manifest variables explore the reasonableness
of such counterarguments, however. To the extent, however, that such effects may
be present in the data, their detection serves as an initial conjecture regarding the
dynamics of the behavior of interest over time.
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13.1 INTRODUCTION

This chapter describes a method for the analysis of two-way and three-way tables of
adjusted cross-classified frequency data that reflect the effects of categorical variable
X on categorical variable Y that would be realized after eliminating selection bias in
the effects of X on Y generated by confounding covariates V. It is also a method for
applying semiparametric logit and multinomial logit regression models that do not
specify the effects of the confounding covariates V on Y.

Sociological researchers’ interests in the use of log-linear and log-multiplicative
models of contingency tables seem to have been largely lost in the past two decades
mainly because of the limitations of the analyses for handling many control variables.
Although log-linear models that are in the regression form, such as logit, multi-
nomial logit, and ordered logit models, continue to be used frequently, the effec-
tiveness of a multivariate regression form in controlling confounding variables for
causal analysis has gradually been called into question, starting from the Rosen-
baum and Rubin’s (1983; 1984) pioneering work on the use of propensity score
adjustments.

This chapter responds to these trends by relying on a new log-linear causal anal-
ysis of a categorical dependent variable (Yamaguchi, 2012). Semiparametric meth-
ods based on the use of the propensity score, including propensity score matching
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methods and the inverse-probability weighting based on the propensity score (Rosen-
baum and Rubin, 1983, 1984; Rubin, 1985), have been widely used. However, the
use of these methods for models with a logit or multinomial logit link function has
serious limitations. The propensity score tries to attain independence between the
treatment variable X and the confounding covariates V in the pseudopopulation by
conditioning semiparametrically on the propensity score. However, even under statis-
tical independence between X and V, we cannot omit V from the regression equation
for the logit and multinomial logit models in order to obtain unbiased estimates of
X on Y (Gail et al., 1984). This is known as the lack of collapsibility for regres-
sions with a logit link function. Since the primary aim of log-linear causal analysis
for contingency table data is to generate an adjusted two-way contingency table of
X by Y frequencies that retain the causal effects of X on ¥ when summed across the
categories of V, the lack of collapsibility is a major problem. Since this issue is not
widely recognized, we explain the problem formally and with illustrative examples
later.

The collapsibility problem can be solved if we eliminate selection bias in the effect
of X on Y due to confounding variables V by eliminating the effects of V on Y, instead
of attaining independence between X and V. In particular, standardization methods
for the odds, such as Xie’s (1989) “CD-purging” method, which eliminates the effects
of V on Y, should work if p (y|x,v) > 0 always holds for the sample estimate of
p (v|x,v). When V includes many variables, however, p (y|x,v) = 0 usually occurs
for some cases of V if we employ nonparametric estimates for p (y|x, v). However,
an estimate p (y|x, v) = 0 for a particular (x, v) makes the estimate for the conditional
log odds ratio involving the (x, v) either nonfinite or indeterminate, and makes known
standardization methods that eliminate the effects of V on Y ineffective. Although
the use of a parametric regression model for p (y|x, v) can assure p (y|x,v) > 0, this
alternative makes a strong assumption that we wish to avoid. In this chapter, we solve
this problem by employing semiparametric models for p (y|x, v).

The main aim of this article is thus to describe a new standardization method (Yam-
aguchi, 2012) to solve the collapsibility problem and the problem of zero estimates
for conditional probabilities p (y|x, v) in order to obtain the adjusted conditional prob-
abilities P (y|x), where a capital P indicates an expected probability from a given
model, that eliminate selection bias in X generated by the effects of confounding
covariates V on the association between X and Y. The method is also extended to
obtain P (ylx, Ul-) that retains odds ratios that characterize the causal effects of X on
Y and the dependence of those effects on a particular covariate V;, when interaction
effects of X and V; on Y exist on the log odds of p (y|v, x). From those adjusted con-
ditional probabilities, we can generate two-way or three-way contingency tables of
adjusted frequencies whose odds ratios reflect the causal effects of X on Y and the
possible dependence of those effects on a covariate. The chapter also describes how to
estimate the standard errors of parameter estimates in the analysis of association and
conditional association between X and Y based on the use of those adjusted frequency
data.
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13.2  PROPENSITY SCORE METHODS AND THE COLLAPSIBILITY
PROBLEM FOR THE LOGIT MODEL

The causal analysis introduced by Rosenbaum and Rubin (1983) is based on a dis-
tinction between the treatment assignment characterized by observed variable X and
the treatment that yields that outcome and can be counterfactual. When we have a
dichotomous distinction of the treatment group for whom X = 1 and the control group
for whom X = 0, we assume a pair of potential outcome variables, Y| and Y, for
each subject for an outcome under the treatment and an outcome under no treatment,
respectively. One of those two that is counterfactual is considered missing because
we observe only Y| for the treatment group and only Y;, for the control group. The
observed outcome variable is defined as Y, = xY; + (1 — x) Y{;, and for the linear
model, the average treatment effect is given as E (Y 1) -E ( YO).

In order to obtain a consistent estimate of the average treatment effect, Rosenbaum
and Rubin (1983) assume that the strongly ignorable treatment assignment (SITA)
condition holds. The SITA assumption posits that both Y; and Y|, are conditionally
independent of the treatment assignment when conditioned by a set of covariates V,
thatis, {Y|, Yy} LX|V. Then, under this and assuming all covariates to be categorical,
we obtain

E(Y) = Y E(Y,[»)p®) = D E(Y, |x = 1y)p(v)(since E(Y,|v,x) = E(Y,|v))

= ZE(Yobsu = 1Lv)pK) = Zwl(v)E(Yobslx =Lvpelx=1), 13.1)

where p (.) indicates the probability measure, E (.) indicates the expectation, and

w, (v) = P = P — p()
T b= prx=1/px=1)" pa=1wpE) /px=1)
=px=1/px=1{y) (13.2)

Equations (13.1) and (13.2) indicate that an unbiased estimate of E (Y 1) is
obtained by a weighted average of Y, for the treatment group with weights
inversely proportional to the propensity score. Similarly, an unbiased estimate of
E (YO) is obtained by a weighted average of Y, for the control group with weights
@y (v) =p(x=0)/p(x =0|v). The inverse probability weighting (IPW) relies on
consistent sample estimates of p (x|v) for weighting the sample. For the treatment
effects that are defined in terms of log odds ratios, as in the case of the logit or
multinomial logit model, however, the above-described procedure does not work
for obtaining a consistent parameter estimate for the average treatment effect, as
explained in what follows.

Equations (13.1) and (13.2) indicate that the weights make treatment vari-
able X independent of covariates V in the pseudopopulation under the condition
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p (x|[v) > 0 because the weighted joint probability p* (x,v) of X and V satisfies
P (x,v) =px,v)(p ) /px|v)) =p () p@). In this pseudopopulation that satisfies
XLV, E* (Yypslx =1) = E(Y,) and E* (Yy,|x = 0) = E (¥) both hold. E* (.) here
and henceforth indicates the expectation in the pseudopopulation with adjusted
probability measure p* (x,v) = p (x)p (v). It follows that the marginal treatment
effect, which we obtain as the treatment effect for a given link function /(.) of the
generalized linear model (McCullagh and Nelder, 1989) by collapsing data across
states of V after attaining independence between X and V, can be expressed as

L(E(Y))) = L(E(Yy)) =1 (E* (Yopslx =1)) =1 (E* (Yoslx =0))  (13.3)

On the other hand, under the SITA assumption, we can express the general model
of observed outcomes at the individual level for individual i by the following semi-
parametric regression equation for a given link function /(.):

L(E (Yopsilxinv;)) = @+ Bx; + ¢ (v,16,) + @ (v,16,) x; (13.4)

where 6, and 6, are parameter sets included in functions ¢ (.) and ¢ (.),
respectively. Without loss of generality, we can assume Y ¢ (v|91) p) =
2.0 (v|91 ) p(®) =0 in order to make a and f represent the average effects
as described below. Since E (Y;|v) =E (Y||X =1,v) =E (Y,,|X =1,v) and
E (YOIV) =F (Y0|X = O,v) =F (Yoble = O,v) hold under the SITA assumption,
Equation (13.4) implies!/ (E (Yli|vl~)) =UE (Yobs’ilxi = 1,vl~) =a+f+¢ (v,.|91) +
@ (v;10,)and UE (Yy;lv;) = 1 (E (Yopeilx; = 0,v;)) =a+ ¢ (v,10,), and thus the
treatment effect for individual i with covariates v; is given as f+ ¢ (v,-|92), and
parameter f indicates the average treatment effect.

A problem of causal reasoning for logit and multinomial logit regression models
here is that the average treatment effect based on Equation (13.4) differs from the
marginal treatment effect defined by Equation (13.3). This can be readily inferred
from the fact that given Equation (13.4), the marginal treatment effect is given as

L(E* (Yypslx=1)) = 1(E* (Yypslx =0))
= IE; (E (Yt = 1.9))) = UE; (E (Yt = 0.9)))

= 1(21—1 (a+p+¢(v10,) +o (v|92))p(v)> —1<Zz—1 (a+ ¢(v|91))p(v>.

The disagreement between the marginal treatment effect and the average treatment
effect yields the lack of collapsibility.

Prior to a more formal analysis of this collapsibility problem and its solution,
we first illustrate the problem by presenting simple examples with a dichotomous
dependent variable Y, a dichotomous treatment variable X, and a single dichoto-
mous covariate V. Data sets 1, 2, and 3 in Table 13.1 present distinct hypothetical
2-by-2-by-2 cross-classified frequencies, where X is made independent of V for each
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TABLE 13.1 Three Hypothetical Data Sets.

Data set 1
V=1 V=0 Total
X=1 X=0 X=1 X=0 X=1 X=0
Y=1 88 80 80 75 168 155
Y=0 72 80 20 25 92 105
Data set 2
V=1 V=0 Total
X=1 X=0 X=1 X=0 X=1 X=0
Y=1 64 60 80 75 144 135
Y=0 56 60 20 25 76 85
Data set 3
V=1 V=0 Total
X=1 X=0 X=1 X=0 X=1 X=0
Y=1 80 70 80 75 160 145
Y=0 60 70 20 25 80 95

data set. They, respectively, represent situations where the interaction effect of X and
V onY is absent for the linear probability model (data set 1), the log-linear probability
model (data set 2), and the logit model (data set 3), for the following specifications
of the three models.

PY=1xv)=a+X+yV+pXV (13.5a)

log(P(Y =1|x,0))=a+ X +yV+ XV (13.5b)
P =1|x,v)

1 — | = X+yV XV 13.5

og(P(Y=0|x,0)> @+ BX+ 7V + By (13.50)

The issue of collapsibility is concerned with whether, given the statistical inde-
pendence between X and V, we can retain the average treatment effect if we omit the
effect of V from the regression models —or equivalently, if we analyze data summed
across the states of V —by applying the following models with the same link function.

P(Y=1|x)=a+bX (13.6a)
log (P(Y = 1]x)) = a + bX (13.6b)

P =10\ _
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TABLE 13.2 Analysis of Data Sets in Table 13.1.

B Y B, Average f8 b
Linear probability Datasetl  0.050 —0.250 0.000 0.050 0.050
Dataset2  0.050 -0.250 -0.017 0.041 0.041
Dataset3  0.050 —0.250 0.021 0.063 0.063
Log-linear probability =~ Dataset1  0.065  —0.405 0.031 0.084 0.081

Dataset2  0.065  —0.405 0.000 0.065 0.065
Dataset3  0.065  —0.495 0.069 0.105 0.098

Logit Dataset1 0288  —1.099  —0.087 0.234 0.213
Dataset2 0288  —1.099  —0.154 0.204 0.176
Dataset3  0.288  —1.099 0.000 0.288 0.270

Table 13.2 shows the estimates of regression coefficients f; and f, obtained by
applying regression models (13.5a), (13.5b), and (13.5¢) to each of the three data sets,
and those of regression coefficient b obtained similarly by applying regression models
(13.6a), (13.6b), and (13.6¢). The “average f” in Table 13.2 is a weighted average
of the treatment effects f, + §,V from models (13.5a), (13.5b), and (13.5c), defined
as y,,p(V) ( p+ ﬂzV), with weights p (V) equal to the proportion of the covariate
states.

The results of Table 13.2 show that

(a) the linear probability model preserves the average treatment effect regardless
of the presence of interaction effects of X and V on Y;

(b) the log-linear probability model preserves the average treatment effect only if
there exist no interaction effects of X and V on Y; and

(c) the logit model does not preserve the average treatment effect regardless of the
presence of interaction effects of X and V on Y.

The following section describes a theorem that shows that characteristics (a), (b),
and (c) given above generally hold for any data. Finding (c) implies the lack of col-
lapsibility for the logit model.

13.3 THEOREM ON STANDARDIZATION AND THE LACK OF
COLLAPSIBILITY OF THE LOGIT MODEL

We formalize observations we made in the analysis of Table 13.2 by introducing a
theorem on standardization. We assume here that covariates V affect X, and both V
and X affect Y. We first define two functions. The first function is the link function,
[ (x), as the term is defined for generalized linear models (McCullagh and Nelder,
1989). When the effects of X and V on Y are additive, we express the model as
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1(P(y|v,x)) = B¥ + p¥IV 4 p¥IX and when interaction effects of V and X on Y exist,
as [(P (y|v,x)) = pY + pYIV + pYIX 4 gYIVX ‘where p¥, p¥IV, p¥1X, and p¥1VX indicate
the Y-intercept, the effects of V on Y, the effects of X on Y, and the interaction effects
of V and X on Y, respectively, and capital P indicates the expected probability from
a given model.

We refer to the second function, which is assumed to be a smooth strongly mono-
tonically increasing function, as the standardization function, s (x). With this function,
the standardized conditional probabilities P (y|x) are defined as follows.

s(P () = Zw(V)S(P(yIV,X)) 3.7

where w (v) is the standard distribution of V that satisfies w (v) > O and ) ,w (v) = 1.
Then, the following theorem holds':

Theorem

(1) When the effects of V and X on Y are additive, such that [ (P (y;|v.x;)) = B +

ﬁYlV BZI}X, the standardized conditional probability preserves the effects of X

on Y in P (y|v,x) such that / (P (yk|le )) -1 (P (yk|xj2)) ﬁy|x YIX if either
s(x) =1(x)ors(x)=exp (I(x)), and those effects are 1ndependent ot2 the stan-
dard distribution w (v).

(2) Even when the effects of V and X are additive, the standardized conditional prob-
abilities do not preserve the effects of X on Y when the link function is the logit or
multinomial logit function and the standardization function is the identity func-
tion s (x) = x.

(3) When interaction effects of V and X on Y exist such that / (P (yklv,xj)) =
ﬁk + ﬁYlV + ﬁ X ﬁ YIVX " then the standardized conditional probability pre-
serves the average effects of X on Y if s(x) = [ (x) and w (v) = p (v), but not if
s@) =exp ().

A proof of the theorem is given in Appendix A. In particular, part (1) of the theorem
means if the standardization function is either a multinomial logit function, such as

ykl )’k|"x)
1°g< Pl ) 2o ( e ,>> (=

or, a multinomial odds function, such as

(Yk|x‘) Z v )(P(yklv’xj)> (13.9)
2

(y1|x) v (Y1|V’xj)

I'Little and Pullum (1979) proved a part of this theorem for the case where the link function is equal to the
standardization function. As far as the author knows, no proof was presented prior to a study by Yamaguchi
(2012) in a general form with the standardization function for the case with s (x) = exp (/(x)).
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then, if no interaction effects of X and V on Y exist, the effects of X on Y, in terms
of conditional odds ratios between X and Y for a given V in P (y|v, x), are retained in
the standardized probability P (y|x), and those odds ratios do not depend on weights
w(v).

Part (2) of the theorem means that if the standardized conditional probability is
defined as

P (vl Zw(v)P elv.x)) (13.10)

it does not preserve the effects of X on Y in p (y|v, x) for the multinomial logit link
function. This yields the lack of the collapsibility of the logit and multinomial logit
models.

Part (3) of the theorem suggests that the use of the standardization Equation (13.8)
combined with w (v) = p (v) works best if interaction effects of X and V on Y exist.
However, this method is not effective if we employ the nonparametric estimation
for p (y|v, x) and the estimates p (y|v, x) include a value of zero, as explained in the
following section.

13.4 THE PROBLEM OF ZERO-SAMPLE ESTIMATES OF
CONDITIONAL PROBABILITIES AND THE USE OF SEMIPARAMETRIC
MODELS TO SOLVE THE PROBLEM

13.4.1 The Problem of Zero-Sample Estimates of Conditional Probabilities

Y|vx

We use shorter notations P, Wi and P]fll,.x, respectively, for conditional probability

P (y;|v;»x;) and P (y;|x;). Suppose that the multinomial logit regression with inter-

action effects of X and V on Y is specified as log P:lllyx /mex) ﬁk + ﬁ,flllv
ﬂY'X ﬁY'VX where ! = ﬁlYI'iV = ﬁIYl'}.X = ﬂlYI']V X¥'=0,and ﬂY'X = ﬁkyl'ﬂ”‘ = 0, with the

ﬁrst category for each variable as the baseline category. Then the average effect of
X =jversus X =1 on Y =k versus Y = 1 would be obtained by taking a weighted

average of ﬂ X ﬁlfl [VX, with weights equal to p (v). The average effect is given as

YIVX p,Y|VX
P| |

Y
Y|X Y|VX klij— 1]il
Z ( )(ﬁ kll/ ) Zp YIVX pY|VX ’ (13.11)

i kit i

Hence, the average treatment effects are the weighted averages of conditional log
odds ratios between X and Y in P (y|v,x), and this is what we would obtain for log
odds ratios in the set of P (y|x) by applying the standardization Equation (13.8) and
setting w (v) = p (v).

If, however, covariates V are categorical and we characterize pl):lll;/x nonparametri-
cally for the combined states of V, then it is very likely that the sample estimate for the
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component odds ratio of Equation (13.11) will take a value of zero for the numerator,
the denominator, or both, for some states of V, and thereby make the average of log
odds ratios meaningless.
Hence, the method of retaining the average treatment effect by using
Eq]uation (13.11) is not effective when we employ nonparametric estimates for
VX with many covariates. Although this problem can be solved if we specify a

P % %
parametric model for plfllij X to assure Plflll.. %> 0, we wish to make the assumption of

. ) . .
the model as weak as possible and use instead semiparametric models that do not
specify the effects of V on Y, as described in the following section.

13.4.2 Method for Obtaining Adjusted Two-Way Frequency Data for the
Analysis of Association between X and Y

Let us assume that all covariates V are categorical, or categorized, variables and let us
denote by C a categorical variable whose categories are combined states of covariates
V, by excluding states of C with no sample observations. We indicate by fl.jCkXY the
observed joint frequencies of C, X, and Y, and also express the one-way and two-way
marginal frequencies by indicating the corresponding variables in superscripts. For
the reason to be explained in Section 13.5, the method introduced here requires that
the joint marginal frequencies of the focal variables X and Y, ];}kfy = nyckx ¥ have no

sampling zeros, that is, /3 > 0.

If the interaction eftjects of C and X on Y are not significant, we can purge
the interaction effects from p])(’lliCX by the maximum likelihood estimation. That
is the same as applying the foflowing semiparametric multinomial logit model,
which we refer to as the additive effect model of the treatment variable and

covariates.

Y|CX
klij _ Y Y|C Y|X
Ticx | = B, +ﬁk|i + ﬁk[/' (13.12)
1ij
where ﬁly = ﬁlYlll.C = ﬁﬁle =0 and ﬁ{lllx = 0. Since parameter ﬁ{ll.c is used for each

state of C, a state of C that satisfies fUCX > 0 for just one state of X in the sample does
not provide information in estimating ﬂ{l}x, because the outcome of Y is completely

explained as the effect of ﬂlell.C for those cases. In particular, if every sample subject
has a distinct category of C for cross-sectional survey data, no information remains
in data in assessing the effects of X on Y. Hence, researchers should make sure that
the proportion of such noninformative sample to be small for a given set of covariates
in order not to lose efficiency greatly.

The maximum likelihood (hereafter ML) estimates of plfllljcx that satisfy
Equation (13.12) can be obtained by using the iterative proportional adjustment
procedure described in Appendix B. As the appendix shows, the estimates for pzllijcx
are always given under the condition of ];’k(Y > 0.
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After the elimination of the interaction effects of C and X on Y, the
covariate-state-specific conditional probability P]fllijcx reflects the same effects
of X on Y, expressed by conditional odds ratios, at each state of C, except for cases

of C with £ = 0. When £ = 0, the odds ratio (P P}I¢) / (P]IPLICY)
involves zero for both the numerator and the denominator and, therefore, becomes
indeterminate. This fact leads to a requirement in the application of Equation (13.8)
or (13.9) that we set weights w (c) = 0 for the cases of C for which <" = 0 for at
least one state of Y.

With such a specification for w (c), we can obtain by using Equation (13.8) or

(13.9) the standardized conditional probability P (y|x) that satisfies

YIX pY|X
(PkU P‘“) oYX

vix x| TRY
(Pkll Py )

(13.13)

Without loss of generality, we may set weights of Equations (13.8) or (13.9) to be
equal to the relative proportion of C’s states among those that satisfy flgy > 0 for all
Y’s states. Note that the theorem indicates that the standardized conditional probabil-
ities do not depend on weights when no interaction effects of C and X on Y exist and,
therefore, we are justified in manipulating weights to exclude cases involving inde-
terminate odds ratios, without loss of generality, by setting zero weights w (v) =0
for those cases.

Since only the odds ratios, and not the conditional probabilities, preserve the
effects of X on Y, we may further adjust the adjusted two-way frequencies obtained
initially as ];XPZLX to retain the same marginal distributions of X and Y as the

observed frequencies f,’k( Y by iterative proportional adjustments starting from J;.X P]):lljx,
because then the adjusted two-way frequencies are determined uniquely regardless
of the particular specification we choose for weights w (v), and the estimates of
parameters pertaining to log odds ratios and their standard errors in log-linear
analysis are not affected by this readjustment of marginal frequencies, as will be
shown later.

13.4.3 Method for Obtaining an Adjusted Three-Way Frequency Table for
the Analysis of Conditional Association

Now we consider cases where we can expect significant interaction effects of X and
a particular covariate Z on Y. We consider this as an extension of the semiparametric
model, for which we do not impose any constraints on the covariate effects, including
Z, on Y. We can easily extend the method for cases with two or more interacting
covariates by treating the combined states of those covariates as Z. Let us denote by
C the set of combined categories of covariates other than Z. For the reason explained
in Section 13.5, we assume that fj;f;z > 0.
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Then, we obtain an extension of the model of Equation (13.12) by including the
interaction effects of C and Z on Y as well as X and Z on Y such that

YIcxz
Klijm YIX | gVIZ | gVIXZ | p¥IC | gYICZ

log| =z | = B+ By + By + B + B + By (13.14)
1]ijm

where the f parameters take a value of zero for the first category of each variable.
We call this model a conditionally additive effect model of the treatment variable and
covariates because the effects of X on Y and the effects of C on Y are additive for
each given state of Z.

The ML estimates of Equation (13.14) can be obtained, without applying the
regression model, by using the iterative proportional adjustment procedure described
in Appendix B. As the appendix shows, the estimates for P]flli;fz are always given
under the condition of £"4 > 0.

Then, applying the standardization method of Equation (13.9), we obtain

Y|cXz
log (P:J{Z/Pflll)fnz> w (c;) log %
1ijm
_Zw <ﬂk +ﬂy|x ﬂy|z ﬂy|xz ﬂy|c ﬂ]z/llr(;:z)
=LA A A B ) (2 + L)
(13.15)

It follows that the conditional log odds ratios between X and Y at each level of Z
in the adjusted conditional probabilities become

Y|XZ pY|XZ

| Pklim Plllm Y|X Y|XZ 13.16

og Py|szy|xz ﬂ ﬂk[/'m (13.16)
1jm ~ k|lm

and, therefore, preserve parameters that characterize the effects of X on Y and the
interaction effects of X and Z on Y.

On the other hand, the conditional log odds ratios between Z and Y at each level
of X in the adjusted conditional probabilities become

pYIXZpYIXz
kljm ~ 1]j1 y|z y|xz y|cz

log PY|XZPY|XZ ﬂklm k[]m +Zw kltm (13.17)
1ljm * k|j1

These log odds ratios reflect weighted averages of the interaction effects of C and Z
on Y with weights w (¢) and since we cannot set w (c) = p (c¢) to make them reflect
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the average effects because we have to rely only on the subset of C’s categories for
the estimation of Plfll;iz’ the effects of Z on Y become a function of an arbitrary spec-
ification for weights w (c).

Equations (13.16) and (13.17) indicate that when applying conditional association
models to adjusted three-way contingency table data, we should keep in mind that the
estimates for parameters that characterize the association between X and Y, and those
that characterize dependence of the X—Y association on Z, can be interpreted as causal
effects, but those that characterize the association between Z and Y cannot be.

With the ML estimates for P;licrflfz, we can obtain P]fllliz by using Equation (13.9)
if we set weights to be w (c) = p (c[f€*? > 0) and w (c) = 0 for cases of C involving

CYZ — O for at least one combined state of ¥ and Z. Again, we may readjust
fl.fnZPZ&fnZ to make readjusted frequencies to have the same XZ-marginal frequencies
and Y-marginal frequencies as those of observed frequencies f{)ﬁz, so that adjusted
three-way frequencies are uniquely identified regardless of the use of particular

weights w (c).

13.5 ESTIMATION OF STANDARD ERRORS IN THE ANALYSIS OF
ASSOCIATION WITH ADJUSTED CONTINGENCY TABLE DATA

It is well known that the use of weighted data with which we obtain consistent
estimates for the parameters of interest to us still generates bias in the estimates
of the standard errors of the parameter estimates, because standard errors depend
on unweighted sample counts. Clogg and Eliason (1987) introduced a method that
attempted to solve this problem in the log-linear analysis by fitting unweighted
frequencies by the model while characterizing weighted frequencies by the model’s
parameters. Skinner and Vallet (2010), however, have recently shown that the stan-
dard errors estimated by the Clogg—Eliason method have systematic downward bias
and are inconsistent unless weights do not vary within each cell of the contingency
table data. Since sampling weights vary with sample individuals within each cell, the
Skinner—Vallet study invalidated the Clogg—Eliason method for contingency-table
data weighted by sampling weights.

However, we can employ the Clogg—Eliason method for the present analysis.
We wish to estimate parameters that characterize the adjusted frequencies in which
causal relationship among variables is embedded, while fitting unadjusted sample
counts for estimating standard errors. Unlike standard applications of log-linear
models to contingency-table data, we do not need to take into account sampling
weights, because if the semiparametric model we assume for the population is
correct, the causal relationship between X and Y and its dependence on Z do not
depend on the sampling variability. Hence, we only need to apply the adjustment
weights for standardization, but unlike the sampling weights, the adjustment weights
are cell-specific and do not vary with sample individuals. Hence, as shown by
Skinner and Vallet, the Clogg—Eliason method becomes valid in this case. We denote
below by ];fy and j)k(riz the cross-classified unweighted observed frequencies, by
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gj’.f(Y and gﬁfnz the cross-classified adjusted frequencies based on the application
of the semiparametric models to unweighted data and the standardization method
described in the preceding sections. For the two-way table analysis of adjusted
cross-classified frequencies gﬁ{y, let us set “cell weight” to be wj.;y = ]ﬁ‘y/g}zy
for observed frequency fij Then the log-linear or log-multiplicative model of
association between X and Y for the adjusted two-way frequencies g/’.iy can be
specified by using the Clogg—Eliason method as

FXY
log<%> = A+ A+ A+ 0y (13.18)
Jjk

where FX is the unweighted expected frequency from the model, and p* character-
izes the log odds ratios between X and Y. The model makes the unweighted expected
frequencies F j.,‘(Y fit with the unweighted observed frequencies ];.XY , while the param-
eters of the model characterize adjusted frequencies g?]iY. The association component

can be characterized by various log-linear or log—mulltiplicative association parame-
ters (Goodman, 1979 1986; Clogg and Shihadeh, 1994).

13.6 ILLUSTRATIVE APPLICATION

13.6.1 Data

We employ the multiyear data of the General Social Survey 1972-2008 with the pop-
ulation of people aged 20-79 at the time of the survey. A particular trichotomous
variable Happiness (“not happy,” “pretty happy,” and “very happy”) is employed
as the dependent variable with 41,200 samples. As the treatment variable, marital
status with five categories (married, widowed, divorced, separated, never married)
are employed. Seven categorical covariates are employed: (i) age (12 categories:
20-24, 25-29, 30-34, 35-39, 40-44, 45-49, 50-54, 55-59, 60-64, 65-69, 70-74,
and 75-79), (ii) education (5 categories: less than 12 years, 12 years, 13—15 years, 16
years, and more than 16 years), (iii) gender, (iv) race (2 categories: African Ameri-
can and other), (v) family intactness at age 16 (2 categories: intact and nonintact), (vi)
region of residence at age 16 (3 categories: foreign, Pacific, and other), (vii) period
(4 categories: 1972-1979, 1980-1989, 1990-1999, and 2000-2008). The number of
possible combined states of those seven covariates is 5280, including 1966 states that
have no corresponding observations in the sample. Among those with corresponding
observations, covariate states for which observations are made just with one cate-
gory of marital status, and are, therefore, not informative for the estimation of the
effects of marital status on the dependent variable include 1106 states and 1764 sam-
ple observations, with the average of 1.54 observations per state. On the other hand,
informative covariate states for which observations are made with two or more states
of marital status include 3208 states and 39,436 observations, with the average of
12.29 observations per state. As a result, the proportion of observations in the sample
that are not informative turned out to be very small (4.3%).
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Those seven covariates are significantly associated with both marital status and
the dependent variable. Although the results are not presented because they are not
central subjects of this chapter, the multinomial logit model that assumes the additive
effects of seven covariates indicates the following. All seven covariates showed strong
effects, but marital status, especially “married” versus other marital statuses is the
strongest predictor of being “very happy” rather than “not happy.” Education and
race also have impacts greater than the other four predictors, with lower education
and being African American leading to lower odds of being “very happy” rather than
“not happy.”

13.6.2 Software

An executable program, LLCAUSAL . EXE, that the author developed for the estima-
tion of two-way and three-way tables of adjusted frequencies and information about
the proportion of noninformative samples is available from the author by a request.

13.6.3 Analysis

We employed three-way table analysis because significant interaction of the treatment
variable (marital status) and a covariate (race) are found in the preliminary analysis.
Hence, we employ race as the conditioning variable in the models described in Section
13.4.3. Table 13.3 presents (i) adjusted frequencies and (ii) unweighted sample counts
for the three-way table.

Table 13.4 presents the results from four multinomial logit models: (i) the multi-
nomial logit model with marital status, race, and their interaction effects as the only

TABLE 13.3 Unweighted and Adjusted Frequencies of Happiness.

Other Ethnicities African Americans
Very Pretty Not Very Pretty Not
Happy Happy Happy Happy Happy Happy
Adjusted frequencies
Married 9,462.58 11,627.88 1,397.55 751.34 1,180.53 296.13
Widowed 593.57 1,854.47 600.96 95.75 367.54 156.71
Divorced 928.24 2,931.59 782.17 110.19 485.89 219.92
Separated 175.52 548.86 247.62 91.13 336.37 175.51

Never married 937.33 2,868.07 695.59 238.33 662.81 379.85

Unweighted sample counts

Married 9,316 11,632 1,540 693 1,220 315
Widowed 732 1,723 594 120 353 147
Divorced 937 2,916 789 120 501 195
Separated 168 542 262 86 341 176

Never married 996 2,896 609 216 740 325
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TABLE 13.4 Multinomial Logit Models.

The Effects of Marital Status (vs. Never Married)

(a) Among African (b) Among Other Racial
Americans Races Difference:
(vs. Very Happy) (vs. Very Happy) (a)—(b)

Unhappy  Pretty Happy Unhappy Pretty Happy Unhappy Pretty Happy

(1) Multinomial logit with marital status as the single predictor

Married —1.197%*  —0.666*** —1.308*** —0.845%**  0.111 0.180
Windowed —0.206 —-0.152 0.283***  —(0.211%**  —0.489%*%* 0.059
Divorced 0.077 0.198 0.320%**  0.068 —-0.243 0.130
Separated 0.308 0.146 0.936%**  0.104 —0.629%** 0.042
(ii) Multinomial logit with marital status and seven other predictors

Married —1.292%%*  —Q.611%**% —1.461* —0.829%**  0.170 0.219*
Windowed —0.160 0.109 0.365%**%  0.071 —0.525%* 0.038
Divorced 0.072 0.262* 0.208%* 0.078 —-0.137 0.184
Separated 0.169 0.185 0.687***  0.068 —0.519%* 0.117
(iii) Model 2 plus the interaction effects of race and age

Married —1.084%%*  —(0.482%** —1.497*%*% —(0.842%**  (0.413%* 0.360%**
Widowed 0.220 0.306* 0.294**%  0.052 -0.074 0.254
Divorced 0.331* 0.435%**%  0.170* 0.061 0.161 0.374%*
Separated 0.372%* 0.317* 0.664***  0.058 —0.293 0.259
(vi) Semiparametric multinomial logit model

Married —1.397%%*  —0.571%*%* —1.614%*%* —0.912%*%  (0.217 0.341%%**
Windowed 0.027 0.322% 0.311#**% —0.021 —-0.284 0.301*
Divorced 0.225 0.461***  0.127 0.032 0.098 0.429%*
Separated 0.189 0.283* 0.642%**  0.022 —0.453%* 0.261

Note: * p < 0.05, ** p < 0.01, ** p < 0.001;

predictors; (ii) the multinomial logit model with additional additive effects of the
six other covariates; (iii) a third model that adds the interaction effects of age and
race to the second model; and (iv) the semiparametric multinomial logit model of
Equation (13.14). Table 13.4 omits the presentation of the main effects of race from
all models, as well as the effects of the six covariates for models 2 and 3 because we
are interested only in the effects of marital status and their dependence on race.

The most conspicuous finding in Table 13.4 is the great difference in results
between models 2 and 3. While the effects of marital status on Happiness change
only a little among other races when the interaction effects of race and age are
added, the results change greatly among African Americans. Since marital status
and age are strongly associated, the interaction effects of race and age, if they are
present, strongly affect the interaction effects of marital status and race, and a failure
to include the former effects greatly distorts the latter effects.
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Note that by including the interaction effects of age and race, the results of
model 3 become closer, though not uniformly, to the results from the semiparametric
multinomial logit model (model 4) than the results of model 2 are to those of
model 4. Those findings indicate that the results from multinomial logit models
that characterize the effects of covariates parametrically may depend heavily on a
particular specification of the model regarding the covariates’ effects. On the other
hand, the semiparametric model does not suffer from that problem.

13.7 CONCLUSION

Although log-linear and log-multiplicative association models are useful for the anal-
ysis of cross-classified frequency data, their major limitations have been (i) their
inability to use many control variables and (ii) their lack of association with causal
analysis. A multivariate regression analysis of a categorical dependent variable, such
as multinomial logit regression model, provided only a partial remedy for those lim-
itations because it usually makes a strong assumption that there are linear additive
effects of control variables, and because the type of association that can be tested is
limited. This article introduced a new method that greatly reduced limitations (i) and
().

The log-linear causal analysis introduced in this chapter enables the analysis of
association between two focal variables and the possible dependence of that associa-
tion on a third variable, by controlling for confounding effects of many covariates
without the parametric modeling of covariate effects as employed in multivariate
regression models.

The major limitation of the method introduced in this chapter for causal analysis,
however, is the assumed absence of unobserved confounding variables, as the same
limitation applies to any use of propensity score methods with the SITA assumption
in causal analysis.
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APPENDIX A: A PROOF OF THE THEOREM

For part (1) of the theorem, when s (x) = [ (x),
( Y|X> Zw < ;gfx) Zw <ﬂk ny) Y|V +ﬂY|X>
=g+ ﬂY'X + D w (v, /zkyll.v (A1)

Y|X pYIXY) — pvIx Y|X
It follows that / (P Wi ) l( ) = ﬁkljl =By, -
When s (x) = exp (I (x)),

() = (7)) =ve{ Zoos (%)}
e { Zutgen (7))}
log(zw oo (o))
o v Seten (1)) 2

Italso follows that / < Y|X> l < le) ﬁYlX Y|X . This ends the proof of part (1).

For part (2) where log( ]):lll.;/X/PLl;X> ﬁk +ﬂy|v + ﬂy|x and s(x) =x, we

obtain

YIV | AYIX
prIX _ Z prIvx _ Z xp (ﬁk + ﬁkll + By )
ki klu w K Y Y|V YIX
i 1+Zk:2exp (ﬂk+ﬁ + B, )

( y|x> Z exp <‘B/:/Ilv>
=exp (B +58 w (v;) (A3)
: 1+ YK exp (ﬂf B ﬂy|x>
and
exp (ﬁ:lllv)
Y|X Ziw (vi) 1 K Y Y[V aYIX
PkU v v + D=y €XP (ﬁk + ﬂklz + By )
—ix = XP (ﬂk + By ) I (A4)
Pl S ()
ly i i 1+2K ex ( Y Y|V Y|X
k=2 p ﬁk + ﬂk|l + ﬂ )
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and, therefore,

prx Py|x
lo _ ki o ﬁy|x _ ﬁy|x
8| S | T8 orix | T P T Pai
P P
10 1

(1) |
X (v) Tw(v)
1+ Zf:z exp (ﬁk + ,HLY‘LV + ,HJ‘:) 1+ Zf=2 exp (ﬂk + ﬁlellV + ﬂ:lllj)i)
+ log o
exp |f ;
Yow(v,) < . > Yow(v,) !

1+ X e (0780 80 )
(A3)

1+ E/’;z exp (ﬂk + ﬂ;‘,v ﬁ:“,i)

Hence, the adjusted conditional probability does not preserve the effects of X on Y

inp v, x).
For part (3), when s (x) = [ (x) and w (v) = p (v),

()= S
= 20 0 (B4 8+ 01+ 1)

=B+ 8+ Yo () (80 + ) (A6)

klij
It follows that
() 1) = = B ) (A )
This indicates that adjusted conditional probability retains the average of the effects

of X on Y in p (y|v, x) regarding the effects of X = j; versus X = j,.
On the other hand, when s (x) = exp (/(x)) and w (v) = p (v),

l( y|x> 10g<2p exp (ﬂ,f+/3,f|1V+ﬁY|x+ﬂ:|LYX))
e Y|x+10g <2p exp (;yw{dyﬂ)) (A8)

It follows that

(72 S e (41 +5)

Y (v;)exp </3/§lV + /}lelj‘;x)

.y (PY'.X ) B+ B +1og

K> (49)

This quantity is not equal to the average effects of X on Y unless ﬁylVX
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APPENDIX B: ITERATIVE PROPORTIONAL ADJUSTMENT
PROCEDURES THAT PURGE THE INTERACTION EFFECTS OF V AND
XONY

The conditional probabilities that purge the interaction effects of C and X on Y are
given as

YICX _ Y. CY. XY pCX
Pui” =0T Vi 9 (BI)

Y|CX

CcX
9 klij

where is an adjustment factor to give ZkP =1 and, therefore,

X — Y., CY, XY
0 = 1/Zk7k Yik Vi -
For the iterative proportlonal adjustments, we use the fact that the ML estimates

for Pkllij preserve the XY and CY marginal frequencies such that

PYICXFCX = XY for every (j, k) and

klu ij Jk
z’llleXfch =Y for every (i, k) (B2)

J

As the conditional probability plfllijcx also satisfies

ZPZ'UCX =1 forevery (i,)) (B3)
k

By starting from initial values, such as P,flljcg = fCYfXY /. that impose the
absence of the interaction effects of C and X on Y, we alternate the proportional
adjustments of satisfying Equations (B2) and (B4), and the proportional adjustments
for satisfying Equations (B3) and (B4), for each round ¢ of iteration steps starting
from ¢t =0, where each round takes two steps, until Equations (B2)—(B4) all

converge. The rounds and steps of iterations are as follows:

XY
vicx  _ prlex ik Y XY, 1:
leij,2t+l = k|ij2t ch (yk Yik adjustment stage) (B4)
l k|lj2rf
QY|CX
YicxX klz/ 2t+1 XY -
K2 = 5 o rox Gij adjustment stage (BS)
kall] 2t+1
: : CY _
We skip the following steps when f, * =
cy
YICX  _ pY|CX ik Y, CY, 3
leij.2t+2 = Phiio < orer ox nd (yk Yy adjustment stage) (B6)
Zj klij2t+ 1 ij
Y|cx
Y|IcX lez/ 2142

Wi = o Tiox <6§Yadjustment stage> B7)
Ek QkIt] 242
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Note that the formula GCX /¥ liyy’]iy indicates that Y, f<" XY > 0 needs

Y|CX

to be satisfied in order for P to be estimable. This condition is always satisfied,

Y|CX

i only for

given the assumption that fj’k( y > 0, because since we need to estimate P

cases for which fic >0, flgy > (0 holds for at least one value of Y = k.

In the case of generating the adjusted three-way table of X, Y, and Z that purges
the interaction effects of X and C on Y, but retains the interaction effects of X and Z
on Y, and the interaction effects of Z on C on Y, the model can be written as

Y|CXZ _ YZ XYZ CY CYZ nCXZ
Pui yk J’,k Vi Yitom Vi Vit Oijm (B8)

where GCXZ is an adjustment factor to give ), P ]):||jcxz =1 and, therefore, GCXZ =

Y|CXZ
/X! y’,iy ez j’,ﬁ;zyliyyli’flz The ML estimates of P ||z -~ for this model retam XYz

and CYZ margmal frequencies. Hence, the following three equations need to be sat-
isfied:

Y|CXZ .
. Pkllijm iﬁr’l‘z = j’kZZ for every (j, k, m) (B9)
PLISXAFOXE = fCY2 for every (i, k, m) and (B10)
J
YICXZ _ ..
Kim = 1 for every (i, , m) (B11)

Starting from such estimates as P}:ICXZ ZfXYZ [ £YZ that impose the absence of
|ijm,0 km jkm

(CXY) interactions, the iterative alternatmg procedure of satisfying Equations (B10)
and (B11) in every odd round, and Equations (B10) and (B11) in the every even round
will attain convergence.
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ANALYSIS OF PROPENSITY SCORE
DESIGNS
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14.1 INTRODUCTION

The popularity of propensity score (PS) techniques for estimating causal treatment
effects from observational data has been constantly increasing during the last
decades. One reason for the increased usage of PS matching, PS stratification, and
inverse-propensity weighting lies in their design advantages in comparison to stan-
dard regression approaches (Rubin, 2007, 2008). First, in mimicking the design of a
randomized experiment, PS techniques try to remove baseline differences between
the treatment and control group by forming comparable groups on the estimated PS.
Baseline differences in observed outcomes can be removed without looking at the
outcome or even before the outcome is measured. Estimating a balancing PS — a
score that balances the treatment and control group’s covariate distribution — does
not require any outcome data. Thus, in estimating the PS, researchers can be blinded
from the outcome data, precluding that their expectations regarding the treatment
effect can influence the analysis. Second, PSs provide a convenient way for assessing
the treatment and control group’s comparability, that is, the balance in the observed
covariate distributions. The two groups might be too heterogeneous for a meaningful
comparison if the treated and untreated subjects lack considerable overlap on the
estimated PS. Lacking overlap, the treatment effect might not be estimable without

Statistics and Causality: Methods for Applied Empirical Research, First Edition.
Wolfgang Wiedermann and Alexander von Eye.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
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relying on strong extrapolations. Third, PS techniques require weaker assumptions
than outcome-modeling regression approaches. In conducting a PS analysis, both the
PS and the treatment effect can be estimated nonparametrically without relying on
functional form and distributional assumptions. Because of the PS techniques’ design
advantages and intentions to establish comparable treatment and control groups as in
a randomized trial, we refer to PS matching, PS stratification, and inverse-propensity
weighting as PS designs. In analogy to experimental designs and survey sampling
designs (Cox, 2006, Kish, 1987), it is possible to distinguish between design-
and model-based formulations of PS designs. Design-based formulations assume
nonstochastic outcomes and rely on randomization distributions for inferential
purposes — no probabilistic assumptions about the outcome are required. In contrast,
model-based formulations rely on stochastic outcomes and a probabilistic model in
order to derive point and variance estimators and corresponding hypothesis tests.

The distinction between design- and model-based formulations of PS designs
is neither explicitly stressed in methodological PS articles nor in reviews of PS
techniques (e.g., Guo and Fraser, 2010, Imbens, 2004, Morgan and Winship,
2007, Schafer and Kang, 2008, Steiner and Cook, 2013, Stuart, 2010). Almost all
publications implicitly discuss PS techniques from a model-based point of view.
The sole exemptions are publications by Rosenbaum (2002, 2009) who advocates a
strict design-based formulation of PS designs and Rubin (2006, 2008) who strongly
emphasizes design advantages of PS analyses. In this chapter, we explicitly contrast
design- and model-based formulations of PS designs from a frequentist perspective
and argue that the distinction between the two formulations is helpful with regard to
theoretical and practical questions about the generalizability of results, the selection
of an adequate PS model, and the choice of a variance estimator.

The chapter is organized as follows. The next section briefly reviews the Rubin
Causal Model (RCM) and defines the major causal estimands of interest. The
subsequent section motivates design- and model-based formulations by means of a
completely randomized experiment. Then, after contrasting design- and model-based
PS matching, stratification, and inverse-propensity weighting estimators, we discuss
the statistical issues involved in implementing a PS design from a design- and
model-based point of view. The issues include finite sample properties of PS
estimators, PS model selection procedures, and the choice of variance estimators.
The discussion section summarizes the differences between the three PS designs and
their analytic formulations.

14.2 CAUSAL MODELS AND CAUSAL ESTIMANDS

The RCM (Rubin, 1974, Holland, 1986) and its potential outcomes notation provides
a convenient way of formulating causal estimands and stating assumptions required
for identifying causal effects. The standard RCM formalizes the effect of a single
manipulable cause, that is, the effect of a treatment (Z; = 1) as compared to a control
or alternative treatment condition (Z; = 0). Each subject i of a target population
of i=1,...,N subjects then has two potential outcomes: the potential control
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outcome, YQ which is observed if subject i is exposed to the control condition
(Z;=0), and the potential treatment outcome, Y, ! which is observed if subject i
is exposed to the treatment condition (Z; = 1). In standard RCM, both potential
outcomes (Yl.0 Y, ) are unknown prior to treatment and assumed to be nonstochastic.
However, since we never observe both potential outcomes simultaneously, we cannot
directly infer the individual treatment effect 7; = Yl.1 - Yl.0 from observed data. Thus,
RCM typically focuses on the average treatment effect (ATE) asserting that the
counterfactual situation is more validly inferred for groups of subjects rather than
individual subjects. For a sample or population of N subjects, the ATE is defined as
the difference in the average potential treatment and control outcomes:

=
=

v _ 1 11 0
ATE_Y—Y_NZYi—NZYi (14.1)

i= i=

In order to emphasize the nonstochastic character of potential outcomes, we use
simple population averages of potential outcomes instead of corresponding expec-
tations (which typically imply a random variable). The ATE may either refer to the
population average treatment effect (PATE) of a well-defined target population or
the sample average treatment effect (SATE) for the sample in hand (Imbens, 2004).

If we allow for stochastic potential outcomes, the definition of individual and aver-
age causal effects involves a probabilistic model (Steyer et al., 2000a,b, Steyer, 2005).
Then, the individual treatment effect is defined as difference in individual expecta-
tions, 7; = E(Yil) - E(Yl.O) and the average treatment effect is given by the average of
individual effects across the population or sample of N subjects:

N
ATE = (Y}) - le Z E(Y?) (14.2)
i=1

i
||Mz

1 1
N N 4

One may even go a step further and impose a full probability model on
(Y?, Yl.l,Z, X), where X is a vector of covariates used in identifying and estimating
the treatment effect. Rubin (2006) considers a full probabilistic formulation as an
optional part of RCM and advocates Bayesian inference for analyzing the data
(Rubin, 1978, 2010). Structural causal models as laid out by Pearl (2009, 2010;
see also Heckman, 2005, and Spirtes et al., 1993) also rely on a full probabilistic
formulation. Corresponding potential outcomes and treatment effects are identified
on the basis of a hypothesized structural model and its probabilistic formulation.
Thus, the substantive meaning of the treatment effect directly derives from the
hypothesized structural model rather than an experimental or quasi-experimental
design. The structural and design-based ATEs are identical only if the structural
model correctly represents the data-generating process in the population under
investigation (Steiner et al., 2014). In any case, the full probabilistic formulation
requires defining the average treatment effect in terms of expectations:

ATE = E(Y") — E(Y?) (14.3)
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As we discuss later, defining the ATE in terms of deterministic potential outcomes
as in Equation (14.1) directly suggests a design-based analysis of the treatment effect,
whereas the definitions (14.2) and (14.3) in terms of stochastic outcomes imply a
model-based analysis. Researchers are frequently also interested in causal quantities
other than ATE, for instance, in effect ratios, quantiles, or conditional average treat-
ment effects like the average treatment effect for the treated population (ATT). For
deterministic potential outcomes, ATT is defined as

ATT = 17;1 - 17;1 = 2 . 2 Y (14.4)
ZzlzZ—] lllZ—]

The ATT for stochastic outcomes is analogously defined but with expectations.
Both ATE and ATT cannot directly be computed from observed data because
the potential treatment and control outcomes are never observed simultaneously.
Depending on the treatment status, either the potential treatment or control outcome
is observed: ¥; = Yl.lz,- + Yl.o(l —Z;), where Y; without any superscript denotes the
observed outcome. Using the observed outcomes Y;, we can define the prima facie
effect (PFE) which represents the difference in the treatment and control group’s

average outcomes,
PFE = — ZY ——Z)@:T/T—?C
T jer C jeC

where T={i:Z=1},C={i:Z =0}, Ny=Y~,Z and No= YN (1 -2).
Note that the PFE does not represent a causal effect per se. If subjects self-select into
treatment or are selected by third persons, the PFE confounds selection effects with
causal effects.

However, an unbiased estimation of the average treatment effect from observed
data is possible if (i) the selection or assignment mechanism is ignorable (Rosenbaum
and Rubin, 1983) and (ii) the stable-unit-treatment-value assumption (SUTVA) is
met (Rubin, 1990a,b).! The ignorability of a selection mechanism mainly depends
on the design of a study. In a randomized experiment, assignment is ignorable
due to the randomization of subjects into the treatment and control condition. In
an observational study, selection is ignorable only if the confounding part of the
selection mechanism is reliably measured. In the following, we briefly review the
design- and model-based analysis of randomized experiments, which sets the stage
for the discussion of analytic strategies for PS designs.

14.3 DESIGN- AND MODEL-BASED INFERENCE WITH RANDOMIZED
EXPERIMENTS

One can distinguish between two instances of randomizing subjects to treatments.
First, random assignment of deliberately selected subjects into treatment and

IStrong ignorability is a sufficient but unnecessary condition for identifying average treatment effects (see
Steyer et al., 2000a, for a discussion of other conditions).
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control conditions. Second, random sampling of subjects from a well-defined
target population into treatment and control conditions (cf. Cox, 2006, Kish, 1987,
Neyman, 1990, Rubin, 1990b, 2010). The two instances of randomization differ with
respect to the underlying target population. Random sampling of n, treatment and
ne control subjects from a well-defined target population allows us to generalize the
estimated treatment effect to the underlying target population of N subjects (with
N > ny + ne = n). For experimental designs with deliberately chosen subjects, such
a generalization is in general not warranted — at least not on statistical grounds.

Inferences based on random assignment or random sampling may either be
formalized in a design- or model-based way (Cox, 2006, Kish, 1987, Sarndal,
1978). The design-based formulation considers the potential outcomes as non-
stochastic and relies on randomization distributions for inferential purposes.
The model-based formulation assumes stochastic outcomes with a well-defined
probabilistic data-generating model.

14.3.1 Design-Based Formulation

First, consider an RCT where a deliberate sample of subjects is randomly assigned
into a treatment or control condition. A deliberate sample is characterized by the lack
of randomly sampling subjects — for example, a convenience sample of volunteers
or a quota sample. Assuming nonstochastic potential outcomes and a perfectly
implemented randomization procedure, location differences in the treatment,
and control group’s outcome distribution can be tested using the randomization
distribution under the sharp null hypothesis (i.e., treatment has a null effect on each
subject). Though nonparametric and parametric significance test can be derived from
randomization distributions, we only discuss parametric analyses in this article (for
an excellent discussion of nonparametric analyses see Rosenbaum, 2002).

In pursuing a parametric approach, the PFE, Y — Y, is an unbiased estimator
of the average treatment effect as defined in Equation (14.1): ER(I_/T — 1_/C) = ATE,
where the subscript R indicates that the expectation is taken over all possible
permutations of treatment assignments (with fixed group sizes; Cox, 2006, Rubin,
1974). The PFE has an asymptotic variance of v? = s7./ny + s%./n, where s2. and s2,
are the treatment and control group’s variance estimates of the outcome, respectively.
Using a version of the central limit theorem, the parametric formulation directly
leads to the conventional two-sample #-test with an asymptotically z-distributed
test statistic t = (Y — Y)/v, with np + ne — 2 degrees of freedom. Note that the
asymptotic t-distribution is obtained despite the nonstochastic character of the
potential outcomes. The asymptotic results solely derive from the randomization of
subjects to treatments — no probabilistic assumptions are involved (Cox, 2006, Cox
and Hinkley, 1974, Freedman, 2008). However, group sizes need to be sufficiently
large for a reasonable approximation of asymptotic results; otherwise, nonparametric
tests are preferable.

A drawback of standard RCTs with deliberately selected subjects is that the
results do not automatically generalize to a broader target population since inferences
are based on the randomization distribution derived from hypothetical replications
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of randomly assigning study participants to treatment conditions. However, if the
treatment and control subjects were randomly drawn from a well-defined target
population, effect estimates obtained from RCTs generalize to the underlying target
population — first discussed by Neyman in 1923 (Neyman, 1990). This type of
randomization can be characterized as a “repeated sampling randomization-based”
approach since the randomness comes from randomly sampling and assigning
subjects into treatment and control conditions (Rubin, 1990b). As before, the PFE
is an unbiased estimator of the target population’s average treatment effect, that is,
Egr = (Y —Y) = ATE. The subscript RR indicates that the expectation is taken
over repeated random samples drawn from the underlying target population. Thus,
the expectation refers to the average across all possible permutations of choosing n;
treatment and n- control subjects from the target population of N subjects. Then, the
same asymptotic two-sample 7-test as before results, though the rationale is rather
different since the randomization distribution is now derived from random sampling
rather than random treatment assignment. The treatment and control groups’ average
outcomes and respective variances required for the r-test represent special cases
of Horvitz—Thompson estimates (Lohr, 1999). Asymptotic results are based on
large target populations with sampling ratios for the treatment and control group
approaching zero (Cox, 2006, Lohr, 1999, Neyman, 1990).

14.3.2 Model-Based Formulation

The completely randomized design can also be formalized within a model-based
framework where the potential outcomes represent random variables (cf. Cox, 2006):

Y, = vy + 17 + ¢ (14.5)

where Y; is the observed outcome, v, the population mean of the potential control
outcome, and Z; the treatment indicator. The error term ¢; is assumed to be indepen-
dent and identically distributed according to a normal distribution with expectation
E(e;) = 0 and variance V(e;) = 0'3. We use these standard assumptions throughout
the article, though the normality and homoscedasticity assumptions may be relaxed.
Depending on the probabilistic formulation of the causal model, 7 represents ATE
as defined either in Equation (14.2) or (14.3).

The model-based formulation directly allows a regression-based estimation and
testing of the treatment effect. In contrast to the design-based formulation, the test
statistic and its distribution derive from probabilistic assumptions — independence,
homoscedasticity, normality — rather than randomization (Cox, 2006, Freedman,
2008). While the design- and model-based formulations lead to the same point
estimate, they differ in their variances. The regression-based variance estimator relies
on the homoscedasticity assumption, which is not required for the design-based for-
mulation. However, the more stringent probabilistic assumptions of the model-based
formulation allow the generalization of results to a larger target- or hypothet-
ical superpopulation, provided that Equation (14.5) correctly represents the
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data-generating process.> In contrast to design-based generalizations of results
obtained from “repeated sampling randomization-based” designs, model-based
generalizations are warranted by the validity of the data-generating model and its
probabilistic assumptions rather than the validity of the RCT’s design (Cox, 2006,
Spanos, 1999).

144 DESIGN- AND MODEL-BASED INFERENCES WITH PS DESIGNS

Now consider the case where treatment selection is based on self-selection,
administrator-, or third-person selection instead of randomization. The bias induced
by differential selection into the treatment and control groups can be completely
removed if treatment selection is strongly ignorable. According to Rosenbaum and
Rubin (1983), treatment assignment or selection is said to be strongly ignorable if
potential treatment and control outcomes are independent of treatment Z given an
observed vector of covariates X:

Y% yhH L ZIX,with0 < P(Z=1|X) < 1

Rosenbaum and Rubin (1983) also showed that treatment selection is strongly ignor-
able if we condition on the propensity score e(X) = P(Z = 1|X) alone:

Y% YY) L Zle(X), with 0 < e(X) < 1

If the strong ignorability assumption is met, the average treatment effect can be writ-
ten as an average of conditional PFEs, that is,

t = E,x){EQV — Yle(X))}

where the inner expectation is taken over the design- or model-based distribution of
the mean difference, conditional on the propensity score e(X) = e. The outer expec-
tation, E,x){.}, is taken over the frequency or probability distribution of ¢(X). ATE
is obtained if the PS distribution with respect to the overall study population is used,
and ATT results if the treated population PS distribution is used.

Given a strongly ignorable selection mechanism, subjects with identical PSs can
be considered as randomly assigned to treatment conditions. This is equivalent to
random assignment based on a covariate (Rosenbaum, 2002, Rubin, 1974, 1977).
Thus, matching or stratifying subjects on the PS suffices to remove all the selection
bias. The same parametric and nonparametric analytic procedures as for a randomized
matched pair or randomized block design can then be used.

2 A superpopulation is a hypothetical target population from which the observed subjects would have been
drawn if they were randomly sampled. Thus, the covariate distribution of the underlying superpopulation
is assumed to resemble the distribution of the realized sample.
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14.4.1 Propensity Score Designs

In order to illustrate the basic ideas of PS matching, PS stratification, and
inverse-propensity weighting (IPW), we begin our discussion of PS designs with an
unrealistic but simple example, where the ignorability establishing propensity scores
e(X;) are known and take on a restricted range of Q values, ¢; € {e|,e,, ..., €penns eQ}
with g = 1,..., 0. Moreover, assume that both treatment and control subjects are
observed for each of the Q distinct propensity scores — that is, for each treatment
subject there exists at least one control subject with the same PS and vice versa
(i.e., the PS distributions of the treatment and control group completely overlap).
This guarantees that the treatment effect is identified and estimable for each PS.
Such a situation occurs in practice when a small number of categorical covariates
determines treatment selection. In discussing the different PS designs, we focus on
parametric analyses, though nonparametric randomization tests might sometimes be
preferable, particularly when sample sizes are small (Rosenbaum, 2002, 2009).

14.4.1.1 PS Matching Design The simplest PS matching design is 1:1 matching
(without replacement) that matches each treated subject to a control subject with
exactly the same PS. Since 1:1 PS matching mimics a randomized matched pair
design, the matched data structure needs to be reflected in the analysis of the
outcome (i.e., the analysis is conducted conditional on the matched pairs). In
using a design-based formulation of the matched pair design, we estimate the
treatment effect as the average difference in matched pairs, and test the effect using
a one-sample t-test, given sample sizes are large enough such that the test statistic is
approximately 7-distributed. Table 14.1 formally states the estimator and its analytic
requirements. Note that using the outcome differences in the matched pairs removes
the between-pairs variance.

In relying on a model-based formulation (i.e., potential outcome are treated as
random variables) treatment effects can be directly estimated within a regression
framework: Y;. = u + ty,Z;. + 7, + €;,, where 7, is the treatment effect, , represents
the variation between the r = 1, ..., R matched pairs, either in form of fixed effects
(dummies) or random effects, and y is the intercept whose interpretation depends on
the coding scheme chosen (for instance, with dummy coded effects the intercept rep-
resents the predicted control outcome for the first (or last) matched pair). It is impor-
tant to note that the model-based analysis relies on the probabilistic assumptions
imposed on the error term ¢;, (independence, homoscedasticity, and normality). Given
a strongly ignorable selection mechanism, the regression estimator of the PS-matched
pair design, 7,,, is an unbiased estimator of the average treatment effect for the treated
(ATT). The design- and model-based matching estimators estimate ATT instead of
ATE since a control subject is matched to each treatment subject, thereby preserving
the population of treated subjects.

3Some authors argue that the one-sample #-test or the inclusion of fixed or random effects for the matched
pairs (in the model-based formulation) is inappropriate (Hill, 2008, Hill and Reiter, 2006, Stuart, 2008,
Schafer and Kang, 2008). Others (Austin, 2008, Rosenbaum, 2002) defend the one-sample #-test or the
inclusion of matched pairs effects. Here we provide a clear rationale why the matched pairs structure
should at least be considered in the design-based formulation of the matching design (because the drawn
inferences are conditional on the matched pairs).
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One-to-one matching is only one possible matching design. Alternative matching
designs include k:1 matching, k:m matching (Imbens, 2004), and optimal full match-
ing that allows for a flexible matching with group-specific matching ratios k,:m,
(Hansen, 2004, Hansen and Klopfer, 2006). However, since optimal full matching
groups all subjects into homogeneous strata of varying sizes, it can be classified as a
PS stratification design that we discuss next.

14.4.1.2 PS Stratification Design Using our simple example with complete over-
lap on the PS distribution, we can define Q strata according to the distinct values
of e(X) such that the propensities of selecting the treatment are constant within each
stratum: e,; = e,; for two different subjects / and j within stratum g. Thus, the PS strat-
ification design mimics a randomized block design where subjects are randomized
to treatment conditions within blocks (with varying assignment probabilities across
blocks but constant assignment probabilities within blocks). Analytic methods used
for analyzing a randomized block design directly apply to the PS stratification design.

In the design-based formulation of a PS stratification design, ATE is estimated
by averaging stratum-specific effect estimates. Let n, denote the number of
subjects in stratum ¢ = 1,...,Q, witE anq =n, and %q = ?Tq - ?Cq denote the
treatment effect in stratum g, where Y7, and Y, represent the outcome means of
the treated and control subjects in stratum g. The average treatment effect is then
given by the weighted average of stratum-specific treatment effects: g = Y, Waly
with weights w, =n,/ Y Mg~ Ts is an unbiased estimator of ATE as defined in

Equation (14.1). Similarly, we get the treatment effect’s variance: vg = Egzl w03
2 2

; ¢, and s%q are
the sample variances of the control and treatment group, respectively. For large
samples, the resulting test statistic 7/0¢ is asymptotically normally distributed
(Lohr, 1999, Neyman, 1990). Note that these results do not rely on any distributional
assumptions regarding the potential outcomes, they are solely derived from the
strong ignorability assumption and the resulting random selection property within
homogeneous strata (Rosenbaum, 2002). For the average treatment effect for the
treated (ATT), stratum weights w, are derived from the stratum distribution of
treated subjects: w, = ng, /¥ o 1g» Where ng, is the number of treated subjects
in stratum ¢. If the analytic sample represents a random sample drawn from a
well-defined target population (with sampling ratios approaching zero) the para-
metric stratification estimator and its variance can be considered as a special case
of the Horvitz—Thompson estimator, where subjects are stratified according to their
unequal selection probabilities (Lohr, 1999).

The model-based formulation assumes a data-generating process that depends on
an intercept u, a treatment effect zg, stratum-specific fixed or random effects r,, and
independent and normally distributed error terms with expectation zero and constant
variance: Y;, = u + 75Z;, + , + €;,. The regression estimator Zg is in general a
biased estimator of ATE as defined in Equations (14.2) and (14.3) because regression
adjustments in estimating 7 involve a variance-of-treatment weighting (Angrist and

. . . A _ 2 2
with stratum-specific variances 0 —scq/ncq+qu/an, where s
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Pischke, 2009). In order to illustrate the variance-of-treatment weighting, consider
a model-based formulation with fixed PS-stratum effects, that is, stratum-dummies
are included in a standard regression model: Y; = u+t¢Z; +Dim +¢;, with
D; being the vector of dummy variables representing the strata. One can then
show that the treatment effect from the stratum-dummy regression is given by
Tg=(1/2,0,wy) X Vg, ys Where 7, = 7Tq - 7&1 and w, =n,/>, n, are the
stratum-specific effects and frequency weights as defined before. v, = p, (1 —p,)
are the stratum-specific Bernoulli variances of the treatment with p, = > ei=e, i /ng
representing the proportion of treated subjects within stratum ¢. Multiplying
frequency weights and variances results in v, w, =n.p,(1-p,)/ > 4Ng» Where
the numerator represents each stratum’s treatment variance (binomial variance).
Thus, the regression estimator 7¢ involves two weighting schemes, the frequency
distribution across strata (just like the design-based estimator) but also the treatment
variance across strata. Consequently, 7y does not estimate ATE except if the
stratum-specific treatment effects are constant across strata (r; = -+ = 7,) or the
proportion of treatment subjects is constant (p; =---=pg). Since none of the
two conditions typically holds in practice, the stratum-dummy regression fails to
estimate ATE as defined in Equations (14.2) and (14.3). But this does not imply that
the variance-of-treatment weighted average treatment effect is outside the scope of
RCM - it only requires defining the variance-of-treatment weighted effect as another
causal estimand of interest. However, one can still use the stratum-dummy regression
to estimate ATE, but it requires the inclusion of (treatment X stratum)-interaction
terms in the regression model and the computation of ATE as a weighted linear
combination of parameter estimates.

14.4.1.3 Inverse-Propensity Weighting (IPW) In addition to PS matching and
stratification designs, IPW is another design-based PS approach, though its rationale
is quite different. IPW is directly related to inverse-probability weighting as sug-
gested by Horvitz and Thompson (1952), but instead of one sample, two samples
are drawn without replacement from a target population of N subjects: one sample
for the treatment condition with selection probabilities e; and another sample for
the control condition with selection probabilities 1 — ¢;. Selection probabilities are
directly derived from propensity scores e; and must be strictly greater than zero and
less than one.

In our example with the small number of known propensity scores e; €
{e). e, €y ...,eQ}, the weights for treated subjects are given by 1/e;
and for the untreated subjects by 1/(1 —e;). In using more efficient normal-
ized IPW weights, W;=(1/Y)_,Z./e,)x (1/e;) for treated subjects and
W=/ X, (01=2)/(1 —¢))x(1/1—¢;) for control subjects, we obtain
design-based Horvitz—Thompson estimates of the two group means (Lohr, 1999,
Lumley, 2010). Then, ATE of Equation (14.1) is estimated by the difference between
the treatment and control group’s weighted averages (see Table 14.1). The very
same weights are used to obtain the Horvitz—Thompson variance estimates for the
group means. Note that the exact finite sample variance is rarely estimable since
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the selection probabilities’ dependence structure induced by sampling without
replacement is unknown. Therefore, propensities e¢; and 1 — ¢; represent average
selection probabilities, that is, the average across the probabilities of being selected
in the first draw, the second draw, the third draw, and so on. While the average
selection probabilities are sufficient for getting an unbiased treatment effect, the
corresponding variance estimator is only consistent. However, the bias in the
variance estimator is negligibly small if the sampling ratios n;/N and n./T are
close to zero. The corresponding z-test statistic for testing the treatment effect is
asymptotically normally distributed (Lohr, 1999). Substituting ATT weights for ATE
weights allows us to estimate ATT: Treated subjects receive a nonnormalized weight
of one and untreated subjects a weight of ¢; /(1 — ¢;); weights can be normalized as
indicated above.

In the model-based formulation, weighted-least-squares (WLS) regression is used
to estimate the average treatment effect: Y; = u + 7;pyZ; + €;, with IPW weights
for the treated and control subjects as defined above (Busso et al., 2009a, 2009b).
Conceptually, the WLS estimator 7;py, and its regression-based variance estimator do
not represent Horvitz—Thompson estimators because the finiteness of the population
and the selection probabilities’ dependence structure is not taken into account. This
highlights that the estimators are derived from a probabilistic data-generating model
rather than the sampling design. The efficiency of regression-based variance estima-
tors depends on the calibration of weights. By switching from normalized weights
to stabilized or augmented weights, the estimator’s efficiency can be increased
(Lunceford and Davidian, 2004, Robins, 1999b). Note that marginal structural
models (Robins, 1999a) and marginal mean weighting based on PS stratification
(Hong, 2010) belong to the same class of model-based weighting estimators. See
Robins et al. (1995) and Lunceford and Davidian (2004) for a discussion of a more
general class of IPW estimators.

14.4.2 Design- versus Model-Based Formulations of PS Designs

The discussion of design- and model-based formulations of PS designs revealed that
the choice of a formulation has direct implications for the analysis and interpretation
of results. While the causal interpretation of design-based estimates is warranted by
design, model-based analyses of PS designs derive their warrant from a correctly
specified probabilistic model. Tables 14.1 and 14.2 summarize the design- and
model-based estimators.

The rationale for design-based formulations hinges on the claim that subjects
with the same PS can be considered as being randomized into the treatment and
control condition. If the PS establishes a strongly ignorable selection mechanism,
design-based formulations of PS designs directly mimic the design and analysis of
a randomized matched pair design, randomized block design, or a survey sampling
design with unequal selection probabilities. Thus, design-based formulations
estimate the treatment effect and its variance conditional on the matched, stratified,
or weighted data. This allows one to rely on a minimal set of two strong assump-
tions — strong ignorability and SUTVA. These two conditions suffice for establishing
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a valid PS design and conducting inferential analyses conditional on the matched,
stratified, or weighted data. No probabilistic assumptions with respect to the potential
outcomes are required. The generalizability of results is also directly determined
by the design. Analytic results obtained from a deliberately selected sample do not
generalize beyond the sample in hand. If the sample was randomly drawn from a
well-defined target population results generalize to the target population.

In contrast to design-based formulations, model-based formulations require prob-
abilistic assumptions about the error term’s distribution, dependence structure, and
scedasticity in addition to the strong ignorability assumption and SUTVA. Treatment
effect estimates generalize to the underlying target population or a superpopulation
if the validity of the estimated model can be reasonably postulated for the entire
population. Besides specifying the probabilistic model, a thoughtful specification of
the outcome regression model is also of importance, particularly if treatment effects
are heterogeneous. Design- and model-based point estimates of a given PS design
coincide only if the data-generating model is correctly specified (e.g., by including
(treatment X PS-stratum)-interaction terms in order to account for treatment het-
erogeneity). Design- and model-based variance estimates differ in general, even if
the data-generating models are correctly specified. This is so because design-based
analyses do not rely on probabilistic assumptions, particularly the homoscedasticity
assumption. However, assumptions of the model-based formulations may be relaxed
such that variance estimates and parametric tests of model- and design-based formu-
lations are essentially identical — but the formal generalizability of results still differs.

14.4.3 Other Propensity Score Techniques

The three basic PS designs outlined do not represent all PS techniques available to
researchers. Regression estimation using PS-related predictors is another frequently
used technique in practice (Rosenbaum and Rubin, 1983, Schafer and Kang, 2008).
Even more popular are mixed methods, also called doubly robust methods, which
combine model-based formulations of PS designs with an additional regression
adjustment. The rationale behind mixed methods is that the estimators are robust
against the misspecification either of the PS model or the outcome model (Robins
et al., 1995, Robins and Rotnitzky, 1995, Rubin and Thomas, 2000). But if both
models are misspecified, then the doubly robust estimators might perform worse
than a pure PS estimator or regression adjustment (Kang and Schafer, 2007).
However, as already discussed for the PS stratification design, standard regression
adjustments do not estimate ATE or ATT but a variance-of-treatment weighted aver-
age treatment effect. This is of particular importance for mixed methods since they
combine a PS design that estimates ATE or ATT and a regression adjustment that aims
at a variance-of-treatment weighted average treatment effect. Thus, in the case of
heterogeneous treatment effects, a mixture of estimands results (similar results hold
for covariance-adjusted RCTs; Freedman, 2008, Schochet, 2010). We can circumvent
this problem by first estimating a separate regression model for the treatment and con-
trol group, and then by averaging the differences in predicted treatment and control
outcomes. This analytic technique if frequently referred to as regression estimation
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or G-computation based on marginal structural models (Cochran and Rubin, 1973,
Rubin, 1973, Schafer and Kang, 2008, Snowden et al., 2011, Robins, 1986).

It is important to note that we do not consider these techniques as PS designs
since (i) they involve selecting an adequate outcome model that violates the design
requirement of not looking at any outcome data when removing selection bias; and
(ii) they preclude design-based formulations because including PS-related predictors
or additional covariates in the outcome regression directly implies stochastic potential
outcomes. This does not mean that these PS techniques should not be used in practice.
To the contrary, mixed methods frequently help in removing residual bias left by the
PS design (e.g., if perfect balance cannot be achieved) and in increasing the efficiency
of model-based variance estimators. However, we argue that PS regression estimation
and mixed methods should only be conducted and reported in addition to the pure
design- or model-based analysis of a PS design. This corresponds to the practice of
analyzing RCTs where covariance-adjusted treatment effects are reported in addition
to unadjusted mean differences.

14.5 STATISTICAL ISSUES WITH PS DESIGNS IN PRACTICE

So far we discussed all three basic PS designs under the assumption that the PS is actu-
ally known and that the observed treatment and control subjects perfectly overlap (i.e.,
both treatment and control subjects are observed for each realized PS). In this case,
the treatment effect estimators of all three PS designs are unbiased but the estimators’
efficiency differs across PS designs. However, in practice the true PS is unknown and
the treatment and control groups frequently lack perfect overlap (i.e., with finite sam-
ple sizes and a large set of covariates it is hard to find a treatment and control subjects
with exactly the same estimated PS). Thus, with unknown PSs and finite samples we
face two sources of error in addition to randomization or sampling errors: First, esti-
mation error because of estimating the unknown PS and, second, bias due to lack of
overlap, inexact matches, or heterogeneous PS strata. Both sources of error directly
affect the finite sample properties of variance estimators. Estimators that are optimal
in case of perfect overlap, for instance, might perform worse in comparison to other
estimators if the treatment and control groups’ PS distributions do not fully overlap.

In the following sections, we discuss from a design- and model-based perspective
the implications of (i) substituting the estimated PS for the true but unknown PS
and (ii) lacking overlap. Throughout the discussion, we assume that the strong
ignorability assumption and SUTVA are met and that the PS has been correctly
estimated. We first briefly review the PS estimators’ finite sample properties in order
to provide guidance for choosing a specific PS design in practice. Then we elaborate
on balance, overlap, and model selection issues involved in selecting an adequate PS
model and discuss implications on variance estimation.

14.5.1 Choice of a Specific PS Design

In practice, the choice of a PS design and estimator matters because they have
different asymptotic and finite sample properties. PS matching and IPW estimators



348 DESIGN- AND MODEL-BASED ANALYSIS OF PROPENSITY SCORE DESIGNS

are \/N-consistent given strict overlap and a correctly specified PS model (Heckman
et al., 1997, Hirano et al., 2003, Robins et al., 1995). The strict overlap condition
requires that the propensity scores are strictly bound away from zero and one:
E<eX)<1—=¢, for some & >0 and almost every X =x (Busso et al., 2009a).
Strict overlap ensures that the treatment and control group completely overlap such
that all treatment and control subjects share the common support region on the PS.
This implies that control subjects are available even for treated subjects with a PS
close to one (analogous for treatment or control subjects with PSs close to zero).
Note that the strict overlap condition is defined in terms of the true PS and, thus, does
not depend on the sample size (i.e., increasing the sample size cannot compensate for
a violated strict overlap condition). The consistency of PS stratification estimators
depends on an additional qualification: the number of strata needs to increase
simultaneously with the sample size.

The \/ﬁ -consistency of PS estimators implies that all PS estimators are in general
biased for small samples because treatment and control subjects with identical or
very similar PSs might not be available. ATT can still be estimated with minimal
bias from small samples of treated subjects if the treatment group is comparatively
much larger (Kolar ez al., 2014). Assuming strict overlap and a correctly specified PS
model, Busso et al. (2009a) showed that IPW is the least-biased estimator for finite
samples. Using a simulation study, they claim that IPW is “approximately unbiased”
even for samples with not more than 100 subjects. However, with sample sizes of 500
subjects or more, Busso et al. demonstrate that 1:1 matching performs basically as
well as IPW. PS stratification is slightly more biased due to the roughness of the strata
(such that within each stratum the treatment and control groups’ PS distributions still
differs). Under some regularity conditions, Rosenbaum and Rubin (1983) showed that
PS stratification with five strata removes approximately 90% of the selection bias (see
also Cochran, 1968). For large data sets, it is frequently possible to use 10 or more
strata such that the residual bias reduces to a negligibly small size. Thus, for data sets
with at least 500 subjects, all three PS estimators — 1:1 matching, stratification on a
sufficiently large number of strata, and IPW — can be considered as approximately
unbiased, given strict overlap and a correctly specified PS model.

However, it is important to note that IPW estimators are more sensitive to misspec-
ifications of the PS model than PS matching and PS stratification estimators. While
PS model misspecifications that only result in a strictly monotonic transformation of
the correctly estimated PSs (e.g., due to omitting a quadratic term or a variable, or due
to choosing an incorrect link function) do not affect PS matching and stratification
estimators but the IPW estimator will be biased (Waernbaum, 2010). PS matching
and stratification are insensitive to monotonic misspecifications because it does not
change the PSs ranking and, thus, has no influence on the determination of the strata
and only a negligible effect on matching. Some of the matched pairs might differ
because the monotonic misspecification of the PS model results in slightly different
PS distances between treatment and control subjects. In contrast, [PW is rather
sensitive to model misspecifications because the inverse propensity weights are
directly affected, even by minor misspecifications (Horvitz—Thompson estimators are
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unbiased only if the weights correctly reflect the selection probabilities). Therefore,
IPW designs rely on stronger assumptions than PS matching or stratification designs.

If treatment and control groups do not strictly overlap, all PS estimators are biased.
The extent of bias depends on the degree of overlap. Strong selection processes usu-
ally result in a weak overlap and considerably biased PS estimators. However, in
deleting nonoverlapping subjects, one can remove the bias caused by the lack of
overlap. But note that the deletion distorts the composition of the sample in hand and,
thus, restricts the generalizability of effect estimates (unless constant treatment effects
can be assumed). Though deleting nonoverlapping cases establishes the approximate
unbiasedness of PS matching and stratification estimators with respect to the trimmed
target population, IPW estimators remain biased. This is so because IPW weights
refer to the overall study population and, therefore, are invalid for the trimmed study
population. Again, this highlights IPW’s more stringent requirements: the PSs need
to represent unbiased estimates of the propensity score in the (sub)population of inter-
est. Though we can obtain more valid inverse-propensity weights by reestimating the
PS model with the trimmed data, the new set of weights commonly faces a lack of
overlap again — though a less severe one than before. Thus, whenever treatment and
control subjects show a considerable lack of overlap, PS matching and stratification
designs are preferable to IPW designs.

Regarding the PS designs’ efficiency, there is no conclusive evidence about which
PS estimator is the most efficient one, though the IPW estimator almost achieves the
semiparametric efficiency bound given strict overlap (Busso et al., 2009a,b, Hahn,
1998). Busso et al. (2009a) show that with sample sizes of at least 500 cases PS
stratification, 1:k and optimal full matching also come close to the semiparametric
efficiency bound. This does not hold for 1:1 matching because dropping unmatched
control subjects may drastically reduce the effective sample size. However, in their
comparison of PS estimators, Busso et al. used model-based analyses that did not
take the matched or stratified data structure into account (i.e., they implemented all
estimators as weighting estimators without modeling the effects of matched pairs or
strata). PS matching and stratification estimators that include the effects of matched
pairs and strata (as discussed in the previous section) typically outperform IPW esti-
mators if the matched pairs and strata explain a significant portion of the outcome’s
variance (Lunceford and Davidian, 2004). Moreover, if the strict overlap condition is
violated IPW regularly results in increased standard errors due to extreme weights.
Importantly, the relative efficiency of PS estimators might also depend on the hetero-
geneity of the treatment effect and the functional form of the response surfaces (Hill
and Reiter, 2006).

To summarize, the estimators of all three PS designs — matching, stratification,
and IPW — are approximately unbiased if (i) strong ignorability holds, (ii) the PS
model is (approximately) correctly specified, (iii) the sample size is large enough,
and (iv) the treatment and control groups strictly overlap. This is true for both design-
and model-based estimators since point estimates are identical. IPW tends to be the
least-biased estimator if the PS model is correctly specified and the strict overlap
condition is met. If the treatment and control group lack strict overlap, all estimators
are significantly biased unless the sample is restricted to the overlapping cases. With
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nonoverlapping cases removed, PS matching and stratification estimators tend to
be less biased and more efficient than IPW estimators. However, PS stratification
requires a sufficiently large number of strata, otherwise a nonnegligible residual
bias may result (e.g., approximately 10% remaining bias with 5 strata). Again, note
that dropping nonoverlapping cases restricts the estimate’s generalizability to the
empirically trimmed population with potentially unclear characteristics.

14.5.2 Estimation of Propensity Scores

Since the PS is rarely known in practice, the first step in implementing a PS design
requires the estimation of a PS that balances pretreatment group differences on
observed covariates. Though different binomial regression models and statistical
learning algorithms (Berk, 2008, McCaffrey et al., 2004) are available for estimating
the unknown PS, in the following sections we assume a logistic PS model.

14.5.2.1 Ceriteria for Specifying PS Models: Balance The ultimate goal of PS
designs is to establish a strongly ignorable selection mechanism such that all the
selection bias can be removed. If the estimated PS fails to adequately equalize
pretreatment group differences in observed covariates an invalid PS design results.
Thus, in selecting a PS model, balance metrics help to probe the equivalence of the
treatment and control group’s covariate distribution. Goodness-of-fit criteria like
Akaike’s Information Criterion (AIC) are also useful but a correspondingly selected
PS model also needs to establish balance in observed covariates. Nonetheless, the
main goals of the two criteria are different: While selecting a PS model according
to balance criteria aims at estimating a PS that establishes identical treatment and
control groups with respect to the observed covariate distribution, goodness-of-fit
criteria prioritize the correct specification of the unknown selection process. Thus,
from a design point of view (without the aim to generalize results beyond the
sample in hand), balance criteria are more important than goodness-of-fit criteria
since getting comparable treatment and control groups matters most — even random
imbalances should be removed. As with randomized matched pair or randomized
block designs where the matching or blocking variables are perfectly balanced
by design, we want to make sure that the treatment and control groups’ covariate
distributions are (almost) identical in the PS-matched or stratified sample. Since
balance is a sample characteristic rather than a characteristic of an underlying target
population, aiming at perfect balance makes particularly sense for PS designs with
no intent to generalize beyond the sample in hand.

Achieving close to perfect balance in observed covariates is somewhat less
important if one wants to generalize the estimated treatment effect to an underlying
target or superpopulation. Balance in the sample does not necessarily imply that
the corresponding PS model is correctly specified with respect to the target or
superpopulation. Since valid generalizations require a correctly specified selection
mechanism, criteria that prioritize a correct model specification over balance are
more appropriate for PS designs that aim at generalizing the treatment effect.
However, specifying the PS model according to goodness-of-fit criteria does not
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imply that balance is irrelevant. Significant imbalances in some covariates indicate
an incorrectly specified PS model such that the model needs to be respecified.

The literature on PS techniques covers a broad range of balance criteria for assess-
ing balance in observed covariates. Though balance with respect to the multivariate
distribution should be investigated, each covariate’s balance is frequently probed
separately because checking the equivalence of the treatment and control group’s
multidimensional covariate distribution would require huge data sets and is computa-
tionally rather challenging. Like misspecification tests in regression analysis, balance
tests include graphical methods, descriptive measures, and significance tests. Visual
inspections include histograms, kernel density estimates, boxplots, and QQ-plots
that compare the treatment and control groups’ covariate distribution (Rosenbaum
and Rubin, 1984, Sekhon, 2011). Descriptive measures for assessing balance include
raw and standardized mean differences and variance ratios for probing the balance
of distributions’ second moment (Rubin, 2001). Significance tests like #-tests,
Kolmogorov—Smirnov tests or regression tests, which regress each covariate on the
treatment indicator (according to the PS-design’s model-based formulation), help in
assessing the significance of distribution imbalances. However, significance tests are
not directly relevant for assessing balance because, as mentioned above, balance is
a sample characteristic rather than a population characteristic (see Imai et al., 2008,
for a discussion on the balance test fallacy).

In checking covariate balance of a PS matched, stratified, or weighted data set, it
is advisable to perform a variety of balance tests since any indication of considerable
imbalance in observed covariates is sufficient to invalidate the PS design. Balance
tests should not be restricted to the originally observed covariates, it is also useful to
check balance on transformed covariates (e.g., quadratic, cubic, or interaction terms,
but also log or other transformation) since they might directly indicate balance
improving covariate transformations. Importantly, the more thoroughly one probes
balance with nonredundant balance checks, the stronger a PS design’s credibility for
causal inference. Using a broad range of balance checks has the advantage that the
weakness of each single balance test can be overcome by one of the other balance
tests. For instance, power issues due to small sample sizes are a concern with signif-
icance tests but less so for descriptive and visual inspections. Or checking balance
only with respect to the mean differences might fail to indicate imbalances on higher
order moments, which can be detected by investigating variance ratios or mean differ-
ences within strata. Finally, it is notable that even perfect balance does not imply that
all the selection bias is removed. All the selection bias is removed only if the strong
ignorability assumption actually holds. Balance tests only check for overt bias due
to observed covariates but not for hidden bias that is due to unobserved covariates.

Balance tests are most effective when implemented in accordance with the PS
design chosen for estimating the treatment effect. For instance, if a 1:1 matching
design is used, test balance on the matched data set. In case of PS stratification,
probe differences in covariate means by applying the PS stratification estimator to
each covariate separately. For IPW designs, use the [IPW weights for plotting and
computing balance metrics. Balance checks that are conducted in accordance with
the chosen PS design help in establishing a more valid PS design than balancing
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procedures that are unrelated to the specific PS design. Conducting design-specific
balance tests also implies an alignment with the causal estimand of interest. If ATE
is the estimand of interest, balance tests need to refer to the entire sample of treated
and untreated subjects. In case of ATT, balance with respect to the treated subjects
matters, thus, for a PS stratification or IPW design, balance checks require ATT
weights instead of ATE weights.

Such design-specific balance procedures make sense for design-based formu-
lations but not necessarily for model-based formulations of PS designs. From a
modeling point of view, PS model selection criteria that depend on the PS design and
causal estimand have no justification since a population’s data-generating selection
mechanism never depends on the PS design and estimand chosen — the selection
model has to be the same for all PS designs and causal estimands.

14.5.2.2 Overlap Another aspect of balance is overlap, that is, whether the
treatment and comparison group’s PS distribution share the same region of common
support. Groups do not completely overlap if a nonnegligible portion of subjects at
the lower or upper tail of the PS distribution — or even between the tails — does not
have corresponding subjects with similarly low or high scores in the respective other
group. Lack of overlap at the tails typically results when strong selection processes
are at work. Overlap is effectively assessed by plotting the treatment and control
group’s distribution of the PS-logit using histograms or kernel density estimates (the
logit of the PS is used instead of the PS since it better reveals the lack of overlap at
the tails of the distribution).

In the case of a severe lack of overlap (i.e., the strict overlap condition is clearly
violated), balance on observed covariates cannot be achieved, indicating that the
two groups are too heterogeneous to be successfully equated in a PS design. As
discussed earlier, lacking complete overlap results in biased PS estimators. In
practice, we frequently face situations where strict overlap is not given but treatment
and control subjects overlap at least partially — at least a large portion of subjects
share the common support region on the PS. In order to achieve balance with
partially overlapping groups, researchers frequently delete nonoverlapping subjects.
In order to maintain a meaningful population, subjects are preferably discarded on
the basis of observed covariates instead of the PS-logit itself. If balance statistics
indicate satisfactory balance for the overlapping subjects, the treatment effect can
be estimated without bias for the truncated subpopulation. But the estimated effect
only generalizes to the correspondingly truncated target population — unless the
assumption of constant treatment effects is reasonable. Also note that ATE and ATT
involve different overlap requirements. In estimating ATE, both the treatment and
control group need to share the same region of common support, while for ATT only
the treated subjects need to be within the range of common support.

14.5.2.3 PS Model Selection PS model selection is rather challenging because the
selection mechanism that generates the nonequivalent treatment and control group
is typically unknown and frequently produces partially nonoverlapping groups.
A feasible iterative strategy for selecting a PS model according to balance metrics
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was suggested by Steiner and Cook (2013): (i) Estimate an initial PS model; (ii)
check overlap on the estimated PS-logit and each covariate separately and then delete
nonoverlapping cases, preferably on the basis of the single covariates rather than the
PS-logit; and (iii) check balance on observed covariates and the PS-logit — if balance
is not satisfactory go back to (i), include the previously deleted cases, respecify the
PS model using information obtained from the balance test, and then do the overlap
and balance checks again; proceed until satisfactory balance is achieved.

But when is satisfactory balance achieved? The ideal scenario is that all balance
tests suggest that the treatment and control group’s covariate distributions are
identical — as it would be the case for an exact matching on observed covariates.
However, achieving perfect balance is nearly impossible in practice. But do we
need perfect balance in practice? One may think of balance in analogy to the
balance established by a completely randomized design. That is, the treatment and
control group’s distributions of observed covariates are equivalent in expectation
but slightly differ for single realizations of the randomization (i.e., assuming
independent covariates, 95% of the covariate distributions should not significantly
differ between the two groups). But such an analogy is not appropriate for PS
designs since even slight imbalances in covariates might still indicate systematic
selection bias due to model misspecification and not just random imbalance as
obtained from random assignment or random sampling. Imbalances in covariate
distributions are attributable to chance only if we would know that we correctly
specified the PS model. But without knowing this we cannot rule out that even small
imbalances are still due to a misspecified functional form. In any case, one should
always try to remove random imbalances in order to increase the design’s validity
(again, balance is a sample characteristic). From this point of view, significance
tests for checking balance do not have a strong warrant. Moreover, an insignificant
t-test with respect to a covariate’s group means does not necessarily indicate the
absence of systematic bias. The bias might only be too small to be detected by
the test procedure, particularly, if sample sizes are not large. More important than
an insignificant balance test is the magnitude of residual imbalance in substantive
terms. For instance, a standardized mean difference of 0.1 standard deviations or
greater in an observed covariate is unacceptable if the effect size of the treatment is
expected to be as small as 0.1 standard deviations — particularly so for covariates that
are assumed to be highly predictive of the outcome (e.g., a pretest of the outcome).

14.5.3 Estimating and Testing the Treatment Effect

14.5.3.1 Treatment Effect Once a balancing PS is obtained, the PS design is
frozen and the treatment effect estimated. Freezing the PS design guarantees that
the choice of the PS design and the specification of the PS model is unaffected by
the researcher’s knowledge of the observed outcome or the estimated treatment
effect. Then, the design-based estimation and testing of the treatment effects is
straightforward because the estimator and corresponding test statistic directly
derive from the PS design. Model-based analyses require an additional testing of
the probabilistic assumptions’ adequacy, which is crucial for a valid model-based
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inference. If the data indicate violations of the independence, homoscedasticity and
normality assumptions of the model’s probabilistic structure need to be adapted.

14.5.3.2 Variance of the Treatment Effect Besides the point estimate, a reason-
able estimate of the treatment effect’s standard error for interval estimation and sig-
nificance testing is required. In estimating the variance, we have to pay attention to the
fact that the PS had to be estimated. It is well known that the estimated PS regularly
produces better balance in observed covariates than the true PS because the estimated
PS also removes random imbalances in addition to systematic imbalances (Rosen-
baum, 1987, Rosenbaum and Rubin, 1983, Rubin and Thomas, 1996). Thus, the sam-
pling error of the treatment effect is typically smaller when the estimated instead of
true PS is used. Since the variance estimators discussed above do not reflect the uncer-
tainty in the estimated PS an adjustment seems to be necessary — otherwise, biased
variance estimates and significance tests might result. However, whether a variance
adjustment is actually called for depends on the PS design and its formulation.

For design-based formulations of PS designs with no intent to generalize the
effect estimates, estimating the unknown PS does not require an adjusted variance
estimator because the randomization distribution of design-based formulations is
obtained conditional on the matched, stratified, or weighted data. Given selection is
strongly ignorable, subjects within matched pairs or strata are considered as being
randomized into treatment and control conditions. The randomization distribution
reflects all possible assignments within matched pairs or strata and does not depend
on the variance between matched pairs or strata. Thus, how we arrive at matched
pairs or strata — by matching on the true or estimated PS — does not matter. Similar
arguments hold for the IPW design.

Whenever we wish to generalize the effect estimates beyond the sample in
hand, the uncertainty in the estimated PS needs to be taken into account because
in hypothetical replications of the study the reestimation of the PS model would
always result in different parameter estimates and, thus, different propensity scores.
Since the estimated PS tends to remove chance imbalances, matches and strata
derived from the estimated PS are usually more homogeneous than matches or strata
obtained from the true PS. Thus, across repeated samples with newly reestimated
PS models, the estimated treatment effect shows less variation than a PS design’s
conventional variance estimator indicates.

In order to achieve a more accurate variance estimate, we can pursue two main
strategies: either use adjusted variance estimators or bootstrapped estimators.
Assuming that the PS is estimated via logistic regression, Schafer and Kang (2008)
present formulas of adjusted variance estimators for different PS techniques (see
also Imbens, 2004, Robins et al., 1995). These formulas take the logistic estimation
step of the PS into account. Alternatively, in bootstrapping the variance we actually
mimic the whole process of respecifying the PS model as it actually would occur with
repeated samples. Ideally, the PS model is entirely respecified according to balance
or goodness-of-fit criteria for each bootstrap sample. Since such model specifications
cannot always be fully automatized, at least the PS model should be reestimated
(without further model respecifications). Note that despite the bootstrap’s generality,
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it does not necessarily work for matching designs because of violated continuity
requirements (Abadie and Imbens, 2002).

14.6 DISCUSSION

In this chapter, we discussed the strengths and weaknesses of design- and
model-based formulations of three basic PS designs — PS matching, stratification,
and IPW. We only focused on PS designs that are fully implementable without
reference to any outcome data. Thus, we did not consider PS techniques that involve
a direct modeling of the outcome, such as PS regression estimation or mixed methods
that combine a PS design with an additional covariance adjustment. Nonetheless,
in practice, it is advisable to use a mixed methods approach in addition to the
analysis of the PS design chosen since it frequently increases efficiency and reduces
residual bias in case of an imperfectly balanced PS design. However, there is no
guarantee that an estimate resulting from a mixed method is less biased than the
simple design-based estimate (Freedman, 2008, Kang and Schafer, 2007).

In practice, the PS and the treatment effect can be easily estimated using standard
statistical software. Only PS matching is more challenging since it requires an
efficient matching algorithm. Almost all standard statistical software tools offer
matching procedures. For instance, in R the packages optmach (Hansen and Klopfer,
2006), Matchlt (Ho et al., 2004), and matching (Sekhon, 2011) provide efficient
algorithms for different matching approaches including optimal full and pair
matching. Stata offers match (Abadie et al., 2004), psmatch2 (Leuven and Sianesi,
2003), and pscore (Becker and Ichino, 2002). The macros Greedy (Parsons, 2001),
Gmatch and Vmatch (Kosanke and Bergstralh, 2004) are available in SAS (also proc
assign and proc netflow can be used for optimal matching). Also for SPSS, a PS
matching module is available (Thoemmes, 2012). Several of these packages also
offer tools for checking balance and overlap.

The distinction between design- and model-based formulations of PS designs
revealed that the choice of a specific design and formulation strongly depends on
a researcher’s intent to generalize the estimated treatment effect and willingness to
rely on probabilistic assumptions. We also showed that design-based formulations
are in accordance with the standard RCM since both rely on nonstochastic potential
outcomes. Model-based formulations are based on stochastic outcomes and, thus,
directly correspond to Steyer’s generalization of RCM or Pearl’s probabilistic
structural causal model.

Design-based formulations of PS matching, stratification, or IPW designs do
not require any probabilistic assumption. The sole assumptions required for a valid
PS design and analysis are the strong ignorability assumption and SUTVA. If the
estimated PS establishes balance on observed covariates, design-based PS estimators
effectively estimate ATE or ATT for the sample in hand and the estimators do
not need to account for the estimation step of the unknown PS. The purpose of
design-based formulations of PS matching and stratification designs is to establish
a strongly ignorable selection mechanism for the sample in hand. Thus, specifying
the PS model according to balance criteria ensures that the matched or stratified
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treatment and control group are as similar as possible. IPW designs require a PS that
accurately represents the selection probabilities in addition to the balancing property.

Model-based formulations of PS designs rely on probabilistic assumptions
in addition to the strong ignorability assumption and SUTVA. By virtue of the
probabilistic assumptions, results are generalizable to larger superpopulations — at
least hypothetically. Thus, goodness-of-fit criteria might be more appropriate for PS
model selection than balance metrics but a correctly specified model also implies
balance on observed covariates. For model-based formulations without any intent
to generalize, one may proceed as with design-based formulations, but still needs to
probe the probabilistic assumptions.

Despite the significant conceptual differences between the three basic PS designs
and their design- and model-based formulations, the estimates obtained from the
different designs and formulations are frequently (but not always) very similar. The
similarity of effect estimates was demonstrated by simulation studies (e.g., Busso
et al., 2009a, Schafer and Kang, 2008) and within-study comparisons that compare
within the same study estimates from PS designs to estimates of a corresponding
randomized experiment (e.g., Cook and Steiner, 2010, Pohl et al., 2009, Shadish
et al., 2008). Not surprisingly, these studies also reveal that the availability and
reliability of ignorability-establishing covariates is of much greater importance for
getting approximately unbiased estimates than the choice of a specific PS design and
formulation. While failing to measure all confounding covariates results in remaining
selection bias, the choice of a specific PS technique has frequently no significant
effect on effect estimates (Cook et al., 2008, Glazerman et al., 2003, Steiner et al.,
2010). Moreover, if subjects select into treatment on the basis of latent constructs, the
unreliable measurement of these constructs may result in considerable remaining bias
(Steiner et al., 2011). Thus, the reliable measurement of all confounding covariates is
by far much more important than the choice of a specific PS design and formulation.

Though the choice of a specific PS design does usually not result in significant
different estimates, the distinction between different PS designs and their design-
and model-based formulations helps in conceptualizing and implementing a PS
study since it forces researchers to clearly think about their intent to generalize
results and about their willingness to rely on probabilistic assumptions. If the results
obtained from different PS designs and formulations significantly differ for a given
data set, then determining the most credible design and formulation depends on the
researcher’s critical assessment of the underlying design and analytic assumptions.
All these issues are even more important as the complexity of PS designs and analyses
increases, as it is the case with clustered data or time-varying treatment regimes.

ACKNOWLEDGMENTS

The author thanks Coady Wing, Ron Serlin, Jee-Seon Kim, Yongnam Kim, David
Kaplan, Bryan Keller, and Kelly Hallberg for helpful discussions. The research was
partially supported by grants R305D100033 and R305D 120005 from the Institute of
Education Sciences, U.S. Department of Education and a grant from the W.T. Grant
Foundation.



REFERENCES 357

REFERENCES

Abadie, A., Drukker, D., Herr, J.L., and Imbens, G.W. (2004) Implementing matching
estimators for average treatment effects in stata. Stata Journal, 4, 290-311.

Abadie, A. and Imbens, G.W. (2002) Simple and bias-corrected matching estimators for
average treatment effects, NBER Technical Working Paper 283, National Bureau of
Economic Research, Cambridge.

Angrist, J.D. and Pischke, J.S. (2009) Mostly Harmless Econometrics. An Empiricist’s
Companion, Princeton University Press, Princeton, NJ.

Austin, P.C. (2008) A critical appraisal of propensity-score matching in the medical literature
between 1996 and 2003. Stat. Med., 27, 2037-2049.

Becker, S.O. and Ichino, A. (2002) Estimation of average treatment effects based on propensity
scores. Stata Journal, 2, 358-377.

Berk, R.A. (2008) Statistical Learning from a Regression Perspective, Springer-Verlag,
New York.

Busso, M., DiNardo, J., and McCrary, J. (2009a) Finite sample properties of semipara-
metric estimators of average treatment effects, Unpublished Manuscript. Retrieved from
http://emlab.berkeley.edu/ jmccrary/BDM JBES.pdf (accessed
18 January 2016).

Busso, M., DiNardo, J., and McCrary, J. (2009b) New evidence on the finite sample properties
of propensity score matching and reweighting estimators, IZA Discussion Paper, No. 3998.
Retrieved from http://ftp.iza.org/dp3998.pdf (accessed 23 December
2015).

Cochran, W.G. (1968) The effectiveness of adjustment by subclassification in removing bias
in observational studies. Biometrics, 24, 295-313.

Cochran, W.G. and Rubin, D.B. (1973) Controlling bias in observational studies: a review.
Sankhya, A, 35, 417-446.

Cook, T.D., Shadish, W.R., and Wong, V.C. (2008) Three conditions under which experiments
and observational studies produce comparable causal estimates: new findings from
within-study comparisons. Journal of Policy Analysis and Management, 27 (4), 724-750.

Cook, T.D. and Steiner, P.M. (2010) Case matching and the reduction of selection bias
in quasi-experiments: the relative importance of the pretest as a covariate, unreliable
measurement and mode of data analysis. Psychological Methods, 15 (1), 56—68.

Cox, D.R. (2006) Principles of Statistical Inference, Cambridge University Press, Cambridge.

Cox, D.R. and Hinkley, D.V. (1974) Theoretical Statistics, Chapman & Hall/CRC,
Boca Raton, FL.

Freedman, D.A. (2008) On regression adjustments to experimental data. Advances in Applied
Mathematics, 40, 180—193.

Glazerman, S., Levy, D.M., and Myers, D. (2003) Nonexperimental versus experimental
estimates of earnings impacts. Annals of the American Academy, 589, 63-93.

Guo, S. and Fraser, M.W. (2010) Propensity Score Analysis: Statistical Methods and
Applications, Sage Publications, Thousand Oaks, CA.

Hahn, J. (1998) On the role of the propensity score in efficient semiparametric estimation of
average treatment effects. Econometrica, 66 (2), 315-331.

Hansen, B.B. (2004) Full matching in an observational study of coaching for the SAT. Journal
of the American Statistical Association, 99, 609-618.


http://emlab.berkeley.edu/ jmccrary/BDM_\protect \LY1\textbraceleft J\protect \LY1\textbraceright BES.pdf
http://ftp.iza.org/dp3998.pdf

358 DESIGN- AND MODEL-BASED ANALYSIS OF PROPENSITY SCORE DESIGNS

Hansen, B.B. and Klopfer, S.O. (2006) Optimal full matching and related designs via network
flows. Journal of Computational and Graphical Statistics, 15, 609-627.

Heckman, J.J. (2005) The scientific model of causality. Sociological Methodology, 35 (1),
1-98.
Heckman, J.J., Ichimura, H., and Todd, P.E. (1997) Matching as an econometric evaluation

estimator: evidence from evaluating a job training programme. Review of Economic Studies,
64, 605-654.

Hill, J. (2008) Discussion of research using propensity-score matching: comments on
‘A critical appraisal of propensity-score matching in the medical literature between 1996
and 2003’ by Peter Austin. Statistics in Medicine, 27, 2055-2061.

Hill, J. and Reiter, J.P. (2006) Interval estimation for treatment effects using propensity score
matching. Statistics in Medicine, 25 (13), 2230-2256.

Hirano, K., Imbens, G.W., and Ridder, G. (2003) Efficient estimation of average treatment
effects using the estimated propensity score. Econometrica, 71 (4), 1161-1189.

Ho, D.E., Imai, K., King, G., and Stuart, E.A. (2004) Matchlt: nonparametric preprocessing
for parametric causal inference. Journal of Statistical Software, 42 (8), 1-28.

Holland, P.W. (1986) Statistics and causal inference. Journal of the American Statistical
Association, 81, 945-970.

Hong, G. (2010) Marginal mean weighting through stratification: adjustment for selection bias
in multi-level data. Journal of Educational and Behavioral Statistics, 35 (5), 499-531.

Horvitz, D.G. and Thompson, D.J. (1952) A generalization of sampling without replacement
from a finite universe. Journal of the American Statistical Association, 47, 663—685.

Imai, K., King, G., and Stuart, E. (2008) Misunderstandings between experimentalists and
observationalists about causal inference. Journal of the Royal Statistical Society, Series A
(Statistics in Society), 171, 481-502.

Imbens, G.W. (2004) Nonparametric estimation of average treatment effects under exogeneity:
areview. Review of Economics and Statistics, 86 (1), 4-29.

Kang, J. and Schafer, J.L. (2007) Demystifying double robustness: a comparison of alternative
strategies for estimating population means from incomplete data. Statistical Science, 26,
523-539.

Kish, L. (1987) Statistical Design for Research, John Wiley & Sons, Inc., Hoboken, NJ.

Kolar, A., Vehovar, V., and Steiner, PM. (2014) Small samples and propensity score methods
for estimating causal effects from observational study designs, Unpublished Manuscript.

Kosanke, J. and Bergstralh, E. (2004) Match cases to controls using variable optimal
matching, http://mayoresearch.mayo.edu/mayo/research/
biostat/upload/vmatch. sas and match 1 or more controls to cases using the
greedy algorithm: http://mayoresearch.mayo.edu/mayo/research/
biostat/upload/gmatch. sas (accessed 23 December 2015).

Leuven, E. and Sianesi, B. (2003) PSMATCH?2: Stata module to perform full Mahalanobis
and propensity score matching, common support graphing, and covariate imbalance testing,
Statistical Software Components S432001.

Lohr, S.L. (1999) Sampling: Design and Analysis, Duxbury Press, Pacific Grove, CA.

Lumley, T. (2010) Complex Surveys: A Guide to Analysis Using R, John Wiley & Sons, Inc.,
Hoboken, NJ.


http://mayoresearch.mayo.edu/mayo/research/biostat/upload/vmatch.sas
http://mayoresearch.mayo.edu/mayo/research/biostat/upload/vmatch.sas
http://mayoresearch.mayo.edu/mayo/research/biostat/upload/gmatch.sas
http://mayoresearch.mayo.edu/mayo/research/biostat/upload/gmatch.sas

REFERENCES 359

Lunceford, J.K. and Davidian, M. (2004) Stratification and weighting via propensity score
in estimation of causal treatment effects: a comparative study. Statistical Medicine, 23,
2937-2960.

McCaffrey, D.F., Ridgeway, G., and Morral, A.R. (2004) Propensity score estimation with
boosted regression for evaluating causal effects in observational studies. Psychological
Methods, 9, 403-425.

Morgan, S.L. and Winship, C. (2007) Counterfactuals and Causal Inference: Methods and
Principles for Social Research, Cambridge University Press, Cambridge.

Neyman, J. (1990) On the application of probability theory to agricultural experiments. Essay
on principles. Section 9. Translated and edited by D. M. Dabrowska and T. P. Speed.
Statistical Science, 5 (4), 465-472.

Parsons, L.S. (2001) Reducing bias in a propensity score matched-pair sample using greedy
matching techniques, in Proceedings of the 26th Annual SAS ® Users Group International
Conference, Paper 214-26, SAS Institute Inc., Cary, NC. Retrieved fromhttp: / /www2

.sas.com/proceedings/sugi26/p214-26.pdf (accessed 23 December
2015).

Pearl, J. (2009) Causality: Models, Reasoning, and Inference, 2nd edn, Cambridge University
Press, Cambridge.

Pearl, J. (2010) The foundations of causal inference. Sociological Methodology, 40 (1),
75-149.

Pohl, S., Steiner, P.M., Eisermann, J., Soellner, R., and Cook, T.D. (2009) Unbiased causal
inference from an observational study: results of a within-study comparison. Educational
Evaluation and Policy Analysis, 31 (4), 463—-479.

Robins, J. (1986) A new approach to causal inference in mortality studies with a sustained
exposure period-application to control of the healthy worker survivor effect. Math
Modelling, 7, 1393-1512.

Robins, J.M. (1999a) Associations, causation, and marginal structural models. Synthese, 101,
151-179.

Robins, J.M. (1999b) Marginal structural models versus structural nested models as tools for
causal inference, in Statistical Models in Epidemiology: The Environment and Clinical
Trials (eds E. Halloran and D. Berry), (eds) Springer-Verlag, New York, pp. 95-134.

Robins, J.M. and Rotnitzky, A. (1995) Semiparametric efficiency in multivariate regression
models with missing data. Journal of the American Statistical Association, 90, 122-129.

Robins, J.M., Rotnitzky, A., and Zhao, L.P. (1995) Analysis of semiparametric regression
models for repeated outcomes in the presence of missing data. Journal of the American
Statistical Association, 90, 106-121.

Rosenbaum, P.R. (1987) Model-based direct adjustment. Journal of the American Statistical
Association, 82, 387-394.

Rosenbaum, P.R. (2002) Observational Studies, 2nd edn, Springer-Verlag, New York.

Rosenbaum, P.R. (2009) Design of Observational Studies, Springer-Verlag, New York.

Rosenbaum, PR. and Rubin, D.B. (1983) The central role of the propensity score in
observational studies for causal effects. Biometrika, 70 (1), 41-55.

Rosenbaum, PR. and Rubin, D.B. (1984) Reducing bias in observational studies using

subclassification on the propensity score. Journal of the American Statistical Association,
79, 516-524.


http://www2.sas.com/proceedings/sugi26/p214-26.pdf
http://www2.sas.com/proceedings/sugi26/p214-26.pdf

360 DESIGN- AND MODEL-BASED ANALYSIS OF PROPENSITY SCORE DESIGNS

Rubin, D.B. (1973) The use of matched sampling and regression adjustment to remove bias in
observational studies. Biometrics, 29, 185-203.

Rubin, D.B. (1974) Estimating causal effects of treatments in randomized and nonrandomized
studies. Journal of Educational Psychology, 66, 688-701.

Rubin, D.B. (1977) Assignment to treatment group on the basis of a covariate. Journal of
Educational Statistics, 2, 1-26.

Rubin, D.B. (1978) Bayesian inference for causal effects: the role of randomization. Annals of
Statistics, 6, 34-58.

Rubin, D.B. (1990a) Formal modes of statistical inference for causal effects. Journal of
Statistical Planning and Inference, 25 (3), 279-292.

Rubin, D.B. (1990b) Neyman (1923) and causal inference in experiments and observational
studies. Comment on Neyman, J. (1990), on the application of probability theory to
agricultural experiments. Statistical Science, 5 (4), 472-480.

Rubin, D.B. (2001) Using propensity scores to help design observational studies: application to
the tobacco litigation. Health Services and Outcomes Research Methodology, 2, 169—-188.

Rubin, D.B. (2006) Matched Sampling for Causal Effects, Cambridge University Press,
Cambridge.

Rubin, D.B. (2007) The design versus the analysis of observational studies for causal effects:
parallels with the design of randomized trials. Statistics in Medicine, 26 (1), 20-36.

Rubin, D.B. (2008) For objective causal inference. Design trumps analysis. Annals of Applied
Statistics, 2, 808—840.

Rubin, D.B. (2010) Reflections stimulated by the comments of Shadish (2010) and West and
Thoemmes (2010). Psychological Methods, 15 (1), 38—46.

Rubin, D.B. and Thomas, N. (1996) Matching using estimated propensity scores: relating
theory to practice. Biometrics, 52, 249-264.

Rubin, D.B. and Thomas, N. (2000) Combining propensity score matching with additional
adjustments for prognostic covariates. Journal of the American Statistical Association, 95,
573-585.

Sdrndal, C.E. (1978) Design-based and model-based inference in survey sampling. Scandina-
vian Journal of Statistics, S, 27-52.

Schafer, J.L. and Kang, J. (2008) Average causal effects from non-randomized studies:
a practical guide and simulated example. Psychological Methods, 13 (4), 279-313.

Schochet, P.Z. (2010) Is regression adjustment supported by the Neyman model for causal
inference? Journal of Statistical Planning and Inference, 140, 246-259.

Sekhon, J.S. (2011) Multivariate and propensity score matching software with automated
balance optimization: the matching package for R. Journal of Statistical Software, 42 (7),
Retrieved from http://www.jstatsoft.org/v42/107.

Shadish, W.R., Clark, M.H., and Steiner, P.M. (2008) Can nonrandomized experiments yield
accurate answers? A randomized experiment comparing random to nonrandom assignment.
Journal of the American Statistical Association, 103, 1334—1343.

Snowden, J.M., Rose, S., and Mortimer, K. (2011) Implementation of G-computation on a
simulated data set: demonstration of a causal inference technique. American Journal of
Epidemiology, 173, 73-738.

Spanos, A. (1999) Probability Theory and Statistical Inference: Econometric Modeling with
Observational Data, Cambridge University Press, Cambridge.


http://www.jstatsoft.org/v42/i07

REFERENCES 361

Spirtes, P., Glymour, C.N., and Scheines, R. (1993) Causation, Prediction, and Search,
Springer-Verlag, New York.

Steiner, P.M. and Cook, D.L. (2013) Matching and propensity scores, in The Oxford Handbook
of Quantitative Methods, vol. 1, Foundations (ed. T.D. Little), Oxford University Press, New
York.

Steiner, P.M., Cook, T.D., and Shadish, W.R. (2011) On the importance of reliable covariate
measurement in selection bias adjustments using propensity scores. Journal of Educational
and Behavioral Statistics, 36 (2), 213-236.

Steiner, PM., Cook, T.D., Shadish, W.R., and Clark, M.H. (2010) The importance of covariate
selection in controlling for selection bias in observational studies. Psychological Methods,
15 (3), 250-267.

Steiner, PM., Kim, Y., Hall, C., and Su, D. (2014) Graphical models for quasi-experimental
designs. Sociological Methods & Research, Online First: http://smr.sagepub
.com/content/early/2015/05/13/0049124115582272.full
.pdf+html (accessed 18 January 2016).

Steyer, R. (2005) Analyzing individual and average causal effects via structural equation
models. Methodology, 1, 39-64.

Steyer, R., Gabler, S., von Davier, A.A., and Nachtigall, C. (2000a) Causal regression models
II: unconfoundedness and causal unbiasedness. Methods of Psychological Research Online,
5(3), 55-87.

Steyer, R., Gabler, S., von Davier, A.A., Nachtigall, C., and Buhl, T. (2000b) Causal regression
models I: Individual and average causal effects. Methods of Psychological Research Online,
5(2),39-71.

Stuart, E.A. (2008) Developing practical recommendations for the use of propensity scores:
discussion of ‘a critical appraisal of propensity score matching in the medical literature
between 1996 and 2003’ by Peter Austin. Statistics in Medicine, 27 (12), 2062-2065.

Stuart, E.A. (2010) Matching methods for causal inference: a review and a look forward.
Statistical Sciences, 25 (1), 1-21.

Thoemmes, F. (2012) Propensity score matching in SPSS, Unpublished Manuscript. Retrieved
from http://sourceforge.net/projects/psmspss/ & http://
arxiv.org/abs/1201.6385 (accessed 23 December 2015).

Waernbaum, I. (2010) Propensity score model specification for estimation of average treatment
effects. Journal of Statistical Planning and Inference, 140 (7), 1948-1956.


http://smr.sagepub.com/content/early/2015/05/13/0049124115582272.full.pdf+html
http://smr.sagepub.com/content/early/2015/05/13/0049124115582272.full.pdf+html
http://smr.sagepub.com/content/early/2015/05/13/0049124115582272.full.pdf+html
http://sourceforge.net/projects/psmspss/
http://arxiv.org/abs/1201.6385
http://arxiv.org/abs/1201.6385




15

ADJUSTMENT WHEN COVARIATES
ARE FALLIBLE

STEFFI POHL

Department of Education and Psychology, Methods and Evaluation/Quality Management,
Freie Universitdt Berlin, Berlin, Germany

MARIE-ANN SENGEWALD

Methodology and Evaluation Research, Institute of Psychology, Friedrich-Schiller-University
Jena, Jena, Germany

ROLF STEYER

Methodology and Evaluation Research, Institute of Psychology, Friedrich-Schiller-University
Jena, Jena, Germany

15.1 INTRODUCTION

Researchers in the social and behavioral sciences frequently investigate the effects
of a particular treatment such as a training or therapy. For this aim, the performances
of a treatment and a control group are compared with respect to an outcome
measure of interest. Most of these studies rely on non-randomized designs in which
participants either self-select into treatment or are assigned to treatment by a third
person (e.g., administrators assign participants according to specific criteria that
might be known or unknown). Because of this selection, systematic treatment group
differences typically occur prior to treatment, resulting in initially incomparable
groups. In these cases, the simple difference in the treatment and control group’s
average outcome usually is a biased estimator of the average treatment effect.
A well-established strategy to avoid selection bias is covariate adjustment. Unbiased
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treatment effects can be estimated via adjusting for all relevant covariates. Covariate
adjusted estimation of treatment effects can be achieved using, for example, analysis
of covariance (ANCOVA) or propensity score (PS) methods (Rosenbaum and
Rubin, 1983), provided that certain assumptions hold. In empirical analyses, pretest
measures are often the most important covariates as they are highly correlated to the
outcome and often also to the treatment (e.g., Steiner et al., 2010, Cook et al., 2009).

While in empirical applications the choice of covariates is an important issue,
the issue of measurement error in covariates is typically ignored. However, in social
and behavioral sciences many covariates — such as competencies and personality
characteristics — cannot be assessed without measurement error. As a consequence,
in practice these constructs are usually assessed by multiple indicators allowing to
model measurement error purged, latent variables. Measurement error of covariates
may affect the estimate of the causal effect. While in the social sciences modeling of
latent variables is state of the art, manifest covariates are usually considered in the
adjustment model when estimating causal effects. Only few papers (e.g., Aiken and
West, 1991, Cook et al., 2009, Steiner et al., 2011) focus on the effect of ignoring
measurement error in covariates or on the development of adjustment methods
based on latent covariates. It is to note that measurement error in covariates does
not always bias causal effect estimates, and adjustment based on latent instead of
on manifest covariates may in some cases even induce bias. The conditions under
which covariate adjustment needs to be based on latent covariates or on manifest
covariates have hardly been considered in methodological research. One of the few
exceptions is Sengewald er al. 2016.

In this chapter, we discuss adjustment when covariates are not perfectly reliable.
We start with reviewing a theoretical framework that applies to fallible and latent
covariates. This framework allows for deriving conditions under which adjustment
has to be based on the latent covariate and conditions under which adjustment has to
be based on the fallible covariate. As most methodological research has considered
the case in which adjustment has to be based on the latent covariates, we focus on
this case in the following sections. We present analytic derivations, simulation studies,
and empirical analyses on the biasing effect of measurement error in covariates for
causal effect estimation. We also present and evaluate different approaches to adjust
for latent covariates. Finally, we consider the role of further covariates for the biasing
effect of measurement error in another covariate. For this, we present an empiri-
cal analysis and discuss results from simulation studies. We conclude discussing the
implications for adjustment in empirical applications when covariates are fallible.

15.2 THEORETICAL FRAMEWORK

There are different theoretical frameworks for the analysis of causal effects. Two
very influential frameworks, which have stimulated development of adjustment
methods, are graphical modeling (e.g., Pearl, 1995, 2009) and the potential-outcome
approach (e.g., Rubin, 1974, 2005). However, none of these frameworks comprises
an explicit theory of latent variables. Steyer e al. (2014) and Mayer et al. (2014)
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introduced a stochastic theory of causal effects (TCE) that extends and formalizes the
potential-outcome framework and is compatible with the theory of latent variables
presented by Steyer et al. (2015). In the following sections, we briefly outline the
basic ideas of TCE for the definition and identification of the average causal effect
of a treatment and derive conditions in which latent instead of observed (manifest)
covariates need to be used for adjustment.

15.2.1 Definition of Causal Effects

We focus on defining the (total) causal effect of a dichotomous treatment variable
X on an outcome variable Y, comparing two treatment conditions, say treatment
(1) and control (0). For this setting, Rubin (1974) defines causal effects based on
potential-outcome variables Y,(U) and Y| (U), the values of which denote the out-
come of a specific person u under the control condition and the outcome of the same
person u under treatment. In Rubin’s definition, potential outcomes are assumed to
be fixed numbers, implying that the outcome is fully determined by the person u and
the treatment condition. In contrast, Steyer et al. (2014) pose the idea of a stochastic
outcome not fully determined by the person and the treatment condition. Instead, the
authors assume that every person has a distribution of outcomes under treatment and
a possible different one under control. This distribution is due to (i) measurement
error in the outcome variable and (ii) events and other variables occurring in between
treatment and outcome, such as mediating variables or critical life events. As a
consequence, instead of potential-outcome variables they consider true-outcome
variables, the values of which are defined as the expectations of these conditional
distributions of Y given person « and treatment x. In fact, this is the original approach
of Neyman (1923/1990) and has also been used by Steyer et al. (2000a,b, 2002).
The basic idea in the definition of an atomic causal effect is to condition on (keep
constant) all variables that are prior or simultaneous to X — except for X itself — and
then see how Y depends on X. Variables that are prior or simultaneous to X except
for X itself are also called potential confounders. Holding constant the person u, a
value of the person variable U, in the definition of the true outcomes implies holding
constant all attributes of the persons that can be represented as a mapping of the
person variable U (e.g., perfectly reliable covariates such as gender). However, due
to measurement error, fallible covariates prior to treatment are not mappings of U,
that is, they are not constant when conditioning on a specific person u. Steyer and
colleagues also consider fallible covariates as potential confounders because they
may be correlated to X and Y. For instance, a fallible pretest Z of the outcome Y can
determine treatment selection. Furthermore, the experience made through pretest
assessment (e.g., having a low test score and thus feeling bad and less motivated) can
affect the outcome (Steyer et al., 2015). Thus, in order to condition on all potential
confounders, we need to consider not only U but also fallible covariates in the def-
inition of the true-outcome variables. Considering m fallible covariates Z,...,Z,,
Steyer et al. (2014) define true-outcome variables by conditional expectations of Y
in treatment (X = 1) and in control (X = 0), conditioning on U and the vector of all
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fallible covariates Z,;; := (Z,...,Z,,):

*“m
7y := EX0Y|U,Z,) and 7, 1= EXTN(Y|U, Z,). (15.1)

Note that in Equation (15.1) potential confounding due to perfectly reliable covari-
ates, (measurement error purged) latent covariates, and potential confounding due to
fallible covariates is considered. To emphasize, for the definition of causal effects it is
essential to condition on all potential confounders. This does not imply that we have to
condition on all potential confounders when identifying and estimating causal effects.
Hence, we may distinguish between a potential confounder and an actual confounder.

The difference 6,, = 7; — 7, between the true-outcome variables is called the
atomic total effect variable. Due to the fundamental problem of causal inference
(Holland, 1986, Rubin, 1974), its values, the atomic effects cannot be estimated
in empirical applications. Instead, we often consider the average total treatment
effect ATE = E(6,,) = E(z; — 1), that is, the expectation of the atomic total effect
variable, integrating over the distribution of (U, Z;).

15.2.2 Identification of Causal Effects

The ATE can be linked to quantities that are estimable in empirical applications and
that are identical to the ATE under certain conditions. For example, the conditional
expectations E(Y|X = 0) and E(Y|X = 1) are called (causally) unbiased, if

E(Y|X=0)=E(r,) and E(Y|X =1)=E(t)). (15.2)

Hence, under this wunbiasedness assumption EY|X=1)—-EXY|X=0)=
E(t)) — E(ty) = ATE. In a randomized experiment treatment X and (U,Z,),
that is, X and all observed and unobserved covariates are stochastically independent,
and this independence implies that the conditional expectations E(Y|X = x) are
unbiased (Eq. (15.2)).

In contrast, in a nonrandomized experiment the prima facie effect E(Y|X = 1) —
E(Y|X = 0) is typically biased due to systematic selection into treatment conditions.
This systematic selection induces dependence of X and (U, Z,;). In those designs,
ATE estimation requires finding a (possibly multivariate) covariate Z* = f(U, Z,;;)
for which

EX=X(Y|Z*) = E(z,|Z%), forx=0,1 (15.3)

holds. This condition defines unbiasedness of the conditional expectations
EX=X(Y|Z*). Under this condition,’

E[E¥=!(Y|2%) = EX=(Y|2)] = E(8,9) = ATE. (15.4)

If  Equation (15.3) holds, E[EX=!(Y|Z*) — EX=0(Y|Z*)] = E[EX=1(Y|Z")] — E[EX=0(Y|Z")] =
E[E(t,|Z")] — E[E(z,|Z*)] = E(r)) — E(zy) = E(6,(). The expectations E[EX=(Y|Z*)],x=0,1, are
called the Z*- adjusted expectations of Y in treatment x.
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Note that E[EX=!(Y|Z*) — EX=0(Y|Z*)] integrates over the distribution of Z*.
Equations (15.3) and (15.4) follow from each of several causality conditions (see
Steyer et al., 2014). One causality condition is Z{-conditional independence of X
and (U,Z,). For Z7 = f1(U, Z,) it is defined by

P(X = 11U, Zy) = PX = 1|1Z}). (15.5)

Equation (15.5) implies that Z} comprises all covariates that are prior or simulta-
neous to X and determine treatment probability. Thus, in addition to the (possibly
multivariate) covariate Z¥, there are no other attributes of the persons and no other
fallible covariates that determine treatment probability. Equation (15.5) holds, for
instance, when persons were randomly assigned to one of the treatment conditions
with an assignment probability that only depends on Z}. Equation (15.5) may
also hold when treatment assignment is not randomized, but when we select the
(multivariate) random variable Z such that this equation holds.

Another causality condition is completeness of the conditional expectations
EX=X(Y|Z}). For Z = f>(U, Z,y), it is defined by

EX=(Y|U,Zy) = EX=(Y|Zy)  forx=0,1. (15.6)

Equation (15.6) implies that ZJ comprises all covariates that are prior or simultaneous
to X and that, together with X, determine the conditional expectations of the outcome
variable. Note that Z is not necessarily identical to Z7. Hence, the two causality
conditions can be satisfied for different (multivariate) covariates Zi“ and Zz*. Also note
that, although Z} = f,(U, Z,;) and Z7 = f,(U,Z,), it is possible that Z} and Z7 are
mappings of U alone or mappings of Z,;; alone, that is, Z} and ZJ can only consist of
perfectly reliable or (measurement error purged) latent covariates (mappings of U)
or they can only consist of fallible covariates (mappings of Z,;). Most important to
note, Equations (15.3) and (15.4) follow from each of the two causality conditions
introduced above. (Note that there are more than these two causality conditions; see
Steyer et al., 2000b, 2014)

15.2.3 Adjusting for Latent or Fallible Covariates

In the previous section, we delineated under which conditions the ATE can be iden-
tified by estimable quantities. If there is measurement error in the covariates, the
question is whether we should adjust for the latent or for the manifest (fallible) covari-
ates (Sengewald et al., 2016). For simplicity, Sengewald and colleagues consider
the case of just one fallible covariate Z = 5 + €. Four different scenarios can be dis-
tinguished: First, the treatment probability and the outcome variable depend on the
latent variable # (scenario 1). This means that Equations (15.5) and (15.6) hold for
ZT =fiU) = Z; = f,(U) = 5. This scenario is plausible for self-selection in to treat-
ment, in which attributes of persons (latent variables) determine the treatment proba-
bility and the outcome variable is only determined by the latent covariate. In this case,
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in order to obtain an unbiased ATE estimate, the latent covariate needs to be used
for adjustment. Second, the treatment probability and the outcome variable depend
on the observed fallible covariate (i.e., Eqs (15.5) and (15.6) hold for ZT =fZ) =
Z3 = f,(Z,y) = Z (scenario 2). The treatment probability may depend on the observed
fallible score when, for instance, a teacher decides on participation of his or her stu-
dents in basic mathematical tutoring based on the scores on a math test. The outcome
variable may depend on the fallible covariate, when, due to being tired, the student
performs low on the pretest and, because of this poor performance, is less motivated
in the posttest after the treatment (outcome variable). Third, the treatment probability
depends on the observed covariate (i.e., Z| = f|(Z,;) = Z and the outcome variable is
determined by the latent variable (i.e., Z; = f,(U) = 1) (scenario 3) and fourth vice
versa, that is Z;‘ =f;(U) =y and Z; = f,(Z,;) = Z (scenario 4). In scenarios 3 and
4, the observed covariate and the latent variable of the covariate satisfy one of the
two causality conditions (Eqs (15.5) or (15.6)) and either one suffices to identify
the ATE via Equation (15.4) and to obtain an unbiased ATE estimate by estimating
E[EX=1(Y|Z*) — EX=0(Y|Z")].

Note that only in scenario 1, it is necessary to use the latent covariate for
adjustment. Using fallible covariates in this scenario could lead to a biased ATE
estimate. However, while using the latent covariate would result in unbiased ATE
estimates in most of the scenarios (scenarios 1, 3, and 4), its use is not always
warranted. In scenario 2, adjusting for the latent instead of the fallible covariate
could even induce bias. Thus, even when fallible covariates have been measured, we
do not always have to (scenarios 3 and 4) or should (scenario 2) use latent variables
in order to obtain unbiased ATE estimates.

Sengewald et al. (2016) delineated these conditions using only one covariate.
When more than one covariate is considered — as it will be the case in most
applications — the situation becomes more complex as also the correlations between
the covariates need to be regarded and other covariates may compensate for effects
of measurement error. This is addressed later on.

So far, methodological research on the impact of covariates’ measurement error on
causal effect estimates has only considered the case in which confounding occurs on
the latent rather than the observed covariate (scenario 1). Although this scenario may
be plausible in many applications, there may also be cases in which one of the other
scenarios holds. In these cases, it suffices to use manifest covariates for adjustment.
In settings where scenario 2 holds, adjusting for latent instead of manifest covariates
may result in a biased ATE estimate. The impact of misspecification, when adjusting
for a latent covariate in settings where confounding is due to the manifest covari-
ate (scenario 2), has not, yet, been investigated. This may be an objective for future
research. One empirical study presented later in the manuscript did, however, explic-
itly investigate whether scenario 1 holds. As most other previous research had only
dealt with settings according to scenario 1, the research presented in the following
sections is based on settings in which scenario 1 holds.
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15.3 THE IMPACT OF MEASUREMENT ERROR IN COVARIATES ON
CAUSAL EFFECT ESTIMATION

So far, in methodological research on fallible covariates it has implicitly been
assumed that the treatment probability and the outcome variable depend on latent
covariates (scenario 1). Only in this scenario the use of manifest instead of latent
covariates can bias causal effect estimates. Hence, focusing on scenario 1, previous
methodological research has tried to quantify the impact of using manifest instead of
latent covariates on causal effect estimation. In the following sections, we review the
respective research. First, we consider the implications of using the manifest instead
of the latent variable of one fallible covariate (derived by analytic derivations). Then
this effect is considered for a whole set of covariates in simulation studies. Finally,
we consider an empirical study in which the impact of adjusting for latent instead of
manifest covariates in real settings is investigated. In this study, it is also investigated
whether in that application confounding is due to the latent covariate or due to the
manifest covariate.

15.3.1 Theoretical Impact of One Fallible Covariate

Assuming scenario 1 holds, the impact of using a manifest instead of a latent
covariate on the ATE estimate can be analytically derived for the case of one single
fallible covariate Z (Aiken and West, 1991, Cohen et al., 2003). We assume that the
fallible covariate Z may be decomposed into a true-score variable # and measurement
error €, such that Z = 5 + ¢, and that the conditional expectation of the outcome
variable Y given a dichotomous treatment variable X with values 0 and 1 and the
latent covariate n is E(Y|n,X) = ay + a;n + a,X. The ATE of X is then the partial
regression coefficient a,:

@ = w « X (15.7)
1- an Ox

with py,, p,x, and pyy being the bivariate correlations between Y, 7, and X, and oy
as well as oy being the standard deviations of Y and X, respectively (e.g., Aiken and
West, 1991). Now consider that the fallible measure Z is used instead of the latent
variable # in the outcome model. When Rel(Z) < 1 for all bivariate correlations of
Z with another perfectly measured variable (e.g., X) pzx = p,x * \/Rel(Z) holds.
Falsely assuming Rel(Z) = 1 leads to an attenuation of the correlations involving
Z because pzy < p,x and, therefore, to an attenuation in the estimation of a,.
According to Steiner et al. (2011), within this setting, the total bias reduction
potential (100%) of one covariate is on average attenuated by (1 — Rely(Z)) * 100%,
with Rely(Z) being the reliability coefficient of Z within the treatment and control
group. Consequently, decreasing the reliability of Z by 0.1 removes on average
10% less bias in settings where unbiasedness of the conditional expectations can be
achieved with Z* = 5 (see Eq. 15.3).
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In more complex settings in which several covariates are necessary to achieve
unbiasedness of the conditional expectations, the impact of using manifest instead
of latent covariates on treatment effect estimates is more difficult to derive (e.g.,
Aiken and West, 1991). If just one of several covariates is measured with error, this
distorts the partial regression coefficients of all other variables in the model (Cohen
etal.,2003). The effect of measurement error in covariates on causal effect estimates
depends on (i) the reliabilities of all covariates and (ii) the intercorrelations among
all variables in the model. Therefore, the impact of one fallible covariate within a
set of covariates can be lower or higher than in the single covariate case. The effect
of additional covariates on the bias introduced by using a manifest instead of the
respective latent covariate is addressed later on in more detail.

15.3.2 Investigation of the Impact of Fallible Covariates in Simulation Studies

Steiner et al. (2011) and Cook et al. (2009) investigated the consequences of mea-
surement error in covariates in simulation studies. In order to depict the complexity
of real data, these authors conducted a simulation study that is based on the results of
empirical studies (Shadish et al., 2008, Pohl et al., 2009). In these empirical studies,
effects of educational trainings (i.e., a vocabulary/English and a math training), into
which university students could self-select, were evaluated. Various covariates were
collected prior to treatment; these may be grouped into five categories: demographic
variables, proxy pretest measures, topic preference, prior academic achievement,
and personality variables. In the analyses of the empirical data, Steiner et al. (2010)
as well as Cook et al. (2009) showed that proxy pretests and topic preference were
sufficient to obtain an unbiased causal effect estimate. In their simulations, Steiner
et al. (2011) and Cook et al. (2009) used these data. They considered the original
covariates as perfectly reliable and added measurement error to the covariates,
resulting in covariate reliabilities ranging from 1.0 to 0.6. In the simulations
measurement error was assumed to be unrelated to the treatment and to the outcome
(scenario 1). The authors demonstrated that measurement error leads to bias of ATE
estimates. The lower the reliability, the less selection bias is removed. Moreover,
a reliable measurement of constructs is of particular importance for covariates that
had a great potential for removing selection bias (e.g., proxy pretests and topic
preference). The reliability of covariates with a low potential to reduce selection
bias (e.g., psychological predispositions) had only a negligible effect on ATE
estimates. Furthermore, the authors outlined that, in their example, the biasing effect
of measurement error was lower in a set of covariates than for a single covariate.

15.3.3 Investigation of the Impact of Fallible Covariates in an Empirical
Study

So far, methodological research on the impact of measurement error in covariates
on causal effect estimates has only considered the case where confounding is due
to the latent covariate (scenario 1). Whether in empirical settings, the treatment
probability and the outcome variable really depend on the latent covariate or rather
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Figure 15.1 Design of the four-arm within-study comparison.
Reproduced from Pohl ef al. (2009) with permission of SAGE Publishers.

on the manifest one has hardly been investigated. Neither has it been investigated
whether the biasing effect of fallible covariates on ATE estimation is noteworthy
in empirical applications. One reason for this is that an empirical evaluation of
the impact of fallible covariates is usually difficult, because the true ATE is not
available. However, the true ATE can be estimated in within-study comparisons
(WSCs) that compare the effect of a nonrandomized experiment to the corresponding
benchmark effect of a randomized trial within one study. As such they offer the
opportunity for an empirical evaluation of the accuracy of causal effect estimates.
A WSC design in which a full nonrandomized experiment is contrasted with a full
experiment was proposed by Shadish er al. (2008) and also used by Pohl et al.
(2009). Figure 15.1 illustrates the four-arm WSC design of Pohl et al. (2009). The
overall sample consisted of 202 first-year students of education and psychology,
who were randomly assigned either to a randomized experiment or a nonrandomized
experiment. Students in the randomized experiment were then randomly assigned to
one of two educational treatments — either English or mathematics training. Students
in the nonrandomized experiment could choose which training they wanted to take.
A set of covariates including proxy-pretest measures of the outcome, preference
for English and math, demographic variables, prior academic achievement, and
personality variables were assessed prior to treatment. Participants in the randomized
and nonrandomized group attended the same pretest and training sessions. After the
training, English and math skills were assessed by a posttest. In this design, two
training effects can be investigated: First, the effect of English training with the math
group being the reference group (control group without English training) and second,
the effect of mathematics training with the English group being the reference group
(control group without math training). The training effects were estimated in the
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randomized and in the nonrandomized experiment. Since all participating students
were randomly assigned to the randomized and the nonrandomized experiment,
the ATE estimated from the randomized experiment may serve as a benchmark for
evaluating the nonadjusted (initial bias) and covariate-adjusted ATE estimates from
the nonrandomized experiment.

Sengewald et al. (2016) used these data to investigate whether treatment and
outcome really depend on the latent covariates (scenario 1). If confounding in the
data occurs due to scenario 1, given that model assumptions are correct, adjusting
for latent instead of manifest covariates should improve causal effect estimation. If
scenario 2, that is, dependence of the treatment and the outcome on the manifest
covariate, holds, using manifest covariates in the adjustment should lead to less
biased effect estimates than using latent covariates. Similar effect estimates when
using manifest or latent covariates would support the hypothesis that scenario 3 or 4
holds. The authors used proxy-pretest measures in English and math, since in previ-
ous analyses they have proven to be relevant covariates for adjustment (Steiner et al.,
2010, Cook et al., 2009) and since these were assessed by a number of test items (indi-
cators) allowing for modeling latent covariates. The manifest covariates in this study
contained considerable measurement error (reliability estimates ranged from 0.70
to 0.75 for the English pretest and from 0.46 to 0.59 for the math pretest). Adjusting
for the latent instead of the manifest covariates improved ATE estimation up to 22%.
The results suggest that in the empirical application, the treatment probability and
the outcome variable depend on the latent covariates (proxy pretest ability in English
and math), that is that scenario 1 holds. Note that this may be different in other
settings.

15.4 APPROACHES ACCOUNTING FOR LATENT COVARIATES

If the treatment probability and the outcome variable depend on the latent covariate
instead of the manifest covariate, that is, if scenario 1 holds, the latent covariate needs
to be used for adjustment. For both, PS methods and ANCOVA, new approaches,
which allow adjustment for latent covariates, have been proposed. Both the PS
approach of Raykov (2012) and the ANCOVA approach of Steyer and Partchev
(2008) rely on the use of a measurement model for the latent covariates. The
approaches are introduced using measurement models in the tradition of classical
test theory (CTT; Lord et al., 1968, Steyer et al., 2015). They can, however, easily be
extended to incorporate other measurement models such as those of item response
theory (IRT; e.g., Embretson and Reise, 2000). For modeling the true-score variable
of the fallible covariate, it is necessary that multiple manifest measures (indicators)
V; with i =1,...,s of the latent covariate are available. These manifest measures
are, for example, the observed scores on at least two (parallel) tests, items, or item
parcels assessing the same construct. In CTT, each manifest indicator V; is defined
as the sum of a true-score variable #; and an error variable ¢;. In the latent variable
approach, based on the s manifest indicators, a measurement model is specified
for the estimation of a latent variable #. Each true-score variable #; is assumed to
be a linear function of the latent variable #, that is #; = v; + 4, * , with v; and 4;
representing the indicator specific intercept and factor loading. A latent variable
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model is specified for all ¢ latent covariates 7, involving all s manifest indicators
Vi of each covariate #,. This model is specified for the treatment group and the
control group separately, assuming strong measurement invariance (i.e., equal factor
loadings 4,; and intercepts v;; between the groups, Millsap, 2011). This is the same
for both methods, PS and ANCOVA.

15.4.1 Latent Covariates in Propensity Score Methods

Raykov (2012) distinguishes between p perfectly reliable covariates W :=
Wy, ..., Wp) and ¢ fallible covariates V :=(V/,..., Vq). While in traditional PS
analyses, the PS is usually estimated based on all observed covariates W and V, the
modified PS (x) is defined using the vector of perfectly reliable covariates W and
the underlying latent variables #, of the ¢ fallible covariates V, withk =1, ...,¢:

7 =PX=1W.n,....0). (15.8)

Raykov (2012) outlines the estimation of the modified PS in two steps. First, a latent
variable model is specified for all g latent covariates #,. Raykov then uses factor
score estimates as proxies for the individual values on the latent covariates 7. These
factor score estimates are then used in a second step for estimating the modified PS.
Therefore, all perfectly measured observed covariates W and the estimated factor
scores for all g latent variables 7, are incorporated as predictors in the PS model (e.g.,
in a logistic regression). In other words, Raykov does not use the latent covariates
for the estimation of the PS but the estimated scores of the latent covariates, which
are weighted sum scores of the manifest variables.

In PS analyses, if all confounding covariates are considered when estimating the
PS, the PS balances all pretreatment group differences. Balance means that given a
specific PS, the joint distribution of the covariates is the same in the treatment and
control group (e.g., Rosenbaum and Rubin, 1983, 1984). The appropriateness of the
estimated PS is usually checked via balance criteria (Rubin, 2001, Stuart and Rubin,
2007). For the modified PS, balance has to be checked on the observed error-free
covariates W and all ¢ latent variables ;. Accordingly, in Raykov’s approach
balance can be checked on the observed error-free covariates W and the estimated
factor scores of all g latent variables 7.

Rubin (2001) furthermore argues that causal inference can only be drawn for the
population described by the area of common support. Common support refers to the
population for which every unit has the chance (i.e., a nonzero probability) to be in
both the treatment and the control group. Cases with no common support are, for
instance, persons with severe symptoms that always get into treatment and have no
chance to be in the control group. Common support is indicated by the overlap of the
PS distribution between treatment and control group and nonoverlapping persons are
commonly discarded (e.g., Rubin, 2001).

The estimated PS is then used in a further step for estimating the ATE. This can
be done via PS regression, inverse-propensity weighting, PS subclassification, or
PS matching (e.g., Rosenbaum and Rubin, 1983, Schafer and Kang, 2008). In a
simulation study, Raykov (2012) showed that when the treatment probability and
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the outcome variable depend on the latent covariates, that is, when scenario 1 holds,
using the modified PS results in more accurate ATE estimates than a PS score that is
based on manifest covariates. As factor score estimates are just proxies for the scores
of the latent covariates, the ATE estimate using factor score estimates will be less
accurate than the ATE estimate using the latent covariates. Furthermore, note that,
as this is a three-step approach ((i) estimation of factor scores, (ii) estimation of the
propensity score, and (iii) estimation of the ATE), no standard errors that incorporate
all three steps are available, yet.

15.4.2 Latent Covariates in ANCOVA Models

In the analysis of covariance, covariates are directly incorporated in the outcome
model. Steyer and Partchev (2008; with further developments from Kréhne, 2010,
Mayer, 2015, and Mayer et al., 2016) provide the software EffectLite to estimate
these regression models within the framework of structural equation modeling. The
version of EffectLite that relies on the latent variable software Mplus (Muthén and
Muthén, 1998/2012) or LISREL (du Toit et al., 2005) is available from http://
www.causal-effects.de/. The first version of the R-package EffectLiteR
(Mayer et al., 2016), that relies on the R-package lavaan (Rosseel, 2012), is available
from https://github.com/amayer2010/EffectLiteR.

The ANCOVA model is specified using all perfectly reliable covariates W as well
as the underlying latent variables #, of all g fallible covariates V,, withk = 1,...,¢:

E(Y|Xa W: ’119"' 9’7(1) = gO(W7’I1a ""nq) +g1(W7’71’ ’ﬂq)X (159)

Instead of using factor score estimates as covariates, the latent variables are
incorporated directly in the ANCOVA model. The ANCOVA model is spec-
ified as a multigroup model with the treatment variable defining the groups.
The conditional treatment effect variable is represented by g;(W, nl,...,nq) =
EX=N YW, n,, ..., fy) = EX=0Y W, n,,..., n,)- If unbiasedness of the conditional
expectations (Eq. (15.3)) holds for Z* = (W, #,, ... ,nq), then E[g(W,#ny, ... ,nq)] =
ATE. The generalized ANCOVA model in EffectLite allows for modeling nonlinear
relationships and covariate-treatment interactions as well as for heteroscedasticity
across treatment groups (e.g., Krohne, 2010, Steyer and Partchev, 2008). Further-
more, stochastic rather than fixed covariates can be modeled in EffectLite, which
is important for obtaining correct standard error estimates (Krohne, 2010). In
applications using ANCOVA, effects are typically estimated for the entire target
population by extrapolating also to regions of nonoverlap. This extrapolation is
based on the assumptions on the functional form made in the model. In contrast
to the PS-approach, conclusions using ANCOVA are usually drawn for the whole
population of interest. For perfectly reliable covariates, Krohne (2010) showed a
good performance of the generalized ANCOVA model in EffectLite regarding point
estimation and estimation of standard errors of the ATE.

15.4.3 Performance of the Approaches in an Empirical Study

Sengewald et al. (2016) also evaluated whether generalized ANCOVA and PS
methods for latent variables improve ATE estimation in empirical settings. The
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authors used the WSC of Pohl ef al. (2009) and estimated the ATE adjusting for the
proxy-pretest in English and math. Instead of using the observed sum score of the
pretests, the authors also adjusted for pretreatment differences by incorporating
the latent variables for the pretests. For that the authors proposed measurement
models on item parcels for the pretests that were assumed to be measurement
invariant across the two treatment groups. The reliability of the test halves ranged
from 0.70 to 0.75 for the proxy-pretest in English and from 0.46 to 0.59 for the
proxy-pretest in math. Generalized ANCOVA showed a good performance when
adjusting for the latent covariates; 22% more bias could be reduced when using
latent instead of manifest pretest values. For PS methods, a direct comparison of PS
methods using latent covariates (latent PS) and manifest covariates (manifest PS) is
limited due to different PS models with differences in the area of common support
and the achieved balance. While with generalized ANCOVA the ATE is estimated
for the whole population, with PS methods conclusions are only drawn for the area
of common support. It is to note that the area of common support, and thus the
population for which inferences are drawn, differs between using manifest and latent
covariates. This has to be considered in the interpretation of the results. As far as
the results could be compared, latent PS methods seemed to reduce more bias than
manifest PS.

Summarizing the results, approaches for modeling latent covariates in ANCOVA
as well as in PS analyses show good performance in simulation studies as well as in
an empirical application. Note that, all latent covariate models can only be applied
if multiple indicators for each latent covariate are available. For situations where
multiple indicators of fallibly measured covariates are not available, most recently
alternative methods were developed. These rely on assumptions either about the struc-
ture and extent of measurement error (Kuroki and Pearl, 2014, McCaffrey et al., 2013;
Stuart, 2013; Yi et al., 2012) or about the functional form between the extent of mea-
surement error and bias (Lockwood and McCaffrey, 2013, 2014).

15.5 THE IMPACT OF ADDITIONAL COVARIATES ON THE BIASING
EFFECT OF A FALLIBLE COVARIATE

So far, research on the impact of adjusting for manifest instead of latent covariates on
causal effect estimation, pertaining to scenario 1, has mainly focused on the fallible
covariate itself. Researchers dealt with the quantification of the effect when manifest
instead of latent covariates are used for adjustment as well as the development
and evaluation of methods incorporating latent covariates. However, additional
covariates may have an impact on the bias induced by using a manifest instead of
the respective latent covariate. This was already acknowledged by Aiken and West
(1991) as well as Cohen et al. (2003). So far, systematic research on the effect of
additional covariates in the context of accounting for fallible covariates is rare.
From research on unobserved covariates, it is known that additional covariates
can reduce as well as amplify hidden bias and variance of effect estimates (e.g.,
Brookhart et al., 2006, Kelcey, 2011, Pearl, 2010, Rubin and Thomas, 1996,
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Stuart and Rubin, 2007). Covariate “measurement error can be treated as simply
contributing to the problem of hidden bias” (West and Thoemmes, 2010, p. 34). That
is, in settings where relevant covariates are fallible and the treatment probability as
well as the outcome variable depend on the respective latent covariate (scenario 1),
covariates are partly hidden (in the most extreme case they are fully hidden, i.e.,
unobserved). Thus, results from research on unobserved covariates may also apply
to the problem of measurement error in relevant covariates.

To reduce hidden bias due to omitted (i.e., unobserved) relevant confounders, stud-
ies (e.g., Rubin and Thomas, 1996, Stuart and Rubin, 2007) recommend including
covariates that determine treatment assignment or the outcome variable. However,
additional covariates may also amplify bias. In addition to collider variables that have
a complex relationship with (unobserved) covariates (e.g., Cole et al., 2010; Pearl,
2013), recently a new class of bias amplifying variables (i.e., instrumental variables;
Pearl, 2010, Pearl, 2013; Steiner and Yongnam, 2014) has been investigated.
Instrumental variables are variables that are only related to the treatment variable
but not directly to the outcome variable or to the omitted confounder. Adjusting for
instrumental variables can amplify bias that exists due to omitting a relevant covariate.

Next to having an impact on bias of effect estimates, additional covariates may also
have an impact on the variance of effect estimates. Brookhart et al. (2006) outline that
even if all relevant covariates are controlled for and an unbiased ATE can be estimated,
additional covariates that are only related to the treatment variable can increase vari-
ance of effect estimates and, thus, decrease efficiency. In contrast, using additional
covariates that are only related to the outcome variable can decrease unexplained
outcome variance and increase efficiency of effect estimates. Similar conclusions
were drawn in the context of missing data problems. Collins et al. (2001) showed that
an additional auxiliary variable, a variable that is not related to the missing process
itself but to the outcome on which missing values occur, can increase efficiency of
estimates and may compensate for bias due to missing values on the outcome variable.

If results from research on unobserved covariates also apply to the problem of
unreliably measured covariates (i.e., the fallible covariate Z is a partly observation
of the latent covariate ), an additional covariate W could reduce the bias occurring
due to using the manifest covariate Z instead of the latent relevant covariate #
for adjustment. Thereby, the relationship of the additional covariate W with the
treatment variable X and the outcome variable Y can affect the accuracy of ATE
estimation. If the additional covariate is related only to the treatment variable but
not to the outcome variable, the additional covariate could even amplify the biasing
effect of using the manifest instead of the latent covariate. In empirical analyses
and simulation studies, the impact of using additional covariates when relevant
covariates are fallible was investigated.

15.5.1 Investigation of the Impact of Additional Covariates in an Empirical
Study

Using the WSC-data of Pohl et al. (2009) and Pohl and Sengewald (2014) investi-
gated the impact of additional covariates in a model with a fallible relevant covariate.
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The authors considered the causal effect of English training in the nonrandomized
experiment and the proxy-pretest in English as a relevant fallible covariate. The
English pretest was used as both, a manifest covariate (in form of the mean
score across all items) and a latent covariate (using a measurement model) in the
adjustment model. Three additional covariates that were relevant for adjustment
and three covariates that were not relevant for adjustment were also included in the
model. The relevant covariates were the attitude toward English (Like Eng), Grade
in English (Grade Eng), and self-rated knowledge in English (knowledge Eng),
while the nonrelevant covariates were positive affect, negative affect, and grade in
biology (Grade biology). The correlations of the covariates with the outcome, the
treatment, and the fallible pretest variable are given in Table 15.1. As can be seen
in the table, the fallible covariate was highly correlated with the outcome and the
treatment variable. Also, the three relevant covariates correlated with both outcome
and treatment variable, while the correlations with the irrelevant covariates were
negligible. Note that the relevant covariates were also highly correlated with the
fallible pretest score in English, whereas the irrelevant covariates were not.

In six outcome models, the ATE was estimated using generalized ANCOVA. The
outcome models differed in whether the English pretest was included as a manifest or
alatent covariate and in which additional covariates were included in the model (none,
only relevant ones, or only irrelevant ones). The impact of measurement error on ATE
estimation was investigated by comparing the estimated bias of the ATE estimate
between using the manifest or the latent English pretest (see Table 15.2).

Using a manifest instead of a latent English pretest score resulted in 14.29% more
bias. Including three additional covariates reduced the biasing effect of measurement
error in the English pretest only if the additional covariates were relevant. Note that

TABLE 15.1 Correlation Between the Covariates and the
Outcome Variable Y, the Treatment Variable X and the
Fallible Covariate (Pretest Eng).

Y X Pretest Eng
Fallible covariate
Pretest Eng 0.77 0.24 1.00
Additional relevant covariates
Like Eng 0.53 0.25 0.45
Grade Eng 0.41 0.16 0.37
Knowledge Eng 0.56 0.07 0.49
Additional irrelevant covariates
Positive Affect 0.05 0.10 0.08
Negative Affect 0.10 0.06 0.12
Grade Biology 0.08 0.16 0.12

Abbreviations: Pretest Eng: pretest in English; Like Eng: attitude toward
English; Grade Eng: grade in English; Knowledge Eng: self-rated knowl-
edge in English; Positive Affect: positive affect; Negative Affect: negative
affect; Grade Biology: grade in biology.
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TABLE 15.2 Difference in the Estimated Bias Using Manifest or Latent English
Pretest Scores and Including Additional Relevant or Irrelevant Covariates in the Model.

Pretest Eng Additional Covariates Bias (%) Difference (%)
Manifest None 34.07 14.29
Latent None 19.78

Manifest Three relevant 32.97 12.09
Latent Three relevant 20.88

Manifest Three irrelevant 35.16 14.28
Latent Three irrelevant 20.88

Note: Additional relevant covariates are attitude toward English, grade in English, and self-rated
knowledge in English; additional irrelevant covariates are positive affect, negative affect, and grade in
biology.

in these analyses, the irrelevant covariates were hardly correlated with the fallible
pretest. Also note that, although the additional relevant covariates did compensate to
some extent for the biasing effect of measurement error in the English pretest, they
did not make up for the whole biasing effect. Still a considerable amount of bias
remained. Thus, even in the presence of other relevant covariates, it was still neces-
sary to account for the latent instead of the manifest English pretest. The empirical
analyses clearly show what impact additional covariates may have in real data. They
do, however, not allow to systematically vary certain parameters. In the data, addi-
tional covariates were mostly either correlated to the treatment variable, the outcome
variable, and the fallible covariate, or they were not correlated with any of the three
variables. In order to systematically study the impact of the different relationships
of the additional covariate on effect estimates, simulation studies are needed.

15.5.2 Investigation of the Impact of Additional Covariates in Simulation
Studies

In research on the impact of additional covariates in settings with an unobserved
relevant covariate, it was assumed that the covariates are not correlated among each
other but only to the treatment or to the outcome variable. However, the correlation
between the unobserved (or partly observed) covariate and the additional covariate
does play a great role for the impact of the additional covariate. Assume the extreme
case that the unobserved relevant covariate and the additional covariate correlate to
one, then the additional covariate could fully reduce the hidden bias. In fact, there
is some evidence for that from simulation studies from Steiner et al. (2011) and
Cook et al. (2009). The authors conducted their simulation studies based on real
quasi-experimental data and investigated the effect of adding measurement error
to several correlated covariates on ATE estimates. In the single covariate case, bias
reduction was attenuated by 10% for a decrease in covariates reliability of 0.1.
Considering measurement error on a whole set of covariates, attenuation of bias
reduction reduced to 4-6% for a decrease in the covariates reliability of 0.1. Thus, the
authors reported less bias due to measurement error if a set of covariates was used for
adjustment compared to the single covariate case. Steiner and Cook (2013) conclude,
that a set of (highly) correlated covariates may partially compensate for each other’s
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unreliability depending on the covariate’s correlation structure. However, so far
this compensating effect of additional covariates on the effect of a fallible covariate
was not systematically studied. In a simulation study, Sengewald and Pohl (2016)
currently investigate the circumstances under which additional (irrelevant) covariates
may reduce the biasing effect of using a manifest instead of a latent relevant covari-
ate on ATE estimation. For this purpose, they systematically vary the correlational
structure of the variables in the model as well as the amount of measurement error.
The goal is to disentangle the bias-amplifying and bias-compensating potential of
an additional (irrelevant) covariate on the biasing effect of using manifest instead
of latent relevant covariates for adjustment. The results of this study may guide
evaluators in the choice of covariates measured before treatment.

15.6 DISCUSSION

In order to appropriately perform adjustment when covariates are fallible, a
researcher first needs to evaluate whether the treatment probability and the outcome
variable depend on the manifest covariate (scenario 2), the latent covariate (scenario
1), or both (scenarios 3 and 4). Only if both, treatment and outcome depend on the
latent covariate (scenario 1), itis necessary to use latent instead of manifest covariates
for adjustment. If only one, treatment or outcome depends on the latent covariate
and the other one on the manifest one (scenarios 3 and 4), a researcher can use either
manifest or latent covariates for adjustment. While in these cases latent covariates
may (scenarios 3 and 4) or have to (scenario 1) be used in order to obtain unbiased
ATE estimates, adjustment using latent covariates is not always warranted. If both,
treatment and outcome depend on the manifest covariate (scenario 2), adjusting for
latent instead of manifest covariates can induce bias. In an application, a researcher
needs to judge whether this may be the case. The treatment probability is most
likely determined by the manifest covariate when selection into treatment depends
on observed test scores, for instance, when a doctor decides on the participation of a
patient in a special treatment based on results of a blood test. Treatment selection most
likely depends on the latent covariate when participants self-select into treatment or
when a teacher decides on the necessity of an extra training for the student based on
his or her opinion of the student. Dependence of the outcome variable on the manifest
covariate can, for instance, occur when the measurement error in the covariate (e.g.,
being more or less tired, resulting in a higher or lower pretest score) impacts the
outcome variable (e.g., the motivation to perform well in the posttest). It may also be
present when the same test instrument is used for both the covariate and the outcome
variable and the measurement errors of both scores are correlated (e.g., due to method
effects). This may especially occur for pretest measures as covariates. If none of
these possible dependencies of the outcome variable on the manifest covariate are
plausible, the outcome variable most likely depends on the latent covariate.

For the majority of applications, it is plausible that the outcome variable depends
on latent instead of the fallible manifest covariates. In applications in which treatment
selection is not based on observed pretest scores, it is also very plausible that the
treatment variable depends on latent covariates instead of fallible manifest covariates.
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Thus, we think that for most applications adjustment based on latent covariates is
warranted — as it was the case in the considered empirical study. If the treatment
probability and the outcome variable depend on the latent covariates, it is worthwhile
to adjust for latent instead of manifest covariates. Thus, in practice, researchers
should try to assess possibly fallible relevant covariates with multiple indicators (e.g.,
items) in order to be able to evaluate the amount of measurement error and to use
latent variables for adjustment. If multiple indicators are assessed, a researcher can
also specify two adjustment models — one with the manifest and one with the latent
covariate — and compare the resulting ATE estimates, in order to evaluate the possible
impact of model misspecification in terms of using manifest or latent covariates. For
estimating treatment effects, a researcher can use ANCOVA as well as PS methods.
The choice between the approaches may be guided by the questions (i) whether the
researcher feels more confident with finding a correct model for the treatment selec-
tion (PS methods) or for the outcome (ANCOVA), (ii) in case of no perfect overlap,
whether the researcher wants to draw inferences for the whole population relying on
the assumption of extrapolation (ANCOVA) or only for the area of common support,
that represents just a subset of persons (PS methods),? (iii) whether for reasons of
prevention of manipulation, the outcome need not be available when finding the
adjustment model (PS methods) or whether this is not an issue (ANCOVA), and (iv)
whether the researcher is interested in the estimation of appropriate standard errors
with latent covariates (ANCOVA) or not (PS methods). The proposed ANCOVA and
PS method for modeling latent covariates also differ (v) in the way latent variables
are used for adjustment. While in ANCOVA the latent covariate is directly used for
adjustment, in the proposed PS method although the latent covariate is modeled, it is
not directly used for adjustment. Instead, only manifest estimated factor scores, which
are weighted sum scores of manifest variables, are included in the PS model. Thus,
the ANCOVA model may better account for latent covariates than the PS model.

If it is not possible to use multiple indicators for the measurement of a covariate or
to model the covariate as a latent variable, a researcher may consider to use additional
covariates for adjustment. Of course, if additional covariates are relevant, they should
be included in the adjustment model. But even if additional covariates are not relevant,
it may be worthwhile to include them, if they are correlated with the fallible relevant
covariates and with the outcome. Ideally, this is already considered when planning the
study and deciding on the collected covariates. The empirical application showed that
the biasing effect of using a manifest instead of a latent relevant covariate could only
partly be compensated by other covariates. It is also to note that additional covariates
also have the potential to amplify this biasing effect and increase variance of effect
estimates. Thus, when possible, the first choice of a researcher should be to strive for
collecting data on multiple indicators for fallible, possibly relevant covariates and to
use latent variable modeling.

2The question of extrapolation or drawing inferences only for the area of common support is only relevant,
when there is no perfect overlap, that is, when there are persons that have a probability of zero to get into
the treatment group or the control group. Also note that is it possible to rely on extrapolation when using
PS methods or to draw only inferences for the area of common support in ANCOVA analyses. This is,
however, less commonly done in practice.
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16.1 INTRODUCTION

Latent class analysis (LCA) is an effective tool for identifying population subgroups
characterized by particular patterns of responses on a set of observed variables. The
resultant classes explain heterogeneity in individuals’ responses to the set of observed
variables. These population subgroups are latent, that is, otherwise unobservable in
a population (Collins and Lanza, 2010). Prior studies have used LCA to characterize
complex drug use behavior patterns (e.g. Kuramoto et al., 2011, Lanza and Bray,
2010, Lanza et al., 2010), sexual risk behavior patterns (e.g. Lanza and Collins, 2008,
Vasilenko et al., 2014), and early profiles of risk (e.g. Cooper and Lanza, 2014, Lanza

and Rhoades, 2013).
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Predicting latent class membership is often of interest; an LCA with covariates
models the association between classes and predictors. This can be useful for describ-
ing individual characteristics that are associated with class membership (i.e., describ-
ing who is in each latent class), providing predictive or concurrent validation of the
latent class variable by demonstrating that anticipated associations between corre-
lates and class membership hold, or using longitudinal data to identify early factors
that indicate likely class membership as individuals develop. This third motivation for
estimating LCA with covariates can be useful for informing the use of intervention
programs that target individuals who may, for example, develop problematic behavior
profiles later in life.

Unless individuals are randomly assigned to levels of the predictor of latent class
membership, causation may not be inferred from the estimated associations obtained
from LCA with covariates. However, modern causal inference methods exist to adjust
for potential confounding in observational data. Propensity score methods repre-
sent one general approach to drawing causal inferences from observational data.
These methods model the selection process into levels of the treatment or exposure
of interest in order to control for many potential confounders of the observed relation
between the exposure and an outcome (Rosenbaum, 2002, Rosenbaum and Rubin,
1983). These propensity scores can be used to create weights that, when applied to
an outcome analysis, such as a regression model estimating the effect of an exposure
on an outcome, reweight the data in such a way that the exposure groups are bal-
anced on a large set of potential confounders. This allows causation to be inferred.
Propensity score analysis has been adopted quite widely by behavioral scientists in
investigations involving manifest variables; however, only recently has this approach
been integrated with latent variable modeling (see Butera et al., 2014, Lanza et al.,
2013a, Schuler et al., 2014). The purpose of this chapter is to describe this integration
of propensity score analysis in LCA with covariates.

In the current investigation, we are using data from a National longitudinal study
of US adolescents and young adults to investigate the association between adoles-
cent depression risk and early adult substance use. Latent classes will be derived on
the basis of multiple substance use behaviors that together describe a young adult’s
substance use profile. Adolescent risk for clinical depression will be examined as the
predictor of interest; because depression risk is not randomized, propensity score
weighting will be used to ensure the comparability of the at-risk and not at-risk
groups. In addition, gender will be examined as a moderator of the causal effect.

We begin with a brief introduction to the latent class mathematical model, fol-
lowed by a description of propensity score analysis for drawing causal inferences
from observational data. We then move to our empirical demonstration of incorpo-
rating propensity score weighting with LCA with covariates in order to estimate the
causal effect of adolescent depression risk on adult substance use class membership.
Gender is considered as a moderator of the average causal effect (ACE) of adolescent
depression risk on young adult substance use profile. We conclude with commentary
on this integrated approach and recommendations for future research.
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16.2 LATENT CLASS ANALYSIS

Suppose we observe M (m = 1,2,..., M) indicators of adult substance use for indi-
vidual i (i = 1,2,...,n), and that each indicator has R,, (r,, = 1,2,...,R,,) response
options. Let u represent a response pattern (i.e., a vector of possible responses
to the observed indicators); similarly, let U represent the array of all possible us.
Each response pattern u corresponds to a cell of the contingency table formed by
cross-tabulating all of the observed indicators, and the length of the U array is equal
to the number of cells in this table. A particular response pattern to all indicators
of adult substance use given by individual i is denoted u;. Let us also establish an
indicator function I(u,, = r,,) that equals 1 when the response to indicator m = r,,
and equals O otherwise. The latent class model with K (¢ = 1,2,..., K) latent classes
can be expressed as

K R m

I(u,,=r,,)
P[Ul = u[] = Z Yc H pmrm|c

c=1 m=1r,,=1

I(uyy=ry)

where 7, is the probability of membership in latent class cand p, e

is the proba-

bility of response r,, to indicator m, conditional on membership in latent class c. The
y parameters represent a vector of latent class membership probabilities that sum
to 1. The p parameters represent a matrix of item response probabilities conditional
on latent class membership. This model assumes conditional independence of the
observed indicators given latent class; this implies that within each latent class, the
M indicators are independent of one another.

16.2.1 LCA With Covariates

Covariates, which also might be referred to as predictors or exogenous variables, can
be incorporated into the latent class model so that they may be used to predict latent
class membership (Collins and Lanza, 2010, Dayton and Macready, 1988). Typically,
covariates are added to the model via baseline-category multinomial logistic regres-
sion (e.g. Agresti, 2013); note that this reduces to binomial logistic regression when
the number of classes equals 2. Variants of this prediction model are available, how-
ever, including adding covariates via binomial logistic regression, which collapses
latent classes to assess the effect of a covariate on membership in one latent class
versus the remaining latent classes (Lanza et al., 2013a). As with other generalized
linear models, covariates in LCA can be discrete, continuous, or higher order terms
(e.g., interactions or powers). LCA with covariates is equivalent to standard multino-
mial logistic regression analysis, except that the categorical outcome is modeled as a
latent variable, rather than manifest.

Suppose we observe P (p = 1,2,..., P) covariates of interest that we want to use
to predict latent class membership. Let x represent a response pattern (i.e., a vector of
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possible responses to the covariates); similarly, let X represent the array of all possible
xs. A particular response pattern to all covariates of interest given by individual i is
denoted x; (i.e., X; = x; = x;;,X;5,..., x;p). The latent class model with K latent classes
and P covariates of interest can be expressed as

PIU; = u,|X; = x;] = ZMX)H H P

m=1r,,=
where y,.(X;) is a baseline-category multinomial logistic regression model expressed

as

exp [Boc + PreXin + - - + BpcXip]
1+ ZC’ 1 exp[ﬁod + ﬂlcl.xll e+ ﬂpcl.xip]

r.(X;) =PIC=c|X;=x;]=

for¢’ =1,2,...,K — 1 and latent class K designated as the reference class. Technical
details on LCA with covariates can be found in a variety of resources (e.g. Collins and
Lanza, 2010, Lanza et al., 2007). Software options for LCA with covariates include
PROC LCA (Lanza et al., 2013b), Latent Gold (Vermunt and Magidson, 2005), and
Mplus (Muthén and Muthén, 1998-2012).

16.2.1.1 Grouping Variables in LCA: Moderated Effects Moderation occurs
when covariates have differential associations with latent class membership for
different groups of individuals. For example, adolescent depression may be differen-
tially associated with adult substance use profiles for males and females. Questions
of moderation can be addressed directly in LCA by adding a grouping variable to the
model that includes covariates. Logistic regression coefficients and corresponding
confidence intervals are estimated within each group.

Grouping variables (e.g., gender) can be incorporated into the latent class model
so that they may be used to test measurement invariance in the latent class struc-
ture across groups, whether the distribution of the latent classes is the same across
groups, and whether the association between a covariate and the latent class variable
is moderated by group membership. When a grouping variable is included in LCA,
the y, p, and f parameters may be allowed to vary across groups. The examination
of moderation of the effect of a predictor on latent class membership, as we define
it, requires that the measurement model be constrained equal across groups (i.e., the
p parameters do not vary across groups). In this case, the associations of interest are
the group-specific § parameters.

Suppose we observe a grouping variable where G; = g; represents the group to
which individual i belongs. The latent class model with K latent classes, P covariates
of interest, and a grouping variable can be expressed as

I( m= 771)
v, =t =x.6,= 21 = X 0 [ A

m=1r,,
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where y,,.(X;) is a baseline-category multinomial logistic regression model for group
g; expressed as
Yelg; X)) = PIC = c|X; = x;,G; = g|]
eXp[ﬁOclg,— + ﬁlclglxil +o-t ﬂPclg,-xiP]

- K-1
1+ Zc’:l exp[ﬁ()c’lg,- + ﬁlc’lg,-xil +-+ ﬂPc’lg,-xiP]

for ¢’ =1,2,...,K — 1 and latent class K designated as the reference class. Because
the y, p, and f parameters are allowed to vary across groups, the y parameters
represent a vector of latent class membership probabilities that sum to 1 within each
group; the p parameters represent a matrix of item response probabilities conditional
on latent class membership and group membership; and the f parameters are
baseline-category multinomial logistic regression coefficients expressing covariate
effects on latent class membership conditional on group membership.

16.3 PROPENSITY SCORE ANALYSIS

Unlike in randomized studies in which the treatment assignment mechanism is fully
known and controlled by the experimenters, the assignment mechanism to the expo-
sure of interest in observational studies is not fully known. The propensity score
model is a statistical model of this assignment mechanism; the estimated propen-
sity score can then be used to balance exposure groups with regard to their likelihood
of receiving the exposure. The probability of an individual receiving the exposure
of interest (e.g., clinical depression risk versus no clinical depression risk) is mod-
eled as a function of many variables believed to confound the association between
the exposure and the outcome. Propensity score estimates, denoted 7; for individual
i, are typically obtained by logistic regression of the exposure of interest, 7;, on a
set of confounders, although more flexible alternatives such as generalized boosted
regression (McCaffrey et al., 2004) and classification and regression trees (Luellen
et al., 2005) have also been used.

The ultimate goal of propensity score methods is to equate the exposure groups
with respect to the distributions of the covariates included in the propensity score
estimates; this is known as achieving balance. Balance is desirable because if the
distributions of the covariates (i.e., confounders) are equal across groups, the groups
may be compared directly, similar to a randomized experiment. While randomiza-
tion theoretically creates comparable treatment groups with respect to both measured
and unmeasured variables, propensity score methods can only balance groups with
respect to measured variables. Thus, it is important to include a comprehensive set
of potential confounders in the propensity score model in order to best balance the
groups.

In our application, being at risk for clinical depression during adolescence is the
exposure of interest; our propensity score model will include a comprehensive set
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of variables that are potentially predictive of depression risk. The propensity score
estimate is simply the predicted probability of clinical depression risk,

exp(X! f)
1 + exp(X] B)

from the logistic regression model

< Ti > T
log | —— ) =X;p
- !

where X; = [1, confounders]” and f are the estimated logistic regression coefficients.

Once propensity scores are obtained for all individuals in the sample, the degree
of overlap in the estimated propensity scores between the exposure groups should
be assessed. Poor propensity score overlap, where the range of propensity scores for
individuals in one exposure group does not correspond to the range of propensity
scores for individuals in another group, indicates that the groups are too dissimilar to
warrant causal inferences. Propensity score distributions that show full overlap indi-
cate that the exposure groups are comprised of a similar range of individuals who can
potentially be equated using propensity score methods. There are no specific rules for
what constitutes sufficient overlap; however, substantial overlap in the distributions
is desirable (McCaffrey et al., 2013).

The primary propensity score techniques for use in the final analysis include
matching (Rosenbaum and Rubin, 1985), subclassification (Rosenbaum and Rubin,
1984), and inverse propensity weighting (Robins et al., 1995); in this chapter, we
focus on weighting.

16.3.1 Inverse Propensity Weights (IPWs)

Propensity scores can be used to create inverse propensity weights (IPWs) that are
designed to balance groups with respect to the set of covariates used to estimate the
propensity scores. The ACE is defined as the mean on the outcome if all individuals
had one exposure level minus the mean on the outcome if all had another exposure
level. When the ACE is the estimand of interest, the IPWs are created using the inverse
probabilities of exposure received, where individuals in the exposure group (e.g., clin-
ical depression risk) receive a weight of w; = ﬂi, and individuals in the control group

(e.g., no clinical depression risk) receive a weight of w; = l+m Balance between
groups after weighting can be assessed by the standardized mean difference (SMD),
that is, the standardized difference for a given covariate between the mean for the
exposure group and the mean for the control group. SMD values close to 0 reflect
that covariate means between the groups are similar; SMD values less than 0.20 in
magnitude are typically considered indicative of good balance. The weights are then
treated similar to survey weights in all subsequent analyses examining the effect of

the exposure on an outcome.
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16.4 EMPIRICAL DEMONSTRATION

16.4.1 The Causal Question: A Moderated Average Causal Effect

In our example, by estimating the ACE, we are seeking to answer the following
specific research question: What differences in adult substance use patterns (i.e.,
latent class membership) are expected if all individuals in the population had been at
risk for clinical depression during adolescence, compared to if no individuals in the
population had been at risk for clinical depression during adolescence? Given the
potential differential impact of adolescent depression for males and females, gender
will be treated as moderator of the causal effect of adolescent depression risk on adult
substance use latent class membership.

16.4.2 Participants

The data for this study were drawn from the National Longitudinal Study of Adoles-
cent to Adult Health (Add Health; Harris et al., 2009), a national survey of US youth
followed from middle and high school at Wave 1 through early adulthood at Wave
4. Wave 1 of Add Health assessed participants in the 7th—12th grade (1994-1995).
Three follow-up surveys were conducted: Wave 2 during 1995-1996 (participants in
the 12th grade during Wave 1 were excluded); Wave 3 during 2001-2002; and Wave
4 during 2007-2008. This analysis was restricted to the 1642 individuals who were in
grade 11 or 12 at Wave 2 when depression risk was assessed, and who had nonmissing
data on at least one Wave 4 indicator of substance use.

16.4.3 Measures

16.4.3.1 Potential Confounders In order to control for the baseline differences
between adolescents with and without depression risk at Wave 2, we used inverse
propensity weighting to ensure that the two groups would be comparable on 37
covariates measured at Wave 1. Specifically, covariates included demographic
factors (age, race/ethnicity), depression symptoms, early substance use behaviors,
and factors relating to family, school, and neighborhood climate (see Table 16.1 for
a complete list of potential confounders).

16.4.3.2 Exposure Depressive symptoms were measured at Wave 2 using a set of
nine items that correspond to items in the Center for Epidemiological Studies Depres-
sion (CES-D) scale (Radloff, 1991). For each of the nine items, participants endorsed
how frequently they experienced the symptom on a scale of O for “never or rarely” to
3 for “most or all of the time.” Following prior research (Lehrer et al., 2006, Roberts
et al., 1991), a dichotomous indicator reflecting high risk for clinical depression was
created with a cut-point of 11 or greater for girls and 10 or greater for boys on a
sum score of these nine items. At Wave 2, approximately 10% of males and 16% of
females were at risk for clinical depression.
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16.4.3.3 Outcome Substance use latent class membership in early adulthood,
assessed at Wave 4, was measured with five indicators. Past year alcohol use was
categorized as none (28%), less than weekly (40%), or weekly or more (32%). Past
year binge drinking (5 or more drinks in a sitting) was categorized as none (51%) or
any (49%). Past-month cigarette use was categorized as none (64%), less than daily
(15%), or daily (21%).

Past year marijuana use was categorized as none (79%) or any (21%). Past year
illicit drug use was categorized as none (91%) or any (9%).

16.4.3.4 Moderator To examine a moderated causal effect, the final LCA model
with depression risk as a predictor included gender as a grouping variable so that the
gender-specific ACE of depression risk on adult substance use latent class member-
ship could be estimated.

16.4.4 Analytic Strategy for LCA With Causal Inference

First, a propensity score model was estimated using logistic regression in which
covariates from Wave 1 were used to predict depression risk at Wave 2. We calcu-
lated IPWs from the predicted propensity scores as described above. Overlap was
examined, and balance between the two depression risk groups was assessed before
and after applying IPW by the SMD, with values 0.20 in magnitude considered to be
indicative of good balance.

After ensuring that there was sufficient overlap between exposure groups and that
the IPWs yielded well-balanced exposure groups, we next fit the latent class measure-
ment model. We considered LCA models with one through six classes; latent class
model selection was performed with IPWs and treating gender as a grouping variable.
Model selection was performed both allowing the classes to be freely estimated across
genders and constraining the classes to be equal across genders. The final model was
selected based on fit statistics (BIC, AIC, adjusted BIC, G2, and entropy), as well
as interpretability of classes (see Collins and Lanza, 2010, for a discussion of model
selection in LCA).

To estimate the causal effect of adolescent depression risk on adult substance
use class membership, we implemented an inverse propensity weighted latent class
regression model. This model included Wave 2 depression risk status as a predictor of
Wave 4 substance use latent class using the LCA model identified during the model
selection step. As before, the outcome analysis was weighted using IPW and gender
was treated as a grouping variable.

SAS PROC GENMOD was used to estimate the propensity scores and PROC LCA
(Lanza et al., 2007, Lanza et al., 2013b) was used to fit the outcome models.

16.4.5 Results From Empirical Demonstration

Figure 16.1 shows a boxplot for the distribution of propensity scores in each exposure
group. As both distributions span essentially the same range of propensity scores,
we determined that overlap was sufficient to continue with a causal analysis. As



EMPIRICAL DEMONSTRATION 395

1.00 -
0.75 A
<
Q
[
(2]
2
» 0.50
c
[
Q.
<
o <o
0.25 -
L] T
0.00 T T
0 1
No Wave 2 Wave 2
Depression Risk Depression Risk

Figure 16.1 Boxplots showing overlap of propensity score distributions for adolescent
depression risk groups.

Table 16.1 shows, inverse propensity weighting successfully balanced the two groups
(individuals at risk for clinical depression at Wave 2 and those not at risk) with respect
to all potential confounders. Prior to weighting, notable differences were observed
between groups. Those at risk for depression were more likely to be female, had
higher CESD-9 scores at Wave 1, showed elevated substance use on nearly every indi-
cator, had more friends who regularly used substances, and reported more adverse
family and social environments. Inverse propensity weighting balanced the groups
such that the SMD for all variables was less than 0.10, except gender and CESD-9,
which had SMD less than 0.20. In the LCA outcome model, gender was treated as a
grouping variable and CESD-9 was included as a covariate to further adjust (known as
a doubly robust approach, see Kang and Schafer, 2007). In propensity score weighted
analyses, the mean age at Wave 1 was 16.5, 56% were females, 71% identified as
White, 19% as Black, 14% as Hispanic, and 12% as another race/ethnicity. The mean
CESD-9 score was 6.7 (max of 27), 33% reported cigarette use in the past month,
35% reported past year binge drinking, 37% reported lifetime marijuana use, and
14% reported lifetime illicit drug use.

Five indicators of substance use at Wave 4 were used to define latent classes of
adult substance use: past year alcohol use, past year binge drinking, past month
cigarette use, past month marijuana use, and past year illicit drug use. When determin-
ing the optimal number of classes for substance use at Wave 4, we considered LCA
models in which the measurement model was both freely estimated and constrained
across genders and determined that a constrained 4-class model was optimal (see
Table 16.2). We describe the four classes as follows: Low Use (males: 37%, females:
44%), Primarily Alcohol Use (males: 39%, females: 40%), Polysubstance Use with-
out Binge Drinking (males: 4%, females: 7%), and Polysubstance Use (males: 20%,
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TABLE 16.2 Model Fit Statistics (Weighted) for Models With Measurement
Parameters Freely Estimated and Constrained to Be Equal Across Gender.

Method # df G? AIC BIC Adj BIC Entropy
LCA 1 129 1678.53 1706.53 1782.19 1737.71 1.00
model 2 113 508.88 568.88 730.99 635.69 0.90
freely 3 97 266.95 358.95 607.52 461.39 0.87
estimated 4 81 152.21 276.21 611.23 414.27 0.81
across 5 65 110.99 266.99  688.48 440.68 0.75
gender 6 49 74.19 262.19  770.14 471.51  0.77
LCA 1 136 1760.29 177429 1812.12 1789.88 1.00
model 2 127 589.42 62142  707.87 657.04  0.90
constrained 3 118 348.39 398.39  533.48 454.06 0.87
across 4 109 242.64 310.64  494.37 386.35 0.79
gender 5 100 187.44 273.44  505.8 369.19 0.74
6 91 162.41 266.41 547.41 382.21 0.75

Note: # = Number of classes.

females: 9%). The low use class is defined by Low Use across the five indicators;
the Primarily Alcohol Use class is defined by occasional or weekly alcohol use with
a high probability of binge drinking (84%); the Polysubstance Use without Binge
Drinking class is defined by daily cigarette smoking (66%), regular marijuana use
(64%), some illicit drug use (37%) but a near-zero probability of binge drinking; and
the Polysubstance Use class is defined by regular alcohol, cigarette, marijuana (85%),
and illicit drug use (45%) (see Table 16.3).

Table 16.4 presents the results from estimating the ACE of high adolescent depres-
sion risk on young adult substance use class. These estimates were obtained from an
inverse propensity weighted LCA with covariates model, in which Wave 2 depres-
sion risk predicted substance use class. Based on the previously described results
from our LCA model fitting, the LCA measurement model was specified as a con-
strained 4-class model. This model simultaneously estimated the latent class model
and the association of depression risk and latent class membership. Because Wave 1
depression was the strongest predictor of Wave 2 depression, we estimated the same
model but also including a single confounder, Wave 1 CESD-9 score, to control for
this variable in a doubly robust manner. For comparison purposes, Table 16.4 presents
results from an unweighted model, a weighted model, and the doubly robust model.

In the unweighted model, adolescent depression risk was significantly associated
with membership in the Polysubstance Use without Binge Drinking class relative to
the Low Use class for both males (OR = 3.29, 95% CI = [1.13,9.54]) and females
(OR =5.50, 95% CI = [2.43, 12.48]). For males, both the standard inverse propen-
sity weighted model and the doubly robust model (IPW + W1 depression) indicate
that adolescent depression risk was not causally related to young adult substance
use profile. However, for females, even after adjusting for 37 potential confounders,
the causal effect of adolescent depression risk on young adult substance use profile
was significant, with elevated odds of membership in the Polysubstance Use without
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TABLE 16.3 The Four-Class Model of Young Adult Substance Use With
Measurement Constrained to Be Equal Across Gender.
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Primarily  Poly Use,
Low Use  Alcohol No Binge Poly Use
M:37%  M:39% M: 4% M: 20%
Substance Response F: 44% F: 40% F: 7% F: 9%
Alcohol (past year) No use 66.1% 0.0% 70.4% 0.0%
<weeklyuse  31.2% 47.8% 29.1% 30.0%
> weekly use 2.7% 52.2% 0.6% 70.0%
Binge drinking (past year) None 100.0% 15.6% 99.8% 5.4%
Any 0.0% 84.4% 0.2% 94.6 %
Cigarettes (past month) No use 747%  72.4% 10.1% 20.6%
< daily use 8.0% 13.0% 23.6% 36.7%
> daily use 17.4% 14.6% 66.3% 42.7%
Marijuana (past month) No use 96.3%  88.9% 36.4% 15.1%
Any use 3.8% 11.1% 63.6% 84.9%
[llicit drugs (past year) No use 99.2%  95.0% 62.9% 55.2%
Any use 0.8% 5.0% 37.1% 44.8%

Note: M = male, F = female; item response probabilities greater than 50% marked in bold to facilitate

interpretation.

TABLE 16.4 Average Causal Effect of Adolescent Depression Risk on Adult
Substance Use Class.

Causal Primarily Alcohol Poly Use, No Binge Poly Use

Estimand OR 95% CI OR 95% CI OR 95% CI

ACE: Males

Unweighted 0.9 [0.42-1.94] 3.29! [1.13-9.54] 1.57  [0.71-3.46]

IPW 0.62 [0.19-2.07] 1 [0.23-4.26] 0.85  [0.29-2.53]

IPW + W1 0.63 [0.30-1.33] 0.78 [0.24-2.45] 0.70  [0.31-1.61]
depression

ACE: Females

Unweighted 1.01 [0.59-1.74] 5.50! [2.43-12.48] 1.58  [0.67-3.75]

IPW 1.27 [0.55-2.91] 5.52! [1.61-18.92] 1.89  [0.51-6.98]

IPW + W1 1.21 [0.73-2.03] 3.62! [1.56-8.38] 1.65  [0.65-4.20]
depression

1 p < 0.05; significant effects are marked in bold. The reference class for the ORs is the Low Use class.

Binge Drinking class relative to the Low Use class. This was significant using both the
standard inverse propensity weighted model (OR = 5.52, 95% CI = [1.61, 18.92])
and the doubly robust model that also adjusts for Wave 1 depression (OR = 3.62,
95% CI = [1.56, 8.38]). Thus, our results are consistent with a causal effect of ado-
lescent depression risk status on young adult substance use patterns for females but
not males, indicating that gender moderates this causal effect.



398 LATENT CLASS ANALYSIS WITH CAUSAL INFERENCE
16.5 DISCUSSION

Modern causal inference methods have great potential to advance behavioral
research. There is a preponderance of behavioral data from observational studies on
a variety of behavioral topics, including alcohol, tobacco and drug use, delinquent
behavior, eating behavior, and physical activity. By applying causal inference
methods to these data sets, a wealth of new scientific knowledge can be gained
about the antecedents and consequences of behavior. Such methods, including
inverse propensity weighting and propensity score matching, are now being imple-
mented fairly widely in behavioral research; however, a substantial opportunity
remains to integrate these methods into latent variable models. By integrating [PW
with LCA, for instance, researchers can estimate causal effects of exposures on
multidimensional outcomes such as complex substance use behavior profiles.

As our applied example highlights, applying IPW to LCA with covariates is not
as straightforward as simply assigning individuals to latent class membership and
then conducting propensity score weighting as usual, treating the outcome as hav-
ing a multinomial distribution. As described in the latent class literature, assigning
class membership to individuals and then treating class membership as an “observed”
variable results in misclassification of individuals with regard to class, and ultimately
attenuates effect estimates. Instead, the latent class measurement model and the effect
of the predictor on the latent class outcome should be estimated simultaneously using
software for LCA (e.g., PROC LCA, Lanza et al., 2013b; Latent Gold, Vermunt and
Magidson, 2005; Mplus, 1998-2012). In other words, individuals are never actually
classified on the latent class outcome. A key advantage of this simultaneous esti-
mation is the fact that measurement error with regard to the latent class is properly
modeled and thus does not bias the effect estimated.

There is still much methodological work to be done on integrating propensity score
methods with latent variable analysis. The use of any weighting approach in LCA can
be challenging because, as the weights modify the information in the data, the actual
number and meaning of the latent classes themselves can be altered relative to the
unweighted model. This issues is discussed in more detail by Lanza et al. (2013a).
Another area for future work is to address the subtle complexities that arise with
respect to estimating ACEs across levels of a moderator. Due to the nature of the out-
come variable in the current study (a latent class variable), and the fact that we wished
to impose measurement invariance of the latent class variable across gender groups,
we confirmed that balance on all potential confounders was achieved overall; however
it does not necessarily follow that sufficient balance was achieved within each group.
Future research is necessary to clarify the balance requirements for moderated causal
effects in the context of both observed and latent outcomes. Finally, our application
included a binary exposure, yet recent methodological development has focused on
extending propensity score methods to multiple treatment groups (McCaffrey et al.,
2013) and continuous exposure variables (Zhu et al., 2014). Future work is neces-
sary to integrate multiple-group propensity score methods and continuous exposure
variables into the latent variable context.
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16.5.1 Limitations

There are several limitations of this investigation worth noting. First, as with many
behavioral studies, all assessments were self-reports. Second, as with any propensity
score approach to causal inference, a fundamental assumption is that all potential con-
founders have been measured and included in the selection model. Omission of key
confounders can bias the estimated ACEs. Fortunately, to the extent that any unob-
served confounders are correlated with observed ones, this bias is mitigated. Third,
there is potential for posttreatment confounding in the causal effect. That is, during
the approximately 10-year time span between the exposure (adolescent depression
risk) and the outcome (young adult substance use behavior profile), other factors not
accounted for in this study may have contributed to any causal effect identified here.
The degree to which adolescent depression symptomology is stable into emerging
adulthood, however, may lessen this particular concern. Finally, statistical power and
sample size requirements for estimating causal effects in LCA is an important area
for future research. In this empirical study, the smallest latent class for both males
and females was Polysubstance Use without Binge Drinking. Based on the overall
sample size of N = 1642, approximately 29 males and 64 females are expected to be
in this class. These groups were of sufficient size to detect significant causal effects
of adolescent depression risk, most likely because the effect sizes were quite large
(ORs > 3.0).
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APPENDIX

R SRS SRS EEEEEEE SRS S S S S RERERER R R R R R R EEEEEEEEEEEEEESE]

* ESTIMATE PROPENSITY SCORE MODEL: WAVE 2 DEPRESSION

*********************************************************;

proc logistic data=addhlth.ps complete descending;

model w2dep sbin = sex age black other hisp wldep short wlcigpm
wlalc wlbingepy wlmar wldrug wldrunkpy
wlf drink pc49e 23 hlto50 hlto51 hlto52 hlto9
hlto29 hlto33 avebond welfare mom work
age birth alienation rejection fcare
impulsivity aggression avggrade neiatt neihap
rural suburb urban hled2l1 hled24;

output out=addhlth.ps_complete prob = pscore;

run;

R R R RS SRS RS E R R R R R R R RS SRR R R R R R R R R R EEEREEEEEEEEEE]

*CALCULATE ATE PROPENSITY SCORE WEIGHTS
*********************************************************;
data addhlth.ps complete;

set addhlth.ps_complete;

*For TX=1;

if w2dep sbin=1 then w_ate = 1/pscore;
*For TX=0;
if w2dep sbin=0 then w ate = 1/(1l-pscore);

run;

EEEE RS SR EEEEEEE R R R SRR EEEEEEREREEEEEEREEEEEEEEEEEEEEEEEEEESE]
*TRIM PROPENSITY SCORE WEIGHTS
*********************************************************’.
data addhlth.ps_complete;

set addhlth.ps_complete;

w_atel=.;

if w_ate<=20 then w_atel=w_ate;

if w_ate>20 then w_atel=20;

run;

LR EE R R SR EEEEEEE R R SRR SRR EEEREEEEEEEEEEEEEEEEEEEEEEEEEEESE]
*ASSESS PROPENSITY SCORE BALANCE USING STANDARDIZED DIFFS
*********************************************************’-
*MACRO FOR COMPUTING STANDARDIZED DIFFERENCES FOR CONTINUOUS
*VARIABLES; RUN TWICE: WITH AND WITHOUT WEIGHT;
proc means mean stddev data=addhlth.ps complete noprint;
weight w_atel;

var &var;

by w2dep_sbin;

output out=outmean (keep=w2dep sbin mean stddev) mean=mean
stddev=stddev;
run;

*Calculate mean, SD for Tx=0 group;
data w2dep_sbin 0;

set outmean;

if w2dep_sbin = 0;

mean 0 = mean;

s_0 = stddev;

keep mean 0 s _0;
run;
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*Calculate mean, SD for Tx=1 group;
data w2dep sbin 1;

set outmean;

if w2dep sbin = 1;

mean_1 = mean;

s_1 = stddev;

keep mean_1 s_1;
run;

*Using these 2 datasets, calculate SMD;
data newcont;

length label $ 25;

merge w2dep sbin 0 w2dep sbin 1 ;

dl = (mean_1 - mean 0) / sgrt ((s_1*s 1 + s _0*s 0)/2);
dl = round (abs (d1), 0.001);

label = &label;

keep dl label;
run;
proc append data = newcont base=standiff force;
run;

*MACRO FOR COMPUTING STANDARDIZED DIFFERENCES FOR
*BINARY VARIABLES;
options spool;
proc means mean data=addhlth.ps complete noprint;
weight w_atel;

var &var;

by w2dep_ sbin;

output out=outmean (keep=w2dep sbin mean) mean= mean;
run;

*Calculate mean, SD for Tx=0 group;
data w2dep_sbin 0;

set outmean;

if w2dep sbin = 0;

mean_0 = mean;

keep mean 0;
run;

*Calculate mean, SD for Tx=1 group;
data w2dep sbin 1;

set outmean;

if w2dep sbin = 1;

mean_1 = mean;

keep mean_1;

run;

*Using these 2 datasets, calculate SMD;

data newcont;

length label $ 25;

merge w2dep_sbin_ 0 w2dep_sbin 1 ;

dl = (mean_1 - mean 0) / sgrt ((mean 1*(l-mean 1)

+ mean_0*(1- mean 0))/2);

dl = round (abs (d1), 0.001);

label = &label;

keep dl label;

run;
proc append data = newcont base=standiff force;
run;
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EEEEE S SR SR SRS EEE RS SRR ER SRR SRR ER SRR EREEEEEEEEEEEEESEES]

* FIT LCA MODEL TO DETERMINE # OF CLASSES
* NO COVARIATES INCLUDED; PS WEIGHTS INCLUDED
*********************************************************’.
* MALE / FEMALE GROUPS FREELY ESTIMATED;
proc lca data=addhlth.ps complete;
weight w_atel;
nclass 4;
items wé4cigpm wé4alcpy wé4bingepy wé4marpy w4drugpy;
categories 3 3 2 2 2;
nstarts 1000;
groups sex grp;
groupnames male female;
rho prior=1;
run;
*MEASUREMENT INVARIANCE WITH REGARD TO MALE / FEMALE GROUPS;
proc lca data=addhlth.ps_complete;
weight w_atel;
nclass 4;
items w4cigpm wéalcpy wédbingepy wédmarpy w4drugpy;
categories 3 3 2 2 2;
nstarts 1000;
groups sex grp;
groupnames male female;
measurement groups;
rho prior=1;
run;
LR SRS S EEEEEEEEEEEE SRS SRS S S S SRR R R R R R EEEEEEEEEEEEEE]
* ESTIMATE LATENT CLASS REGRESSION MODEL (LCA W COVARIATES)
* INCLUDE COVARIATES AND PS WEIGHTS
*********************************************************;
proc lca data=addhlth.ps_complete;
*weight w_atel;
nclass 4;
items wé4cigpm wédalcpy wé4bingepy wé4marpy wéddrugpy;
categories 3 3 2 2 2;
covariate w2dep_ sbin;
groups sex_grp;
groupnames male female;
measurement groups;
nstarts 1000;
rho prior=1;
beta prior=1;
run;
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17.1 WHY A CHAPTER ON DESIGN?

This book provides an overview of novel methods of analysis of hypotheses that
are compatible with theories of causality in modern empirical research. The other
contributions in this volume mainly deal with statistical tools to establish causal rela-
tions based on given data configurations. This contribution, by contrast, focuses on
design (e.g., Were the data derived from an experiment with randomization or from
an observational study?), that is, on the question of data generation rather than sta-
tistical analysis. Epidemiology as a discipline where observational studies are not
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Wolfgang Wiedermann and Alexander von Eye.
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uncommon will serve as a basis for theory and empirical examples. A second focus
of this contribution will be on measurement. At least in systems of philosophy of
science implying the existence of a real world, which can be understood—such as
critical realism or critical rationalism (Popper, 1934)—data are seen as representa-
tions of empirical reality with numbers (Coombs, 1964, Osborne, 1976). This means
that establishing causality can be impacted by the quality of measurement, as opera-
tionalized by the classic criteria of validity and reliability (Gadenne, 1976).

This contribution starts with the classic epidemiological definition of causality
by Sir Bradford Hill (1965) and its evolution to, in Epidemiology, the currently
accepted theory of causality by Rothman (1986, 1988). Throughout the chapter, we
give examples to illustrate the conceptual thinking and its implementation in design
and analysis. Special emphasis is given to the two classical designs of epidemiology,
case-control and cohort studies (Rothman ez al., 2008). We will deal with both
designs to illustrate the theoretical underlying principles knowing that in current
epidemiology most of the designs are actually variants of the pure forms (such as
case-crossover, Maclure, 1991; retrospective cohort Euser et al., 2009; or retrospec-
tive case-control-cohort designs Petri and Allbritton, 1993; just to name a few).

The core of our contribution will be an in-depth analysis of key elements neces-
sary to strengthen causality such as measurement, use of pseudoexperimental tech-
niques, Mendelian randomization, experimentation within observational pathways
where possible, inclusion of other elements allowing more control such as multiple
nonexperimental control groups, and statistical techniques in line with epidemio-
logical theory of causality. We conclude stating that the majority of thoughts and
resources in empirical research should be put into implementation of coherent design,
measurement, and analysis strategies.

17.2 THE EPIDEMIOLOGICAL THEORY OF CAUSALITY

Epidemiology is a modern science, which was mainly established in the 20th century,
and which has been plagued by the impossibility of applying the gold standard princi-
ples of natural sciences, that is, the experiment with the possibility of randomization.
Consider the example of smoking and lung cancer: while in principle it would be
possible to randomize people into two groups who smoke or abstain based on exper-
imental manipulation, this procedure fails for at least three reasons: (i) it is unethical
given current standards (World Health Organization, 2005) to expose people to poten-
tial harmful substances in order to find out causal relations between these substances
and the respective disease endpoints (= main dependent variable in epidemiology);
(ii) the implementation of such an experimental manipulation is almost impossible
as it would require very high incentives and/or punishments to guarantee compliant
behavior in the sense of the experimental manipulation; (iii) the time lag between
cause and effect, that is, exposure and disease outcome is long (at least 25 years in
this case Loeb et al., 1984), so that even if an initial randomization was successful,
compliance over time and exclusion of potential confounding over decades seems
virtually impossible.
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Epidemiological research thus had to invent other procedures to demonstrate
causality. Ironically, the theoretical foundation of these designs and techniques
came after their application, in part as the result of the discussion whether some
of the results could be interpreted as causal or not. Consider again the example
of smoking and lung cancer: there had been some speculation about an effect of
cigarette smoking on lung cancer in the first half of the 20th century, for example, in
Nazi-Germany (Proctor, 1996). The work of Doll and Hill (1950, 1954, 1956, 1964)
on British doctors is generally considered as a breakthrough to “prove” causality;
they used a cohort of British doctors, assessed exposure at the beginning and lung
cancer after 3, 10, 20 years, and so on. Of course, these results—at the time new and
shocking—were strongly contested, especially in the early years when there were
not sufficient numbers of cases, and the uncertainty was large. The most notable
critique came from the eminent Sir Ronald Fisher, one of the most important and
influential statisticians of the 20" century. In short, Fisher postulated a potential
third cause leading to both smoking and lung cancer, that is, certain genetic yet
unknown factors were postulated by him to cause both smoking behavior and lung
cancer (Fisher, 1959).

We deal with this historical controversy to illustrate two things: (i) classical cohort
studies can never be fully conclusive and (ii) the theoretical foundation for causality
in epidemiology was derived from empirical study results and controversies there
off. In fact, one of the authors of the classic papers, the later knighted Sir Bradford
Hill, has formulated some of the causal criteria in response to this controversy (Hill,
1965):

(1) Strength: strong associations are more likely to be causal, because if this asso-
ciation could be explained by another factor, this alternative factor must have
an even stronger association to the outcome, and therefore has little chance
to remain overlooked (see Rothman and Greenland, 2005, p. S148 explaining
Hill’s original reasoning);

(2) Consistency: the effect can be replicated in independent studies in different
populations under different circumstances;

(3) Specificity: a cause leads to a specific single effect, not multiple effects;

(4) Temporality: the cause should precede the effect;

(5) Biological gradient: this criterion often is also called a dose-response relation-
ship requiring a monotonic function between a quantifiable exposure and the
intensity of the effect;

(6) Plausibility: biological pathways can be described to explain the effect;

(7) Coherence: a cause should not contradict to the current state of knowledge in
the respective field;

(8) Experiment: removal of a specific antecedent condition in an experimental
intervention that leads to a reduction of the outcome could serve as a proof for
its causality;

(9) Analogy: similar evidence exists from related research topics.
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This list was the accepted standard in epidemiological reasoning and was almost
used as “proof” until Rothman (1986) not only criticized all of the assumptions as
nonconclusive (see also Charlton, 1996), but replaced them by a deterministic the-
ory about causality for epidemiological research (Rothman, 1988). Major arguments
against the unreflected use of Hill’s “viewpoints” (as Hill himself named them) were
as follows: none of the criteria even could serve as a necessary or sufficient condition
for causality; for each of the criteria examples Rothman ef al. (2008) gave counterex-
amples, where the criterion was not fulfilled even though the respective relationship
was obviously causal (Rothman and Greenland, 2005). Nevertheless, the Hill crite-
ria still continue to be used in a heuristic manner, which is reflected in the almost
5000 citations since the year 2000 (Google Scholar search from 02/05/2015). Appar-
ently, those criteria relying on a probabilistic regularity view of causality (strength,
specificity, consistency, biological gradient; see Thygesen et al., 2005) have been
mentioned in epidemiological studies more frequently than criteria stressing a gener-
ative view on causality (like coherence, plausibility, and analogy; see also Weed and
Gorelic, 1996, Weed, 1997). Within the context of this book, the criterion of tem-
porality is a pivotal component of the theory of Granger causality. Most chapters
are in line with the pragmatic statistical view on causality given by Cox (1992),
that is, causality as statistical association that cannot be explained by confounding
variables.

While the Hill criteria give some useful heuristics for determination of causal-
ity, the current system of epidemiology is very much determined by the thinking of
Rothman. His theory of causality basically stipulates the following: epidemiological
outcomes (most often the new occurrence = “incidence” of a disease or death) are
determined by the complex interaction of multiple causes. Think of the following con-
stellation: a blood alcohol level of 0.18% plus driving a car over 60 minutes and with
a speed of 130 km/hour on an unknown and icy road may lead to a traffic accident,
and if this constellation always leads to a traffic accident, then this combination is
causal. In Rothman’s thinking, causality is given when we find the minimal number of
necessary and sufficient preconditions for this accident. We do not know whether the
conditions listed above are really necessary and sufficient for this accident, but we use
them as a thought experiment to derive the best strategies to empirically assess causal-
ity in epidemiology. If all of these conditions together are necessary and sufficient,
it follows that removing one would not lead to the accident. In order to test whether
alcohol is causal for traffic accidents, or more precisely: whether a BAC of 0.18 is
causal, all we have to do is to remove alcohol from the constellation of antecedent
conditions. Unfortunately, for most outcomes, the exact constellation of antecedent
conditions, which are necessary and sufficient, is not known, thus implying the exis-
tence of unknown conditions. This leads to a probabilistic reasoning. Removal of one
condition will thus only reduce the risk of accidents without any certainty that no
outcome occurs.

What does that mean for epidemiological design? In terms of a longitudinal study,
we would strive to create constellations, where many of the necessary preconditions
are present with and without the exposure in question being present. We would wait
for a sufficient number of outcomes to allow for enough statistical power to compare
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the risks of the exposed and the unexposed group. Often, we would estimate a relative
risk of exposed to unexposed people, where a significant increase in frequency of
outcomes in the exposed group could be regarded as an indication of a causal relation.
Of course, the whole reasoning hinges on a ceteris paribus assumption that there are
no other impacts both on exposure and outcome that could explain the relative risk. In
natural sciences, experimentation could help insure that the above conditions are true,
that is, that all potential influencing factors are randomly distributed over conditions.
In epidemiology, we have to try to control for known alternative risk factors by other
means.

The classic research strategies to control in epidemiological research are the cohort
study and the case-control study. We will explain these studies in principle to intro-
duce different design elements to strengthen interpretations of causality.

17.3 COHORT AND CASE-CONTROL STUDIES

Cohort Studies The design of a cohort study seems simple and straightforward:
Define a group of subjects that does not display the disease under study at the starting
point of your study, measure subjects’ status on the relevant exposure variables, and
follow their status on the outcome variable.

Cohort studies in most cases are not designed to assess the impact of a single risk
factor on a single outcome. They usually combine multiple domains of risk factors
and people with different constellations of these risk factors are followed prospec-
tively in defined time intervals for a longer period. Study endpoints comprise death
or the incidence of specific diseases but need not be restricted to that. It would be
also possible to monitor the course of some health-related variables like physiologi-
cal measures, subjective health status, or social characteristics (employment periods,
living situation, marital status, birth of children, etc.).

Following the argumentation in Rothman ez al. (2008) or other epidemiological
textbooks, cohort studies do not need to fulfill the criterion of representativeness for
some population as a prerequisite for causality. It is only necessary that the causal fac-
tor under study and the outcome variable are represented in the cohort with variation
(e.g., exposed and not exposed subjects leading to the study endpoint or not).

Subjects participating in a cohort study qualify for enrollment by a certain attribute
they have in common. Most often this attribute is selected to allow for high probability
of easy follow-up (i.e., health professionals; nurses; people from the same jurisdic-
tion, where mortality can be followed up via register and the like). It is important
that cohorts can be followed fully, that is, the dropout over time is minimalized (see
below as well). Dropout in this case can be passive via register data such as mortality
registers.

Cohort studies are costly, especially when the disease under study is of low inci-
dence. Their sample size for the latter reason usually exceeds that of a clinical trial by
far in order to reach enough statistical power. Cohort studies are time consuming, as
some diseases occur only with considerable time lag after exposure. This is the rea-
son, why for rare diseases and large time lags, case-cohort studies usually are selected
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as the preferred design (Rothman ez al., 2008). Also, cohort studies bear the inherent
risk of omitting important variables because the relevant predictor and confounding
variables may not be known at the starting point of a cohort study. However, cohort
designs allow for statistical control of omitted variables under certain circumstances
(Rehm et al., 1992). Therefore, sometimes, analyses of cohort studies after the statis-
tical analyses of the main relationships can be compared to a scientific trawl net with
respect to their prospects of identifying causal relationships.

Their strengths are the measurement of exposure, where the outcome is not known
and thus cannot influence on reporting, the possibility of measuring exposure over
time, the possibility to check for interactions between multiple risk factors to cause
disease onset, and a time horizon long enough to detect subtle, cumulative effects
over longer periods. The sequence of exposure-effect can be determined with better
validity than in retrospective studies because exposure is ascertained before outcome
is ascertained. Cohort studies are quite flexible: once having started observation of
exposure, a completely new study endpoint could be introduced even years after the
initial enrollment of subjects.

A very important risk for the interpretation of results from cohort studies is given
by attrition during follow-up measurements. Informative censoring (selective with-
drawal from the study) would invalidate conclusions drawn from this biased sample.
As cohort studies often measure a multitude of supposed risk factors and/or confound-
ing variables, they pose a high cognitive burden on the respondents and may pose a
heavy burden on respondents. Shortening the length of interviews has been shown to
improve response rates (Edwards et al., 2002). Consequently, researchers have devel-
oped methods to systematically omit parts of the complete measurement program for
defined (and randomly chosen) subsamples of the total cohort. “Partial Questionnaire
Design” (Wacholder, 1995) or “Multiple Matrix Sampling” (Gonzalez and Eltinge,
2007) denote the same idea: variables Z (not asked in subsample A) and variables X
(not asked in subsample B) are both measured in a third subsample C. Their miss-
ing values in subsamples A and B can be considered missing completely at random
(MCAR), as their origin stems from a randomization procedure. Therefore, multiple
imputation methods (Little, 1992) can be used when estimating complex statistical
models (see also Smits and Vorst, 2007 for an illustration and Chipperfield and Steel,
2011 for a simulation study how to balance efficiency of estimators with burden for
the respondents).

Case-Control Studies A major drawback of cohort studies is given by the time lag
between exposure and onset of the study endpoint. Even if this “incubation period”
(not necessarily used in the strict biological meaning of this term) seems quite
short, there are situations where you might have no time left to wait prospectively
until the occurrence of your study endpoint. Imagine the epidemic outbreak of the
hemolytic-uremic syndrome (HUS) in Western Europe starting on May 21, 2011,
with over 3400 EHEC infections, of which 796 were of serious character (HUS)
leading to over 50 deaths (Robert Koch Institut, Epidemiologisches Bulletin, 8.
August 2011, Nr. 31). Though it was clear that the toxic agents of the enterohe-
morrhagic disease was an infection with Shiga-toxin-producing Escherichia coli
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0104:H4 (short: EHEC) bacterium, this was not a satisfactory result for the German
health authorities, because the full causal chain was not identified: Where did the
bacteria stem from and how were they transmitted to the rapidly growing number
of patients? A well-known pathway of transmission is via raw nutritional products.
In this situation, a case-control study was performed, asking the patients of three
specialized hospitals in Bremen, Bremerhaven, and Liibeck on their intake of raw
vegetables during the 14 days before the onset of illness. As controls, subjects of
same sex and age living in a patient’s neighborhood were assessed. Recall of food
intake was asked in personal interviews and pointed at tomatoes, cucumbers, and
green salad as the potential sources of the outbreak (Appel et al., 2011). Authorities
therefore warned to consume these products. But the exact species of E. coli could
not be found via polymerase chain reaction (PCR) tests in samples of various
suspected horticultural farms (e.g., Spanish cucumbers formerly alleged as source).
Additional information from a growing number of cases led to identification of 41
restaurants where the cases had dinner prior to their EHEC/HUS infection. Com-
position of salads offered during the time prior to the outbreak then could also be
reconstructed from restaurants’ recipes. A new case-control study (Buchholz et al.,
2011) used not only a listing of nutritional components as answering format but also
offered photographs of various salad compositions to the patients, from which they
identified their ordering (information given during a session of the BfR-commission
on risk research, autumn 2011, member Ulrich Frick). This procedure resulted in the
conclusion that sprouts (fenugreek; trigonella foenum-graecum) were most likely
(OR =14.23; C.I. 2.55 to o0) to have caused this epidemic, though a final proof based
on laboratory PCR tests could not be found. After a second outbreak of EHEC/HUS
in France, sprouts drawn from seeds that had been imported from Egypt could be
identified via trace-back trace-forward investigations on distributors of fenugreek
seeds as the probable pathway of the epidemics in Western Europe (Appel et al.,
2011). At the end of July, the official end of the EHEC epidemic in Germany could be
declared.

This case history demonstrates typical characteristics of the strengths and potential
weaknesses of case-control studies. Case-control studies offer a rapid assessment of
exposures potentially leading to a defined outcome. An outbreak similar to the 2011
EHEC crisis requires research results as fast as possible at the cost of a potentially
false identification of causal factors (e.g., Spanish cucumbers). Choosing adequate
controls is a pivotal topic of case-control studies. Cases and controls can additionally
be “matched” on potential confounders such as age, sex, enabling better estimation
of the main causal relation.

In this example, neither general population nor neighborhood controls were the
best choice from that moment, it had become clear that having dinner in a series of
restaurants is a criterion to define the so-called “source population.” People cooking
at home, for instance, were not at risk and therefore not the best choice to supply
controls for the guests of the affected restaurants. Asking retrospectively for prior
exposure to known or alleged causal factors bears the considerable risk of false
memory of respondents, omission of relevant factors, or other biases. A “recall
bias” in our example was the human memory, which tended to omit topics of the
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ordered salads such as sprouts, even if they had been listed among salad ingredi-
ents. Recognition from photographs in this case was the superior method of data
gathering.

Taking these arguments together, the most important elements of planning a
case-control study can be seen in (Wacholder, 1995):

e (Clear and reliable identification of cases
o Selection of adequate controls
e High quality of the exposure measurement.

The above-mentioned study is not very typical for a case-control study, as it
involved finding the causally relevant exposure. In the classic case-control study, an
exposure is theoretically derived and tested (e.g., alcohol drinking and lung cancer).
All the main points about the study listed above still apply. While cohort studies are
convenient to study many diseases within one study, case-control studies are better
suitable to study many exposures for a given outcome within that study. They are
usually less expensive than a long-term cohort study that requires a long period of
fieldwork.

17.4 IMPROVING CONTROL IN EPIDEMIOLOGICAL RESEARCH

17.4.1 Measurement

We will take for granted that most readers of this book are familiar with the concept
of measurement error, as it has been described in numerous textbooks on psycho-
metrics, namely within the concept of classical test theory (e.g., Lord et al., 1968,
Nunnally Jr, 1970). Establishing any statistical association between a predictor vari-
able and a dependent variable becomes more difficult, the more the “signal” (or “true
score”) in a variable is covered by “noise” (or “measurement error”’). Beyond this
lowering of statistical power, a second potential consequence of low reliability has
been described. In the case of multiple predictor variables with substantial corre-
lations between them, a causal predictor might be rejected in favor of a noncausal
variable, which itself only spuriously correlates with the dependent variable. Effects
such as this have been extensively discussed by Fuller (1987) for the case of linear
relationships and, for example, by Zidek et al. (1996) for nonlinear models. Note that
these models implicitly rely on causality being strongly related to the strength of the
association (see above, p.409).

In epidemiological studies, not only random error could hamper detection of
causal relationships but also systematic error in the measurement process could
completely mislead the conclusions to be drawn from an observational study. Let
us consider an example from the field of lung cancer: during the 1980s, there was a
debate in oncology whether feathers of pet birds exposed their owners to an increased
risk of lung cancer. It was speculated that microscopic fibers of feathers could be
inhaled and then have the same effect as asbestos fibers. To test this hypothesis, the
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former Federal Health Office of Germany started a case-control study investigating
this suspicion.

The interview was conducted by trained staff of the Federal Health Office. Con-
trols were randomly selected from the population registry and matched for sex and
age and place of residence (cases and controls stemmed all from West Berlin). The
interviewers asked each respondent questions concerning exposure to pet birds dur-
ing childhood as well as for having owned pet birds in adulthood, and checked a
list of alternative exposure variables known to cause lung cancer (active and passive
exposure to tobacco smoke, etc.). The statistical results were unequivocal (Kohlmeier
et al., 1992): after adjusting for active smoking history, passive exposure to tobacco
smoke, professions with occupational exposure to pulmonary carcinogens, and nutri-
tional habits (carrots consumption), there remained a significant independent risk for
the duration of years subjects had lived in a household together with pet birds. During
a lively discussion in the publishing British Medical Journal, the authors were able to
respond to and reject various arguments that had been risen as potential design errors
of this study (Kohlmeier et al., 1993). At a first glance, the study seemed to have
successfully demonstrated a new causal relation for incidence of lung cancer.

But other and larger studies in Sweden (Modigh et al., 1996), Missouri (Alavanja
et al., 1996), and New York (Morabia et al., 1998) failed to arrive at the same con-
clusions. For the population in Germany, Jockel and colleagues used the same inter-
view as Kohlmeier and colleagues. They found an adjusted odds ratio of 0.85 (95%
CI: 0.53-1.35) for having ever kept pet birds (Jockel ef al., 2002). An age gradient
(younger age at onset associated with higher risk) was interpreted as an age-related
recall bias of younger patients: they remembered better their pet birds due to the
shorter time distance to former exposure.

We would like to add another potential source of bias that might have caused the
differences between these studies. The Kohlmeier study used staff members of the
Federal Health Office as interviewers. They all had known the status of their inter-
view partners (case or control could be concluded from the place of the interview:
hospital or living home). And all interviewers had also known the reason for this
case-control study and its main hypothesis: Do inhaled fibers of pet birds’ feath-
ers cause cancer? We know this from Jiirgen Rehm’s involvement in this study. An
“ambitious interviewer” effect (scrutinizing a history of pet birds more intensive in
patients) thus seems not implausible. While the status of respondents (as cases versus
controls) could not be masked in this study, it certainly would have been advantageous
and feasible to preclude interviewers from knowledge of scope and main hypotheses
of this study. This would have prevented a potentially selective alertness on certain
topics during the interview.

Biases ( = systematic errors) in epidemiological studies do not only occur during
sampling of subjects but can also stem from the data gathering process itself (Choi and
Pak, 2005). Interviews and also self-administered questionnaires are (real or virtual)
conversations and therefore subject to all those effects that have been described in
survey research from a social cognition perspective (Hippler et al., 1987, Sudman
et al., 1996). Cognitive processes during the question—answer process can also cause
bias via nonresponse to ill-designed questionnaires or interviews (De Leeuw, 2001).
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We see it as justified that the seminal textbook by Biemer and colleagues (2011)
contains twice as many pages (over 480) on errors that can occur during the data
gathering process, compared to 200 pages dealing with statistical handling of mea-
surement error after completion of the field work. Construction of a questionnaire
and/or interview as a design topic worth serious effort to control on potential biases
is too often neglected not only in epidemiology.

“Recall bias” (intentional or unintentional differential recall of information about
exposure and/or outcome) can not only be provoked by memory failure (Strube,
1987, Schwarz and Sudman, 1994) and differential affectedness by the relevant
details (Coughlin, 1990). Also characteristics of the interview situation itself are
used by the interviewees when formulating an answer for the interviewer: report
of symptoms (allegedly connected to exposure to electromagnetic fields) was
dependent on the introduction of the purpose of the study in one of our previous
investigations (Frick et al., 2004). By introducing different anchoring stimuli with
high or low physical thread, respondents’ reports on their health status (complaint
list for symptoms present during 30 days prior to the interview) could be changed
markedly (Frick ef al., 2002).

Because answers often require a valuative judgment by the interviewee rather than
arecall of a stable personality trait, many of those answers do not only reflect personal
habits but also responses to characteristics of the interview situation. For example,
music festival visitors include into their judgment on the potential harm that might
result from various psychotropic substances their subjective knowledge on the preva-
lence of drug consumption in their reference group (=festival visitors) at the time
of the interview. If cognitive availability of high prevalence is promoted by asking a
respective question before the harm perception, more frequently used drugs are more
strongly trivialized by respondents with respect to potential harm (Wiedermann et al.,
2014).

In sum, modern observational research has to take into account the current knowl-
edge on social cognition as applied to questionnaire construction.

17.4.2 Mendelian Randomization

One reasoned solution to strengthen causal interpretation in epidemiological research
has been via the use of “Mendelian randomization” studies. The concept was intro-
duced by Katan (2004) already in the 1980s, although empirical studies started to
appear only after the turn of the century and became more numerous after Davey
Smith and Ebrahim’s seminal paper in 2003 (Davey Smith and Ebrahim, 2003). The
original illustration tried to solve the question whether the association between low
serum cholesterol levels and cancer was causal or not. One hypothesis would stipu-
late that low cholesterol leads to cancer. Alternatively, cancer may cause decreases
in cholesterol. As cancer takes decades to develop temporal sequencing is difficult.
Moreover, there exists a number of empirical studies that point into different direc-
tions, partly because of confounding factors (such as diet and smoking) impacting
both serum cholesterol and cancer. The solution to disentangling the direction of
causality involved using the genetic constellation. The apolipoprotein E (ApoE) gene
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Figure 17.1 Principle of Mendelian randomization: example of clarifying the causal direc-
tion between low cholesterol and cancer.

affects levels of serum cholesterol, with ApoE2 being associated with lower levels.
Clearly, the genetic constellation was formed during meiosis independent of and
prior to serum cholesterol level measured and incidence of cancer. Moreover, during
meiosis genes are randomly assigned (hence the name “Mendelian randomization™).
Finally, there is no direct link between the ApoE gene and cancer.

These assumptions together allow the following empirical test: if the variants of
the ApoE are distributed equally between cancer and noncancer cases, then the rela-
tionship between serum cholesterol and cancer cannot be due to a causal impact of
cholesterol. On the other hand, if there is proportionally more ApoE?2 alleles among
cancer patients compared to noncancer patients, this is an indication of a causal path-
way leading from ApoE2 — low cholesterol — cancer (Fig. 17.1).

The above reasoning seems to point to an easy way to prove causality in observa-
tional epidemiology (Sheehan et al., 2008, Davey Smith and Ebrahim, 2003, Davey
Smith et al., 2005). Unfortunately, like any other methods, Mendelian randomization
relies on a number of crucial assumptions. We will use the recent controversy about
the paper of Holmes and colleagues (2014) on the impact of alcohol on ischemic
heart disease to illustrate. Background is the so-called “cardioprotective” effect, that
is, the postulate that on average low to moderate drinking without any heavy drink-
ing occasions leads to a lowered risk of ischemic heart disease (Roerecke and Rehm,
2010, 2012). There had been many criticisms regarding the cardioprotective effect
even though none of the postulated confounding up to now could be corroborated
empirically.

Holmes and colleagues used the Mendelian randomization approach based on
the rs1229984 A variant in the alcohol dehydrogenase-1b (ADH1B) gene, which
impacts alcohol metabolism. The ADHI1B rs1229984 A variant leads to a slightly
unpleasant flushing reaction and thus to an overall lower level of alcohol intake. The
reasoning of Holmes and colleagues was the following: within the light drinkers
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carriers of ADHI1B rs1229984 A variant would drink less and thus, if there was a
protective effect, they should have a higher risk of IHD (Roerecke and Rehm, 2015).
However, an empirical meta-analysis of 56 studies showed the opposite: within
light drinkers carriers of the ADHIB rs1229984 A variant showed less risk for
IHD. Can these results be interpreted as a final proof that the cardioprotective effect
is a spurious association without any causal impact of alcohol? The debate was
animated with more than 15 rapid responses on the BMJ website (see also Roerecke
and Rehm, 2015; Chikritzhs ef al., 2015; Rothman in: http://www.bu.edu/
alcohol-forum/critique-143-a-mendelian-randomization-
assessment-of-alcohol-and-cardiovascular-disease-20-
july-2014/). The conclusion was that a causal relation could not be established
in this case for the following reasons: (i) all of the effect of the ADH1B rs1229984
A variant would have to be mediated by average amount of drinking, which is not
the case (Glymour, 2014); (ii)) ADHI1B rs1229984 A variant was indiscriminately
associated with all alcohol indicators including heavy drinking occasions, which
would predict the opposite of the cardioprotective effect, that is, light drinkers with
occasional heavy drinking do not show any cardioprotective effect (Roerecke and
Rehm, 2010); (iii) the results of Holmes and colleagues were also inconsistent
with other biomarkers related to the risk of IHD such as HDL level. In sum,
the assumptions of the Mendelian randomization were violated and thus no firm
conclusions could be drawn (Fig. 17.2).

Mendelian randomization offers a way to potentially increase control and thus
our belief in causal relations. Unfortunately, Mendelian randomization studies offer
no panacea to the problem, although many risk factors both behavioral (smoking,
drinking, and nutritional habits) and physiological (blood pressure, cholesterol, and
glucose) have been shown to be genetically impacted. The assumptions of no other
effects outside of a postulated pathway often do not hold true.
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Figure 17.2 Principle of Mendelian randomization: example of clarifying the causal direc-
tion between low average volume of drinking and ischemic heart disease.
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17.4.3 Surrogate Endpoints (Experimental)

Does alcohol consumption increase the risk of HIV? Again, there is a clear association
between level of drinking and HIV as well as between other alcohol consumption
dimensions (frequency of heavy drinking occasions, drinking before sex, etc.) and
this endpoint (Scott-Sheldon et al., 2013, Baliunas et al., 2010, Shuper et al., 2009,
Fisher et al., 2007). While some people interpret this association as causal, alternative
explanations have been proposed, such as personality traits explaining both alcohol
drinking and unprotected sex, most notable elevated risk taking (Shuper et al., 2010).
A randomized experiment seems hardly feasible for ethical and practical reasons.
However, experimentation is possible if another endpoint instead of HIV status is
used, intention to unsafe sex. This surrogate endpoint has been linked to the actual
behavior in meta-analyses with a high effect size (Sheeran and Orbell, 1998, Sheeran
etal., 1999). In other words, intention to unsafe sex can serve as a surrogate for unsafe
sex itself, which is the main pathway to HIV infection. The reasoning with surrogate
endpoints has been applied for a variety of epidemiological areas: using elevated
blood glucose over time as a surrogate endpoint for diabetes, serum cholesterol levels
as a surrogate for IHD, or intestinal polyps as a surrogate for colon cancer. A surrogate
endpoint needs to fulfill two criteria: (i) it should be easily assessed in a reliable
manner, (ii) it should have close and quantifiable relationship with the final endpoint
(for general considerations see Weir and Walley, 2006; for statistical considerations
see Atkinson et al., 2001).

How did the intention to have unsafe sex allow the testing of a causal hypothesis?
While alcohol consumption cannot be experimentally manipulated over a long run
(see above), short time manipulation is feasible. Up to a blood alcohol content of 0.1%
(this is a higher BAC than stipulated in usual laws of alcohol and traffic participation),
the subjects are not able to distinguish whether or not they have received alcohol. The
manipulation is achieved by using mixed drinks (e.g., orange juice with rum or rum
flavor in an environment where other clues point to an alcoholic drink—spilling of
rum on the serving tablet or on the outside of the glass). Furthermore, in many of
those experiments subjects were sexually aroused or not aroused as a second exper-
imental condition (showing explicit photos or porn movies). The dependent variable
then consisted of intention for unsafe sex usually on a Likert scale. For instance,
explicit photos of attractive partners are shown with questions about willingness to
engage in sexual interaction, followed by questions whether such interactions could
be performed in an unsafe manner (anal intercourse without using a condom). The
hypothesis to be tested would state that consumption of alcohol leads to a stronger
intention for unsafe sex. A recent meta-analysis showed a clear dose—response rela-
tionship of all the experiments to date: the higher the BAC level, the higher the
willingness to engage in unsafe sex (Rehm et al., 2012).

The interpretation is clear: alcohol as the manipulated variable causally impacts
the intention for unsafe sex. Alternative interpretations such as personality variables
can be excluded, as potential confounding variables should be equally distributed if
the randomization process was effective. For the causal interpretation it is inconse-
quential whether the interaction effect between BAC and arousal was significant or
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not. Unfortunately, establishing causality was only successful for the surrogate end-
point and it still can be argued that the real endpoint might be impacted by other
determining factors on the pathway between intention and behavior. For instance, it
has been argued that the experimental situation was seen as meaningless in terms of
consequences and in such a situation alcohol may provoke extreme statements. Again,
like with Mendelian randomization, experiments with surrogate endpoints may con-
tribute to increase control and thus our belief in causality, but there exists no final
proof.

17.4.4 Other Design Measures to Increase Control

In this section, we suggest several techniques to increase our confidence in causality in
nonexperimental designs. Theoretically, the argumentation follows Rehm and Strack
(1994), but contentwise we use examples from recent epidemiology:

The first design to be discussed is the case-crossover design, which is a method for
studying transient effects on the risk of acute events (Maclure, 1991, Maclure ef al.,
2000). The idea of control is the following: the best control from a theoretical perspec-
tive is an identical twin in the same environment, who is just experimentally matched
to a different exposure. In the case-crossover design, not an identical twin is used but
the same person. Consider the question whether alcohol has a causal effect in trig-
gering myocardial infarction (Mostofsky et al., 2015, Gerlich et al., 2009). One way
to study this question would be a case-control design, but the question would be how
to find good controls. Hospital controls are problematic, as alcohol has been related
to more than 200 disease and injury conditions (Rehm et al., 2009), and it is hard to
find a ward in the hospital, which is not affected by alcohol consumption. Population
controls may be the answer, but then how to select good population controls, and
most importantly, how to check for the triggering effect? This led to a case-crossover
design. It basically starts with cases of myocardial infarction. These cases will be
asked whether they consumed alcohol in temporal proximity to the infarction. This
will give a rate of all cases with infarction who consumed alcohol. However, what
would be the comparison group to judge if this rate is elevated or not. The answer is to
ask whether the people with myocardial infarction consumed alcohol exactly 1 week
before the infarction at the same time. This gives a two-by-two table, with infarction
(yes/no—the no condition would be 1 week prior), and exposure at both time points.
From this table, risks of myocardial infarction following alcohol consumption can
be estimated, including the question, whether such risks are significantly elevated
(Marshall and Jackson, 1993).

What are the caveats? Basically, the human brain including, but not limited to,
memory effects (e.g., Gmel and Daeppen, 2007). First, it is easier to remember an
event yesterday than a week ago. Second, it may be more salient to remember any-
thing related to a salient event such as a myocardial infarction. And third, people try to
make sense of an event, and may try to explain their serious condition by things, and
alcohol may become salient there. In sum, it cannot be excluded that case-crossover
designs exaggerate association and these association thus may appear causal even if
they are not. Although there are a number of remedies such as the usual frequency
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method (Ye ef al., 2013), the main problem of biased memory and/or reporting cannot
be fully solved.

There are many designs available to strengthen conclusions concerning causality,
and this chapter does not allow sufficient room to list them all. They all follow the
principles of control (Rehm and Strack, 1994), and the seminal works of Campbell
and colleagues have given good examples how to make best use of designs and what
analysis techniques are the most adequate (Campbell and Stanley, 1963, Cook and
Campbell, 1979, Shadish et al., 2002). In short the following points are stressed:

o In all situations, try to find better ways to control. Thus, to strengthen the causal
interpretation of a simple before—after comparison, the introduction of a control
group helps even if randomization is impossible. If the control group is not fully
comparable, then adding multiple control groups may help.

e Make use of natural variation to test causality. The famous examples of alcohol
and liver cirrhosis in wartime Paris (as described in Zatonski et al., 2010) or
whether raising the drinking age to 21 years reduced highway fatalities (Voas
et al., 2003) both made use of natural variation (in the Paris case the occupa-
tion of Paris by the Germans and the confiscation of wine, which saved many
French liver deaths; the drinking age of the specific political situation of the
state responsibility that led to introductions of the drinking age at multiple times
where interrupted time series could be created, where one state served as a con-
trol to others).

This does not mean that such analyses cannot be challenged (e.g., Fillmore et al.,
2002, for the Paris example), but still, the strength of causality is based on the degree
of control, and the more control there is, the harder it becomes to find convincing
alternative explanations.

17.4.5 Methods of Analysis

Even in focused research questions, multivariate modeling techniques are used in the
analyses of observational studies to control for confounding. As indicated above the
ideal mode in epidemiology would be to have different exposures in identical twins.
This ideal is not very feasible, so other forms of control have been introduced from
matching (see above, section 17.3, p.412) to propensity score analysis (82).

Again, we introduce a concrete example to clarify these ideas: whether or not an
intervention of the police (arresting the offender for a short period) after an incident
of wife battering causally could prevent a reevent during a follow-up period was
a lively debated research question in the United States through the 1980s. Experi-
mental studies aiming to answer this question by randomly assigning offenders to
short-time arrests or not yielded indecisive results: one study displaying preventive
effects in Minneapolis (Minneapolis Domestic Violence Project, Sherman and Berk,
1984) could be criticized for serious protocol violations pointing at the fact that
randomization proved hardly feasible. Police officers too often deliberately decided
on arresting the offender beyond the study protocol by their own responsibility.
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Figure 17.3 Principle of propensity score. (a) Risk of spousal violence from a traditional
multivariate modeling perspective without PS. (b) Impact of arresting the offender calculated
using PS.

A replication study in Omaha, Nebraska, failed to show any differences between the
two randomized intervention groups (Dunford et al., 1990). In this situation, Berk
and Newton (1985) tried to use observational data to corroborate the conclusion of
the Minneapolis Domestic Violence Project and published an early example for the
use of “propensity scores” that had been proposed 2 years before by Rosenbaum and
Rubin (1983).

While Figure 17.3a gives a visualization of how usual multivariate regression tech-
niques would calculate a net effect for the impact of “Arresting the offender” on “Wife
battering” (during a 6-month follow-up period), Figure 17.3b illustrates the central
idea of using a “propensity score.” The research question for Figure 17.3b is not to
give a full picture of risk factors for wife battering but to specifically use all infor-
mation available to model a score to predict an offender’s chance of being arrested
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after an initial incident of domestic violence. This is the first step. A second step then
is to use this “propensity” (to receive the “treatment”) as the condensed confound-
ing variable when evaluating the potentially causal impact of arrests on subsequent
re-incidents.

If the prediction of the treatment variable is nearly perfect, then the decision on
arresting an offender between two subjects with identical probability (= propensity
score) can be regarded as simulating a randomization in which all these variables are
controlled (d’Agostino, 1998). This is implied when the propensity score method is
described as mimicking a randomized trial. Step 1 in Figure 17.3b is usually per-
formed by discriminant analysis or (more frequently used and without assuming
multivariate normal distribution among predictor variables) by logistic regression.
An adjustment for multiple testing is not necessary during the scoring in step 1, and
nonlinear effects of arrest-predicting variables can easily be modeled by including
quadratic and/or cubic transformations of continuous variables (e.g., age). The score
itself can be used in different ways of confounder adjustment (d’ Agostino, 1998):
(i) treated and untreated (here, arrested or not arrested offenders) subjects can be
identified from the manifest, directly observed classification variable and matched
in pairs according to comparable propensity scores. Statistical analysis is then per-
formed by the usual conditional logistic regression model for case-control studies; (ii)
the analysis of the outcome variable regressed on the potential causal variable can be
performed in strata that were designed according to ranges of the propensity variable
(e.g., quintiles); (iii) the variable of interest may be used as predictor variable for the
outcome while simultaneously adjusting for the propensity score as a second predic-
tor (traditional multivariate approach). A fourth method using the propensity score is
called Inverse Probability of Treatment Weighting (IPTW, see Austin, 2011). Each
sampling unit of the regression model in step 2 contributes only with his/her inverse
probability of receiving the treatment. Weighting thus creates a distribution of mea-
sured covariates among the sample that is independent of treatment assignment.

The aforementioned historical example used a logistic regression approach to con-
struct a propensity score for being arrested after an incident of domestic violence,
resulting in over 96% of correctly classified subjects by using 14 variables (n =
783). When this variable is added to a second logistic regression model on repeated
domestic violence during the 6-month follow-up period, the assignment mechanism
to police arrest could be regarded strongly ignorable (see also Rubin, 1991, for this
notion). In the second step, Berk and Newton in a first attempt regressed the probabil-
ity of wife battering separately for arrested and not arrested men using the propensity
score as a continuous predictor variable. They found that only for the not arrested
group a clear increase of the risk for wife battering with increasing values of the
propensity score. The arrested group displayed virtually no association between the
propensity score and the outcome. As a second modeling strategy, the proportional
hazard model of Cox was used to take into account the time until the re-incident of
familial violence. Both the propensity score and an interaction between propensity
and factual arrest proved significant, thus pointing at a causal impact of the arrest on
preventing repeated wife battering in a subgroup of initial offenders that showed only
low probability to be arrested by the police after a first offense.
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Propensity score methods became (with a considerable time lag to their theo-
retical foundation) quite popular in medicine after the year 2000 (Stiirmer et al.,
2006). Though they are theoretically convincing and easy to perform, they cannot be
regarded as panacea to the problem of establishing causality in observational studies.
Their practical worth hinges on the possibility of prediction. For many diseases, such
aprediction can only be done with lots of uncertainty. For instance, Bofetta found that
known risk factors explained 35% of all cancers in smokers and 15% of all cancers
in nonsmokers (Boffetta et al., 2009). Similar numbers of explained variance are true
for most disease and mortality outcomes. In this situation, differences between the
results of different adjustment techniques often seem neglectable. Neither the review
of Stiirmer et al. (2006) nor the systematic review by Shah et al. (2005) could find
dramatic differences when comparing studies using both methods of Figure 17.3a
and b. Propensity score methods tended to estimate slightly smaller effect sizes for
allegedly causal factors than traditional regression techniques.

Propensity scores can be seen as one form of matching (i.e., artificially creating
twins), as per Rubin’s theory of causality (Rubin, 1973). Another way, as we have
seen above in the treatment of case-control studies, is given by finding matches as
controls. The selection procedure is determined by key confounding variables as sex,
age, and socioeconomic status. There is guidance on how to best select the number of
matches to achieve efficiency (Austin, 2010, Kupper et al., 1981, Stuart, 2010, e.g.,).
In any form of matching or statistical control in general, the principle is, that only
potential confounders should be used for matching, but not those variables that are on
the causal pathway from exposure to outcome, or which are effects of the dependent
(outcome) variable (Ho et al., 2007). Clearly, all statistical techniques have to be
used in a way congruent with the underlying theory or knowledge. Trying to optimize
explained variance by introducing nonconfounders can result in biased estimates on
the causal relation.

17.5 CONCLUSION: CONTROL IN EPIDEMIOLOGICAL RESEARCH
CAN BE IMPROVED

We have illustrated how various measures can increase control in epidemiological
studies and thus improve our understanding of causal relations (Rehm and Strack,
1994). Specifically, the following elements should be considered:

Study design

e Measurement of dependent and independent variables
e Appropriate statistical techniques

e Accurate interpretation of results.

These four elements are also the core of the STRengthening Analytical Think-
ing for Observational Studies (STRATOS) initiative (Sauerbrei et al., 2014). The
points above also put a huge emphasis on the planning phase of any study to estab-
lish causal relations. First and foremost possibilities to establish control mechanisms
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outside of ex-post statistical control of observational data should be considered. It
may be that there is genetic variation with impact on the independent variable of the
causal relation and thus allowing a Mendelian randomization experiment. There may
be surrogate endpoints close enough to the outcome under consideration to allow an
experiment even when at first sight such a design looked impossible. Finally, there
are a number of important design considerations in observational studies, such as bet-
ter matching or inclusion of an additional control group. No matter what final design
has been decided on, the next question should be about the best possible measure-
ment of both dependent and independent variables. As shown above, formulation of
questions or other assessment techniques should be constructed with the same atten-
tion to empirical research on social cognition and other relevant research. Finally,
and only after the above steps have been taken, statistical techniques should be con-
sidered commensurate with the design and measurement (assumptions, scaling level,
and possibility to maximize control). Overall, in our experience, the overwhelming
effort should be spent in discussion of design alternatives, as even highly sophisticated
statistical modeling cannot compensate weaknesses of the data generating process.
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