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J �KKLMMNO PQNRSQTMRSUN(
VWXYZY[Y\]Y^ _``abbcd efghifjbhikgd fjldmfbghia n bjn egomdR kmp
qmhikmbbcr sahmo bjlckjmiht ifguvj (An,Vn, ψ)w hghigtqjt al bmvgpigfgxg dbgymhikj An w zomdmbic vgigfgxg bjlckj{iht igsvjdaw kmvpigfbgxg efghifjbhikjVn

a gig|fjymbat ψ : An ×An → Vn w gibghtqmpxg }egftngsmbbgu ejfm igsmv {A,B} dbgymhikj An
bmvgigfcu kmvigf

al Vn w g|glbjsjmdcu −→
AB w ijvgxgw sig kcegobt{iht homn}{qam nkm jvphagdc~

1◦. �ot o{|cr A ∈ An
a v ∈ Vn

h}qmhik}mi mnabhikmbbjt igsvj Bijvjtw sig −→AB = v �
2◦.

−→
AB +

−−→
BC =

−→
AC

not o{|cr A,B,C ∈ A �fjkmbhikg ifm}xgo�bapvj�<
68 -+-E,5)*,08 5��0,,-9- .3-/735,/7B5 +2D*: 0/.-6>E-B57> -D0, /0:�
B-6 An < *17-3,-* .3-/735,/7B- Vn

,5EAB5*7/8 jhhg�aafgkjbbcd / 5���0,,A: .3-/735,/7B-: An <�E -.3*D*6*,08 5��0,,-9- .3-/735,/7B5 6*91- BAB-D87/8 /6*D2��0*
DB5 /--7,-�*,08~�� −→

AA = 0� G� −→
AB = −−→

BA<
68 0C D-15E57*6>/7B5 D-/757-),- E5.0/57> 35B*,/7B- 73*29-6>,015 2◦/,5)565 .30 B = C = A� 5 E57*: .30 C = A<�X]�YX���< �2/7> Vn
F .3-0EB-6>,-* B*17-3,-* .3-/735,/7B- 35E:*3,-/70 n<

�-6-�0:
ψ : Vn × Vn 3 {a,b} 7−→ b − a ∈ Vn.�3-�15 (Vn,Vn, ψ) 8B68*7/8 5��0,,A: .3-/735,/7B-:<G<  )5/7,-/70� BE8B 530�:*70)*/1-* �)0/6-B-*� B*17-3,-* .3-/735,/7B-

Rn � .-62)0: 530�:*70)*/1-* 5��0,,-* .3-/735,/7B- (Rn,Rn, ψ)� -+-E,5�)5*:-* D68 13571-/70 .3-/7- Rn <
�^� �[������] � ���]\\�� WX���X�\���Y^
VWXYZY[Y\]Y^ �}hi�Lm ⊂ Vn (0 6 m 6 n)w � egnefghifjbhikg k kmvigfp

 



bgd efghifjbhikmVn w jhhg�aafgkjbbgd h j``abbcd efghifjbhikgd An ��oghvghi�{ fjldmfbghia m (mpeoghvghi�{) k An
h bjefjkot{qad egnp

efghifjbhikgd Lm w efgrgntqmu smfml igsv} M0 w bjlckjmiht homn}{qmmegndbgymhikg k An
~
π = {M ∈ An |

−−−→
M0M ∈ Lm}. ���

�+-E,5)57> m�.6-/1-/7> ��� +2D*: /6*D2��0: -+35E-:~ {M0,Lm}<�XYZ[�¡Y\]Y^ �}hi� ljnjbj mpeoghvghi� π = {M0,Lm} a M1 ∈ π �¢gxnj {M1,Lm} = {M0,Lm}w i� m�w mpeoghvghi� π h bjefjkot{qad egnpefghifjbhikgd Lm
gnbglbjsbg gefmnmotmiht o{|gu hkgmu igsvgu�£���¤��Y[¥����^

M0

M

M1

M ∈ {M1,Lm}⇐⇒−−−→
M1M ∈

Lm ⇐⇒−−−→
M0M1+

−−−→
M1M ∈ Lm

�751 151−−−→M0M1 ∈
Lm

0 (Vn,+) F 932..5 .- /6-�*,0�� ⇐⇒
−−−→
M0M ∈ Lm ⇐⇒ M ∈ {M0,Lm}< ��XYZ[�¡Y\]Y^ �}hi� π = {M0,Lm} � mpeoghvghi� k j``abbgd efgphifjbhikm (An,Vn, ψ) a ψπ = ψ|π × π : π × π → Vn .

¢gxnj¦�
ψπ(π × π) ⊂ Lm

aw homngkjimo�bgw ψπ : π × π → Lm �§� ¢fguvj (π,Lm, ψπ) � j``abbgm efghifjbhikg fjldmfbghia m �£���¤��Y[¥����^ �� �2/7> A,B ∈ π =⇒ −−→
M0A,

−−−→
M0B ∈ Lm =⇒ −→

AB =
−−−→
M0B −−−→

M0A ∈ Lm <G�

M0

A

B �2/7> A ∈ π 0 v ∈ Lm < �-9D5 /2�*�/7B2*7 �.- 51/0-:* 1◦
� *D0,/7B*,,58 7-)15

B ∈ An
75158� )7- −→

AB = v < �- −−−→
M0B =

−−→
M0A +

−→
AB ∈ Lm =⇒ B ∈ π < �510: -+35�E-:� 51/0-:5 1◦ BA.-6,8*7/8 D68 π < �1/0-:5 2◦ BA.-6,8*7/8 D68 7-)*1�.30,5D6*�5�0C .6-/1-/70 π � .-/1-6>12 -,5 BA.-6,8*7/8 D68 B/*C 7-)*15��0,,-9- .3-/735,/7B5 An < �VWXYZY[Y\]Y^ �gndbgymhikg π ⊂ An

ijvgmw sig not bmvgigfgxg
Lm ⊂ Vn

ifguvj (π,Lm, ψπ)
tkotmiht j``abbcd efghifjbhikgdw bjplckjmiht mpdmfbcd egnefghifjbhikgd k An ��E D-15E5,,-9- BA�* .3*D6-�*,08 /6*D2*7� )7- m�:*3,A:0 .-D.3-�/735,/7B5:0 BAn

8B68�7/8m�.6-/1-/70 ¨7-9- .3-/735,/7B5 0 7-6>1- -,0<
©



ª��Y«�\]Y^  -.3*D*6*,00 m�.6-/1-/70 35E:*3,-/7> m .30,0:5*7 E,5�)*,08 m = 0, 1, . . . , n< �30 ¨7-:� 0�.6-/1-/7> B An
�0�:*3,-* 5��0,,-*.-D.3-/735,/7B-�F ¨7- 7-)15� 1�.6-/1-/7> ,5EAB5*7/8 eftdgu� (n − 1)�.6-/1-/7> ,5EAB5*7/8 xaemfeoghvghi�{�n�.6-/1-/7> /-B.5D5*7 /- B/*: .3-�/735,/7B-: An <¬W���� ¤�Z�\]® m¯W[������Y°^  E5B0/0:-/70 -7 7-9-� 151 E5D5,- .-D�.3-/735,/7B- Lm ⊂ Vn � .-62)5*: /6*D2��0* DB5 -/,-B,AC /.-/-+5 E5D5�,08 m�.6-/1-/70 π = {M0,Lm}~�^ �2/7> Lm = L{a1, . . . , am}� 9D* {a1, . . . , am} F +5E0/ B Lm � r F 35D02/�B*17-3 7-)10M ∈ An � r0

F 35D02/�B*17-3 7-)10M0 < �-9D5M ∈ {M0,Lm}
⇐⇒ −−−→

M0M = tαaα � α = 1, . . . ,m�⇐⇒ r − r0 = tαaα ⇐⇒

r = r0 + tαaα.
�G�

�2/7> B .3-/735,/7B* An
E5D5,5 5��0,,58 /0/7*:5 1--3D0,57� -.3*�D*68*:58 3*.*3-: {O, ei}� i = 1, . . . , n< �-9D5 235B,*,0* �G� ¨1B0B56*,7,-/0/7*:* 235B,*,0�
xi = xi

0 + tαai
α,

�±�
9D* aα = ai

αei � 1-7-358 B :5730),-� E5.0/0 0:**7 B0D



x1

x2<<<
xn




=




x1
0

x2
0<<<
xn

0




+ t1




a1
1

a2
1<<<
an

1




+ . . .+ tm




a1
m

a2
m<<<
an

m



. (3′)

	35B,*,08 �G� 0 �±� ,5EAB5�7/8 ejfjdmifasmhvada }fjkbmbatda< )5/7,-/70� .38:58 ` .3-/735,/7B5 An
E5D5*7/8 235B,*,08:0

r = r0 + ta ⇐⇒ xi = xi
0 + tai. �²�

*17-3 a ,5EAB5*7/8 ,5.35B68��0: B*17-3-: .38:-� `<ª��Y«�\]Y^ �/60 7-)15 M .30,5D6*�07 m�.6-/1-/70 π � 0:*��*� .5�35:*730)*/1-* 235B,*,0* �G�� 7- ** 35D02/�B*17-3 rM
2D-B6*7B-38*7 /--7�

,-�*,0� rM = r0 + tαMaα < �30 ¨7-: )0/65 {tαM} 8B68�7/8 1--3D0,575:07-)10 M B 5��0,,-: .3-/735,/7B* π -7,-/07*6>,- 3*.*35 {M0, aα}< ³701--3D0,57A {tαM} ,5EAB5�7/8 kb}ifmbbada 1--3D0,575:0 7-)10 M <
´



µ^ �2/7> Ann(Lm) = L{b̃1, . . . , b̃n−m}� 9D* {b̃a}� a = 1, . . . , n−m� F+5E0/ B Ann(Lm)< �-9D5M ∈ {M0,Lm} ⇐⇒

b̃a(r − r0) = 0, a = 1, . . . , n−m. �¶�
�2/7> b̃a = bai ẽ

i � 9D* {ẽi}� i = 1, . . . , n� F +5E0/ B V∗
n � /-.38�*,,A� +5E0�/2 {ei}< �-9D5 /0/7*:5 235B,*,0� �¶� ¨1B0B56*,7,5 /6*D2��*�~

bai (x
i − xi

0) = 0, a = 1, . . . , n−m. �·�
�5/13AB58 /1-+10 B �·�� .-62)5*: /0/7*:2 60,*�,AC 235B,*,0�

baix
i + ban+1 = 0, a = 1, . . . , n−m, �I�

9D* ban+1 = −baixi
0 < �510: -+35E-:�m�.6-/1-/7> B .3-/735,/7B* An

E5D5*7/8
/0/7*:-� 0E n−m 60,*�,AC 235B,*,0� 35,95 n−m< �)*B0D,-� 0:**7 :*/7-0 -+357,-* 27B*3�D*,0*� 5 0:*,,-~�XYZ[�¡Y\]Y^ ¸gkdmhibjt hahimdj �I� al n−m oabmubcr (bmgnbgfgnpbcr) }fjkbmbau fjbxj n−m

not vggfnabji {xi} igsvaM gibghaimo�bg
fmemfj {O, ei} j``abbgxg efghifjbhikj An

ljnjmi mpeoghvghi� k An �¹ sjhibghiaw gnbg oabmubgm }fjkbmbam
b1x

1 + . . .+ bnx
n + bn+1 = 0 �º�

ljnjmi xaemfeoghvghi� πn−1
kAn � �fa zigd b̃ = {b1, . . . , bn} � oabmubjt`gfdjw jbb}oaf}{qjt bjefjkot{qmm egnefghifjbhikg Ln−1

xaemfeoghvgp
hia πn−1 �£���¤��Y[¥����^ 
*�/7B07*6>,-� -+�** 3*�*,0* /0/7*:A �I� 0:**7 B0D�±� 0 -.3*D*68*7 m�.6-/1-/7> / ,5.35B68��0: .-D.3-/735,/7B-: Lm =

L{a1, . . . , am}� 9D* aα = ai
αei � .3-C-D8�2� )*3*E 7-)12M0

/ 35D02/�B*17-3-:
r0 = xi

0ei < ��E ¨7-9- .3*D6-�*,08 /6*D2*7� )7- B/8158 /-B:*/7,58 /0/7*:5 60,*�,AC235B,*,0� 35,95 n − m -7,-/07*6>,- n .*3*:*,,AC x1, . . . , xn E5D5*7 m�.6-/1-/7> B 5��0,,-: .3-/735,/7B* Rn <�XYZ[�¡Y\]Y^ �}hi� S ⊂ An � efgalkgo�bgm egndbgymhikgw S̃ =

{−→AB ∈ Vn |A,B ∈ S} � dbgymhikg kmvigfgkw bjsjoj a vgb�c vgigfcrefabjnomyji dbgymhik}S w jM0 ∈ S � efgalkgo�bjt igsvj� �oghvghi�
π(S) = {M0,L(S̃)} �»�

¼



hgnmfyai egndbgymhikg S a hgnmfyaiht k o{|gu nf}xgu eoghvghia π′ whgnmfyjqmu S �£���¤��Y[¥����^ �2/7> M ∈ S < �-/1-6>12 L(S̃) ⊃ S̃ 3 −−−→
M0M � 7- π(S) 3

M < �/60 15158�7- D32958 .6-/1-/7> π′ /-D*3�07 B/* 7-)10 0E :,-�*/7B5 S �7- ** ,5.35B68��** .-D.3-/735,/7B- L(π′) D-6�,- /-D*3�57> B/* B*17-3A0E S̃ 0� /6*D-B57*6>,-� L(π′) ⊃ L(S̃) =⇒ π′ ⊃ π(S)< �VWXYZY[Y\]Y^ �oghvghi� π(S) bjlckjmiht eoghvghi�{w bjitb}igu bjegndbgymhikg S ��)*B0D,-� 35E:*3,-/7> .6-/1-/70 π(S) 35B,5 35,92 /0/7*:A B*17-3-B S̃�̈ 7- .-D:,-�*/7B- :-�*7 +A7> 0 +*/1-,*),A:�<  )5/7,-/70� D68 1-,*)�,-9- ,5+-35 7-)*1 M0,M1, . . . ,Mk
35E:*3,-/7> ,578,27-� ,5 ,*9- .6-/1-�

/70 35B,5 35,92 /0/7*:A B*17-3-B {−−−→M0M1, . . . ,
−−−−→
M0Mk}< �-B-387� )7- 7-)10

M0,M1, . . . ,Mk
,5C-D87/8 k g|qmd egogymbaa� */60 35E:*3,-/7> ,578,2�7-� ,5 ,0C .6-/1-/70 35B,5 k < /62)5* 7-)*1 -+�*9- .-6-�*,08M0,M1, . . . ,Mk

.535:*730)*/1-* 235B�
,*,0* ,578,27-� ,5 ,0C .6-/1-/70 0:**7 B0D �G�~ r = r0 + tαaα � 9D* r0

F
35D02/�B*17-3 7-)10 M0 � 5 aα =

−−−−→
M0Mα <  )5/7,-/70� 235B,*,0* .38:-� `�.3-C-D8�*� )*3*E DB* �35E60),A*� 7-)10 M0

0 M1 � 0:**7 B0D
r = r0 + t(r1 − r0).

��H�
�30 ¨7-: :,-�*/7B- 7-)*1

[M0M1] = {M ∈ `|tM ∈ [0; 1]}
,5EAB5*7/8 gifmlvgd / 1-,½5:0 M0

0 M1 <VWXYZY[Y\]Y^ �fghicd gibg¾mbamd ifmr igsmv Aw B a C j``abbgxg
efghifjbhikj An w omyjqar bj eftdgu ` zigxg efghifjbhikj a ijvarwsig B 6= C w bjlckjmiht homn}{qmm sahog¿

(ABC) =

−→
AC
−−→
CB

.

�/60 0EB*/7,A 7-)10 A� B 0 .3-/7-* -7,-�*,0* (ABC) = λ� 7- 35D02/�B*17-3 0 1--3D0,57A 7-)10 C ,5C-D87/8 /6*D2��0: -+35E-:~
rC =

rA + λrB

1 + λ
⇐⇒ xi

C =
xi

A + λxi
B

1 + λ
, i = 1, . . . , n. ����

À



Á-3:26A ���� BAB-D87/8 751�* 151 0 B /62)5* 5��0,,AC .3-/735/7B :5�
6AC 35E:*3,-/7*� �/:< Â�»Ã� /< �º�<VWXYZY[Y\]Y^ �}hi� njbj xaemfeoghvghi� πn−1 � Ä}nmd xgkgfai�w signkm (fjloasbcm) igsva P a Q omyji eg gnb} higfgb} gi πn−1 w mhoa gipfmlgv [PQ] bm hgnmfyai igsmvw efabjnomyjqar πn−1 : [PQ]∩πn−1 = ∅ � ¹efgiakbgd ho}sjm xgkgfadw sig igsva P a Q omyji eg fjlbcm higfgbcgi πn−1 �ª�Z�«� �^ �2/7> 90.*3.6-/1-/7> πn−1 ⊂ An

0:**7 235B,*,0* �º�< �.3*�D*60: �2,1½0� f : An → R
�-3:26-� f(M) = b1x

1
M + . . . + bnx

n
M + bn+1 <
-15E57>� )7- 7-)10 P 0 Q 6*�57 .- -D,2 /7-3-,2 -7 πn−1

7-9D5 0 7-6>1-
7-9D5� 1-9D5 sgn(f(P )) = sgn(f(Q))< �510: -+35E-:� 2 90.*3.6-/1-/70 B5��0,,-: .3-/735,/7B* 0:**7/8 DB* /7-3-,A~ .- -D,2 /7-3-,2 90.*3.6-/�
1-/70 �2,1½08 f(M) .30,0:5*7 .-6-�07*6>,A* E,5)*,08� 5 .- D3292� F-730½57*6>,A*<
�^µ Å¤�]�\�Y X��W�[�¡Y\]Y W[������Y° � ���]\\�� WX���X�\���Y^
�2/7> E5D5,A DB* .6-/1-/70 πm

0 π′k B 5��0,,-/ .3-/735,/7B* An < �5/�/:-730: B-E:-�,A* /62)50 0C BE50:,-9- 35/.-6-�*,08<�^ πm ∩ π′k 6= ∅<�XYZ[�¡Y\]Y^ Æhoa eoghvghia πm = {M0,Lm} a π′k = {M ′
0,L

′
k} k efgphifjbhikm An

adm{i bme}higm emfmhmsmbamw ig gba emfmhmvj{iht egeoghvghia� _ admbbgw mhoa πm ∩ π′k 3 Aw ig πm ∩ π′k = {A,Lm ∩ L′
k} �£���¤��Y[¥����^ 
*�/7B07*6>,-� B ∈ πm ∩ π′k ⇐⇒ −→

AB ∈ Lm,L
′
k ⇐⇒

−→
AB ∈ Lm ∩ L′

k
< �

�2/7> .6-/1-/70 πm = {M0,Lm} 0 π′k = {M ′
0,L

′
k} E5D5,A� /--7B*7/7B*,�,-� .535:*730)*/10:0 235B,*,08:0 r = r0 + tαaα � α = 1, . . . ,m� 0 r =

r′0 +uaba � a = 1, . . . , k < �5D02/�B*17-3 B/81-� 7-)10M ∈ πm ∩π′k 0:**7 DB5,5+-35 B,273*,,0C 1--3D0,57 {tα} 0 {ua}< �30 ¨7-: r0 + tαaα = r′0 + uaba <�7/�D5 /6*D2*7� )7- B,273*,,0* 1--3D0,57A 7-)10M 2D-B6*7B-38�7 B*1�
7-3,-:2 235B,*,0�

tαaα − uaba = r′0 − r0
��G�

Ç



060 ¨1B0B56*,7,-� *:2 /0/7*:* 1--3D0,57,AC 235B,*,0�
ai

αt
α − biau

a = x′i0 − xi
0, i = 1, . . . , n. ��±�

	35B,*,0* ��G� /-B:*/7,- 7-9D5 0 7-6>1- 7-9D5� 1-9D5
r′0 − r0 ∈ L{a1, . . . , am,b1, . . . ,bk}. ��²�

 3*E26>757* .-62)5*: /6*D2��**
�XYZ[�¡Y\]Y^ �oghvghia πm = {M0,Lm} a π′k = {M ′

0,L
′
k} k efghifjbphikm An

adm{i bme}higm emfmhmsmbam igxnj a igo�vg igxnjw vgxnj
r′0 − r0 ∈ Lm + L′

k.
��¶�

ÈYÉY\]Y �]��Y�� Ê�ËÌ^ �3*D.-6-�0:� )7- /0/7*:5 235B,*,0� ��±� /-B�:*/7,5� 7- */7> BA.-6,8*7/8 2/6-B0* ��²�< �-9D5 35,9 r /0/7*:A 235B,*,0���±� 35B*, 35,92 /0/7*:A B*17-3-B
rank(a1, . . . , am;b1, . . . ,bk) = dim(Lm + L′

k).

�*�*,08 /0/7*:A 235B,*,0� ��±� .3*D/75B68�7 /-+-� B*17-3A
{t1, . . . , tm; u1, . . . , uk}

0E )0/6-B-9- .3-/735,/7B5 Rm+k < /81-:2 )5/7,-:2 3*�*,0� {tα0 ; ua
0} /0�/7*:A 235B,*,0� ��±� /--7B*7/7B2*7 7-)15M ′′

0
0E .*3*/*)*,08 πm∩π′k � 0:*���58 35D02/�B*17-3 r′′0 = r0 + tα0aα = r′0 + ua

0ba < /81-* 3*�*,0* {tα1 ; ua
1}-D,-3-D,-� /0/7*:A 235B,*,0�

ai
αt

α − biau
a = 0, i = 1, . . . , n, ��·�

/--7B*7/7B2��*� /0/7*:* ��G�� -.3*D*68*7 B*17-3 0E .*3*/*)*,08 Lm ∩L′
k
<�/60 {tαA; ua

A}� A = 1, . . . ,m+ k − r � F �2,D5:*,756>,58 /0/7*:5 3*�*,0��/:< ÂºÃ� ÍÍ ��� �G� /0/7*:A ��·�� 7- Lm ∩ L′
k
.3*D/75B68*7 /-+-� 60,*�,2�

-+-6-)12 /0/7*:A B*17-3-B cA = tαAaα = ua
Aba � A = 1, . . . ,m + k − r <�7/�D5 /6*D2*7� )7- .6-/1-/7> πm ∩ π′k 0:**7 /6*D2��** .535:*730)*/1-*235B,*,0*~

r = r′′0 + vAcA.

Î



�30 ,5C-�D*,00 .*3*/*)*,08 1-,13*7,AC .6-/1-/7*� D-/757-),- BA)0/�687> 7-6>1- )5/70 {u1, . . . , uk} 3*�*,0� {t1, . . . , tm; u1, . . . , uk} /0/7*: ��±�0 ��·�< �30 ¨7-: .-62)5�7/8 .535:*730)*/10* 235B,*,08 ua = ua
0 + λAua

A.6-/1-/70 πm∩π′k B 5��0,,-: .3-/735,/7B* π′k < �30 0C .-D/75,-B1* B 235B�,*,08 xi = x′i0 + uabia
.6-/1-/70 π′k .-62)5�7/8 -1-,)57*6>,A* 235B,*,08

xi = x′i0 +ua
0b

i
a +λA(ua

Ab
i
a)
.6-/1-/70 πm∩π′k B 5��0,,-: .3-/735,/7B* An <�5//:-730: .30:*3<ª�Z�«� µ^ �5�70 .*3*/*)*,0* DB2C 3�.6-/1-/7*� π 0 π′ B R5 � E5D5,,AC235B,*,08:0

π :




x1

x2

x3

x4

x5




=




2

1

3

1

2




+ t1




1

1

1

1

1




+ t2




0

0

1

1

0




+ t3




2

1

2

1

1




π′ :




x1

x2

x3

x4

x5




=




1

1

2

1

3




+ u1




1

3

0

2

5




+ u2




4

3

1

0

3




+ u3




0

1

0

1

2




ÈYÉY\]Y^ �3*-+35E2*: 35/�03*,,2� :5730½2 /0/7*:A 235B,*,0� ��±�D68 D5,,-� E5D5)0



1 0 2 −1 −4 0

1 0 1 −3 −3 −1

1 1 2 0 −1 0

1 1 1 −2 0 −1

1 0 1 −5 −3 −2

∣∣∣∣∣∣∣∣∣∣∣∣

−1

0

−1

0

1




∼




1 0 2 −1 −4 0

0 1 0 1 3 0

0 0 1 2 −1 1

0 0 0 −2 −2 −1

∣∣∣∣∣∣∣∣∣∣

−1

0

−1

1




	35B,*,08 π∩π′ B π′ ,5C-D87/8 0E .-/6*D,*9- 235B,*,08 .3*-+35E-B5,,-�/0/7*:A −2u1 − 2u2 − u3 = 1< �:**:~


u1

u2

u3


 =




0

0

−1


+ λ1




1

0

−2


+ λ2




0

1

−2




Ï



�7/�D5 


x1

x2

x3

x4

x5




=




1

0

2

0

1




+ λ1




1

1

0

0

1




+ λ2




4

1

1

−2

−1




�-/1-6>12 .6-/1-/7> π ∩ π′ � 35//:5730B5*:58 151 .-D:,-�*/7B- B 5���0,,-: .3-/735,/7B* π′ / 1--3D0,575:0 {u1, u2, u3}� E5D5*7/8 -D,0: 235B�,*,0*: −2u1 − 2u2 − u3 = 1� 7- π ∩ π′ F 90.*3.6-/1-/7> B π′ <µ^ πm ∩ π′k = ∅<VWXYZY[Y\]Y^ �}hi� njbc nkm eoghvghia πm = {M0,Lm} a π′k = {M ′
0,L

′
k}aw not gefmnmombbghiaw m 6 k ��oghvghia πm

a π′k bjlckj{iht ejfjoomo�bcda k hifgxgd hdchom hogpkj (πm‖π′k)w mhoa πm ∩ π′k = ∅
a Lm ⊂ L′

k ��oghvghia πm
a π′k bjlckj{iht hvfmqakj{qadahtw mhoa πm ∩ π′k = ∅a L′

k ∩ Lm = {0} ��:**7 :*/7- /6*D2��** -)*B0D,-*
�XYZ[�¡Y\]Y^ 1) Æhoa eoghvghi� πm = {M0,Lm} ejfjoomo�bj eoghvgphia π′k = {M ′

0,L
′
k}w m 6 k w ig πm ⊂ π′′k w xnm π′′k‖π′k � Ðij k peoghvghi� π′′kadmmi homn}{qau kan π′′k = {M0,L

′
k} �

2) Æhoa eoghvghia πm
a π′k hvfmqakj{ihtw ig gba omyji k ejfjoomo�pbcr (k +m)peoghvghitr π1
k+m = {M0,L

′
k ⊕ Lm} a π2

k+m = {M ′
0,L

′
k ⊕ Lm} �

M ′
0

π′k

M0

πm
π′′k

π2
k+m

M ′
0

π′k
π1

k+m

M0
πm

�E 2/6-B08 ��¶� /6*D2*7� )7- */60 πm
0 π′k /13*�0B5�7/8� 7- r′0 − r0 /∈

Lm⊕L′
k
< �51 151 dim(Lm⊕L′

k) = m+k � 7- 1+m+k 6 n< �6*D-B57*6>,-� /2:�:5 35E:*3,-/7*� /13*�0B5��0C/8 .6-/1-/7*� ,* :-�*7 .3*BA�57> n− 1<
Ñ



�-¨7-:2 B A4
:-927 /13*�0B57>/8 DB* .38:A* 060 .38:58 0 2�.6-/1-/7>�B A5

:-927 /13*�0B57>/8 .38:58 0 3�.6-/1-/7> 060 DB* 2�.6-/1-/70<�+�58 /0725½08 -.0/AB5*7/8 /6*D2��0: .3*D6-�*,0*:<�XYZ[�¡Y\]Y^ �}hi� πm ∩ π′k = ∅w j L′
k ∩ Lm = L′′

p w xnm p > 0w
p < mw p < k � ¢gxnj g|m eoghvghia πm

a π′k ejfjoomo�bc ppeoghvghia
π′′p = {M1,L

′′
p}w xnm M1 � hmfmnabj gifmlvj [M0M

′
0]w a bm h}qmhik}mieoghvghia πq w xnm q < k w q < mw fjldmfbghia |go�¾mu p ejfjoomo�bguvjyngu al eoghvghimu πm

a π′k �ª�Z�«� Ë^ �-15E57>� )7- .6-/1-/70 πm
0 π′k 0E .3*DAD2�*9- .3*D6-�*,08/-D*3�57 .53566*6>,A* p�.6-/1-/70 αp
0 βp � /13*�0B5��0*/8 .6-/1-/70

α̃m−p
0 β̃k−p

0 .30 ¨7-: πm
,578,275 ,5 αp0 α̃m−p � 5 π′k ,578,275 ,5 βp
0 β̃k−p <Ò��¤�\]Y^

π′k

π′′p

πm

β̃ M ′
0 β

M0 α̃
α�5//:-73*7> .38:A* D-.-6,*�

,08 .-D.3-/735,/7B5 .-D.3-/735,/7B5 L′′
p
B

L′
k
0 B B Lm <

�^Ë Ó��]\\�Y ���X�¡Y\]®^
�2/7> (An,Vn, ψ) 0 (A′

m,V
′
m, ψ

′) F 5��0,,A* .3-/735,/7B5� 5 α : An →
A′

m
F ,*1-7-3-* -7-+35�*,0*< �5//:-730: 7-)10 A,B,C,D ∈ An

7510*�)7- −→AB =
−−→
CD < �2/7> A′ = α(A)� B′ = α(B)� C ′ = α(C)� D′ = α(D)< �30¨7-:� B--+�* 9-B-38� −−→A′B′ 6= −−→

C ′D′ � 7- */7> -7-+35�*,0* α ,* -.3*D*68*7,0151-9- -7-+35�*,08 0E Vn
B V′

m
<

A B

C D

A′
C ′

D′
B′

VWXYZY[Y\]Y^ Ôig|fjymbamα : An → A′
m
bjlckjmiht j``abbcd gig|p

fjymbamd (dgf`aldgd j``abbcr efghifjbhik)w mhoa gbg abn}�af}mioabmubgm gig|fjymbam al Vn
k V′

m w igsbmmw mhoa h}qmhik}mi oabmubgm

 Õ



gig|fjymbam
α̂ : Vn → V′

mijvgmw sig
α̂(

−→
AB) =

−−−−−−→
α(A)α(B)

not o{|cr A,B ∈ An .

�E ¨7-9- -.3*D*6*,08 /6*D2*7�)7- 5��0,,-* -7-+35�*,0* α -D,-E,5),--.3*D*68*7/8 -+35E-: O′ = α(O) 6�+-� -D,-� 7-)10 O ∈ An
0 60,*�,A:

-7-+35�*,0*: α̂<
*�/7B07*6>,-�
O

M

O′

M ′

α

.2/7> M ∈ An
F .3-0E�

B-6>,58 7-)15 0 .2/7> M ′ = α(M)< �-9D5−−−→
O′M ′ = α̂(

−−→
OM)<�51 /6*D/7B0* .-62)5*:

�XYZ[�¡Y\]Y^ Ô|fjl α(πk)
eoghvghia πk = {M0,Lk} ⊂ An

efa j``abp
bgd gig|fjymbaaα : An → A′

m
tkotmiht eoghvghi�{ π′p = {α(M0), α̂(Lk)} ⊂

A′
m
fjldmfbghia p = dim α̂(Lk) 6 k �¹ sjhibghiaw g|fjlgd j``abbgxg efghifjbhikjAn

efa j``abbgd gig|p
fjymbaa α tkotmiht eoghvghi� {α(M0), im(α̂)} ⊂ A′

m �

M0

Mv
α

α(M0)

α(M)
α̂(v)

�/60 im(α̂) = V′
m � 7- α /�3Ö*170B,- �-7-+35�5*7 .3-/735,/7B- An

,5
B/* .3-/735,/7B- A′

m

�<�/60 im(α̂) = 0� 7- α -7-+35�5*7 .3-/735,/7B- An
B -D,2 7-)12 .3-/7�

35,/7B5 A′
m
<�XYZ[�¡Y\]Y^ �fgg|fjl α−1(π′k)

eoghvghia π′k = {M ′
0,L

′
k} ⊂ A′

m
efa

j``abbgd gig|fjymbaa α : An → A′
m
tkotmiht oa|g e}hicd dbgymp

hikgd oa|g eoghvghi�{ h bjefjkot{qad egnefghifjbhikgd α−1(L′
k) �

  



£���¤��Y[¥����^ �/60 α−1(π′k) 6= ∅
0 M0 ∈ α−1(π′k)� 7- α−1(π′k) =

= {M0, α̂
−1(L′

k)}< ��7:*70: )5/7,A* /62)50 ¨7-9- .3*D6-�*,08~ �� α−1(A′
m) = An �G� */60 M ′ ∈ α(An)� 7- α−1(M ′) ⊂ An

F .6-/1-/7><�XYZ[�¡Y\]Y^ �}hi� α : An → A′
m
a β : A′

m → A′′
k � j``abbcm gig|pfjymbat� ¢gxnj vgdegla�at β ◦ α : An → A′′

k � j``abbgm gig|fjymbam�£���¤��Y[¥����^ �)*B0D,-� β̂ ◦ α = β̂ ◦ α̂ <VWXYZY[Y\]Y^ _``abbgm gig|fjymbam α : An → A′
m
bjlckjmiht algp

dgf`aldgd j``abbcr efghifjbhikw mhoa α � |amv�at (kljadbg gnbgplbjsbgm gig|fjymbam bj khm efghifjbhikg A′
m

���/60 α : An → A′
m
F 0E-:-3�0E:� 7- α̂ : Vn → V′

m
F BE50:,- -D,-E,5)�

,-* -7-+35�*,0* ,5 B/* .3-/735,/7B- V′
m � 7- */7> 0E-:-3�0E: B*17-3,AC.3-/735,/7B< �7/�D5 /6*D2*7� )7- n = m<  ¨7-: /62)5* α−1 : A′

m → AnF 7-�* 0E-:-3�0E: 5��0,,AC .3-/735,/7B<  )5/7,-/70� /--7B*7/7B0*
h : An 3 M 7→ {xi

M} ∈ Rn � -7,-/8�** 7-)1* M ,5+-3 ** 1--3D0,57 -7,-�
/07*6>,- 3*.*35 {O; ei} B An � F 0E-:-3�0E: 5��0,,AC .3-/735,/7B<Ó��]\\�Y ���X�¡Y\]® � ���XZ]\���×^ �2/7> α : An → A′

m
F 5��0,�

,-* -7-+35�*,0*� {O; ei} F 3*.*3 BAn < /8158 7-)15M ∈ An
-.3*D*68*7/8

/B-0: 35D02/�B*17-3-: rM =
−−→
OM = xiei < �2/7> O′ = α(O) 0 M ′ = α(M)<�:**:~

−−−→
O′M ′ = α̂(

−−→
OM) = α̂(xiei) = xiα̂(ei).

O
e2

e3

e1

α

O′ α̂(e1)

α̂(e3)

α̂(e2)

�510: -+35E-:� D68 7-9-� )7-+A .-62)07> 7-)12 M ′ = α(M)� ,5D- -7�6-�07> -7 7-)10 O′ = α(O) B*17-3 xie′i � 9D* e′i = α̂(ei)< )5/7,-: /62)5*� 1-9D5 α F 0E-:-3�0E:� {e′i} F +5E0/ B V′
n
<  3*E26>�757* .-62)5*: /6*D2��**

 ©



�XYZ[�¡Y\]Y^ Ølgdgf`ald j``abbcr efghifjbhikα : An → A′
n
}hijp

bjkoakjmi hggikmihikam (kljadbg gnbglbjsbgm) dmyn} igsvjdaw adm{pqada gnabjvgkcm vggfnabjic gibghaimo�bg fmemfgk {O; ei} a {O′; e′i} �

O

M

e1

e2 α

O′

M ′

e′1e′2

�2/7> 7*.*3> {Q; fa}� a, b, . . . = 1, . . . ,m� F .3-0EB-6>,A� 3*.*3 B A′
m
<�5�D*: /--7B*7/7B0* :*�D2 1--3D0,575:0 {xi} 7-)10M -7,-/07*6>,- 3*�

.*35 {O; ei} 0 1--3D0,575:0 {ya} 7-)10 M ′ -7,-/07*6>,- 3*.*35 {Q; fa}<�5D02/�B*17-3A 7-)*1 M 0 M ′ 0:*�7 B0D rM =
−−→
OM = xiei � rM ′ =

−−→
QM ′ =

yafa < �-¨7-:2 rM ′ =
−−→
QM ′ =

−−→
QO′ +

−−−→
O′M ′ =

−−→
QO′ + α̂(

−−→
OM) = bafa + xiαa

i fa �9D* bafa =
−−→
QO′ � α̂(ei) = αa

i fa � 7- */7> {ba} F 1--3D0,57A 7-)10 O′ -7,-�
/07*6>,- 3*.*35 {Q; fa}� 5 (αa

i )
F :5730½5 60,*�,-9- -7-+35�*,08 α̂ .--7,-�*,0� 1 +5E0/5: {ei} 0 {fa}<

O

e1

e2

M

α

Q f1

f2

O′ = α(O)
M ′

 3*E26>757* .-62)5*: /6*D2��0* 235B,*,08 D68 5��0,,-9- -7-+35�
�*,08 α ~

ya = αa
i x

i + ba ��I�
060� B :5730),-: B0D*�




y1<<<
ym


 =




α1
1 . . . α1

n<<< <<<
αm

1 . . . αm
n






x1<<<
xn


+




b1<<<
bm


 . ��º�

 ´



VWXYZY[Y\]Y^ Ølgdgf`ald α : An → An
j``abbgxg efghifjbhikj Anbjlckjmiht j``abbcd efmg|fjlgkjbamd efghifjbhikj An ����0,,A* .3*-+35E-B5,08 ,5EAB5�7 751�* 5��0,,A:0 DB0�*,08:0

060 .3-/7- DB0�*,08:0� */60 ,* B-E,015*7 DB2/:A/6*,,-/70 �5��0,,A*DB0�*,08 :-�,- 35//:5730B57> 0 B *B160D-BAC .3-/735,/7B5C�<
�30 35//:-73*,00 5��0,,-9- DB0�*,08 α : An → An

*/7*/7B*,,- 35/�
/:5730B57> 1--3D0,57A 7-)*1 M ∈ An

0 0C -+35E-B α(M) ∈ An
-7,-/0�

7*6>,- -D,-9- 0 7-9- �* 3*.*35 {O; ei}< �E ��I� /6*D2*7� )7- B 1--3D0,575C�-.3*D*68*:AC 5��0,,A: 3*.*3-: {O; ei}� 5��0,,-* DB0�*,0* α E5D5*7/8235B,*,08:0 α ~
yj = αj

ix
i + bj, det (αj

i ) 6= 0. ��»�
@,-�*/7B- GA(An)

B/*C 5��0,,AC .3*-+35E-B5,0� .3-/735,/7B5 An-+35E2*7 932..2 -7,-/07*6>,- 1-:.-E0½00 .3*-+35E-B5,0�<ª��Y«�\]Y^  /--7B*7/7B00 / 35//:-73*,,A: 35,** /62)5*: 0E-:-3�0E�
:5 5��0,,AC .3-/735,/7B -D,-� 35E:*3,-/70 5��0,,-* DB0�*,0* α :

An → An
.*3*B-D07 7-)12 M � 0:*��2� 1--3D0,57A {xi} -7,-/07*6>,-,*1-7-3-9- 3*.*35 {O; ei}� B 7-)12 M ′ � 0:*��2� 7510* �* 1--3D0,57A

{xi} -7,-/07*6>,- 3*.*35 {O′; e′i}� 9D* O′ = α(O)� 5 e′i = α̂(ei) = αj
iej <

O e1

e2

O′

e′2e′1

ª�Z�«� Ù^ 
-15E57>� )7- 5��0,,-* DB0�*,0* α .3-/735,/7B5An
.*3*B-�

D07 B/810� ,5+-3 7-)*1M0,M1, . . . ,Mn � ,5C-D8�0C/8 B -+�*: .-6-�*,00�B ,5+-3 7-)*1 M ′
0,M

′
1, . . . ,M

′
n � 751�* ,5C-D8�0C/8 B -+�*: .-6-�*,00� 0D68 6�+AC DB2C ,5+-3-B M0,M1, . . . ,Mn

0 M ′
0,M

′
1, . . . ,M

′
n
7-)*1� ,5C-D8��0C/8 B -+�*: .-6-�*,00� /2�*/7B2*7 *D0,/7B*,,-* 5��0,,-* DB0�*,0*�.*3*B-D8�** 7-)12 Mp

B 7-)12 M ′
p
D68 B/*C p = 0, 1, . . . , n<ÈYÉY\]Y^
B0�*,0* α .*3*B-D07 3*.*3 {M0;

−−−→
M0Mi} B 3*.*3 {M ′

0;
−−−→
M ′

0M
′
i}<

 ¼



�XYZ�Y� ���]\\�° ÚY��Y�X]]^ ���0,,58 9*-:*7308 0E2)5*7 /B-�/7B5
-+Ö*17-B B 5��0,,AC .3-/735,/7B5C� 1-7-3A* -/75�7/8 ,*0E:*,,A:0 .305��0,,AC .3*-+35E-B5,08C<�B-�/7B5 0 C53517*30/7010 -+Ö*17-B� ,* 0E:*,8��0*/8 .30 .3*-+35E-�B5,08C� ,5EAB5�7/8 abkjfajbibcda<V�\��\�° ]\��X]�\� ���]\\�° ÚY��Y�X]]^ /81-* 5��0,,-* .3*-+35�
E-B5,0* .3-/735,/7B5 An

/-C35,8*7 .3-/7-* -7,-�*,0* (ABC) 73*C 7-)*1
A� B 0 C � 6*�5�0C ,5 -D,-� .38:-� `<
*�/7B07*6>,-� (ABC) = λ =⇒ −→

AC = λ
−−→
CB =⇒ −−→

A′C ′ = λ
−−→
C ′B′ �751

151 α̂ F 60,*�,-* -7-+35�*,0*� =⇒ (A′B′C ′) = λ<ª��Y«�\]Y^ �--7B*7/7B0*� -7,-/8�** 7-)1*M 5��0,,-9- .3-/735,/7B5
** 1--3D0,57A {xi} -7,-/07*6>,- 3*.*35 {O; ei}� .3*D/75B68*7 /-+-� 0E-�:-3�0E: 5��0,,AC .3-/735,/7B h : An → Rn < �2/7> h′ : An → Rn F
-7-+35�*,0*� -7,-/8�** 7-)1* M ** 1--3D0,57A {xi′} -7,-/07*6>,- D32�9-9- 3*.*35 {O′; ei′}� 7-9D5 .3*-+35E-B5,0* 1--3D0,57 xi = pi

i′x
i′ + bi .3*D�/75B68*7 /-+-� 5��0,,-* .3*-+35E-B5,0* h ◦ (h′)−1 : Rn → Rn <

Rn
h ◦ (h′)−1

// Rn

An

h′

aaDDDDDDDD h

==zzzzzzzz

ª�Z�«� Û^ �5�70 5��0,,-* .3*-+35E-B5,0* α .6-/1-/70A2 � .*3*B-D8�**7-)10A(−2; 1)�B(0; 2) 0C(1; 3) /--7B*7/7B*,,- B 7-)10A′(−2;−3)�B′(2; 9)0 C(1; 13)<ÈYÉY\]Y^ �3*-+35E-B5,0* α 0:**7 B0D
(
y1

y2

)
=

(
α1

1 α1
2

α2
1 α2

2

)(
x1

x2

)
+

(
b1

b2

)
. �GH�

�-D/75B688 B �GH� 1--3D0,57A D5,,AC 7-)*1� .-62)0: /0/7*:2 235B,*,0�

 À



-7,-/07*6>,- ·�70 ,*0EB*/7,AC α1
1 � α1

2 � α2
1 � α2

2 � b1 � b2 ~
(

−2

−3

)
=

(
α1

1 α1
2

α2
1 α2

2

)(
−2

1

)
+

(
b1

b2

)
,

(
2

9

)
=

(
α1

1 α1
2

α2
1 α2

2

)(
0

2

)
+

(
b1

b2

)
,

(
1

13

)
=

(
α1

1 α1
2

α2
1 α2

2

)(
1

3

)
+

(
b1

b2

)
.

�G��

�0/7*:2 235B,*,0� �G�� :-�,- 3*�57> -+A),A: /.-/-+-: :*7-D-: �52/�
/5 ÂºÃ� -D,51- 62)�* /,5)565 ,5�70 60,*�,-* -7-+35�*,0* �0E-:-3�0E:� α̂ <�7-+35�*,0* α̂ .*3*B-D07 B*17-3A −→

AB = {2; 1} 0 −→
AC = {3; 2} /--7B*7�/7B*,,- B B*17-3A −−→

A′B′ = {4; 12} 0 −−→
A′C ′ = {3; 16}� .-¨7-:2 D68 ,5C-�D*�,08 :5730½A (αj

i )
.-62)5*: :5730),-* 235B,*,0*
(
α1

1 α1
2

α2
1 α2

2

)(
2 3

1 2

)
=

(
4 3

12 16

)
.

�7/�D5
(
α1

1 α1
2

α2
1 α2

2

)
=

(
4 3

12 16

)(
2 3

1 2

)−1

=

(
5 −6

8 −4

)
.

�1-,)57*6>,A� 3*E26>757 0:**7 B0D~
(
y1

y2

)
=

(
1 −2

3 1

)(
x1

x2

)
+

(
2

2

)
.

ª�Z�«� Ü^ �510:0 235B,*,08:0 E5D5�7/8 -+35EA .38:-� `~x1+2x2−3 =

0 0 .535+-6A Φ~ (x2)2 = x1 .30 5��0,,-: .3*-+35E-B5,00 α
{
y1 = 2x1 + 3x2 − 1

y2 = x1 + 2x2 + 3 ?

ÈYÉY\]Y^ �*3*.0�*: 235B,*,08 5��0,,-9- .3*-+35E-B5,08 B :5730)�,-: B0D*~ (
y1

y2

)
=

(
2 3

1 2

)(
x1

x2

)
+

(
−1

3

)
.

 Ç



�+357,-* .3*-+35E-B5,0* α−1 0:**7 B0D
(
x1

x2

)
=

(
2 −3

−1 2

)(
y1

y2

)
+

(
11

−7

)

060 {
x1 = 2y1 − 3y2 + 11

x2 = −y1 + 2y2 − 7
�GG�

�-D/75B688 235B,*,08 �GG� B 235B,*,08 .38:-� ` 0 .535+-6A Φ� .-62)0:235B,*,08 0C -+35E-B .30 5��0,,-: .3*-+35E-B5,00 α � 5 0:*,,-�
α(`) : (2y1 − 3y2 + 11) + 2(−y1 + 2y2 − 7) − 3 = 0,

α(Φ)~ (−y1 + 2y2 − 7)2 = 2y1 − 3y2 + 11.

ª�Z�«� Ý^ �5�70 0,B5305,7,A* .38:A* 5��0,,-9- .3*-+35E-B5,08 α
(
y1

y2

)
=

(
7 −1

4 2

)(
x1

x2

)
+

(
1

4

)
.

ÈYÉY\]Y^ �*�58 C53517*30/70)*/1-* 235B,*,0*
∣∣∣∣∣

7 − λ −1

4 2 − λ

∣∣∣∣∣ = 0

D68 60,*�,-9- -.*357-35 α̂� ,5C-D0: *9- /-+/7B*,,A* E,5)*,08 λ1 = 3�
λ2 = 6< �-+/7B*,,A* B*17-3A� /--7B*7/7B2��0* ¨70: /-+/7B*,,A: E,5)*�,08:� 8B68�7/8 ,5.35B68��0:0 B*17-35:0 0,B5305,7,AC .38:AC< *1�7-3 a1 � /--7B*7/7B2��0� E,5)*,0� λ1 = 3� 8B68*7/8 3*�*,0*: 235B,*,08
(7 − 3)a1 − a2 = 0 =⇒ a1 = {1; 4}< �7/�D5 /6*D2*7� )7- .*3B58 0,B530�5,7,58 .38:58 0:**7 235B,*,0* 4x1 − x2 + A3 = 0< �-/1-6>12 .38:58 `0,B5305,7,5 -7,-/07*6>,- .3*-+35E-B5,08 α 7-9D5 0 7-6>1- 7-9D5� 1-9D5-,5 0,B5305,7,5 -7,-3/07*6>,- .3*-+35E-B5,08 α−1 � 7- D68 ,5C-�D*,08.*3B-� 0,B5305,7,-� .38:-� .-D/75B0: BA35�*,08

{
y1 = 7x1 − x2 + 1

y2 = 4x1 + 2x2 + 4

B 235B,*,0* 4y1−y2+A3 = 0< �-62)5*: 4(7x1−x2+1)−(4x1+2x2+4)+A3 =

0 ⇐⇒ 24x1 − 6x2 + A3 = 0< 
68 7-9-� )7- +A .38:A* 4x1 − x2 + A3 = 0 0
 Î



24x1 − 6x2 + A3 = 0 /-B.5D560� ,*-+C-D0:- 0 D-/757-),-� )7-+A A3 = 6A3

⇐⇒A3 = 0< �510: -+35E-:� .*3B-:2 /-+/7B*,,-:2 E,5)*,0� /--7B*7/7B2*7-D,5 0,B5305,7,58 .38:58 4x1 − x2 = 0<�,B5305,7,58 .38:58� /--7B*7/7B2��58 /-+/7B*,,-:2 E,5)*,0� λ2 = 6�0:**7 235B,*,0* x1−x2 +A3 = 0< �30 .3*-+35E-B5,00 α−1 -,5 .*3*C-D07 B
.38:2� (7x1−x2 +1)− (4x1 +2x2 +4)+A3 = 0 ⇐⇒ 3x1−3x2−3+A3 = 0<�7/�D5 −3 + A3 = 3A3

0 A3 = −3
2
< �510: -+35E-:� B7-3-:2 /-+/7B*,,-:2E,5)*,0� /--7B*7/7B2*7 -D,5 0,B5305,7,58 .38:58 2x1 − 2x2 − 3 = 0<���0,,A* .3*-+35E-B5,08 :-927 2/.*�,- .30:*,87>/8 .30 3*�*,00

,*1-7-3AC E5D5) *B160D-B-� 9*-:*7300<ª�Z�«� Þ^ 
-15E57>� )7- .38:58� /-*D0,8��58 /*3*D0,A -/,-B5,0� 735�.*½00� .3-C-D07 )*3*E 7-)12 .*3*/*)*,08 D059-,56*�<ÈYÉY\]Y^ ���0,,A: .3*-+35E-B5,0*: B/8158 735.*½08 :-�*7 +A7> .*�
3*B*D*,5 B 35B,-+-),2�� D68 1-7-3-� 27B*3�D*,0* BA.-6,8*7/8 -)*B0D�,A: -+35E-:<

A B

D C

S

A′ B′

D′ C ′

S ′

ª�Z�«� ß^ �1-6- ¨660./5 -.0/5, 3-:+< 
-15E57>� )7- B*3�0,A 3-:+56*�57 ,5 -/8C ¨660./5<ÈYÉY\]Y^ �2/7> Φ F ¨660./� 0:*��0� 235B,*,0*
x2

a2
+
y2

b2
= 1,

0 R F 3-:+� -.0/5,,A� -1-6- ¨660./5 Φ< �30 5��0,,-: .3*-+35E-B5�,00 x′ = x
a
� y′ = y

b
¨660./ Φ .*3*C-D07 B -132�,-/7> Φ′ / 235B,*,0*:

x2 + y2 = 1< �30 ¨7-: 3-:+ R .*3*C-D07 B .53566*6-935:: R′ � -.0/5,,A�-1-6- -132�,-/70Φ′ < �- B/810� .53566*6-935::� -.0/5,,A� -1-6- -132��,-/70� -)*B0D,-� 8B68*7/8 3-:+-:< �510: -+35E-:� R′ F 3-:+< 
059-,560
 Ï



3-:+5 R′ 8B68�7/8 .53-� BE50:,- -37-9-,56>,AC D05:*73-B -132�,-/70
Φ′ < �7/�D5� B )5/7,-/70� /6*D2*7� )7- ¨70 D05:*73A /-.38�*,A -7,-/0�7*6>,- -132�,-/70 Φ′ �15�DA� 0E ¨70C D05:*73-B� -)*B0D,-� D*607 .-.-�65: C-3DA� .53566*6>,A* D329-:2 D05:*732�< �- 7-9D5 0 D059-,560 3-:+5
R F /-.38�*,,A* D05:*73A ¨660./5 Φ �.30 5��0,,-: .3*-+35E-B5,00
½*,73 ¨660./5 Φ .*3*C-D07 B ½*,73 -132�,-/70 Φ′ � /6*D-B57*6>,-� D05�:*73A .*3*C-D87 B D05:*73A� 13-:* 7-9-� /-.38�*,,-/7> D05:*73-B� -)*�B0D,-� /-C35,8*7/8�< �-/1-6>12� .-:0:- ¨7-9-� D059-,560 3-:+5R BE50:,--37-9-,56>,A� -,0 8B68�7/8 -/8:0 /0::*7300 ¨660./5 Φ<

O
R

Φ

O′

Φ′

R′

ª�Z�«� �à^ �E 15�D-� B*3�0,A 73*29-6>,015 ABC .3-B*D*,A .- DB*
.38:A*� D*68�0* .3-70B-.-6-�,2� /7-3-,2 ,5 730 35B,A* )5/70 0 8B�68��0*/8 /7-3-,5:0 �*/7029-6>,015 KLMNPQ< 
-15E57>� )7- D059-�,560 �*/7029-6>,015 KLMNPQ� /-*D0�,8��0* *9- .3-70B-.-6-�,A* B*3�0,A�.*3*/*15�7/8 B -D,-� 7-)1*<ÈYÉY\]Y^

A B

C

Q

L

M

KP

N

�30:*,88 5��0,,-* .3*-+�35E-B5,0*� .*3*B*D*: 73*29-6>,01
ABC B 35B,-/7-3-,,0� 0 B-/.-6>E2*:/8
7*:� )7- :*D05,A 35B,-/7-3-,,*9- 73*29-6>�,015 8B68�7/8 *9- -/8:0 /0::*7300<

�^Ù á��W[Y��]�]��â]® �YãY���Y\\�× �Y���X\�× ] ���]\\�× WX���X�\���^
 -.3*D*6*,08C B*17-3,-9- 0 5��0,,-9- .3-/735,/7B .-6* B*�*/7B*,,AC)0/*6 R :-�,- E5:*,07> ,5 6�+-* D329-* .-6* F� 7- */7> ,5 :,-�*/7B- F�,5 1-7-3-: E5D5,A DB* -.*35½00~ /6-�*,08 + : F × F → F 0 2:,-�*,08

 Ñ



∗ : F × F → F 7510*� )7- (F,+) F 1-::27570B,58 932..5� (F \ {0}, ∗) F1-::27570B,58 932..5 0 2:,-�*,0* D0/730+270B,- .- -7,-�*,0� 1 /6-�*�
,0�< �30 ¨7-: /-C35,8�7 /:A/6 7510* .-,8708� BB*D*,,A* 35,** D68 5���0,,-9- .3-/735,/7B5 ,5D .-6*:R� 151 60,*�,58 E5B0/0:-/7> 0 ,*E5B0/0�:-/7> B*17-3-B� +5E0/� 3*.*3� 1--3D0,57A� .-D.3-/735,/7B-� m�.6-/1-/7>�60,*�,-* -7-+35�*,0*� 5��0,,-* -7-+35�*,0*<ª�Z�«� ��^ �/75710 -7 D*6*,08 ,5 G -+35E2�7 .-6* F2 � /-/7-8�** 0E DB2C¨6*:*,7-B 0 0 1 �0+0 = 0� 0+1 = 1� 1+1 = 0� 0∗0 = 0� 0∗1 = 0� 1∗1 = 1

�<
-15E57>� )7- 73*C:*3,-* 5��0,,-* .3-/735,/7B- A3(F2)
/-/7-07 0E º�:0

¨6*:*,7-B 0 ,5�70 B/* .38:A* 0 B/* .6-/1-/70 ¨7-9- .3-/735,/7B5<Ò��¤�\]Y^ -/.-6>E-B57>/8 7*:� )7- 15�D58 0E 73*C 1--3D0,57 7-)10060 B*17-35 :-�*7 .30,0:57> 3-B,- DB5 E,5)*,08 0 0 1<�XYZ[�¡Y\]Y^�}hi�Vn(C) = (V,+, · ) � vgdeomvhbgm kmvigfbgm efgphifjbhikg fjldmfbghia nw xnm · : C × V → V � gemfj�at }dbgymp
bat zomdmbigk al V bj vgdeomvhbcm sahojw a ·′ = · |R : R × V → V

� gemfj�at }dbgymbat zomdmbigk al V bj kmqmhikmbbcm sahoj� ¢gpxnj VR
2n = (V,+, ·′ ) � kmqmhikmbbgm kmvigfbgm efghifjbhikg fjldmfp

bghia 2n �£���¤��Y[¥����^ �/60 {ek}� k = 1, . . . , n F +5E0/ B Vn(C)� 7- 2n B*1�7-3-B {ek, iek}� k = 1, . . . , n 60,*�,- ,*E5B0/0:A / B*�*/7B*,,A:0 1-¨���0½0*,75:0< 
*�/7B07*6>,-� akek + bk(iek) = 0 =⇒ (ak + ibk)ek = 0 =⇒
ak + ibk = 0 ∈ C� k = 1, . . . , n� =⇒ ak, bk = 0 ∈ R� k = 1, . . . , n< �30¨7-: v = vkek � vk ∈ C =⇒ v = (ak + ibk)ek � 9D* vk = ak + ibk =⇒
v = akek + bk(iek)< �VWXYZY[Y\]Y^ ¹mvigfbgm efghifjbhikg VR

2n = (V,+, ·′ ) bjlckjmihtgkmqmhikombamd vgdeomvhbgxg kmvigfbgxg efghifjbhikjVn(C) = (V,+, · ) �_``abbgm efghifjbhikgAR
2n = (A,VR

2n, ψ) bjlckjmiht gkmqmhikombapmd vgdeomvhbgxg j``abbgxg efghifjbhikj An(C) = (A,Vn(C), ψ) �
�*3*C-D 1 -B*�*/7B6*,08: .-EB-68*7 /)0757>� )7- 1-:.6*1/,A* B*17-3�,A* 0 5��0,,A* .3-/735,/7B5 8B68�7/8 -D,-B3*:*,,- 0 B*�*/7B*,,A:0

B*17-3,A:0 0 �/--7B*7/7B*,,-� 5��0,,A:0 .3-/735,/7B5:0<�X]�YX^ �2/7> B 1-:.6*1/,-: 5��0,,-: .3-/735,/7B* A2(C) B �1-:�
©Õ



.6*1/,AC� 1--3D0,575C {z1, z2}� -.3*D*68*:AC ,*1-7-3A: 3*.*3-: {O, e1, e2}�E5D5,- :,-�*/7B- 7-)*1Φ� 1--3D0,57A 1-7-3AC 2D-B6*7B-38�7 235B,*,0�
(z1)2 +(z2)2 = 1<  �B*�*/7B*,,AC� 1--3D0,575C {x1, x2, x3, x4} B .3-/735,�/7B* AR

4 � -.3*D*68*:AC 3*.*3-: {O, e1, ie1, e2, ie2}� ¨7- �* :,-�*/7B- ΦE5D5*7/8 /0/7*:-� 235B,*,0� (x1)2−(x2)2+(x3)2−(x4)2 = 1�x1x2+x3x4 = 0<VWXYZY[Y\]Y^ ägdeomvha`avj�amu npdmfbgxg kmqmhikmbbgxg kmvigfbgpxg efghifjbhikj Vn
bjlckjmiht ejfj (VC

n , ϕ)w hghigtqjt al npdmfbgxgvgdeomvhbgxg kmvigfbgxg efghifjbhikj VC
n
a oabmubgxg gig|fjymbat

ϕ : Vn → VC
n
ijvgxgw sig oabmubjt g|gogsvj (h vgdeomvhbcda vgz`p`a�ambijda) LC(im(ϕ)) hgkejnjmi hg khmd efghifjbhikgd VC

n ��fa zigd bjsjo�bgm kmqmhikmbbgm efghifjbhikg Vn
gigynmhikotp

miht h mxg g|fjlgd im(ϕ) = ϕ(Vn) ⊂ VC
n ��E ¨7-9- -.3*D*6*,08 /6*D2*7� )7- */60 {ek} F +5E0/ B Vn � 7- {ϕ(ek) ≡

ek} F +5E0/ BVC
n
< �510: -+35E-:� .*3*C-D 1 1-:.6*1/0�015½00 .-EB-68*7/)0757>� )7- 1--3D0,57A B*17-3-B :-927 .30,0:57> ,* 7-6>1- B*�*/7B*,�,A*� ,- 0 1-:.6*1/,A* E,5)*,08<

e1

ie2

e2

ie1

Vn

VC
n

�)*B0D,-� )7- D68 6�+-9- B*17-3,-9- .3-/735,/7B5Vn
/2�*/7B2*7 1-:�

.6*1/0�015½08< 
68 ** .-/73-*,08 D-/757-),- BE87> .3-0EB-6>,A* +5E0/A
{ek} BVn

0 {e′k} BVC
n
0 -.3*D*607> -7-+35�*,0* ϕ : Vn → VC

n
/6*D2��0:

-+35E-:~ ϕ(vkek) = vke′k <VWXYZY[Y\]Y^ ägdeomvha`avj�amu npdmfbgxg kmqmhikmbbgxg j``abbgpxg efghifjbhikj An
bjlckjmiht ejfj (AC

n , α)w hghigtqjt al npdmfbgxgvgdeomvhbgxg j``abbgxg efghifjbhikj AC
n
a j``abbgxg gig|fjymbat

α : An → AC
n
ijvgxgw sig ejfj (VC

n , α̂ : Vn → VC
n )w xnm Vn

a VC
n �

© 



kmvigfbcm efghifjbhikjw jhhg�aafgkjbbcm hggikmihikmbbg h An
a AC

n wtkotmiht vgdeomvha`avj�amu kmvigfbgxg efghifjbhikj Vn ��fa zigd bjsjo�bgm kmqmhikmbbgm j``abbgm efghifjbhikgAn
gigypnmhikotmiht h mxg g|fjlgd α(An) ⊂ AC

n ��)*B0D,-� )7- D68 6�+-9- 5��0,,-9- .3-/735,/7B5An
/2�*/7B2*7 1-:�

.6*1/0�015½08< 
68 ** .-/73-*,08 D-/757-),- BE87> .3-0EB-6>,A* 3*.*3A
{O; ek} B An

0 {O′; e′k} B AC
n
0 BE87> -7-+35�*,0* α : An → AC

n � -7,-/8�**7-)1* M / 1--3D0,575:0 (xk) -7,-/07*6>,- 3*.*35 {O; ek} 7-)12 M ′ � 0:*���2� 7510* �* �B*�*/7B*,,A*� 1--3D0,57A -7,-/07*6>,- 3*.*35 {O′; e′k}<�*3*C-D 1 1-:.6*1/0�015½00 .-EB-68*7 /)0757>� )7- 1--3D0,57A 7-)*1B 0E2)5*:-: 5��0,,-: .3-/735,/7B* :-927 .30,0:57> ,* 7-6>1- B*�*�
/7B*,,A*� ,- 0 1-:.6*1/,A* E,5)*,08<ª��Y«�\]Y^ /81-* 60,*�,-* -7-+35�*,0* β : Vn → Wm

-D,-E,5),-
.3-D-6�5*7/8 D- C�60,*�,-9- -7-+35�*,08 βC : VC

n → WC
m
<  1--3�D0,575C -7-+35�*,08 β 0 βC 0:*�7 -D0, 0 7-7 �* B0D ya = βa

kx
k � 9D*

(βa
k)
F B*�*/7B*,,58 :5730½5< �,56-90),-� B/81-* 5��0,,-* -7-+35�*�,0* α : An → A′

m
-D,-E,5),- .3-D-6�5*7/8 D- 5��0,,-9- -7-+35�*,08

αC : AC
n → A′C

m
<  1--3D0,575C -7-+35�*,08 α 0 αC 0:*�7 -D0, 0 7-7 �*

B0D ya = αa
kx

k + ba � 9D* (αa
k)
F B*�*/7B*,,58 :5730½5� 5 ba � a = 1, . . . ,m F

B*�*/7B*,,A* )0/65<VWXYZY[Y\]Y^ ¸ggikmihikamw vgigfgm gibghai vjyngd} npdmfbgd}kmqmhikmbbgd} kmvigfbgd} (j``abbgd}) efghifjbhik} bmvgigf}{ mxgvgdeomvha`avj�a{w j oabmubgd} (j``abbgd}) gig|fjymba{ � mxg efgpngoymbamw bjlckjmiht `}bvigfgd vgdeomvha`avj�aa�Á2,17-3A 1-:.6*1/0�0½032�7 /35E2 B/* B*17-3,A* �5��0,,A*� .3-/7�
35,/7B5< 
68 0C .-/73-*,08 ,2�,- 215E57> ,*1-7-32� /75,D537,2� /C*:21-:.6*1/0�015½00< �30B*D*: .30:*3A 7510C �2,17-3-B<åæ\���X ���W[Y��]�]��â]] �Y���X\�× WX���X�\���^ �5 .38:-� /2::*

Vn ⊕ Vn = {x ⊕ y |x,y ∈ Vn}
BB*D*: -.*35½0� 2:,-�*,08 B*17-3-B ,5 1-:.6*1/,A* )0/65

· : C ⊗ (Vn ⊕ Vn) → Vn ⊕ Vn,

©©



.-65958
(a+ ib)(x ⊕ y) = (ax − by) ⊕ (bx + ay).ç*91- .3-B*38*7/8� )7- 73-�15 (Vn ⊕ Vn,+, · ) 2D-B6*7B-38*7 B/*: 51/0-�:5: 1-:.6*1/,-9- B*17-3,-9- .3-/735,/7B5< @-,-:-3�0E: B*�*/7B*,,ACB*17-3,AC .3-/735,/7B

ϕ : Vn 3 x 7→ x ⊕ 0 ∈ Vn ⊕ Vn

.-EB-68*7 -7-�D*/7B07> .3-/735,/7B- Vn
/ B*�*/7B*,,A: .-D.3-/735,�

/7B-: ϕ(Vn) = {x ⊕ 0 |x ∈ Vn} ⊂ Vn ⊕ Vn � -7-�D*/7B688 x ≡ x ⊕ 0<
�30 ¨7-: i · (x ⊕ 0) = 0 ⊕ x� -712D5 x ⊕ y = x + iy < �510: -+35E-:�
(VC

n = Vn ⊕ Vn, ϕ : Vn → Vn ⊕ Vn)
F 1-:.6*1/0�015½08 .3-/735,/7�

B5 Vn <åæ\���X ���W[Y��]�]��â]] ���]\\�× WX���X�\���^ �30 .-/73-*,00�2,17-35 1-:.6*1/0�015½00 5��0,,AC .3-/735,/7B (An,Vn, ψ) /,5)5�65 ,2�,- BA+357> ,*1-7-3A� �217-3 1-:.6*1/0�015½00 B*17-3,AC .3-�
/735,/7B< �)075*:� )7- ¨7- 2�* -/2�*/7B6*,-< @,-�*/7B- AC

n ⊃ An
.-�

/73-0:� 0/C-D8 0E 7-9-� )7- 15�D58 7-)15 M ∈ AC
n
8B68*7/8 1-,½-: ,*1-�

7-3-9- B*17-35 −−→
AM = v ∈ VC

n � ,5)56- 1-7-3-9- 6*�07 B An < �-/1-6>127-)15 A .30 ¨7-: :-�*7 +A7> BA+35,5 .3-0EB-6>,-� 7- 7-)1* M ∈ AC
n-D,-E,5),- /--7B*7/7B2*7 165// B*17-3-B {−−→BM |B ∈ An}< �510: -+35E-:�35//:5730B5*: :,-�*/7B- An×VC

n � BB-D0: ,5 ,*: -7,-�*,0* ¨1B0B56*,7�,-/70 {A,v} ∼ {B,u} ⇐⇒ v =
−→
AB + u 0 .-6595*: AC

n = (An × VC
n )/∼<�7-+35�*,0* ψC � -7,-/8�** .53* 7-)*1 M,N ∈ AC

n
B*17-3 −−→

MN ∈ VC
n �1-33*17,- -.3*D*68*7/8 /--7,-�*,08:0~ */60 7-)10 M 0 N E5D5�7/8� /-�-7B*7/7B*,,-� .535:0 {A,v} 0 {B,w}� 7- −−→MN = −v +

−→
AB + w <

©´



A
B

M

An

AC
n

uv

A
B

An

AC
n

M

N

v w

A′

B′

BA

M

N

An

AC
n

v′ v w′ w

−v′ +
−−→
A′B′ + w′ = (−v +

−−→
AA′) +

−−→
A′B′ + (

−−→
B′B + w) =

= −v +
−→
AB + w <

©¼



è �UéêLëNUN TKKLMMNO PQNRSQTMRSUN(
VWXYZY[Y\]Y^ Ækvoangkcd j``abbcd efghifjbhikgd bjlckjmiht j``abp
bgm efghifjbhikg En w jhhg�aafgkjbbgm h mkvoangkcd kmvigfbcd efghifjbphikgd (En, g) �ì060,*�,58 �-3:5

g : En × En 3 {x,y} 7→ g(x,y) = (x,y) ∈ R,

-7,-/8�58 .53* B*17-3-B 0C /15683,-* .3-0EB*D*,0*� ,5EAB5*7/8 ghbgkpbgu 060 dmifasmhvgu �-3:-� *B160D-B5 .3-/735,/7B5 En < ³75 �-3:5 .--.3*D*6*,0� 2D-B6*7B-38*7 DB2: 2/6-B08:~ �� -,5 /0::*730),5� 7- */7>
g(x,y) = g(y,x) D68 6�+AC x,y ∈ En � G� 1B5D3570),58 �-3:5

En 3 x 7→ g(x,x) ∈ R

.-6-�07*6>,- -.3*D*6*,5� 7- */7> g(x,x) > 0 .30 6�+-: x ∈ En
0 g(x,x) =

0 ⇐⇒ x = 0<�XYZ[�¡Y\]Y^ �}hi� (En, g) � mkvoangkg efghifjbhikgw j Em ⊂ En �egnefghifjbhikg a g′ � gxfjbasmbam `gfdc g bj egnefghifjbhikg Em wig mhi� g′(x,y) = g(x,y)
not o{|cr x,y ∈ Em � ¢gxnj (Em, g

′) � mkvoangkgefghifjbhikg�£���¤��Y[¥���� -)*B0D,-~ g′(x,x) = g(x,x) > 0 0 g′(x,x) = 0 ⇐⇒
x = 0< �VWXYZY[Y\]Y^ �}hi� (En, g)

a (E′
n, g

′) � nkj mkvoangkj kmvigfbcr efgphifjbhikj� Ølgdgf`ald kmvigfbcr efghifjbhik ϕ : En → E′
n
bjlckjp

miht algdgf`aldgd mkvoangkcr kmvigfbcr efghifjbhikw mhoa
g′(ϕ(x), ϕ(y)) = g(x,y) ∀ x,y ∈ En .

Æhoa h}qmhik}mi algdgf`ald mkvoangkcr kmvigfbcr efghifjbhikϕ :

En → E′
n w ig mkvoangkc kmvigfbcm efghifjbhikj (En, g)

a (E′
n, g

′) bjlcpkj{iht algdgf`bcda��XYZ[�¡Y\]Y^ í{|cm nkj mkvoangkcr kmvigfbcr efghifjbhikj (En, g)a (E′
n, g

′) gnbgu fjldmfbghia algdgf`bc�
©À



£���¤��Y[¥����^ A+*3*: B ¨70C .3-/735,/7B5C -37-,-3:03-B5,,A* +5�
E0/A {ei} 0 {e′i} 0 35//:-730: 60,*�,-* -7-+35�*,0*

ϕ : En 3 x = xiei 7→ x′ = xie′i ∈ E′
n.

�)*B0D,- (x,y) = x1y1 + . . .+ xnyn = (x′,y′)< �@,-�*/7B- O(En)
B/*C 0E-:-3�0E:-B ϕ : En → En

*B160D-B5 .3-/735,�
/7B5 En

,5 /*+8 -+35E2*7 932..2 -7,-/07*6>,- 1-:.-E0½00� 8B68��2�/8.-D932..-� B 932..* GL(En)
B/*C 60,*�,AC 0E-:-3�0E:-B .3-/735,/7B5

En
,5 /*+8< 
*�/7B07*6>,-� */60 ϕ, θ ∈ O(En)� 7- D68 6�+AC x,y ∈ EnBA.-6,8*7/8

g((ϕ ◦ θ)(x), (ϕ ◦ θ)(y) =

g(ϕ(θ(x)), ϕ(θ(y))) = g(θ(x), θ(y)) = g(x,y).

�G±�

�2/7> ϕ ∈ O(En)
0 {ei} F -37-,-3:03-B5,,A� +5E0/ B En � 7-9D5 δij =

(ei, ej) = (ϕ(ei), ϕ(ej)) = (ϕm
i em, ϕ

k
jek) = ϕm

i ϕ
k
j δmk =

∑n
k=1 ϕ

k
iϕ

k
j ⇐⇒

Φ = (ϕk
i )
F -37-9-,56>,58 :5730½5 �Φ>Φ = E � /7-6+½A :5730½A Φ F

-37-,-3:03-B5,,A� +5E0/ B Rn
�<VWXYZY[Y\]Y^ �}hi� (En,En, ψ) a (E ′

n,E
′
n, ψ

′) � nkj mkvoangkcr j``abpbcr efghifjbhikj� Ølgdgf`ald j``abbcr efghifjbhik α : En → E ′
n
bjp

lckjmiht algdgf`aldgd mkvoangkcr j``abbcr efghifjbhikw mhoa jhhgp�aafgkjbbcu algdgf`ald kmvigfbcr efghifjbhik α̂ : En → E′
n
tkotmiht

algdgf`aldgd mkvoangkcr kmvigfbcr efghifjbhik��XYZ[�¡Y\]Y^ í{|cm nkj mkvoangkcr j``abbcr efghifjbhikj En
a E ′

ngnbgu fjldmfbghia algdgf`bc�£���¤��Y[¥����^ A+*3*: B .3-/735,/7B5C En
0 E ′

n
-37-,-3:03-B5,,A*

3*.*3A {O; ei} 0 {O′; e′i} 0 2/75,-B0: /--7B*7/7B0* :*�D2 7-)15:0� 0:*���0:0 -D0,51-BA* 1--3D0,57A .- -7,-�*,0� 1 ¨70: 3*.*35:<�

O e1

e2
M

O′ e′1

e′2

M

©Ç



�XYZ[�¡Y\]Y^ �}hi� {ei} � |jlah (bm g|tljimo�bg gfigbgfdafgkjbbcu)k mkvoangkgd efghifjbhikm En
a (gij) � djifa�j hvjotfbgxg efgalkmnmpbat k zigd |jlahm (gij = g(ei, ej)) � ¢gxnj

det (gij) > 0. �G²�
£���¤��Y[¥����^ A+*3*: ,*1-7-3A� -37-,-3:03-B5,,A� +5E0/ {ei′} B.3-/735,/7B* En � 0 .2/7> ei′ = pi

i′ei < �+-E,5)0: G = (gij)� G′ = (gi′j′)�
P = (pi

i′)< �51 +A6- BA8/,*,- 35,** �/:< ÂGHÃ� /< �H�� G′ = P>GP � -712D5
detG′ = detP>detG detP < �-/1-6>12 {ei′} F -37-,-3:03-B5,,A� +5E0/0� /6*D-B57*6>,-� detG′ = 1� 5 detP> = detP � 7- (detG)(detP )2 = 1� )7-0 D-15EAB5*7 .3*D6-�*,0*< ��XYZ[�¡Y\]Y Ê\YX��Y\���� á�É]¯îæ\®������Ú�Ì^ �ot o{|cr nk}r kmvpigfgk x a y mkvoangkj efghifjbhikj En

kcegobtmiht bmfjkmbhikg
−|x||y| 6 (x,y) 6 |x||y|. �G¶�

£���¤��Y[¥����^�� �/60 B*17-3A x 0 y 60,*�,- E5B0/0:A 0 y = λx� 7- /--7,-�*,0* �G¶�.30,0:5*7 B0D
−|λ||x||x| 6 λ(x,x) 6 |λ||x||x|

0 BA.-6,8*7/8 -)*B0D,A: -+35E-: �-D,- 0E ,*35B*,/7B -15EAB5*7/8 35B*,�
/7B-:�<G� �/60 B*17-3A x 0 y 60,*�,- ,*E5B0/0:A� 7- -,0 -+35E2�7 +5E0/ BDB2:*3,-: *B160D-B-: .3-/735,/7B* E2 = L{x,y} ⊂ En < �-9D5 .- .3*DA�D2�*:2 .3*D6-�*,0�

det

∥∥∥∥∥
(x,x) (x,y)

(y,x) (y,y)

∥∥∥∥∥ > 0 ⇔ (x,x)(y,y) − (x,y)2 > 0 ⇔ |x|2|y|2 > (x,y)2.

� ¬[YZ���]Y^ ¹ `gfd}om (25) fjkmbhikg dgymi admi� dmhig igo�vg kho}sjmw vgxnj x‖y � �

�30 x 6= 0� y 6= 0 0E �G¶� /6*D2*7� )7-
−1 6

(x,y)

|x||y| 6 1,

©Î



.-¨7-:2 /2�*/7B2*7 *D0,/7B*,,-* )0/6- θ ∈ [0; π] 751-*� )7-
cos θ =

(x,y)

|x||y| .
�G·�

VWXYZY[Y\]Y^ ïahog θ ∈ [0; π]w gnbglbjsbg gefmnmotmdgm `gfd}ogu (26)wbjlckjmiht }xogd dmyn} kmvigfjda x a y mkvoangkj efghifjbhikj En �VWXYZY[Y\]Y^ �}hi� En � mkvoangkg j``abbgm efghifjbhikg a A,B ∈
En � ïahog

dist (A,B) = |−→AB|
bjlckjmiht fjhhigtbamd dmyn} igsvjda A a B ��XYZ[�¡Y\]Y^ dist (A,B) = 0 ⇐⇒ A = B � ��XYZ[�¡Y\]Y^ Ødmmi dmhig homn}{qmm bmfjkmbhikgw bjlckjmdgm ðbmfjpkmbhikgd ifm}xgo�bavjñ¿

dist (A,B) + dist (B,C) > dist (A,C).

£���¤��Y[¥����^ -/.-6>E2*:/8 /B-�/7B5:0 /15683,-9- .3-0EB*D*,08 0
,*35B*,/7B-: �-�0�ì2,81-B/1-9-< �:**:~ |−→AC|2 = |−→AB +

−−→
BC|2 = (

−→
AB +

−−→
BC,

−→
AB+

−−→
BC) = |−→AB|2+2(

−→
AB,

−−→
BC)+|−−→BC|2 6 |−→AB|2+2|−→AB||−−→BC|+|−−→BC|2 =

(|−→AB| + |−−→BC|)2. �

£�]¡Y\]® Y��[]Z��� ���]\\�Ú� WX���X�\���� En
^

VWXYZY[Y\]Y^ �kaymbamd mkvoangkj j``abbgxg efghifjbhikj En
bjp

lckjmiht algdgf`ald mkvoangkcr j``abbcr efghifjbhik α : En → En �@,-�*/7B- GO(En)
B/*C DB0�*,0� *B160D-B5 .3-/735,/7B5 En

-+35E2�
*7 932..2 -7,-/07*6>,- 1-:.-E0½00� 8B68��2�/8 .-D932..-� B 932..*
GA(En)

B/*C 5��0,,AC DB0�*,0� .3-/735,/7B5 En < 
*�/7B07*6>,-� */60
α, β ∈ GO(En)� 7- α̂, β̂ ∈ O(En)

0� /6*D-B57*6>,- �/:< �G±��� α̂ ◦ β = α̂ ◦ β̂ ∈
O(En)< /0/7*:* 1--3D0,57 B .3-/735,/7B* En � -.3*D*68*:-� -37-,-3:03-B5,�,A: 3*.*3-: {O; ei}� DB0�*,0* α ∈ GO(En)

0:**7 235B,*,08
yi = ai

kx
k + bi,

9D* (ai
k)
F -37-9-,56>,58 :5730½5 �/:< /< G·�<

©Ï



 )5/7,-/70� DB0�*,0* α *B160D-B-� .6-/1-/70 En � /-C35,8��** -30*,�75½0�� 0:**7 /6*D2��0* 235B,*,08 B .38:-29-6>,-� /0/7*:* 1--3D0,57~
(
y1

y2

)
=

(
cosϕ − sinϕ

sinϕ cosϕ

)(
x1

x2

)
+

(
b1

b2

)
,

9D* α̂(e1) = e(ϕ) = cosϕ e1 + sinϕ e2 < 
B0�*,0* *B160D-B-� .6-/1-/70 En �,* /-C35,8��** -30*,75½0�� 0:**7 235B,*,08~
(
y1

y2

)
=

(
cosϕ sinϕ

sinϕ − cosϕ

)(
x1

x2

)
+

(
b1

b2

)
,

ª��Y«�\]Y^ �--7B*7/7B0*� -7,-/8�** 7-)1* M ∈ En
** 1--3D0,57A {xi}-7,-/07*6>,- -37-,-3:03-B5,,-9- 3*.*35 {O; ei}� .3*D/75B68*7 /-+-� 0E-�:-3�0E: *B160D-BAC 5��0,,AC .3-/735,/7B h : En → Rn < �3*-+35E-�B5,0* xi = pi

i′x
i′ + bi .38:-29-6>,AC 1--3D0,57 B En

.3*D/75B68*7 /-+-�
*B160D-B- DB0�*,0* h ◦ (h′)−1 : Rn → Rn <

Rn
h ◦ (h′)−1

// Rn

En

h′

aaCCCCCCCC h

=={{{{{{{{

�X�Y�â]® �Y���X� \� W�ZWX���X�\����^
�2/7>m�:*3,-* .-D.3-/735,/7B- Em

B En
E5D5,- 151 60,*�,58 -+-6-)�

15 /B-*9- +5E0/5~ Em = L{a1, . . . , am}< /810� B*17-3 x ∈ En
-D,-E,5),-

.3*D/75B68*7/8 B B0D* /2::A x = y + z� 9D* y ∈ Em � z ∈ E⊥
m
< �-/1-6>12

y ∈ Em � 7- ¨7-7 B*17-3 :-�,- 35E6-�07> .- +5E0/2 {a1, . . . , am} .-D.3-�/735,/7B5 Em
~ y = yαaα < �510: -+35E-:� ,2�,- ,5�70 yα � 2D-B6*7B-38���0* /--7,-�*,0�

x = yαaα + z, �GI�
9D* z ∈ E⊥

m
< 	:,-�58 /15683,- 35B*,/7B- �GI� ,5 aβ � .-62)5*: /0/7*:2235B,*,0� D68 1--3D0,57 yα ~

(x, aβ) = yαgαβ,
9D* gαβ = (aα, aβ).

�Gº�
�51 151 :5730½5 (gαβ)

/15683,-9- .3-0EB*D*,08 B*17-3-B +5E0/5 .3-/7�
35,/7B5 Em

,*BA3-�D*,5� /0/7*:5 �Gº� 0:**7 *D0,/7B*,,-* 3*�*,0*< ³7-
©Ñ



3*�*,0*� ,5.30:*3� :-�*7 +A7> ,5�D*,- /6*D2��0: -+35E-:~
yα = gαβ(x, aβ),

9D* (gαβ) F :5730½5� -+357,58 :5730½* gαβ <�3-*1½0� y B*17-35 x ,5 .-D.3-/735,/7B- Em
+2D*: -+-E,5)57> /6*D2�

��0: -+35E-:~ y = prEm
x<ÒÚ�[ �Y¡Zæ �Y���X�� ] W�ZWX���X�\�����^VWXYZY[Y\]Y^ òxogd dmyn} kmvigfgd x ∈ En

a egnefghifjbhikgd
Em = L{a1, . . . , am} bjlckjmiht bjadmb�¾au al }xogkw g|fjl}mdcr kmvpigfgd x ∈ En

h kmvigfjdaw efabjnomyjqada egnefghifjbhik} Em =

L{a1, . . . , am} �
³7-7 29-6 /-B.5D5*7 / 296-: :*�D2 B*17-3-: x 0 .3-*1½0*� y B*17-35 x,5 .-D.3-/735,/7B-: Em < 
68 D-15E57*6>/7B5 7-9-� )7- 29-6 :*�D2 x 0 y:*,>�* 2965 :*�D2 x 0 6�+A: B*17-3-: u ∈ Em � ,*1-660,*53,A: B*17-32

x� D-/757-),- 35//:-73*7> 73*C:*3,-* .-D.3-/735,/7B- E3 = L{x,y,u}�D68 1-7-3-9- ¨7-7 3*E26>757 2�* 0EB*/7*,<

y

z x

E⊥
n

En

u

y

zx

È�����®\]Y �� ��«�] Z� m¯W[������] � En
^VWXYZY[Y\]Y^ ójhhigtbamd dist (A, πm) gi igsva A ∈ En

ng mpeoghpvghia πm = {M0,Em} bjlckjmiht bjadmb�¾mm al fjhhigtbau gi igsva
A
ng igsmv al πm ��2�*/7B2*7 *D0,/7B*,,58 7-)15 B ∈ πm

75158� )7- B*17-3 −→
AB -37-9-�,56*, Em

F ¨7- *D0,/7B*,,58 7-)15 .*3*/*)*,08 .6-/1-/7*� πm
0 π′n−m =

{A,E⊥
m}< �-15�*:� )7- dist (A, πm) = |−→AB|<
*�/7B07*6>,-� D68 6�+-� D32�9-� 7-)10 C ∈ πm

0:**:~−→AC2 = (
−→
AB+

−−→
BC)2 =

−→
AB2 +2(

−→
AB,

−−→
BC)+

−−→
BC2 =

´Õ



−→
AB2 +

−−→
BC2 >

−→
AB2 � .-/1-6>12 −→AB⊥−−→

BC < �-/1-6>12 −→AB = prE⊥
m

−−→
AM0 � 7-

dist (A, πm) = |prE⊥
m

−−→
AM0|.

B

A

C
B M0

πm

A

π′n−m

z

x

y

�/60 m�.6-/1-/7> πm
/ ,5.35B68��0: .-D.3-/735,/7B-: Em

E5D5,5
/0/7*:-� 0E n−m 60,*�,AC 235B,*,0�

baix
i + ban+1 = 0, a = 1, . . . , n−m, �G»�

-7,-/07*6>,- /0/7*:A 1--3D0,57 B En � -.3*D*68*:-� -37-,-3:03-B5,,A:3*.*3-:� 7- E⊥
m = L{b1, . . . ,bn−m}� 9D* ba =

∑n
i=1 b

a
i ei <  )5/7,-/70� D6890.*3.6-/1-/70 πn−1 � E5D5,,-� 235B,*,0*:

Aix
i + An+1 = 0, �±H�

B*17-3 / 1--3D0,575:0 {A1, . . . , An} 8B68*7/8 ,-3:56>,A: B*17-3-: �,*,2�6*BA: B*17-3-: 0E -D,-:*3,-9- .-D.3-/735,/7B5� -37-9-,56>,-9- 1 ,5�.35B68��*:2 .-D.3-/735,/7B2 90.*3.6-/1-/70�< �-¨7-:2� 35//2�D58 5,5�6-90),- /62)5� .3-/735,/7B5 35E:*3,-/70 ±� .-62)0: /6*D2��2� �-3:2�62 D68 35//7-8,08 -7 7-)10 M(xi
M) D- 90.*3.6-/1-/70 �±H�~

dist (A, πn−1) =
|Aix

i
M + An+1|√

A2
1 + . . .+ A2

n

.

å�X�� �ôY��^
VWXYZY[Y\]Y^ Ôig|fjymbam

ε : Vn × Vn × . . .× Vn︸ ︷︷ ︸
p

3 {x1, . . . ,xp} 7→ ε(x1, . . . ,xp) ∈ R

´ 



bjlckjmiht egoaoabmubcd �ppoabmubcd)w mhoa gbg oabmubg eg vjyngd}al p mxg jfx}dmbigk� 1--3D0,575C� -.3*D*68*:AC +5E0/-: {ei} BVn � .-62)5*: ε(x1, . . . ,xp) =

ε(xi1
1 ei1, . . . , x

ip
p eip) = εi1...ipx

i1
1 . . . x

ip
p � 9D* εi1...ip = ε(ei1, . . . , eip)< =0/65 εi1...ip,5EAB5�7/8 1--3D0,575:0 -7-+35�*,08 ε B +5E0/* {ei}< �-/1-6>12 15��DA� 0,D*1/ i1, . . . , ip 2 1--3D0,57A εi1...ip

:-�*7 .30,0:57> 6�+-* E,5)*,0*
-7 1 D- n� 7- -+�** 1-60)*/7B- 1--3D0,57 2 -7-+35�*,08 ε 35B,- np <VWXYZY[Y\]Y^ �goaoabmubgm gig|fjymbam

ε : Vn × Vn × . . .× Vn︸ ︷︷ ︸
p

→ R

bjlckjmiht vghghaddmifasbcd (kbm¾bmu pp`gfdgu)w mhoa efa emfmhijpbgkvm jfx}dmbigk {x1, . . . ,xp} h egdgq�{ egnhijbgkva

σ =

(
1 2 . . . p

σ(1) σ(2) . . . σ(p)

)
=

(
1 2 . . . p

i1 i2 . . . ip

)
�±��

lbjsmbam gig|fjymbat ε }dbgyjmiht bj lbjv zigu egnhijbgkva¿
ε(xσ(1), . . . ,xσ(p)) = sgn (σ)ε(x1, . . . ,xp).

�±G�
	/6-B0* �±G� ¨1B0B56*,7,- 7-:2� )7- ε(x1, . . . ,xp)

:*,8*7 E,51 .30 .*3*�
/75,-B1* 6�+AC DB2C 5392:*,7-B �̈ 7- /--7B*7/7B2*7 735,/.-E0½08:
σ = (ij)

�<�5/165DAB58 5392:*,7A B /--7,-�*,00 �±G� .- +5E0/2� .-62)0:� )7- D68BA.-6,*,08 2/6-B08 �±G� D-/757-),-� )7-+A -,- BA.-6,86-/> .30 .-D/75�,-B1* B 15)*/7B* 5392:*,7-B B/*B-E:-�,AC 1-:+0,5½0� +5E0/,AC B*17-�
3-B< �510: -+35E-:� .-6060,*�,-* -7-+35�*,0* ε 1-/-/0::*730),- 7-9D50 7-6>1- 7-9D5� 1-9D5 1--3D0,575 εi1...ip

:*,8*7 E,51 .30 .*3*/75,-B1* 6��
+AC DB2C 0,D*1/-B< �30 ¨7-:� B )5/7,-/70� εi1...ip

35B,8*7/8 ,26�� */601510*�7- DB5 0,D*1/5 /-B.5D5�7<�5/ +2D27 0,7*3*/-B57> 1-/-/0::*730),A* -7-+35�*,08 n 5392:*,7-BF B,*�,0* n��-3:A< �2/7> ε F ,*1-7-358 B,*�,88 n��-3:5< �-9D5 D68.3-0EB-6>,-� .-D/75,-B10 �±�� BA.-6,8*7/8
εi1...in = sgn (σ)ε1...n

�±±�
´©



0 εi1...in = 0� */60 /3*D0 0,D*1/-B i1, . . . , in */7> -D0,51-BA*< �7/�D5 /6*D2*7�)7-
ε(x1, . . . ,xn) = εi1...inx

i1
1 . . . x

in
n =

∑

σ∈Sn

sgn (σ)ε1...nx
σ(1)
1 . . . xσ(n)

n = ε1...n det(xi
k).

�±²��510: -+35E-:� B/8158 B,*�,88 n��-3:5 -.3*D*68*7/8 -D,0: )0/6-: ε1...n0 B/810* DB* B,*�,0* n��-3:A .3-.-3½0-,56>,A< �-¨7-:2 B*17-3,-* .3-�/735,/7B- Λn(Vn)
B/*C B,*�,0C n��-3: ,5 B*17-3,-: .3-/735,/7B* Vn0:**7 35E:*3,-/7> 1<�E �±²� BA7*15*7 /6*D2��58 �-3:265 .3*-+35E-B5,08 1--3D0,57A ε1...n.30 E5:*,* +5E0/5 ei′ = pi

i′ei
~

ε1′...n′ = ε(e1′, . . . , en′) = ε1...n det(pi
i′).VWXYZY[Y\]Y^ õgfdgu g|ömdj bj gfambiafgkjbbgd mkvoangkgd kmvigfp

bgd efghifjbhikm En
bjlckjmiht kbm¾btt np`gfdj ε bj En

ijvjtw sig
ε1...n = 1

not khtvgxg efjkgxg gfigbgfdafgkjbbgxg |jlahj {ei} �VWXYZY[Y\]Y^ �jfjoomomeaemngd �npdmfbcd) k kmvigfbgd efghifjbp
hikmVn w eghifgmbbgd bj kmvigfjr a1, . . . , an w bjlckjmiht homn}{qmm egnpdbgymhikg k Vn

¿
P (a1, . . . , an) = {x ∈ Vn |x = t1a1 + . . .+ tnan, 0 6 t1, . . . , tn 6 1}.÷bjsmbam `gfdc g|ömdj ε(a1, . . . , an)

bjlckjmiht gfambiafgkjbbcd g|öp
mdgd npdmfbgxg ejfjoomomeaemnj P (a1, . . . , an)

k gfambiafgkjbbgd mkvoapngkgd kmvigfbgd efghifjbhikm En �ïahog
vol (a1, . . . , an) = |ε(a1, . . . , an)| �±¶�

bjlckjmiht g|ömdgd npdmfbgxg ejfjoomomeaemnj P (a1, . . . , an)
k En �

�-/1-6>12 .30 /:*,* -30*,75½00 B En

�-3:5 -+Ö*:5 :*,8*7/8 ,5 .3-�
70B-.-6-�,2�� 7- .-,870* -+Ö*:5 .53566*6*.0.*D5 /-C35,8*7 /B-� /:A/60 B ,*-30*,703-B5,,-: .3-/735,/7B*<A+0358 -D,2 0E DB2C B-E:-�,AC n��-3: ,5 En � 2D-B6*7B-38��0C2/6-B0� |ε1...n| = 1 B -37-,-3:03-B5,,AC +5E0/5C� :A 7*: /5:A: -.3*D*�68*: -30*,75½0� B En � .- -7,-�*,0� 1 1-7-3-� ¨75 �-3:5 +2D*7 �-3:-�-+Ö*:5<

´´



¬��°���� ��X�� �ôY��^
1◦ < ε(x1, . . . ,xn) > 0 ⇐⇒ {x1, . . . ,xn} F .35BA� +5E0/�

ε(x1, . . . ,xn) < 0 ⇐⇒ {x1, . . . ,xn} F 6*BA� +5E0/�
ε(x1, . . . ,xn) = 0 ⇐⇒ B*17-3A {x1, . . . ,xn} 60,*�,- E5B0/0:A<³7- /B-�/7B- 8B68*7/8 .38:A: /6*D/7B0*: �-3:26A �±²�<

2◦. ε(u1, . . . ,un) · ε(v1, . . . ,vn) = det ‖(ukv`)‖ . �±·�
£���¤��Y[¥����^ �,56-90),- /62)5� 73*C:*3,-9- .3-/735,/7B5� .*3*�C-D8 1 1--3D0,575:� -.3*D*68*:A: .35BA: -37-,-3:03-B5,,A: +5E0/-:�0:**:~

det ‖(ukv`)‖ = det ‖
n∑

i=1

ui
kv

i
`‖ = det(‖ui

k‖ · ‖vj
`‖>) = det ‖ui

k‖ · det ‖vj
`‖. �

3◦. (ε(x1, . . . ,xn))
2 = det ‖(xkx`)‖ . �±I�

£���¤��Y[¥����^ 
-/757-),- .-6-�07> B �±·� ui = vi = xi <
4◦ < (εi1...in)

2 = det(gij)<£���¤��Y[¥����^ 
-/757-),- .-D/75B07> B �-3:262 �±I� xk = ek < �
5◦ < �5 B/81-: -30*,703-B5,,-: .-D.3-/735,/7B* Em ⊂ En �m > 1� B-E�,015*7 /B-8 �-3:5 -+Ö*:5< �+Ö*: m�:*3,-9- .53566*6*.0.*D5 B En

.-�
¨7-:2 :-�,- BA)0/687>� 0/.-6>E28 �-3:262 �±I�~

vol (a1, . . . , am) =
√

det G (a1, . . . , am), �±º�
9D*

G (a1, . . . , am) =




(a1, a1) (a1, a2) . . . (a1, am)

(a2, a1) (a2, a2) . . . (a2, am)<<< <<< < < < <<<
(am, a1) (am, a2) . . . (am, am)




F :5730½5� /-/75B6*,,58 0E /15683,AC .3-0EB*D*,0� B*17-3-B a1, . . . , am �,5EAB5*:58 :5730½*� �35:5<
6◦ < �3*D.-6-�0:� )7- .3-/735,/7B-En

35E6-�*,- B .38:2� /2::2En =

Em ⊕ E⊥
m
0 Em = L{a1, . . . , am}� E⊥

m = L{b1, . . . ,bn−m}< �-9D5
vol (a1, . . . , am,b1, . . . ,bn−m) = vol (a1, . . . , am) · vol (b1, . . . ,bn−m).

´¼



£���¤��Y[¥����^ -/.-6>E2*:/8 �-3:26-� �±º�� 1-7-358 /.35B*D60B5 .306�+-: m = 1, . . . , n< �E 7-9-� )7- (aα,ba) = 0 D68 B/*C α = 1, . . .m 0 B/*C
b = 1, . . . , n−m� .-62)5*:

G (a1, . . . , am,b1, . . . ,bn−m) =

(
G (a1, . . . , am) 0

0 G (b1, . . . ,bn−m)

)
,

-712D5 0 /6*D2*7 3*E26>757< �å�X�æ[� Z[® ��«]�[Y\]® X�����®\]® �� ��«�] Z� m¯W[������]^
�2/7> E5D5,A 7-)15 M1

/ 35D02/�B*17-3-: r1
0 m�.6-/1-/7> πm � 0:*���58 .535:*730)*/10* 235B,*,08 r = r0 + tαaα < �5//7-8,0* -7M1

D- πm
,5�

C-D07/8 151 4BA/-75; (m+ 1)�:*3,-9- .53566*6*.0.*D5 P (a1, . . . , am, r1 −
r0)� -/,-B5,0*: 1-7-3-9- 8B68*7/8m�:*3,A� .53566*6*.0.*D P (a1, . . . , am)~

dist (M1, πm) =

√
det G (a1, . . . , am, r1 − r0)√

det G (a1, . . . , am)
.


*�/7B07*6>,-� -.3*D*607*6> det G (a1, . . . , am, r1 − r0)
,* 0E:*,07/8� */60E5:*,07> 7-)12 M0(r0)

,5 M ′
0(r

′
0) ∈ πm

/ 35D02/�B*17-3-: r′0 = r0 + λαaα7512�� )7- (r1 − r′0) ⊥ L{a1, . . . , am}< �-¨��0½0*,7A λα
,5C-D87/8 0E /0�

/7*:A 235B,*,0�
(r0, aβ) + (λαaα, aβ) = 0, β = 1, . . . ,m. �±»�

�-/1-6>12 :5730½5 /0/7*:A 235B,*,0� �±»� F ¨7- :5730½5 �35:5 60,*�,-,*E5B0/0:-9- ,5+-35 B*17-3-B aα � α = 1, . . . ,m� ¨75 /0/7*:5 0:**7 *D0,�/7B*,,-* 3*�*,0*<ÅY���X\�Y WX�]¤�YZY\]Y � En
^�5,-,0)*/10� 0E-:-3�0E: En
∼= E∗

n � x 7→ x̃� 9D* x̃(y) = (x,y)� .-EB-68�*7 -.3*D*607> 5,56-9 B*17-3,-9- .3-0EB*D*,08 B En <Á01/0328 B �-3:* -+Ö*:5 ε(x1, . . . ,xn)
.*3BA* n − 1 5392:*,7-B x1 =

a1, . . . ,xn−1 = an−1 � 5 .-/6*D,0� -/75B688 .3-0EB-6>,A: xn = x� .-62)0:60,*�,2� �-3:2 b̃(x) = ε(a1, . . . , an−1,x)< Á-3:* b̃ ∈ E∗
n
B 15,-,0)*/1-:

0E-:-3�0E:* /--7B*7/7B2*7 B*17-3 b ∈ En <  3*E26>757* .-62)5*: -7-+35��*,0*
ε̃ : En × En × . . .× En︸ ︷︷ ︸

n−1

3 {a1, . . . , an−1} 7→ b ∈ En,

´À



9D*
(b,x) = b̃(x) = ε(a1, . . . , an−1,x). �²H�

VWXYZY[Y\]Y^ ¹mvigf bw gnbglbjsbg gefmnmotmdcu hggibg¾mbamd (40)wbjlckjmiht kmvigfbcd efgalkmnmbamd kmvigfgk {a1, . . . , an−1} �¹mvigfbgm efgalkmnmbam g|glbjsjmiht homn}{qad g|fjlgd¿
b = [a1, . . . , an−1].

¬��°���� �Y���X\�Ú� WX�]¤�YZY\]®^
1◦ < �7-+35�*,0* ε̃ : En × En × . . . × En → En

.-6060,*�,- 0 1-/-/0:�
:*730),-<
³7- /B-�/7B- BA7*15*7 0E .-6060,*�,-/70 0 1-/-/0::*730),-/70 �-3�:A -+Ö*:5< 
*7560 D-15E57*6>/7B5 -/75�7/8 B 15)*/7B* 2.35�,*,08<
2◦ < �/60 b = [a1, . . . , an−1]� 7- (b, ak) = 0 D68 B/*C k = 1, . . . , n− 1<
68 D-15E57*6>/7B5 ¨7-9- /B-�/7B5 D-/757-),- .-D/75B07> x = ak

B �-3�
:262 �²H�<

3◦ < �/60 B*17-3A {a1, . . . , an−1} 60,*�,- ,*E5B0/0:A 0 b = [a1, . . . , an−1]�7- {a1, . . . , an−1,b} F .35BA� +5E0/<£���¤��Y[¥����^ ε(a1, . . . , an−1,b) = (b,b) = |b|2 > 0< �
4◦ < |[a1, . . . , an−1]| = vol (a1, . . . , an−1)<£���¤��Y[¥����^ �2/7> b = [a1, . . . , an−1]< �30:*,88 �-3:262 �²H� 0 2)0�7AB58 /B-�/7B- 6◦

�-3:A -+Ö*:5� .-62)5*: |b|2 = (b,b) = ε(a1, . . . , an−1,b) =

vol (a1, . . . , an−1,b) = vol (a1, . . . , an−1) · |b|< �
5◦ <  /0/7*:* 1--3D0,57� -.3*D*68*:-� .35BA: -37-,-3:03-B5,,A: +5�E0/-:�

[a1, . . . , an−1] =

∣∣∣∣∣∣∣∣∣∣

a1
1 a1

2 . . . a1
n−1 e1

a2
1 a2

2 . . . a2
n−1 e2<<< <<< < < < <<< <<<

an
1 an

2 . . . an
n−1 en

∣∣∣∣∣∣∣∣∣∣

�²��

£���¤��Y[¥����^ 	:,-�0B B*17-3 b = [a1, . . . , an−1]
/15683,- ,5 B*1�

´Ç



7-3 ei � .-62)0:

bi = (b, ei) = ε(a1, . . . , an−1, ei) =

∣∣∣∣∣∣∣∣∣∣∣∣

a1
1 a1

2 . . . a1
n−1 0<<< <<< < < < <<< <<<

ai
1 ai

2 . . . ai
n−1 1<<< <<< < < < <<< <<<

an
1 an

2 . . . an
n−1 0

∣∣∣∣∣∣∣∣∣∣∣∣

,

)7- -)*B0D,- /-B.5D5*7 / i�7-� 1--3D0,57-� B*17-35� /7-8�*9- B .35B-�)5/70 35B*,/7B5 �²��<
6◦ <  .3-0EB-6>,-� /0/7*:* 1--3D0,57 B En

1--3D0,57A B*17-35 b =

[a1, . . . , an−1]
BA)0/68�7/8 /6*D2��0: -+35E-:~

bj = ε̃
j

i1...in−1· a
i1
1 . . . a

in−1

n−1,
9D* ε̃

j
i1...in−1· = εi1...in−1kg

kj.

£���¤��Y[¥����^ 
*�/7B07*6>,-� .-/1-6>12 b̃(x) = ε(a1, . . . , an−1,x)� 7-
bk = ε(a1, . . . , an−1, ek) = εi1...in−1ka

i1
1 . . . a

in−1

n−1
0 bj = bkg

kj = εi1...in−1jg
jmai1

1 . . . a
in−1

n−1
<���YZY\]Y �ôY��� WX] ���]\\�× WXY�X�¤���\]®×^

�2/7> 5��0,,-* .3*-+35E-B5,0* α : En → En
B -37-,-3:03-B5,,-:

+5E0/* {ek} E5D5,- 235B,*,08:0 yi = αi
jx

j + bi < �+Ö*: vol (u1, . . . ,un) n�:*3,-9- .53566*6*.0.*D5 P (u1, . . . ,un)
B /--7B*7/7B00 / �-3:26-� �±¶� 35�

B*, | det ‖uj
k‖ |< �30 5��0,,-: .3*-+35E-B5,00 α .53566*6*.0.*D P (u1, . . . ,un).*3*C-D07 B .53566*6*.0.*D P (v1, . . . ,vn)� 9D* vk = α̂(uk � vi

k = αi
ju

j
k
< �-�¨7-:2 vol (v1, . . . ,vn) = | det ‖vi

k‖ | = | det ‖αi
ju

j
k‖ | = | det ‖αi

j‖ |·| det ‖u`
k‖ | =

| det ‖αi
j‖ | ·vol (u1, . . . ,un).

�510: -+35E-:� D68 n�:*3,AC 7*6 B En � D68 1-�7-3AC -.3*D*6*,- .-,870* -+Ö*:5 �,5.30:*3� D68 :,-9-935,,01-B�� /.35�B*D60B- /6*D2��** .3*D6-�*,0*<�XYZ[�¡Y\]Y^ �}hi� efa j``abbgd efmg|fjlgkjbaa α : En → En npdmfpbgm imog Φ ⊂ En
emfmrgnai k imog Φ′ � ¢gxnj gibg¾mbam g|ömdgk

vol (Φ′)/vol (Φ) mhi� kmoasabj eghigtbbjt not njbbgxg j``abbgxg efmg|fjplgkjbat αw fjkbjt g|ömd} g|fjlj npdmfbgxg v}|j h fm|fgd noabc mnaba�j��/60 3*+35 n�:*3,-9- 12+5 / 3*+3-: D60,A *D0,0½5 .3*D/75B68�7 /-+-�B*17-3A {ek} -37-,-3:03-B5,,-9- 3*.*35 {O; ek}� 7- ¨7-7 12+ E5D5*7/8/0/7*:-� ,*35B*,/7B 0 6 xi 6 1� i = 1, . . . , n<
´Î



VWXYZY[Y\]Y^ _``abbgm efmg|fjlgkjbam α : En → En
bjlckjmiht zvkapj``abbcdw mhoa efazigd efmg|fjlgkjbaa g|ömdc imo bm aldmbt{iht����0,,-* .3*-+35E-B5,0* α 8B68*7/8 ¨1B05��0,,A: 7-9D5 0 7-6>1-7-9D5� 1-9D5 B /0/7*:* 1--3D0,57� -.3*D*68*:-� -37-,-3:03-B5,,A: 3*.*�3-:� | det ‖αi

j‖ | = 1<ª�Z�«� �µ^ 
-15E57>� )7- 6�+58 .6-/1-/7>� .3-C-D8�58 )*3*E /*3*D0,A.3-70B-.-6-�,AC 3*+*3 7*735¨D35� D*607 *9- -+Ö*: .-.-65:<ÈYÉY\]Y^ /810� 7*735¨D3 :-�,- .*3*B*/70 5��0,,A: .3*-+35E-B5,0�
*: B .35B06>,A� 7*735¨D3< �-/1-6>12 -7,-��*,0* -+Ö*:-B 7*6 /-C35,8*7/8 .30 5��0,�
,AC .3*-+35E-B5,08C� 7- E5D5)2 D-/757-),-3*�07> D68 .35B06>,-9- 7*735¨D35< �- .38�:58� /-*D0,8��58 /*3*D0,A .3-70B-.-6-��,AC 3*+*3 .35B06>,-9- 7*735¨D35� 8B68*7/8*9- -/>� /0::*7300<

´Ï



ø #LPOQPNUOQùMNRSL USNQNúN PNQûëéT U TKKLMMNü PQNRSQTMý
RSUO(

�5//:5730B5*: 5��0,,-* .3-/735,/7B- An
B:*/7* / ,*1-7-3-� *9- 1-:�

.6*1/0�015½0*� AC
n
<VWXYZY[Y\]Y^ þaemfegkmfrbghi�{ kigfgxg egftnvj k An

bjlckjmiht
dbgymhikg igsmv Φ ⊂ AC

n w vgigfgm k hahimdm vggfnabjiw gefmnmotmpdgu bmvgigfcd j``abbcd fmemfgd {O; ei} efghifjbhikj An w ljnjmiht}fjkbmbamd kigfgu himemba
aijx

ixj + 2ai n+1x
i + an+1n+1 = 0, aij, ai n+1 ∈ R. �²G�

@,-�*/7B- Φ ⊂ AC
n � -)*B0D,-� ,* 8B68*7/8 .2/7A:< �30D5B58 (n−1)�-�1--3D0,57* .3-0EB-6>,A* E,5)*,08 �0EC�� .-62)0: 1B5D357,-* 235B,*,0*�1-7-3-* 35E3*�0:- ,5D C<@,-9-)6*, B 6*B-� )5/70 235B,*,08 �²G� +2D*: -+-E,5)57> D68 13571-�

/70 F (xk) 060 F (x1, . . . , xn)<�5�D-* .3-0EB*D*,0* xkx` .30 �01/03-B5,,AC E,5)*,08C 0,D*1/-B
k 6= ` B/73*)5*7/8 B /2::* aijx

ixj B 235B,*,00 �²G� DB5 35E5~ xkx` / 1-¨���0½0*,7-: ak`
0 x`xk / 1-¨��0½0*,7-: a` k < �5.30:*3� x2x5 /-D*3�07/8 B

/6595*:AC a25x
2x5 0 a52x

5x2 <  D56>,*��*: B/*9D5 /)075*:� )7- aij = aji <�30 ¨7-: 235B,*,0* �²G� :-�,- .*3*.0/57> B B0D*
n∑

i=1

aii(x
i)2 +

n∑

i<j

2aijx
ixj +

n∑

i=1

2ai n+1x
i + an+1n+1 = 0.

@,-�*/7B- Φ .30 n = 2 ,5EAB5*7/8 130B-� B7-3-9- .-38D15� 5 .30 n = 3F .-B*3C,-/7>� B7-3-9- .-38D15<  /--7B*7/7B00 / .30,87A: /-965�*,0*:235B,*,0* 130B-� B7-3-9- .-38D15 B A2
E5.0/AB5*7/8 B B0D*

a11(x
1)2 + 2a12x

1x2 + a22(x
2)2 + 2a13x

1 + +2a23x
2 + a33 = 0,

5 235B,*,0* .-B*3C,-/70 B7-3-9- .-38D15 B A3
F B B0D*

a11(x
1)2 + a22(x

2)2 + a33(x
3)2 + 2a12x

1x2 + 2a13x
1x3 + 2a23x

2x3+

+2a14x
1 + 2a24x

2 + 2a34x
3 + a44 = 0<

´Ñ



 D56>,*��*: +2D*: 751�* B/*9D5 .-65957>� )7- an+1 j = aj n+1 < �-9D5 0E1-¨��0½0*,7-B 235B,*,08 �²G� :-�,- /-/75B07> DB* /6*D2��0* /0::*7�
30),A* :5730½A~ A = (aij)� i, j = 1, . . . , n 0 Ã = (aαβ)� α, β = 1, . . . , n+ 1<@5730½5 A = (aij)

/-/7-07 0E 1-¨��0½0*,7-B .30 xixj � 5 B :5730½* Ã =

(aαβ)
.30/27/7B2�7 B/* 1-¨��0½0*,7A< �5.30:*3� .30 n = 2�

A =

(
a11 a12

a21 a22

)
, Ã =



a11 a12 a13

a21 a22 a23

a31 a32 a33




�15EAB5*7/8� )7- :5730½A A 0 Ã 8B68�7/8 :5730½5:0 ,*1-7-3AC 1B5D35�70),AC �-3:� 5//-½003-B5,,AC / 235B,*,0*: �²G�<�XY�X�¤���\]Y ��ÿ��]â]Y\��� æX��\Y\]® ÊÙµÌ WX] ¤��Y\Y ���]\\�Ú�
XYWYX�^�7:*70:� )7- .3*D:*7-: 0//6*D-B5,08 B ,5/7-8�0� :-:*,7 8B68*7/8235B,*,0* �²G�� 5 ,* -.3*D*68*:58 0: 90.*3.-B*3C,-/7> Φ< �51 2:,-�*,0*:,-9-)6*,5 F (xk) B 6*B-� )5/70 235B,*,08 �²G� ,5 ,*,26*B-* B*�*/7B*,,-*)0/6- ,* 0E:*,8*7 :,-�*/7B- Φ� ,- 0E:*,8*7 /5:- 235B,*,0*<�5//:-730: ,-B2� /0/7*:2 1--3D0,57 BAn � -.3*D*68*:2� 3*.*3-: {O′; e′i}<�30 .*3*C-D* 1 ,-B-:2 3*.*32 1--3D0,57A 7-)*1 B An

.3*-+35E2�7/8 /6*�
D2��0: -+35E-:~

xi = pi
i′x

i′ + bi. �²±�
�-D/75B688 BA35�*,08 �²±� B 235B,*,0* �²G�� .-62)0: 235B,*,0*
F ′(x1′, . . . , xn′

) = 0 90.*3.-B*3C,-/70 Φ B ,-B-� /0/7*:* 1--3D0,57< �:**:
F (xk) = aijx

ixj + 2ai n+1x
i + an+1n+1 =

aij(p
i
i′x

i′ + bi)(pj
j′x

j′ + bj) + 2ai n+1(p
i
i′x

i′ + bi) + an+1n+1 =

(aijp
i
i′p

j
j′)x

i′xj′ + (aijp
i
i′x

i′bj + aijb
ipj

j′x
j′ + 2ai n+1p

i
i′x

i′)+

+(aijb
ibj + 2ai n+1b

i + an+1n+1) = ai′j′x
i′xj′ + 2ai′ n+1′x

i′ + an+1′ n+1′ = F (xk′

).

�-+0358 .-D-+,A* )6*,A �2)07AB58 /0::*730),-/7> :5730½A (aij)
0 :*�

,88 0,D*1/A /2::03-B5,08 B /62)5* ,*-+C-D0:-/70�� .-62)0:
ai′j′ = aijp

i
i′p

j
j′, ai′ n+1′ = (aijb

j+ai n+1)p
i
i′, an+1′ n+1′ = F (b1, . . . , bn). �²²�

¼Õ



¬[YZ���]Y �^ ¸imemb� }fjkbmbat (42) abkjfajbibj gibghaimo�bg efmpg|fjlgkjbat vggfnabji�¬[YZ���]Y µ^ õgfd}ogu ϕ(u) = aiju
iuj abkjfajbibg (bmljkahadg gikc|gfj hahimdc vggfnabji) gefmnmotmiht vkjnfjiasbjt `gfdj bj kmvpigfbgd efghifjbhikm Vn w jhhg�aafgkjbbgd h j``abbcd efghifjbp

hikgd An �£���¤��Y[¥����^ �E .*3B-� �-3:26A �²²� .-62)5*:
ai′j′u

i′uj′ = (aijp
i
i′p

j
j′)u

i′uj′ = aij(p
i
i′u

i′)(pj
j′u

j′) = aiju
iuj.

� @5730½5 Ã = (aαβ)
8B68*7/8 :5730½*� 1B5D3570),-� �-3:A� -.3*D*�6*,,-� ,5 ,*1-7-3-: (n+1)�:*3,-: B*17-3,-: .3-/735,/7B*< �,5 8B68*7/8:5730½*� 5,56-90),-� :5730½* A = (aij)

D68 ,*1-7-3-� 90.*3.-B*3C,-/70
B (n + 1)�:*3,-: 5��0,,-: .3-/735,/7B*� 5 0:*,,-� :5730½5 Ã 5//-½00�3-B5,5 / 1-,2/-: Φ̃ B An+1 � ,5.35B68��*� 1-7-3-9- 8B68*7/8 .-B*3C,-/7>
Φ< 	35B,*,0* ¨7-9- 1-,2/5 0:**7 B0D aαβx

αxβ = 0< �5//:-730: ¨72 1-,�/7321½0� .-D3-+,**<
�-:*/70: 5��0,,-* .3-/735,/7B- An

151 90.*3.6-/1-/7> πn
B ,*1-7-�

3-* 5��0,,-* .3-/735,/7B- An+1 � 7<*< -/2�*/7B0: ,*1-7-3A� 0E-:-3�0E:
ϕ : An → πn ⊂ An+1.

�30 ¨7-:
ϕC : AC

n → πC

n ⊂ AC
n+1. 15)*/7B* .3-/735,/7B5 An+1

:-�,- BE87>� ,5.30:*3� Vn+1 = Vn ⊕ R<
56**� BA+*3*: 0 E5�01/032*: 7-)12 Q ∈ An+1 � ,* .30,5D6*�5�2� 90�.*3.6-/1-/70 πn <  /62)5* .3-/735,/7B5Vn+1 = Vn⊕R :-�,- BE87>Q = 00 πn = Vn ⊕ 1< �*.*32 {O; ei} B .3-/735,/7B* An ≡ πn
/-.-/75B0: 3*.*3

{Q; eα} = {Q; ei, en+1 =
−→
QO} B .3-/735,/7B* An+1 <

¼ 



Q ei

ei

O

en+1

πn = An

�30 ¨7-: B /0/7*:* 1--3D0,57� -.3*D*68*:-� 3*.*3-: {Q; eα}� 90.*3�.6-/1-/7> πn
+2D*7 0:*7> 235B,*,0* xn+1 = 1� 5 .3-0EB-6>,58 7-)15 M ∈

πn
+2D*7 0:*7> 1--3D0,57A (x1, . . . , xn; xn+1 = 1)� 9D* (x1, . . . , xn) F 1-�-3D0,57A ¨7-� 7-)10 .- -7,-�*,0� 1 3*.*32 {O; ei}< �0.*3.-B*3C,-/7>

Φ ⊂ AC
n � 35//:5730B5*:58 151 .-D:,-�*/7B- B AC

n+1 � E5D5*7/8 /0/7*:-�235B,*,0�
xn+1 = 1, aijx

ixj + 2ai n+1x
i + an+1n+1 = 0, �²¶�

1-7-358 ¨1B0B56*,7,5 /0/7*:* 235B,*,0�
xn+1 = 1, aijx

ixj + 2ai n+1x
ixn+1 + an+1n+1x

n+1xn+1 = 0. �²·�
7-3-* 0E 235B,*,0� /0/7*:A �²¶� E5D5*7 B .3-/735,/7B*An+1

90.*3.-B*3C�
,-/7> Φ� ,5EAB5*:2� �aoabnfgd � ,5.35B68��*� (n − 1)�:*3,-� .-B*3C�,-/7>� Φ< ,5D Φ< 7-3-* 0E 235B,*,0� /0/7*:A �²·�~ aαβx

αxβ = 0 8B68*7/8-D,-3-D,A:< �/60 ¨7-:2 235B,*,0� 2D-B6*7B-38*7 ,*1-7-3A� ,5+-3 )0/*6
(xα

0 )� 7- 0 ,5+-3 (txα
0 ) .30 B/81-: t ∈ R 751�* +2D*7 *:2 2D-B6*7B-387><�510: -+35E-:� B:*/7* / 15�D-� 7-)1-�M0

90.*3.-B*3C,-/7> Φ̃ /-D*3�07B/� .38:2� QM < �0.*3.-B*3C,-/7> Φ̃ ,5EAB5*7/8 vgb}hgd / B*3�0,-� Q0 ,5.35B68��*� (n− 1)�:*3,-� .-B*3C,-/7>� Φ<�0.*3.-B*3C,-/7> Φ .30 ¨7-: .3*D/75B68*7/8 B B0D* .*3*/*)*,08 Φ =

Φ̃ ∩ πn <

¼©



AnΦ

Φ

AnΦ

Φ̃

�*3*C-D2 �²±� -7 3*.*35 {O; ei} 1 3*.*32 {O′; e′i} B .3-/735,/7B* An
/-�

-7B*7/7B2*7 B .3-/735,/7B*An+1
.*3*C-D -7 3*.*35 3*.*35 {Q; eα} 1 3*.*32

{Q; eα′}� 9D* .3*-+35E-B5,0* +5E0/5 eα′ = p̃α
α′eα

0:**7 B0D �e(n+1)′ =
−−→
QO′ =

−→
QO +

−−→
OO′ = en+1 +

−−→
OO′�~
ei′ = pi

i′ei, e(n+1)′ = en+1 + biei .
�²I�

b = b
i ei

Q

O′

O

en+1 e(n+1)′

�E 235B,*,0� �²I� /6*D2*7� )7- :5730½5 P̃ = (p̃α
α′)
.3*-+35E-B5,08 +5E0/5

0:**7 /6*D2��0� B0D~ p̃i
i′ = pi

i′ � p̃α
i′ = 0� p̃i

(n+1)′ = bi � p̃(n+1)′

(n+1)′ = 1� 7- */7>�

P̃ =




b1

P
<<<
bn

0 . . . 0 1



,

9D* P = (pi
i′)< ³7-:2 .3*-+35E-B5,0� 3*.*35 /--7B*7/7B2*7 .3*-+35E-B5,0*1--3D0,57 xα = p̃α

α′xα′ �,5)56- 3*.*35 ,* 0E:*,8*7/8� B .3-/735,/7B* An+1 �0:*��** B0D
xi = pi

i′x
i′ + bixn+1′, xn+1 = xn+1′ . �²º�

¼´



@5730½A Ã = (aαβ)
0 Ã′ = (aα′β′)� /-/75B6*,,A* /--7B*7/7B*,,-� 0E 1-¨���0½0*,7-B 235B,*,0� 235B,*,0� F (xk) = 0 0 F ′(xk′

) = 0� -.3*D*68��0C90.*3.-B*3C,-/7> Φ B DB2C 35E60),AC /0/7*:5C 1--3D0,57� 8B68�7/8 -D�,-B3*:*,,- 0 :5730½5:0 /-/75B6*,,A:0 0E 1-¨��0½0*,7-B .30 .3-0EB*�
D*,08C xαxβ 0 xα′

xβ′ B 235B,*,08C 90.*3.-B*3C,-/70 Φ̃< �D,51-� .-/1-6>12/B8E> :*�D2 235B,*,08:0 90.*3.-B*3C,-/7*� 0 /5:0:0 90.*3.-B*3C,-/78�
:0 ,* 8B68*7/8 -D,-E,5),-�� 5 751�*� .-/1-6>12 1-,2/ Φ̃ :-�*7 /-D*3�57>.38:-60,*�,A* -+35E2��0*� .53566*6>,A* 90.*3.6-/1-/70 πn � :A ,* :-��*: -7/�D5 /35E2 E516�)07>� )7- ϕ̃(w) = aαβ(w

αwβ) F 1B5D3570),58 �-3�:5 ,5 Vn+1 � ,* E5B0/8�58 -7 BA+-35 /0/7*:A 1--3D0,57 B An <�--3D0,57A B*17-35w ∈ Vn+1
.30 .3*-+35E-B5,00 1--3D0,57 �²º� .3*�

-+35E2�7/8 .- 751-:2 �* E51-,2 �²º�� .-/1-6>12 ,5)56- 3*.*35 B An+1
,*

0E:*,8*7/8� 7- */7>
wi = pi

i′w
i′ + biw(n+1)′, wn+1 = w(n+1)′ . �²»�

�-D/75B688 B aαβw
αwβ BA35�*,08 �²²� 0 �²»�� .-62)5*:~

aαβw
αwβ = aijw

iwj + 2ai n+1w
iwn+1 + an+1n+1w

n+1wn+1 =

= aij(p
i
i′w

i′ + biw(n+1)′)(pj
j′w

j′ + bjw(n+1)′) + 2ai n+1(p
i
i′w

i′ + biw(n+1)′)w(n+1)′+

+an+1n+1w
(n+1)′w(n+1)′ = (aijp

i
i′p

j
j′)w

i′wj′ + 2(aijb
j + ai n+1)p

i
i′w

i′w(n+1)′+

+(aijb
ibj + 2ai n+1b

i + an+1n+1)w
(n+1)′w(n+1)′ =

= ai′j′w
i′wj′ + 2ai′ (n+1)′w

i′w(n+1)′ + an+1n+1w
(n+1)′w(n+1)′ = aα′β′wα′

wβ′

.�510: -+35E-:� ϕ̃(w) = aαβ(w
αwβ) F 1-33*17,- -.3*D*6*,,58 1B5D3570)�,58 �-3:5<Ó��]\\�Y ]\��X]�\�� æX��\Y\]® Ú]WYXW��YX×\���] � An

^VWXYZY[Y\]Y^ _``abbcd abkjfajbigd }fjkbmbat (42) xaemfegkmfrbgphia kigfgxg egftnvj k efghifjbhikm An
bjlckjmiht khtvjt `}bv�at

I(a11, . . . , an+1n+1)
gi vgz``a�ambigk zigxg }fjkbmbatw lbjsmbam vgigfgubm dmbtmiht efa ljdmbm j``abbgxg fmemfj k An ��51 /6*D/7B0* .3*DAD2�0C 35//2�D*,0�� .-62)5*:~�XYZ[�¡Y\]Y^ Øbkjfajbic vkjnfjiasbcr `gfd ϕ a ϕ̃w jhhg�aafgkjbpbcr h }fjkbmbamd (42) xaemfegkmfrbghia kigfgxg egftnvjw j admbbgw fjbp

¼¼



xaw haxbji}fcw egogyaimo�bcm a gifa�jimo�bcm abnmvhc abmf�aaw tkpot{iht j``abbcda abkjfajbijda zigxg }fjkbmbat� äfgdm igxgw abkjpfajbijda tkot{iht lbjva gefmnmoaimomu detA a det Ã ��YXY�Y«Y\]Y Ú]WYXW��YX×\���] ���X�Ú� W�X®Z�� � WX®��°^�5//:-730: .38:2� ` B An
/ ,5.35B68��0: B*17-3-: v � .3-C-D8�2�)*3*E 7-)12 M0 < ³75 .38:58 0:**7 /6*D2��0* 235B,*,08~ xi = xi

0 + tvi <
68 BA8/,*,08 ** 35/.-6-�*,08 .- -7,-�*,0� 1 90.*3.-B*3C,-/70 Φ .-D�/75B0: ** 235B,*,08 B 235B,*,0* 90.*3.-B*3C,-/70< �:**:~
aij(x

i
0 + tvi)(xj

0 + tvj) + 2ai n+1(x
i
0 + tvi) + an+1n+1 = 0 ⇐⇒

(aijv
ivj)t2 + 2t(aijx

j
0v

i + ai n+1v
i) + F (xk

0) = 0 �¶H�
�-¨��0½0*,7 .30 t B .*3B-� /7*.*,0 B 235B,*,00 �¶H� :-�,- .3*D/75B07> BB0D* Fi(x

k
0)v

i � 9D* Fi(x
k) = 2(aijx

j +ai n+1) = ∂F/∂xi � .-/6* )*9- 235B,*,0*�¶H� .30,0:5*7 B0D<
ϕ(v)t2 + Fi(x

k
0)v

it+ F (xk
0) = 0. �¶��

VWXYZY[Y\]Y^ ¹mvigf v bjlckjmiht jhadeigiasmhvad kmvigfgd vkjnpfjiasbgu `gfdc ϕw mhoa ϕ(v) = 0 � �ftdjt ` bjlckjmiht eftdgu jhadepigiasmhvgxg bjefjkombat gibghaimo�bg xaemfegkmfrbghia kigfgxg egp
ftnvj Φw mhoa mm bjefjkot{qau kmvigf v tkotmiht jhadeigiasmhvad
kmvigfgd vkjnfjiasbgu `gfdc ϕw jhhg�aafgkjbbgu h }fjkbmbamd ziguxaemfegkmfrbghiaw ig mhi�w mhoa aijv

ivj = 0 ��YX��° �[æ«�°� WX®��® ` ]�YY� \Y��]�W���]«Y���Y \�WX��[Y\]Y^ ¨7-: /62)5* 235B,*,0* �¶�� 0:**7 DB5 3*�*,08 �B--+�* 9-B-38� 1-:�.6*1/,A*� t1 0 t2 � 0� /6*D-B57*6>,-� ` .*3*/*15*7 Φ B DB2C 7-)15C M1
0M2�1-7-3A*� B--+�* 9-B-38� .30,5D6*�57 AC

n

�<VWXYZY[Y\]Y^ Ôifmlgv (j abgxnj a kht eftdjt) M1M2
bjlckjmiht rgfpngu xaemfegkmfrbghia Φ ��*3*D0,* C-3DAM1M2

/--7B*7/7B2*7 E,5)*,0* .535:*735 t� 35B,-* t1 + t2
2

<
�2/7> /*3*D0,-� C-3DA 8B68*7/8 7-)15 M0(x

i
0)
�̈ 7- .3-0EB-6>,58 7-)15

.38:-� `� ,5 1-7-32� ,* +A6- ,56-�*,- ,01510C -935,0)*,0���< �-9D5

¼À



t1 + t2
2

= t0 = 0� 0 .- 7*-3*:* 0*75 D68 1B5D357,-9- 235B,*,08 �¶�� .-62�)5*:~
Fi(x

k
0)v

i = 0 060 (aijx
j
0 + ai n+1)v

i = 0.

v

D(v)

M1

M0

M2

�510: -+35E-:� */60 ,*1-7-358 C-3D5 90.*3.-B*3C,-/70 Φ 0:**7 ,*5/0:.�7-70)*/1-* ,5.35B6*,0*� 7- ** /*3*D0,5 2D-B6*7B-38*7 235B,*,0�
(aijx

j + ai n+1)v
i = 0. �¶G�

VWXYZY[Y\]Y^ ¢gsvj C bjlckjmiht �mbifgd xaemfegkmfrbghia Φw mhoakhm rgfncw efgrgntqam smfml zi} igsv}w nmotiht k bmu egegojdw ig mhi�wmhoa C � �mbif haddmifaa xaemfegkmfrbghia Φ �/*9D5 :-�,- BA+357> n 60,*�,- ,*E5B0/0:AC ,*5/0:.7-70)*/10C B*1�7-3-B v1, . . . ,vn < �5.30:*3� */60 eı̂
F +5E0/ BVn � B 1-7-3-: 1B5D3570),58�-3:5 ϕ 0:**7 15,0,0)*/10� B0D ∑r̂

k̂=1̂ ±(xk̂)2 � 7- :-�,- BE87> vk = ek̂.30 k = 1, . . . , r 0 vk = ek̂ + e1̂
.30 k = r + 1, . . . , n

�< �-D/75B688 15�DA�0E ¨70C B*17-3-B B �¶G�� .30C-D0: 1 7-:2� )7- 1--3D0,57A xi
C
½*,735 C �*/60 -, /2�*/7B2*7� 2D-B6*7B-38�7 /0/7*:* 235B,*,0�

(aijx
j
C + ai n+1)v

i
k = 0, k = 1, . . . , n. �¶±�

�51 151 :5730½5 (vi
k)
,*BA3-�D*,5� 7- /0/7*:5 235B,*,0� �¶±� ¨1B0B56*,7�,5 /6*D2��*�~
aijx

j + ai n+1 = 0, i = 1, . . . , n, �¶²�
1-7-32� :-�,- 751�* E5.0/57> B B0D*

Fi(x
j) = 0, i = 1, . . . , n.

¼Ç



�0/7*:5 235B,*,0� �¶²� 0:**7 *D0,/7B*,,-* 3*�*,0* 7-9D5 0 7-6>1- 7-9D5�1-9D5 det(aij) 6= 0� 7- */7> 1-9D5 rankϕ = n<  ¨7-: /62)5* 90.*3.-B*3C�,-/7> Φ 0:**7 *D0,/7B*,,A� ½*,73 C <VWXYZY[Y\]Y^ þaemfegkmfrbghi� Φ bjlckjmiht �mbifjo�bguw mhoa
det(aij) 6= 0.

�/60 90.*3.-B*3C,-/7> Φ ,* 8B68*7/8 ½*,7356>,-�� 7- 60+- -,5 ,* 0:*�*7 ,0 -D,-9- ½*,735 �1-9D5 /0/7*:5 �¶²� ,* /-B:*/7,5�� 60+- B/* ½*,73A90.*3.-B*3C,-/70 -+35E2�7 m�:*3,2� .6-/1-/7>� 9D* m = n− rankϕ<Å��X�° �[æ«�°� WX®��® ` ]�YY� ��]�W���]«Y���Y \�WX��[Y\]Y^ ¨7-: /62)5* 235B,*,0* �¶�� .30,0:5*7 B0D
Fi(x

k
0)v

it+ F (xk
0) = 0. �¶¶�

�7/�D5 /6*D2*7� )7- .38:58 `� 0:*��58 5/0:.7-70)*/1-* ,5.35B6*,0*� 60�+- 0:**7 -D,2 -+�2� 7-)12 / 90.*3.-B*3C,-/7>� Φ �̈ 7-7 /62)5� ,2�,-
-760)57> -7 /62)58� 1-9D5 DB* 7-)10 .*3*/*)*,08 .38:-� 0 90.*3.-B*3C,-�/70 /-B.5D5�7� 0 .38:58 vjhjmiht 90.*3.-B*3C,-/70�� 60+- `∩Φ = ∅

�,*7
,0 -D,-� -+�*� 7-)10 B AC

n � ,0 B*�*/7B*,,-�� ,0 1-:.6*1/,-�� ¨7-7 /62�)5� 0:**7 :*/7-� 1-9D5 Fi(x
k
0)v

i = 0� 5 F (xk
0) 6= 0

�� 60+- .38:58 ` ½*601-:6*�07 ,5 90.*3.-B*3C,-/70 Φ �.30 Fi(x
k
0)v

i = F (xk
0) = 0

�<
�30B*D*: .30:*3A 35//:-73*,,AC 73*C /62)5*B 35/.-6-�*,08 .38:-�5/0:.7-70)*/1-9- ,5.35B6*,08 .- -7,-�*,0� 1 90.*3.-B*3C,-/70 B7-3-9-

.-38D15<�X]�YX�^ �5.35B6*,0* a = {1; 0; 1} 8B68*7/8 5/0:.7-70)*/10: D68 -D�,-.-6-/7,-9- 90.*3+-6-0D5 Φ~ x2 +y2−z2 = 1< �38:58 `1 ~ x = z+1, y = 0/ ,5.35B68��0: B*17-3-: a 0:**7 -D,2 -+�2� 7-)12 (1; 0; 0) � Φ� .38:58
`2
~ x = z, y = 0 / ,5.35B68��0: B*17-3-: a ,* 0:**7 ,0 -D,-� -+�*�7-)10 � Φ� .38:58 `3 ~ x = z, y = 1 / ,5.35B68��0: B*17-3-: a ½*601-:6*�07 ,5 90.*3+-6-0D* Φ<

¼Î



z

x

y

`2

`3`1

�YXY\�� \�«�[� ���XZ]\�� � âY\�X Ú]WYXW��YX×\���]^
�2/7> 7-)15 C(xi

C) F ,*1-7-3A� ½*,73 90.*3.-B*3C,-/70 Φ �:-927 +A7>0 D3290* ½*,73A� 7- */7> *D0,/7B*,,-/7> ½*,735 ,* .3*D.-6595*7/8�< A�+*: ,-B2� /0/7*:2 1--3D0,57 / ,5)56-: B ½*,73* C � 0 .2/7> xi = pi
i′x

i′ +xi
CF /--7B*7/7B2��** .3*-+35E-B5,0* 1--3D0,57< �E �-3:26 .3*-+35E-B5,081-¨��0½0*,7-B 235B,*,08 90.*3.-B*3C,-/70 �²²� /6*D2*7� )7- B ,-B-� /0�/7*:* 1--3D0,57

ai′ n+1′ = (aijx
j
C + ai n+1)p

i
i′ = 0.�7/�D5 BA7*15*7 /6*D2��** .3*D6-�*,0*<�XYZ[�¡Y\]Y^ Æhoa bjsjog vggfnabji bjrgnaiht k �mbifm xaemfegp

kmfrbghia kigfgxg egftnvj Φw ig }fjkbmbam xaemfegkmfrbghia bm hgnmfpyai sombgk emfkgu himemba¿
aijx

ixj + an+1n+1 = 0 �¶·�
*17-3 v 8B68*7/8 5/0:.7-70)*/10: D68 90.*3.-B*3C,-/70 �¶·�� */60

aijv
ivj = 0< �/60 B 235B,*,00 �¶·� an+1n+1 6= 0� 7- .38:58 `~ xi = vit5/0:.7-70)*/1-9- ,5.35B6*,08� .3-C-D8�58 )*3*E ½*,73 C � ,* 0:**7 / Φ,0 -D,-� -+�*� 7-)10< @,-�*/7B- 7-)*1 B/*C 7510C .38:AC -+35E2*7 90�.*3.-B*3C,-/7> B7-3-9- .-38D15 Ψ / 235B,*,0*:

aijx
ixj = 0. �¶I�
¼Ï



VWXYZY[Y\]Y^ þaemfegkmfrbghi�Ψ h }fjkbmbamd (57) bjlckjmiht jhadepigiasmhvad vgb}hgd xaemfegkmfrbghia Φ ��X]�YX^ �-,2/ Ψ~ x2 + y2 − z2 = 0 8B68*7/8 5/0:.7-70)*/10: 1-,2/-:-D,-.-6-/7,-9- 90.*3+-6-0D5 Φ~ x2 + y2 − z2 = 1<£]��Y�X�[¥\�Y W[������]^
�2/7> v F �01/03-B5,,A� ,*5/0:.7-70)*/10� B*17-3 90.*3.-B*3C,-�/70 B7-3-9- .-38D15 Φ< �*3*D0,5 B/81-� C-3DA� 0:*��*� ,5.35B68��0�B*17-3 v � 2D-B6*7B-38*7 235B,*,0� �¶G�~

(aijx
j + ai n+1)v

i = 0. �¶º�
VWXYZY[Y\]Y^ þaemfeoghvghi� D(v)w adm{qjt }fjkbmbam (58)w bjlckjpmiht najdmifjo�bgu xaemfeoghvghi�{w hgeftymbbgu bmjhadeigiasmhvgpd} bjefjkomba{ v ��5.-:,0:� )7- /0::*730),58 +060,*�,58 �-3:5 ψ � 5//-½003-B5,,58 /1B5D3570),-� �-3:-� ϕ� 0:**7 B0D ψ(u,v) = 1

2(ϕ(u + v) − ϕ(u) − ϕ(v))<
�30 ¨7-: ϕ(u) = ψ(u,u)� 0 */60 B 1--3D0,575C ϕ(u) = aiju

iuj � 7- ψ(u,v) =

biju
ivj <*17-3A u 0 v ,5EAB5�7/8 hgeftymbbcda gibghaimo�bg vkjnfjiaspbgu `gfdc ϕ(u) = aiju

iuj � */60 ψ(u,v) = aiju
ivj = 0<ª��Y«�\]Y^ 	35B,*,0* �¶º� D05:*7356>,-� .6-/1-/70 /-C35,8*7 /:A/6

0 B /62)5* 5/0:.7-70)*/1-9- B*17-35 v � */60 ¨7-7 B*17-3 ,* .30,5D6*�078D32 /0::*730),-� +060,*�,-� �-3:A aiju
iwj � 7- */7> */60 bj = aijv

i

,* 8B68*7/8 ,26*B-� 60,*�,-� �-3:-� �C-78 +A -D,- 0E )0/*6 b1, . . . , bn-760),- -7 ,268<VWXYZY[Y\]Y^ ¹mvigfcu a v bjlckj{iht hgeftymbbcda gibghaimo�pbg xaemfegkmfrbghia Φw mhoa gba hgeftymbc gibghaimo�bg vkjnfjiaspbgu `gfdc ϕw jhhg�aafgkjbbgu h }fjkbmbamd zigu xaemfegkmfrbghiaw igmhi� mhoa aiju
ivj = 0 �¬��°���� Z]��Y�X�[¥\�× W[������Y°^

1◦ < �/60 90.*3.-B*3C,-/7> Φ 0:**7 ½*,73 C � 7- ¨7-7 ½*,73 6*�07 ,5B/81-� D05:*7356>,-� .6-/1-/70 D(v)<
2◦ < *17-3 u .30,5D6*�07 ,5.35B68��*:2 .-D.3-/735,/7B2Vn−1(D(v))

¼Ñ



D05:*7356>,-� 90.*3.6-/1-/70D(v) 7-9D5 0 7-6>1- 7-9D5� 1-9D5 -, /-.38��*, B*17-32 v -7,-/07*6>,- 90.*3.-B*3C,-/70 Φ<
*�/7B07*6>,-� u ∈ Vn−1(D(v)) 7-9D5 0 7-6>1- 7-9D5� 1-9D5 ,5+-3 *9-1--3D0,57 {uj} 8B68*7/8 3*�*,0*: -D,-3-D,-9- 235B,*,08 aijv
ixj = 0�/--7B*7/7B2��*9- ,*-D,-3-D,-:2 235B,*,0� �¶º�< �á����Y[¥\�Y Ú]WYXW[������] Ú]WYXW��YX×\���] ���X�Ú� W�X®Z��^

�2/7> 7-)15M0(x
i
0)
.30,5D6*�07 90.*3.-B*3C,-/70 Φ 0 `~ xi = xi

0 + vitF .38:58� .3-C-D8�58 )*3*E M0 < �-/1-6>12 M0(x
i
0) ∈ Φ� 7- F (xi

0) = 0� 0235B,*,0* �¶�� .30,0:5*7 B0D
ϕ(v)t2 + Fi(x

k
0)v

it = 0. �¶»�
�-)12 M0(x

i
0)
+2D*: ,5EAB57> nkgubgu 7-)1-� .*3*/*)*,08 ` 0 Φ� */60235B,*,0* �¶»� 0:**7 DB5 /-B.5D5��0C 1-3,8 t1 = t2 = 0< 
68 7-9-� )7-+A7-)15 M0

+A65 DB-�,-� 7-)1-� .*3*/*)*,08 .38:-� ` ,*5/0:.7-70)*/1-9-,5.35B6*,08 0 90.*3.-B*3C,-/70 Φ� ,*-+C-D0:- 0 D-/757-),-� )7-+A
Fi(x

k
0)v

i = 0 060 (aijx
j
0 + ai n+1)v

i = 0. �·H�
VWXYZY[Y\]Y^ ¢gsvjM0

xaemfegkmfrbghiaΦ bjlckjmiht bmghg|guw mhoaoabmubjt `gfdj∇F (M0)
h vggfnabjijda {F1(x

k
0), . . . , Fn(x

k
0)} bm tkotmipht b}omkgu�ª�Z�«� �Ë^ �3-B*307>� )7- 60,*�,58 �-3:5 ∇F (M0)

,* E5B0/07 -7 BA�
+-35 3*.*35 B An � 5 0:*,,-� Fi′(x

k′

0 ) = pi
i′Fi(x

k
0)<VWXYZY[Y\]Y^ Æhoa igsvj M0

bmghg|jtw ig dbgymhikg TM0
Φ kmvigp

fgk vw }ngkomikgft{qar }fjkbmba{ (60)w tkotmiht egnefghifjbhikgdfjldmfbghia n−1 kVn � Ðig egnefghifjbhikg bjlckjmiht vjhjimo�bcdkmvigfbcd efghifjbhikgd xaemfegkmfrbghia Φ k igsvmM0 �þaemfeoghvghi� πM0
(Φ)w efgrgntqjt smfml bmghg|}{ igsv} M0

xaemfp
egkmfrbghia Φ a adm{qjt bjefjkot{qmm egnefghifjbhikg TM0

Φw bjlcpkjmiht vjhjimo�bgu xaemfeoghvghi�{ xaemfegkmfrbghia Φ k igsvmM0 ��E �·H� /6*D2*7� )7- 15/57*6>,58 90.*3.6-/1-/7> πM0
(Φ) 0:**7 235B,*�,0*

Fi(x
k
0)(x

i − xi
0) = 0 060 (aijx

j
0 + ai n+1)(x

i − xi
0) = 0. �·��

ÀÕ



¬��°���� �����Y[¥\�× Ú]WYXW[������Y° Ú]WYXW��YX×\���] ���X�Ú� W�¯X®Z��^
1◦ < �/60 90.*3.-B*3C,-/7> Φ 0:**7 ½*,73 C(xi

C)� 7- v ∈ TM0
Φ 7-9D5 07-6>1- 7-9D5� 1-9D5 B*17-3A v 0 −−→CM0

/-.38�*,A -7,-/07*6>,- Φ<

C

M0

v

£���¤��Y[¥����^ �-/1-6>12 C(xi
C) F ½*,73 90.*3.-B*3C,-/70 Φ� 7-

aijx
j
C + ai n+1 = 0< �-¨7-:2 D68 6�+-9- B*17-35 v ∈ Vn

BA.-6,8*7/8 /-�
-7,-�*,0* (aijx

j
C + ai n+1)v

i = 0< A)0758 ¨7- /--7,-�*,0* 0E 235B,*,08�·H� 15/57*6>,-9- B*17-3,-9- .3-/735,/7B5 90.*3.-B*3C,-/70 Φ B 7-)1*
M0 � .-62)0: 235B,*,0* aij(x

j
0 − xj

C)vi = 0� ¨1B0B56*,7,-* 235B,*,0� �·H�<
� �E ¨7-9- /B-�/7B5 /6*D2*7� )7- 15/57*6>,-* .3-/735,/7B- 0 15/57*6>,5890.*3.6-/1-/7> 90.*3.-B*3C,-/70� 0:*��*� ½*,73� :-927 +A7> E5D5,A� /-�-7B*7/7B*,,-� /6*D2��0:0 235B,*,08:0~

aij(x
j
0 − xj

C)vi = 0 0 aij(x
j
0 − xj

C)(xi − xj
0) = 0.

 )5/7,-/70� */60 ,5)56- 1--3D0,57 8B68*7/8 ½*,73-: 90.*3.-B*3C,-/70�C = O � xj
C = 0

�� 7- 15/57*6>,58 90.*3.6-/1-/7> 0:**7 235B,*,0*
aijx

j
0x

i + an+1n+1 = 0.

�X]�YX^ �5/57*6>,A* .6-/1-/70 90.*3+-6-0D5 x2

a2
+
y2

b2
− z2

c2
= 1 0:*�7

235B,*,08 x0x

a2
+
y0y

b2
− z0z

c2
= 1.

2◦ < �/60 .38:58 `� 0:*��58 5/0:.7-70)*/1-* ,5.35B6*,0*� .3-C-D07 )*�3*E ,*-/-+2� 7-)12 M0
90.*3.-B*3C,-/70 Φ 0 6*�07 B 15/57*6>,-� 90.*3�

À 



.6-/1-/70 πM0
(Φ)� 7- .38:58 ` ½*601-: .30,5D6*�07 90.*3.-B*3C,-/70~

` ⊂ Φ<£���¤��Y[¥����^ �E 235B,*,0� �¶»� 0 �·H� /6*D2*7� )7- 15�D58 7-)15.38:-� ` 2D-B6*7B-38*7 235B,*,0� 90.*3.-B*3C,-/70 Φ< �

3◦ < �*3*/*)*,0* πM0
(Φ) ∩ Φ 90.*3.-B*3C,-/70 Φ /- /B-*� 15/57*6>,-�

90.*3.6-/1-/7>� πM0
(Φ) .3*D/7B68*7 /-+-� 1-,2/ B 90.*3.6-/1-/70 πM0

(Φ)/ B*3�0,-� B 7-)1* M0 <£���¤��Y[¥����^ �*3*,*/*: ,5)56- 1--3D0,57 B 7-)12 M0 � 7-9D5 1--3�D0,57A ¨7-� 7-)10 +2D27 ,26*BA:0~ xi
0 = 0< �-D/75B688 xi

0 = 0 B 235B�,*,0* �²G� 90.*3.-B*3C,-/70 Φ� .-62)0: an+1n+1 = 0< �-¨7-:2 235B,*,0*90.*3.-B*3C,-/70 .30:*7 B0D aijx
ixj + 2ai n+1x

i = 0< �-D/75B688 xi
0 = 0B 235B,*,0* �·�� 15/57*6>,-� 90.*3.6-/1-/70 πM0

(Φ)� .-62)0: 235B,*,0*
ai n+1x

i = 0< �510: -+35E-:� .*3*/*)*,0* πM0
(Φ) ∩ Φ E5D5*7/8 /0/7*:-�

235B,*,0�
aijx

ixj + 2ai n+1x
i = 0, ai n+1x

i = 0,

1-7-358 ¨1B0B56*,7,5 /6*D2��*� /0/7*:*
aijx

ixj = 0, ai n+1x
i = 0. �

�X]�YX�� �5/57*6>,A* .6-/1-/70 -D,-.-6-/7,AC 90.*3+-6-0D-B 0 90�
.*3+-60)*/10C .535+-6-0D-B B A3

.*3*/*15�7 ¨70 .-B*3C,-/70 .- .38:-�
60,*�,A: -+35E2��0:<

�5/57*6>,A* .6-/1-/70 ½060,D3-B 0 1-,2/-B B A3
15/5�7/8 ¨70C .-�

B*3C,-/7*� BD-6> .38:-60,*�,AC -+35E2��0C< *3�0,A 1-,2/-B F -/-�+A* 7-)10 ¨70C .-B*3C,-/7*�< �5/57*6>,A* .6-/1-/70 B 7510C 7-)15C ,*-.3*D*6*,A<
À©



VWXYZY[Y\]Y^ �ftdjt `w efgrgntqjt smfml bmghg|}{ igsv} M0
xaemfp

egkmfrbghia Φ a omyjqjt k vjhjimo�bgu eoghvghia πM0
(Φ)w bjlckjmihtvjhjimo�bgu eftdgu xaemfegkmfrbghia Φ ��/60 15/57*6>,58 .38:58 ` 0:**7 ,*5/0:.7-70)*/1-* ,5.35B6*,0* B 7-)�1* 15/5,08 M0 � 7- 7-)15 M0

8B68*7/8 DB-�,-� 7-)1-� .*3*/*)*,08 ` 0 Φ<�YXY�Y«Y\]Y Ú]WYXW��YX×\���] ���X�Ú� W�X®Z�� � m¯W[������¥�^
�2/7> B .3-/735,/7B* An

E5D5,A 90.*3.-B*3C,-/7> B7-3-9- .-38D15 Φ�0:*��58 235B,*,0*
aijx

ixj + 2ai n+1x
i + an+1n+1 = 0, �·G�

0 m�.6-/1-/7> πm
/ .535:*730)*/10:0 235B,*,08:0

xi = biAy
A + bi, �·±�

9D* {yA} F 1--3D0,57A B πm � -.3*D*68*:A* ,*1-7-3A: 3*.*3-: {M0,bA}�
A,B = 1, . . . ,m< �-D/75B688 235B,*,08 �·±� B 235B,*,0* �·G�� .-62)0:235B,*,0*� 1-7-3-:2 2D-B6*7B-38�7 1--3D0,57A {yA} -+�0C 7-)*1m�.6-/1-/70
πm
0 90.*3.-B*3C,-/70 Φ< �:**:~
aij(b

i
Ay

A + bi)(bjBy
B + bj) + 2ai n+1(b

i
Ay

A + bi) + an+1n+1 = 0 ⇐⇒

(aij(b
i
Ab

j
B)yAyB + 2(ai n+1b

j + an+1n+1)b
i
Ay

A +

+ aijb
ibj + 2ai n+1b

i + an+1n+1 = 0 ⇐⇒

cABy
AyB + 2cAm+1y

A + cm+1m+1 = 0. �·²�
�/60 1B5D3570),58 �-3:5 cABu

AuB � 8B68��58/8 -935,0)*,0*: 1B5D35�70),-� �-3:A ϕ ,5 ,5.35B68��** .-D.3-/735,/7B- Vm m�.6-/1-/70 πm �
À´



,* 8B68*7/8 ,26*B-�� 7- 235B,*,0* �·²� E5D5*7 90.*3.6-/1-/7> B7-3-9- .-�38D15 B m�:*3,-: 5��0,,-: .3-/735,/7B* πm < �/60 1B5D3570),58 �-3:5
cABu

AuB ,26*B58� 7- 235B,*,0* �·²� 60+- E5D5*7 .6-/1-/7> 35E:*3,-/70
m− 1� 60+- E5D5*7 .2/7-* :,-�*/7B- �*/60 B/* cAm+1 = 0� 5 cm+1m+1 6= 0<�X]�YX�^ �6-/1-/7> z = 0 .*3*/*15*7 90.*3+-6-0D x2 + y2 − z2 = 1.- ¨660./2 x2 + y2 = 1� .6-/1-/7> x − y = 2 .*3*/*15*7 90.*3+-60)*/10�½060,D3 x2−y2 = 1 .- .38:-� x =

5

4
� y = −3

4
� .6-/1-/7> x−y = 0 ,* 0:**7/ 90.*3+-60)*/10: ½060,D3-: x2 − y2 = 1 -+�0C 7-)*1 ,0 B*�*/7B*,,AC,0 1-:.6*1/,AC<

À¼



� !êTRRLKLéT�Lû úLPOQPNUOQùMNRSO� USNQNúN PNQûëéT U TKý
KLMMNü PQNRSQTMRSUO(

�-D 165//0�015½0*� 90.*3.-B*3C,-/7*� B7-3-9- .-38D15 B An
.-,0:5*7/8

-.3*D*6*,0* B/*C 7510C 90.*3.-B*3C,-/7*� B An
/ 7-),-/7>� D- 5��0,�

,-9- DB0�*,08< �/60 .30 5��0,,-: .3*-+35E-B5,00 α � 2/75,5B60B5��*:/--7B*7/7B0* :*�D2 7-)15:0� 0:*��0:0 -D0,51-BA* 1--3D0,57A .- -7,-��*,0� 1 3*.*35: {O; ei} 0 {O′; e′i}� 90.*3.-B*3C,-/7> Φ .*3*C-D07 B 90�
.*3.-B*3C,-/7> Φ′ � 7- 90.*3.-B*3C,-/7> Φ′ B /0/7*:* 1--3D0,57� -.3*D*68�*:-� 3*.*3-: {O′; e′i}� +2D*7 0:*7> 751-* �* 235B,*,0*� 151 0 90.*3.-B*3C�,-/7> Φ B /0/7*:* 1--3D0,57� -.3*D*68*:-� 3*.*3-: {O; ei}< �-¨7-:2 D68165//0�015½00 90.*3.-B*3C,-/7*� B7-3-9- .-38D15 BAn

,2�,- 165//0�0�
½03-B57> 235B,*,08 (42) 7510C 90.*3.-B*3C,-/7*�� /)0758 DB5 235B,*,08¨1B0B56*,7,A:0� */60 -D,- 0E ,0C :-�*7 +A7> .*3*B*D*,- B D329-* E5:*�,-� 5��0,,-9- 3*.*35� 0 2:,-�*,0*:� */60 ,*-+C-D0:-� ,5 B*�*/7B*,,-*)0/6-<�5//:-730: /,5)565 .-D3-+,- 165//0�015½0� 130BAC B7-3-9- .-38D15
,5 5��0,,-� .6-/1-/70 A2 <A+0358 15,-,0)*/10� +5E0/ 0 2:,-�58� */60 ,*-+C-D0:-� 235B,*,0*130B-� B7-3-9- .-38D15

a11(x
1)2 + 2a12x

1x2 + a22(x
2)2 + 2a13x

1 + 2a23x
2 + a33 = 0,

,5 (−1)� 1B5D3570),2� �-3:2 ϕ� 5//-½003-B5,,2� / ¨70: 235B,*,0*:�:-�,- .30B*/70 1 -D,-:2 0E /6*D2��0C 73*C B0D-B~
I. (v1)2 + (v2)2; II. (v1)2 − (v2)2; III. (v1)2.

�30BA*� D68 1-7-3AC �-3:5 ϕ .30B-D07/8 60+- 1 B0D2 I� 60+- 1 B0D2 II�8B68�7/8 �mbifjo�bcda< �5//:-730: .-/6*D-B57*6>,- B/* B-E,015��0*B5305,7A<
I< �30BA*� D68 1-7-3AC 1B5D3570),58 �-3:5 ϕ .30B-D07/8 1 B0D2 I �,5EAB5�7/8 vfakcda zooaeiasmhvgxg iaej<
�*3*,-/8 B ¨7-: /62)5* ,5)56- 1--3D0,57 B ½*,73 130B-�� .-62)0: 235B�,*,0*

(x1)2 + (x2)2 + a′33 = 0. �·¶�
ÀÀ



�/60 a′33 6= 0� 7- -/2�*/7B0: .3*-+35E-B5,0* 1--3D0,57 xi =
√
|a′33|xi′ 0

E57*: .-D*60: .3*-+35E-B5,,-* 235B,*,0* 130B-� ,5 a′33 <  3*E26>757* :-�927 .-62)07>/8 /6*D2��0* 730 235B,*,08 ��730C0 2 0,D*1/-B -.2/15*:�38D-: / 235B,*,08:0 215E5,A ,5EB5,08 130BAC� E5D5B5*:AC ¨70:0 235B�,*,08:0�~
1◦. (x1)2 + (x2)2 = 1 �̈ 660./�<
2◦. (x1)2 + (x2)2 = −1 �:,0:A� ¨660./�<
3◦. (x1)2 + (x2)2 = 0 �.535 :,0:AC .*3*/*15��0C/8 .38:AC�<@,0:A* .38:A* B /62)5* 3◦ 0:*�7 235B,*,08 x1 = ±

√
−1x2 � -,0 .*3*�/*15�7/8 B B*�*/7B*,,-� 7-)1* O(0, 0)<

II< �30BA*� D68 1-7-3AC 1B5D3570),58 �-3:5 ϕ .30B-D07/8 1 B0D2 ??�,5EAB5�7/8 vfakcda xaemf|goasmhvgxg iaej<
�*3*,-/8 B ¨7-: /62)5* ,5)56- 1--3D0,57 B ½*,73 130B-� 0 -/2�*/7B688D56** .3*-+35E-B5,08 1--3D0,57� 5,56-90),A* /62)5� I� .30B*D*: 235B,*�,0* 130B-� 1 -D,-:2 0E /6*D2��0C B0D-B~
4◦. (x1)2 − (x2)2 = 1 �90.*3+-65�<
5◦. (x1)2 − (x2)2 = 0 �.535 B*�*/7B*,,AC .*3*/*15��0C/8 .38:AC�<
�*3*/*15��0*/8 .38:A* B /62)5* 5◦ 0:*�7 235B,*,08 x1 = ±x2 <
III< �30BA*� D68 1-7-3AC 1B5D3570),58 �-3:5 ϕ .30B-D07/8 1 B0D2 ???�,5EAB5�7/8 vfakcda ejfj|goasmhvgxg iaej<
�-/6* 7-9-� 151 BA+35, +5E0/� B 1-7-3-: 1B5D3570),58 �-3:5 ϕ 0:**715,-,0)*/10� B0D (v1)2 � 235B,*,0* 130B-� .30,0:5*7 B0D

a11(x
1)2 + 2a13x

1 + 2a23x
2 + a33 = 0 ⇐⇒

(x1 + a13)
2 + 2(a23x

2 +
1

2
a33 −

1

2
(a13)

2) = 0.

�� �/60 a23 6= 0� 7- -/2�*/7B0: .3*-+35E-B5,0* 1--3D0,57
x1′ = x1 + a13, x2′ = −(a23x

2 +
1

2
a33 −

1

2
(a13)

2),

B 3*E26>757* )*9- 235B,*,0* .30B-D07/8 1 B0D2
6◦. (x1)2 = 2x2 �.535+-65�<
�� �/60 a23 = 0� 7- -/2�*/7B0: .3*-+35E-B5,0* 1--3D0,57

x1′ = x1 + a13, x2′ = x2,

ÀÇ



B 3*E26>757* )*9- 235B,*,0* .30B-D07/8 1 B0D2
(x1)2 + a′33 = 0.

�/60 a33′ 6= 0� 7-� 151 0 BA�*� -/2�*/7B0: .3*-+35E-B5,0* 1--3D0,57 xi =√
|a33′|xi′ 0 E57*: .-D*60: .3*-+35E-B5,,-* 235B,*,0* 130B-� ,5 a′33 < 3*E26>757* .-62)0: -D,- 0E /6*D2��0C 73*C 235B,*,0�~
7◦. (x1)2 = 1 �.535 B*�*/7B*,,AC .53566*6>,AC .38:AC�<
8◦. (x1)2 = −1 �.535 :,0:AC .53566*6>,AC .38:AC�<
9◦. (x1)2 = 0 �.535 /-B.5D5��0C .38:AC�<
�- .53* /-B.5D5��0C .38:AC� ,5.30:*3� 15/57*6>,58 .6-/1-/7> .*3*�/*15*7 ½060,D3<	35B,*,08 1◦� 9◦ ,5EAB5�7/8 vjbgbasmhvada<	Y�XY��^ ¸em�ajo�bcd kc|gfgd fmemfj kA2

a }dbgymbamdw mhoa bmg|prgnadgw bj kmqmhikmbbgm sahogw khtvgm }fjkbmbam vfakgu kigfgxg egftnvjdgybg efakmhia v gnbgd} a igo�vg gnbgd} kan} al heahvj 1◦
9◦ �£���¤��Y[¥����^ �/75*7/8 7-6>1- D-15E57>� )7- -D,- 0 7- �* 235B,*�,0* ,*6>E8 .30B*/70 1 DB2: 35E60),A: B0D5: 0E /.0/15 1◦� 9◦ < 
68 ¨7-�9- D-/757-),- 2+*D07>/8� )7- 6�+A* DB5 235B,*,08 0E /.0/15 1◦� 9◦ -760�)5�7/8 E,5)*,08:0 5��0,,AC 0,B5305,7-B< 	35B,*,08� .30,5D6*�5�0*35E,A: 70.5: I� II� III� -760)5�7/8 35,95:0 0 /09,5723-� 1B5D3570),-��-3:A ϕ< 	35B,*,08� .30,5D6*�5�0* 1 -D,-:2 70.2� -760)5�7/8 35,95�:0 0 /09,5723-� 1B5D3570),-� �-3:A ϕ̃< �5.30:*3� / 235B,*,08:0 1◦ � 2◦0 3◦ 5//-½003-B5,A� /--7B*7/7B*,,-� /6*D2��0* 1B5D3570),A* �-3:A ϕ̃~
(u1)2 + (u2)2 − (u3)2 � (u1)2 + (u2)2 + (u3)2 0 (u1)2 + (u2)2 < ��XYZ[�¡Y\]Y^ �kj }fjkbmbat aijx

ixj +2ai n+1x
i +an+1n+1 = 0 a bijxixj +

2bi n+1x
i + bn+1n+1 = 0 ljnj{i gnbg a ig ym dbgymhikg igsmv k AC

nigxnj a igo�vg igxnjw vgxnj gba efgegf�agbjo�bc�£���¤��Y[¥����^ �30B*D*: 7-6>1- ,5+3-/-1 D-15E57*6>/7B5< �/,-� )7-*/60 ¨7- 27B*3�D*,0* 0:**7 :*/7- B -D,-� /0/7*:* 1--3D0,57� 7- -,- /.35�B*D60B- 0 D68 6�+-� D329-� /0/7*:A 1--3D0,57< �-¨7-:2 +2D*: /)0757>�)7- ,5)56- 1--3D0,57 ,* 2D-B6*7B-38*7 ,0 -D,-:2 0E 215E5,,AC 235B,*,0��5 +5E0/ B 5//-½003-B5,,-: Vn
BA+35, 751� )7- -, ,* 8B68*7/8 5/0:.7-70�)*/10: D68 15�D-9- 0E DB2C 235B,*,0�< �2/7> .*3B-* 235B,*,0* E5D5*7

ÀÎ



90.*3.-B*3C,-/7> Φ� 5 B7-3-* F 90.*3.-B*3C,-/7> Ψ<�/60 235B,*,08 .3-.-3½0-,56>,A� 7-� -)*B0D,-� Φ = Ψ<�/60 Φ = Ψ� 7- D68 6�+-� .38:-� ` 0:**7 :*/7- 35B*,/7B- Φ∩` = Ψ∩`<A+0358 .38:2� ` / 235B,*,08:0 x1 = t� xi = 0 .30 i = 2, . . . , n� .-62�)0: /-B.5D5��0* :,-�*/7B5 7-)*1� E5D5B5*:A* 1B5D357,A:0 235B,*,08�:0 a11(x
1)2 + 2a1n+1x

1 + an+1n+1 = 0 0 b11(x
1)2 + 2b1n+1x

1 + bn+1n+1 = 0<�7/�D5 /6*D2*7� )7-
a11

b11
=
a1n+1

b1n+1
=
an+1n+1

bn+1n+1
.

53>0328 235B,*,08 .38:-� �BA+0358� ,5.30:*3� ,5 /6*D2��*: �59* .38�:2� / 235B,*,08:0 x1 = t� x2 = t� xi = 0 .30 i = 3, . . . , n
�� .-62)0: .3-�.-3½0-,56>,-/7> B/*C 1-¨��0½0*,7-B< �-6,-* D-15E57*6>/7B- ¨7-9- 27B*3��D*,08 :-�,- ,5�70 B Â�Ã �/:< 7*-3*:2 ,5 /< ²IH�< �VWXYZY[Y\]Y^�km xaemfegkmfrbghia kigfgxg egftnvjΦ aΨ kAn

bjlcp
kj{iht j``abbg zvkakjombibcdaw mhoa h}qmhik}mi j``abbgm nkaymbam
α ∈ GA(An)w efa vgigfgd α(Φ) = Ψ k AC

n �	Y�XY��^ 1)
¹htvjt vfakjt kigfgxg egftnvj Φ k A2

dgymi |ci� ljpnjbj gnbad a igo�vg gnbad }fjkbmbamd al heahvj 1◦
9◦ �
2) �km vfakcm kigfgxg egftnvj k A2

j``abbg zvkakjombibc igxnj aigo�vg igxnjw vgxnj k bmvgigfcr j``abbcr hahimdjr vggfnabji gba ljpnj{iht gnbad a imd ym }fjkbmbamd al heahvj 1◦
9◦ �£���¤��Y[¥����^ �*3B-* 27B*3�D*,0* /6*D2*7 0E D-15E5,,-9- BA�* .3*D�6-�*,08< 
-15�*: B7-3-*<�/60 235B,*,0* 130B-� Φ B 3*.*3* {O; ei} /-B.5D5*7 / 235B,*,0*: 130�B-� Ψ B 3*.*3* {O′; e′i}� 7- 5��0,,-* .3*-+35E-B5,0* α : A2 → A2 � -.3*�D*68*:-* 2/6-B08:0~ α(O) = O′ � α̂(ei) = e′i � .*3*B-D07 Φ B Ψ<�+357,-� .2/7> 130B58 Φ 0:**7 B 3*.*3* {O; ei} ,*1-7-3-* 235B,*,0*
F (x1, x2) = 0 0E /.0/15 1◦� 9◦ 0 α(Φ) = Ψ .30 ,*1-7-3-: 5��0,,-: .3*�
-+35E-B5,00 α : A2 → A2 < �-9D5 130B58 Ψ B 3*.*3* {α(O); α̂(ei)} 0:**7 7-�* /5:-* 235B,*,0* F (x1, x2) = 0< ��,56-90),58 7*-3*:5 0:**7 :*/7- D68 .-B*3C,-/7*� G�9- .-38D15 B A3 <	Y�XY��^ 1)

¹htvjt egkmfrbghi� kigfgxg egftnvj Φ kA3
dgymi |ci�

ljnjbj gnbad a igo�vg gnbad }fjkbmbamd al homn}{qmxg baym heahvj al
ÀÏ



¦�pia }fjkbmbau 1◦
17◦ �
2) �km egkmfrbghia kigfgxg egftnvj kA3

j``abbg zvkakjombibc igpxnj a igo�vg igxnjw vgxnj k bmvgigfcr j``abbcr hahimdjr vggfnabjigba ljnj{iht gnbad a imd ym }fjkbmbamd al heahvj 1◦
17◦ �
I< *,7356>,A* .-B*3C,-/70< �//-½003-B5,,58 1B5D3570),58 �-3:5 ϕ.30B-D07/8 1 B0D2 (v1)2 + (v2)2 ± (v3)2 <
1◦. (x1)2 + (x2)2 + (x3)2 = 1 �̈ 660./-0D�<
2◦. (x1)2 + (x2)2 + (x3)2 = −1 �:,0:A� ¨660./-0D�<
3◦. (x1)2 + (x2)2 + (x3)2 = 0 �:,0:A� 1-,2/�<
4◦. (x1)2 + (x2)2 − (x3)2 = 1 �-D,-.-6-/7,A� 90.*3+-6-0D�<
5◦. (x1)2 + (x2)2 − (x3)2 = −1 �DB2.-6-/7,A� 90.*3+-6-0D�<
6◦. (x1)2 + (x2)2 − (x3)2 = 0 �B*�*/7B*,,A� 1-,2/�<
II< �535+-6-0DA< �//-½003-B5,,58 1B5D3570),58 �-3:5 ϕ .30B-D07/81 B0D2 (v1)2 ± (v2)2 < Á-3:5 ϕ̃ ,*BA3-�D*,5 �det(aαβ) 6= 0

�<
7◦. (x1)2 + (x2)2 = 2x3 �̈ 660.70)*/10� .535+-6-0D�<
8◦. (x1)2 − (x2)2 = 2x3 �90.*3+-60)*/10� .535+-6-0D�<
III< �//-½003-B5,,58 1B5D3570),58 �-3:5 ϕ .30B-D07/8 1 B0D2 (v1)2 ±

(v2)2 < Á-3:5 ϕ̃ BA3-�D*,5 �det(aαβ) = 0
�<

9◦. (x1)2 + (x2)2 = 1 �̈ 660.70)*/10� ½060,D3�<
10◦. (x1)2 + (x2)2 = −1 �:,0:A� ¨660.70)*/10� ½060,D3�<
11◦. (x1)2 + (x2)2 = 0 �.535 :,0:AC .*3*/*15��0C/8 .6-/1-/7*��<
12◦. (x1)2 − (x2)2 = 1 �90.*3+-60)*/10� ½060,D3�<
13◦. (x1)2 − (x2)2 = 0 �.535 B*�*/7B*,,AC .*3*/*15��0C/8 .6-/1-�

/7*��<
IV < �//-½003-B5,,58 1B5D3570),58 �-3:5 ϕ .30B-D07/8 1 B0D2 (v1)2 <
14◦. (x1)2 = 2x2 �.535+-60)*/10� ½060,D3�<
15◦. (x1)2 = 1 �.535 B*�*/7B*,,AC .53566*6>,AC .6-/1-/7*��<
16◦. (x1)2 = −1 �.535 :,0:AC .53566*6>,AC .6-/1-/7*��<
17◦. (x1)2 = 0 �.535 B*�*/7B*,,AC /-B.5D5��0C .6-/1-/7*��< .3-/735,/7B* An � BA+0358 .-DC-D8�0� 3*.*3� 235B,*,0* B/81-� 90�.*3.-B*3C,-/70 :-�,- .30B*/70 1 B0D2

p∑

i=1

(xi)2 −
q∑

i=p+1

(xi)2 − 2axp+q+1 + b = 0,

ÀÑ



9D*~ */60 rankϕ = n� 7- a = 0� 5 b = 0,±1� */60 rankϕ = m� m < n� 5
rank ϕ̃ = m+2� 7- a = 1� 5 b = 0� */60 rankϕ = m�m < n� 5 rank ϕ̃ = m+1�7- a = 0� 5 b = ±1� */60 rankϕ = m�m < n� 5 rank ϕ̃ = m� 7- a = 0 0 b = 0<ª��Y«�\]Y^ ���0,,A� 3*.*3� .- -7,-�*,0� 1 1-7-3-:2 90.*3.-B*3C�,-/7> B7-3-9- .-38D15 0:**7 15,-,0)*/1-* 235B,*,0*� -.3*D*68*7/8 ,* -D�,-E,5),-< �5.30:*3� ¨660./ (x1)2+(x2)2 = 1 /-C35,8*7 15,-,0)*/1-* 235B�,*,0* .30 E5:*,* 1--3D0,57 x1 = x1′ cosα − x2′ sinα � x2 = x1′ sinα +

x2′ cosα <ª�Z�«� �Ù^ �.3*D*607> B0D .-B*3C,-/70
(x1)2 + (x2)2 − 2x1x2 + x2x3 + 2x1 − x2 − 2x3 − 4 = 0 �··�

B 5��0,,-: .3-/735,/7B* A3
0 ,5�70 .3*-+35E-B5,0* 5��0,,-9- 3*.*35�.30B-D8�** 235B,*,0* ¨7-� .-B*3C,-/70 1 15,-,0)*/1-:2 B0D2<ÈYÉY\]Y^ �30:*,8*: :*7-D ç5935,�5 �/:<� ,5.30:*3� Â¶Ã� �6< ?�� Í¶� .-�/6*D-B57*6>,-9- BAD*6*,08 .-6,AC 1B5D357-B< �-+*3*: B 235B,*,00 �··�B/* )6*,A� /-D*3�5�0* x1 0 D-.-6,0: 0C D- .-6,-9- 1B5D3575< �-9D5 235B�,*,0* .30:*7 B0D

(
(x1)2 + (x2)2 − 2x1x2 + 2x1 − 2x2 + 1

)
+ x2x3 + x2 − 2x3 − 5 = 0.

�/2�*/7B0: .3*-+35E-B5,0* 1--3D0,57 �D68 2D-+/7B5 ,-BA* 1--3D0,57A
+2D*: -+-E,5)57> D3290:0 1-3*,,A:0 +21B5:0� y1 = x1 − x2 + 1� y2 = x2 �
y3 = x3 <  ,-B-� /0/7*:* 1--3D0,57 235B,*,0* .30,0:5*7 B0D

(y1)2 + y2y3 + y2 − 2y3 − 5 = 0.

�-/1-6>12 B .-62)*,,-: 235B,*,00 /3*D0 )6*,-B B7-3-� /7*.*,0 ,*7 1B5D�357-B 1--3D0,57� 7- .30:*,8*: .3*-+35E-B5,0* 1--3D0,57� .30 1-7-3-:-,0 .-8B68�7/8< �75,D537,-* .3*-+35E-B5,0* 0:**7 B0D y1 = z1 � y2 =

z2 + z3 � y3 = z2 − z3 < �30 ¨7-: 235B,*,0* .30,0:5*7 B0D (z1)2 + (z2)2 −
(z3)2−z2+3z3−5 = 0< �-+035*: 7*.*3> B/* )6*,A� /-D*3�5�0* z2 0 D-.-6�
,8*: 0C D- .-6,-9- 1B5D3575< �57*: -/2�*/7B68*: 7- �* /5:-* / )6*,5:0�/-D*3�5�0:0 z3 < �-62)5*:

(z1)2 +
(
(z2)2 − z2 +

1

4

)
−
(
(z3)2 − 3z3 +

9

4

)
− 3 = 0.

ÇÕ



�-/6* .3*-+35E-B5,08 1--3D0,57 w1 = z1 � w2 = z2 − 1
2
� w3 = z3 − 3

2
235B�

,*,0* .30,0:5*7 B0D (w1)2 + (w2)2 − (w3)2 − 3 = 0< �-65958 -1-,)57*6>,-
x1′ =

√
3w1 � x2′ =

√
3w2 � x3′ =

√
3w3 � .-/6* D*6*,08 ,5 3 .-62)5*: 15,-,0�)*/1-* 235,*,0*

(x1′)2 + (x2′)2 − (x3′)2 = 1. �·I�
	35B,*,0* �·I� 8B68*7/8 235B,*,0*: -D,-.-6-/7,-9- 90.*3+-6-0D5< A35��58 .-/6*D-B57*6>,- xi′ )*3*E wi � E57*: )*3*E zi � yi 0 xi � .-62)0: .3*-+�35E-B5,0* 1--3D0,57� .30B-D8�** 235B,*,0* �··� 1 B0D2 �·I�~

x1′ =
√

3(x1 − x2 + 1),

x2′ =
√

3
2 (x2 + x3 − 1),

x3′ =
√

3
2 (x2 − x3 − 3).

ª�Z�«� �Û^  5��0,,-: .3-/735,/7B* A3
D5,A 730 .-.53,- /13*�0B5�

��0*/8 .38:A* `1 � `2 0 `3 � ,5.35B68��0* B*17-3A 1-7-3AC 60,*�,- ,*E5�B0/0:A< 
-15E57>� )7- :,-�*/7B- Φ 7-)*1� .30,5D6*�5�0C .38:A: `� .*�3*/*15��0: -D,-B3*:*,,- B/* 730 .38:A* `1 � `2 0 `3 � .3*D/75B68*7 /-+-�-D,-.-6-/7,A� 90.*3+-6-0D<ÈYÉY\]Y^ �13*�0B5��0*/8 .38:A* `1 / 235B,*,0*: r = r1 + t1a1
0 `2 /235B,*,0*: r = r2 + t2a2

6*�57 B .53566*6>,AC .6-/1-/78C `1 ⊂ π1
/ 235B�

,*,0*: r = r1 + λ1a1 + λ2a2
0 `2 ⊂ π2

/ 235B,*,0*: r = r2 + λ1a1 + λ2a2 <�30 .53A 7510C .6-/1-/7*� D68 D5,,AC .38:AC `1 � `2 0 `3 -935,0)0B5�7.53566*6*.0.*D< �30,0:58 -D,2 0E B*3�0, ¨7-9- .53566*6*.0.*D5 E5 ,5�)56- 1--3D0,57� 5 B*17-3A *9- 3*+*3 E5 +5E0/ B V3 � 5//-½003-B5,,-: / A3 �.-62)0: 3*.*3 B A3 <  /0/7*:* 1--3D0,57� -.3*D*68*:-� ¨70: 3*.*3-:�D5,,A* .38:A* +2D27 0:*7> 235B,*,08 `1 ~ x2 = x3 = 0� `2 ~ x1 = 0� x3 = 1�5 `3 ~ x1 = 1� x2 = 1<

Ç 



x3

`2

x2

`3`1
x1

�-)15 M(x1
0; x

2
0; x

3
0)
.30,5D6*�07 :,-�*/7B2 Φ 7-9D5 0 7-6>1- 7-9D5�1-9D5 730 .6-/1-/70 α1 � α2

0 α3 � .3-C-D8�0* )*3*E M 0 -D,2 0E .38:AC
`1 � `2 0 `3 � .30,5D6*�57 -D,-:2 .2)12 �.*3*/*15�7/8 .- .38:-� `� .*3*/*�15��*� B/* 730 D5,,A* .38:A*�< ³70 730 .6-/1-/70 0:*�7� /--7B*7/7B*,�,-� 235B,*,08 α1

~ x3
0x

2 + x2
0x

3 = 0� α2
~ (1 − x3

0)x
1 + x1

0x
3 − x0 = 0 0 α3

~
(1− x2

0)x
1 + (x1

0 − 1)x2 − 1 + x2
0 − x1

0 < �- .-/73-*,0� .6-/1-/70 α1 � α2
0 α3.*3*/*15�7/8 �0C .*3*/*)*,0* /-D*3�07 7-)12 M �� .-¨7-:2 -,0 +2D27 .*�3*/*157>/8 .- .38:-� 7-9D5 0 7-6>1- 7-9D5� 1-9D5 -.3*D*607*6> :5730½A0E 1-¨��0½0*,7-B .30 x1 � x2 � x3 B /0/7*:* 235B,*,0� x3

0x
2 − x2

0x
3 = 0�

(1− x3
0)x

1 + x1
0x

3 − x0 = 0� (1− x2
0)x

1 + (x1
0 − 1)x2 − 1 + x2

0 − x1
0
35B*, ,26��7- */7> 1-9D5 ∣∣∣∣∣∣∣

0 x3
0 −x2

0

1 − x3
0 0 x1

0

1 − x2
0 x1

0 − 1 0

∣∣∣∣∣∣∣
= 0.

�5/13AB58 ¨7-7 -.3*D*607*6>� .-62)0:� )7-M(x1
0; x

2
0; x

3
0) ∈ Φ 7-9D5 0 7-6>�1- 7-9D5� 1-9D5 x1

0x
2
0−x1

0x
3
0+x2

0x
3
0−x2

0 = 0� 7- */7> 7-9D5 0 7-6>1- 7-9D5� 1-�9D5 1--3D0,57A 7-)10M 2D-B6*7B-38�7 235B,*,0� x1x2−x1x3+x2x3−x2 =

0< �/75*7/8 7-6>1- 2+*D07>/8� )7- ¨70: 235B,*,0*: -.3*D*68*7/8 -D,-.-�6-/7,A� 90.*3+-6-0D<ª�Z�«� �Ü^  5��0,,-: .3-/735,/7B* A3
D5,A 730 .-.53,- /13*�0B5�

��0*/8 .38:A* `1 � `2 0 `3 � ,5.35B68��0* B*17-3A 1-7-3AC 60,*�,- E5�B0/0:A< 
-15E57>� )7- :,-�*/7B- Φ 7-)*1� .30,5D6*�5�0C .38:A: `� .*�3*/*15��0: -D,-B3*:*,,- B/* 730 .38:A* `1 � `2 0 `3 � .3*D/75B68*7 /-+-�90.*3+-60)*/10� .535+-6-0D<
Ç©



ÈYÉY\]Y^ �2/7> `4 F ,*1-7-358 .38:58� .*3*/*15��58 15�D2� 0E .38�:AC `1 � `2 0 `3 /--7B*7/7B*,,- B 7-)15C O � A 0 B < ì2D*: /)0757>� )7-.38:A* `1 � `2 0 `3 E5,2:*3-B5,A 751� )7- 7-)15 A 6*�07 :*�D2 O 0 B < 
A3
BA+*3*: 751-� 3*.*3 {O; ei}� )7- e1

F ,5.35B68��0� B*17-3 .38:-�
`1 � e2

F ,5.35B68��0� B*17-3 .38:-� `2 � e3 =
−→
OA� e1 + e2

F ,5.35B68��
�0� B*17-3 .38:-� `3 <  /0/7*:* 1--3D0,57� -.3*D*68*:-� ¨70: 3*.*3-:�.38:A* `1 � `2 0 `3 0:*�7� /--7B*7/7B*,,-� 235B,*,08 `1 ~ x2 = x3 = 0� `2 ~
x1 = 0� x3 = 1� 5 `3 ~ x1 = t� x2 = t� x3 = b� 9D* −−→OB = be3 <

x3

`2

x2

`3

`1
x1

b


56** 3*�*,0* .3-D-6�5*7/8 151 B .3*DAD2�*� E5D5)*<

Ç´



� #LPOQPNUOQùMNRSL USNQNúN PNQûëéT U OUéêLëNUNü TKKLMMNü
PQNRSQTMRSUO En (

�5/7-8�0� .535935� .-/B8�*, 165//0�015½00 90.*3.-B*3C,-/7*� B7-3-9-
.-38D15 B *B160D-B-: 5��0,,-: .3-/735,/7B*<VWXYZY[Y\]Y^ �mb}omkgu kmvigf w k mkvoangkgd kmvigfbgd efghifjbp
hikm En

bjlckjmiht kmvigfgd xojkbgxg bjefjkombat not vkjnfjiasbgu
`gfdc ϕw mhoa khtvau kmvigf xw gfigxgbjo�bcu kmvigf} ww hgeftymbkmvigf} w gibghaimo�bg `gfdc ϕ �VWXYZY[Y\]Y^ Ôfigbgfdafgkjbbcu |jlah {ei} k mkvoangkgd kmvigfbgdefghifjbhikm En

bjlckjmiht vjbgbasmhvad not vkjnfjiasbgu `gfdc ϕwmhoa kmvigfc zigxg |jlahj hgeftymbc gibghaimo�bg ϕ � ¹ vjbgbasmhvgd|jlahm vkjnfjiasbjt `gfdj ϕ admmi kan
ϕ(v) = a11(v

1)2 + a22(v
2)2 + . . .+ ann(v

n)2, �·º�
k vgigfgd gih}ihik}{i sombc h efgalkmnmbatda vivj efa i 6= j � ¹an
(68)

vkjnfjiasbgu `gfdc ϕ ijvym bjlckjmiht vjbgbasmhvad�
	Y�XY��^ �ot khtvgu vkjnfjiasbgu `gfdc ϕ k mkvoangkgd kmvigfbgdefghifjbhikm En

h}qmhik}mi vjbgbasmhvau |jlah�ägz``a�ambic a11 w a22 w . . .w ann
k vjbgbasmhvgd kanm `gfdc ϕ h igspbghi�{ ng emfmhijbgkgv bm ljkahti gi kc|gfj vjbgbasmhvgxg |jlahj�£���¤��Y[¥����^ *17-3A 15,-,0)*/1-9- +5E0/5 D68 1B5D3570),-� �-3�

:A ϕ 8B68�7/8 B*17-35:0 965B,AC ,5.35B6*,0� D68 ¨7-� �-3:A� .-¨7-:2D68 ,5C-�D*,08 15,-,0)*/1-9- +5E0/5 D68 �-3:A ϕ ,2�,- ,5�70 B*17-3A965B,AC ,5.35B6*,0�< �2/7> {ei} F .3-0EB-6>,A� +5E0/ B En � 0 �-3:5 ϕ B¨7-: +5E0/* 0:**7 B0D ϕ(v) = aijv
ivj < *17-3 w 8B68*7/8 B*17-3-: 965B,-�

9- ,5.35B6*,08� */60 35B*,/7B- gijw
ixj = 0 B6*)*7 35B*,/7B- aijw

ixj = 0< ¨7-: /62)5* /0/7*:5 DB2C 235B,*,0�
gijw

ixj = 0, aijw
ixj = 0

-7,-/07*6>,- xj 0:**7 35,9 �< ³7- B-E:-�,- 7-6>1- 7-9D5� 1-9D5 ¨70 235B�,*,08 .3-.-3½0-,56>,A� 7- */7> 1-9D5 ,5�D*7/8 751-* )0/6- λ� )7- BA.-6�,8�7/8 /--7,-�*,08 aijw
i = λgijw

i � j = 1, . . . , n< �7/�D5 /6*D2*7� )7- 1-�
Ç¼



-3D0,57A wi B/81-9- B*17-35 w � 0:*��*9- 965B,-* ,5.35B6*,0* D68 1B5D�3570),-� �-3:A ϕ� 2D-B6*7B-38�7 /0/7*:* 60,*�,AC 235B,*,0�
(aij − λgij)w

i = 0, j = 1, . . . , n. �·»�
�D,-3-D,58 /0/7*:5 60,*�,AC 235B,*,0� �·»� :-�*7 0:*7> ,*,26*B-* 3*�
�*,0* 7-6>1- B /62)5*� 1-9D5 ** :5730½5 (aij − λgij)

0:**7 35,9 ,* +-6**
n− 1< �*-+C-D0:A: 0 D-/757-),A: 2/6-B0*: ¨7-9- 8B68*7/8 -+35�*,0* B,26> -.3*D*607*68 ¨7-� :5730½A~

det(aij − λgij) = 0. �IH�
VWXYZY[Y\]Y^ òfjkbmbam (70) bjlckjmiht rjfjvimfahiasmhvad }fjkbmpbamd vkjnfjiasbgu `gfdc ϕ k |jlahm {ei} �¬��°���� ��X\Y° ×�X���YX]��]«Y���Ú� æX��\Y\]®^
1◦ < �-3,0 C53517*30/70)*/1-9- 235B,*,08 ,* E5B0/87 -7 BA+-35 +5E0�/5 ei <
*�/7B07*6>,-� :5730½5 (aij − λgij)

8B68*7/8 :5730½*� 1B5D3570),-��-3:A ϕ(v) − λ|v|2 < �30 E5:*,* +5E0/5 ei′ = pi
i′ei
¨75 :5730½5 .3*-+35E2�

*7/8 /6*D2��0: /6*D2��0: -+35E-:~
(ai′j′ − λgi′j′) = (aij − λgij)p

i
i′p

j
j′.

�30 ¨7-:
det(ai′j′ − λgi′j′) = det(aij − λgij)(det(pi

i′))
2.

�-¨7-:2 235B,*,08 det(ai′j′−λgi′j′) = 0 0 det(aij −λgij) = 0 ¨1B0B56*,7,A<
2◦ < �-3,0 C53517*30/70)*/1-9- 235B,*,08 �IH� B*�*/7B*,,A<
*�/7B07*6>,-� .2/7> λ ∈ C F ,*1-7-3A� 1-3*,> 235B,*,08 �IH� 0 wi =

ui +
√
−1vi F ,*1-7-3-* ,*,26*B-* 3*�*,0* /0/7*:A 235B,*,0� �·»�< �-9D5

aijw
i = λgijw

i, aijw
i = λgijw

i,

9D* w i = ui −
√
−1vi < �3-/2::032*: .*3B-* 0E ¨70C /--7,-�*,0� / w j �5 B7-3-* F / wj � 0 E57*: BA)7*: -D,- 0E .-62)0B�0C/8 /--7,-�*,0� 0ED329-9-<  3*E26>757* .-62)0: (λ − λ)gijw

iw j = 0 060 (λ − λ)(giju
iuj +

gijv
ivj) = 0� -712D5 /6*D2*7 λ− λ = 0<

ÇÀ



3◦ < �2/7> λ F ,*1-7-3A� 1-3*,> 235B,*,08 �IH� 0 wi F ,*1-7-3-* ,*,2�
6*B-* 3*�*,0* /0/7*:A 235B,*,0� �·»�< �-9D5 B/810� B*17-3 x� -37-9-,56>�,A� B*17-32 w � +2D*7 /-.38�*, ¨7-:2 B*17-32� 7- */7> 35B*,/7B- gijw

ixj =

0 B6*)*7 35B*,/7B- aijw
ixj = 0<
*�/7B07*6>,-� 0E aijw

ixj − λgijw
ixj = 0 0 gijw

ixj = 0 /6*D2*7� )7-
aijw

ixj = 0<
�2/7> 7*.*3> λ1

F ,*1-7-3A� 1-3*,> 235B,*,08 �IH�� 5 w1
F ,*1-7-3A�

*D0,0),A� B*17-3� 1--3D0,57A 1-7-3-9- 2D-B6*7B-38�7 235B,*,0� �·»�
D68 λ = λ1 < A+*3*: ,-BA� +5E0/ B En � .-65958 e1 = w1

0 ek ⊥ w1
.30

k = 2, . . . , n<  ,-B-: +5E0/* 1B5D3570),58 �-3:5 ϕ .30,0:5*7 B0D
aijv

ivj = a11v
1v1 +

n∑

i,j=2

aijv
ivj, 9D* a11 = λ1.

�D*/> ϕ′(v) =
n∑

i,j=2

aijv
ivj F 1B5D3570),58 �-3:5� -.3*D*6*,,58 ,5 -37-�

9-,56>,-: D-.-6,*,00 L{w1}⊥ 1 -D,-:*3,-:2 .-D.3-/735,/7B2 L{w1}<�5E:*3,-/7> .3-/735,/7B5 L{w1}⊥ 35B,5 n− 1< �30:*,88 BA�*.30B*D*,�,A* 35//2�D*,08 1 1B5D3570),-� �-3:* ϕ′ � :A ,5�D*: +5E0/� B 1-7-3-:�-3:5 ϕ +2D*7 0:*7> B0D
aijv

ivj = a11v
1v1 + a22v

2v2 +
n∑

i,j=3

aijv
ivj.

�30:*,88 :*7-D :57*:570)*/1-� 0,D21½00� .30C-D0: 1 +5E0/2� B 1-7-3-:1B5D3570),58 �-3:5 ϕ 0:**7 B0D �·º�<�53517*30/70)*/1-* 235B,*,0* �IH� B .-62)*,,-: +5E0/* .30,0:5*7 B0D
∣∣∣∣∣∣∣∣∣∣

a11 − λ 0 · · · 0

0 a22 − λ · · · 0<<< <<< < < < <<<
0 0 · · · ann − λ

∣∣∣∣∣∣∣∣∣∣

= 0,

7- */7>�
(a11 − λ)(a22 − λ) . . . (ann − λ) = 0.�7/�D5 /6*D2*7� )7- 1-¨��0½0*,7A a11 � a22 � . . .� ann

B 15,-,0)*/1-: B0�
D* �-3:A ϕ 8B68�7/8 1-3,8:0 C53517*30/70)*/1-9- 235B,*,08 �/ 2)*7-:

ÇÇ



1357,-/7*�� 0� /6*D-B57*6>,-� / 7-),-/7>� D- .*3*/75,-B-1 ,* E5B0/87 -7BA+-35 15,-,0)*/1-9- +5E0/5< �ª��Y«�\]Y^ �/60 +5E0/ {ei} B En
-37-,-3:03-B5,,A�� 7- C53517*30/70�)*/1-* 235B,*,0* 0:**7 B0D

det(aij − λδij) = 0. �I��
VWXYZY[Y\]Y^ Ôfigxgbjo�bcd abkjfajbigd }fjkbmbat (42)

aijx
ixj + 2ai n+1x

i + an+1n+1 = 0

xaemfegkmfrbghia §pxg egftnvj Φ k mkvoangkgd efghifjbhikm En
bjlckjp

miht khtvjt `}bv�at I(a11, . . . , an+1n+1)
gi vgz``a�ambigk zigxg }fjkbmpbatw lbjsmbam vgigfgu bm dmbtmiht efa ljdmbm gnbgxg gfigbgfdafgkjbpbgxg fmemfj k En

bj nf}xgu�VX��Ú�\�[¥\�Y ]\��X]�\�� æX��\Y\]® ÊÙµÌ^
1◦ < /* 5��0,,A* 0,B5305,7A 235B,*,08 �²G� 8B68�7/8 751�* 0 *9--37-9-,56>,A:0 0,B5305,75:0<
2◦ < In+1 = det(aαβ)� α, β = 1, . . . , n + 1� F -37-9-,56>,A� 0,B5305,7235B,*,08 �²G�<£���¤��Y[¥����^ aα′β′ = p̃α

α′p̃
β
β′aαβ =⇒ det(aα′β′) = det(aαβ)(det(p̃α

α′))2 =

det(aαβ) det(pi
j)

2 = det(aαβ)� .-/1-6>12 (pi
j)
F -37-9-,56>,58 :5730½5 0�/6*D-B57*6>,-� det(pi

j) = ±1< �

3◦ < �-3,0 λ1 � . . .� λn
C53517*30/70)*/1-9- 235B,*,08 �IH� 1B5D3570)�

,-� �-3:A ϕ� 5//-½003-B5,,-� / 235B,*,0*: �²G� 90.*3.-B*3C,-/70 G�9-.-38D15� F -37-9-,56>,A* 0,B5305,7A 235B,*,08 ¨7-9- 235B,*,08<
4◦ < �5/13AB58 -.3*D*607*6> �I��� C53517*30/70)*/1-* 235B,*,0* :-�,-.*3*.0/57> B B0D*~

λn − I1λ
n−1 + I2λ

n−2 − . . .+ (−1)nIn = 0. �IG�
�-¨��0½0*,7A I1, I2, . . . , In

C53517*30/70)*/1-9- 235B,*,08 �IG� F -37-�
9-,56>,A* 0,B5305,7A 235B,*,08 �²G� 90.*3.-B*3C,-/70 G�9- .-38D15<
³7- /6*D2*7 0E -D,-E,5),-/70 .3*D/75B6*,08 C53517*30/70)*/1-9- 235B�,*,08 B B0D* �IG�� 5 751�* 0E 7*-3*:A 0*75 D68 235B,*,08 �IG�<

ÇÎ



VX��Ú�\�[¥\�Y ]\��X]�\�� æX��\Y\]® �X]��° µ¯Ú� W�X®Z��^
�30 n = 2 C53517*30/70)*/1-* 235B,*,0* .30,0:5*7 B0D
∣∣∣∣∣
a11 − λ a12

a21 a22 − λ

∣∣∣∣∣ = 0 ⇔ λ2 − λ(a11 + a22) + (a11a22 − a2
12) = 0.

�7/�D5

I1 = λ1 + λ2 = a11 + a22, I2 = λ1 · λ2 =

∣∣∣∣∣
a11 a12

a21 a22

∣∣∣∣∣ ,

I3 =

∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣
.

VX��Ú�\�[¥\�Y ]\��X]�\�� æX��\Y\]® W��YX×\���] µ¯Ú� W�X®Z��^
�30 n = 3 C53517*30/70)*/1-* 235B,*,0* .30,0:5*7 B0D
∣∣∣∣∣∣∣

a11 − λ a12 a13

a21 a22 − λ a23

a31 a32 a33 − λ

∣∣∣∣∣∣∣
= 0 ⇔ λ3 − I1λ

2 + I2λ− I3 = 0.

�7/�D5
I1 = λ1 + λ2 + λ3 = a11 + a22 + a33,

I2 = λ1λ2 + λ1λ3 + λ2λ2 =

∣∣∣∣∣
a11 a12

a21 a22

∣∣∣∣∣+
∣∣∣∣∣
a11 a13

a31 a33

∣∣∣∣∣+
∣∣∣∣∣
a22 a23

a32 a33

∣∣∣∣∣ ,

I3 =

∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣
, I4 =

∣∣∣∣∣∣∣∣∣∣

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

∣∣∣∣∣∣∣∣∣∣

.

ÇÏ



� !êTRRLKLéT�Lû éQLU�ù USNQNúN PNQûëéT U E2
(

A+0358 15,-,0)*/10� +5E0/ 0 2:,-�58� */60 ,*-+C-D0:-� 235B,*,0* 130�B-� ,5 (−1)� 1B5D3570),2� �-3:2 ϕ� 5//-½003-B5,,2� / 235B,*,0*: 130�B-� B7-3-9- .-38D15
a11(x

1)2 + 2a12x
1x2 + a22(x

2)2 + 2a13x
1 + 2a23x

2 + a33 = 0,

:-�,- .30B*/70 1 -D,-:2 0E /6*D2��0C 73*C B0D-B~
I. A(v1)2 +B(v2)2. II. A(v1)2 −B(v2)2. III. A(v1)2, 9D* A,B > 0.


56**� 35//2�D58 151 B 5��0,,-: /62)5* 0 2:,-�58� */60 ,*-+C-D0:-� ,5.-6-�07*6>,A� )0/6-B-� :,-�07*6>� .-62)5*: /6*D2��0� /.0/-1 235B�,*,0� �1--3D0,57A B E2
-+-E,5)5*: x 0 y B:*/7- x1 0 x2

�<
I< �30BA* ¨660.70)*/1-9- 70.5<
1◦. x2

a2 + y2

b2 = 1� a > b �̈ 660./A�<
2◦. x2

a2 + y2

b2 = 1� a > b �:,0:A* ¨660./A�<
3◦. x2

a2 + y2

b2 = 0� a > b� 1
a2 + 1

b2 = 1 �.53A :,0:AC .*3*/*15��0C/8
.38:AC�<

II< �30BA* 90.*3+-60)*/1-9- 70.5<
4◦. x2

a2 − y2

b2 = 1 �90.*3+-6A�<
5◦. x2

a2 − y2

b2 = 0� a > b� 1
a2 + 1

b2 = 1 �.53A B*�*/7B*,,AC .*3*/*15���0C/8 .38:AC�<
III< �30BA* .535+-60)*/1-9- 70.5<
6◦. y2 = 2px �.535+-6A�<
7◦. x2 = a2 �.53A .53566*6>,AC .38:AC�<
8◦. x2 = −a2 �.53A :,0:AC .53566*6>,AC .38:AC�<
9◦. x2 = 0 �.535 /-B.5D5��0C .38:AC�<	35B,*,08 1◦� 9◦ .30 35E60),AC E,5)*,08C .535:*73-B ,5EAB5�7/8 vjpbgbasmhvada<
	Y�XY��^ ¸em�ajo�bcd kc|gfgd gfigbgfdafgkjbbgxg fmemfj kE2

a }dbgp
ymbamdw mhoa bmg|rgnadgw bj kmqmhikmbbgm sahogw khtvgm }fjkbmbam vfapkgu kigfgxg egftnvj dgybg efakmhia v gnbgd} a igo�vg gnbgd} kan} al
heahvj 1◦
9◦ �

ÇÑ



£���¤��Y[¥����^ �51 0 B 5��0,,-: /62)5*� -D,- 0 7- �* 235B,*,0*,*6>E8 .30B*/70 1 DB2: 35E60),A: B0D5: 0E /.0/15 1◦� 9◦ � .-/1-6>12 6��+A* DB5 235B,*,08 0E /.0/15 1◦� 9◦ -760)5�7/8 E,5)*,08:0 -37-9-,56>,AC0,B5305,7-B �/ 2)*7-: 2:,-�*,08 235B,*,08 ,5 B*�*/7B*,,-* )0/6-�< �VWXYZY[Y\]Y ��\�\]«Y���Ú� �]Z� æX��\Y\]® �X]��° W� ]\��X]�\���^
�< *,7356>,A* 130BA*<
�-:*�58 ,5)56- 1--3D0,57 B ½*,73 0 BA+0358 15,-,0)*/10� +5E0/ D68

ϕ� .-62)5*: /6*D2��** 235B,*,0*
λ1(x

1)2 + λ2(x
2)2 + a33 = 0.

�30 ¨7-: I3 = λ1λ2a33 = I2a33 < �-¨7-:2 235B,*,0* 130B-� 0:**7 B0D
λ1(x

1)2 + λ2(x
2)2 +

I3
I2

= 0. �I±�
G< �535+-6A<A+0358 15,-,0)*/10� +5E0/ D68 ϕ 0 .*3*,-/8 ,5)56- 1--3D0,57 751 �*�151 ¨7- -/2�*/7B686-/> B 5��0,,-: /62)5*� .-62)5*: /6*D2��** 235B,*�,0* �λ1 6= 0� λ2 = 0

�
λ1(x

1)2 + 2a23x
2 = 0.

�-/1-6>12 B ¨7-: /62)5*

I3 =

∣∣∣∣∣∣∣

λ1 0 0

0 0 a23

0 a23 0

∣∣∣∣∣∣∣
, 5 I1 = λ1,

7- a23 =

√
−I3
I1
.

�-¨7-:2 235B,*,0* 130B-� 0:**7 B0D

λ1(x
1)2 + 2

√
−I3
I1
x2 = 0. �I²�

VWXYZY[Y\]Y^ �km xaemfegkmfrbghia kigfgxg egftnvj Φ a Ψ k En
bjp

lckj{iht mkvoangkg zvkakjombibcdaw mhoa h}qmhik}mi nkaymbam α ∈
GO(En)w efa vgigfgd α(Φ) = Ψ k EC

n �	Y�XY��^ 1)
¹htvjt vfakjt kigfgxg egftnvjΦ k E2

dgymi |ci� ljnjbj
gnbad a igo�vg gnbad }fjkbmbamd al heahvj 1◦
9◦ �

ÎÕ



2) �km vfakcm kigfgxg egftnvj k E2
mkvoangkg zvkakjombibc igxnja igo�vg igxnjw vgxnj k bmvgigfcr eftdg}xgo�bcr hahimdjr vggfnabjigba ljnj{iht gnbad a imd ym }fjkbmbamd al heahvj 1◦
9◦ ��,56-90),58 7*-3*:5 0:**7 :*/7- D68 .-B*3C,-/7*� G�9- .-38D15 B E3

~nkm egkmfrbghia mkvoangkg zvkakjombibc igxnj a igo�vg igxnjw vgxnj kbmvgigfcr eftdg}xgo�bcr hahimdjr vggfnabji gba ljnj{iht gnbad a
imd ym }fjkbmbamd al heahvjw hghigtqmxg al }fjkbmbau ¦�pia iaegk
1◦
17◦ �/:< Â�Ã� �6< ?�� Íº� Â²Ã� �6< ���< .3-/735,/7B* En � BA+0358 .-DC-D8�0� 3*.*3� 235B,*,0* B/81-� 90.*3�.-B*3C,-/70 :-�,- .30B*/70 1 B0D2

p∑

i=1

λi(x
i)2 −

q∑

i=p+1

λi(x
i)2 − 2axp+q+1 + b = 0,

9D* λi > 0� i = 1, . . . , p+ q <ª�Z�«� �Ý^ �5 *B160D-B-� .6-/1-/70 B .38:-29-6>,-� /0/7*:* 1--3D0�
,57 {O; x, y} E5D5,5 130B58 B7-3-9- .-38D15 235B,*,0*:

5x2 + 12xy − 22x− 12y − 19 = 0.

�5�70 15,-,0)*/1-* 235B,*,0* ¨7-� 130B-� 0 15,-,0)*/12� /0/7*:2 1--3�
D0,57<ÈYÉY\]Y^ @5730½A 5//-½003-B5,,AC 1B5D3570),AC �-3: 0:*�7 B0D

(aij) =

(
5 6

6 0

)
, (aαβ) =




5 6 −11

6 0 −6

−11 −6 −19


 .

�53517*30/70)*/1-* 235B,*,0* 0:**7 B0D
∣∣∣∣∣

5 − λ 6

6 −λ

∣∣∣∣∣ = 0 ⇔ λ2 − 5λ− 36 = 0.

�-3,8:0 ¨7-9- 235B,*,08 8B68�7/8 λ1 = 9� λ2 = −4< �D,-3-D,58 /0/7*:560,*�,AC 235B,*,0� �·»� 0:**7 B0D
(

5 − λ 6

6 −λ

)(
w1

w2

)
= 0.

Î 



�30 λ1 = 9 ¨75 /0/7*:5 .3*D/75B68*7 /-+-� 235B,*,0* (5− 9)w1 + 6w2 = 0<
�-¨7-:2 B*17-3 965B,-9- ,5.35B6*,08� /--7B*7/7B2��0� 1-3,� λ1 = 9�0:**7 B0D w1 = {3; 2}< 7-3-� 965B,A� B*17-3 :-�,- ,5�70 5,56-90),A:-+35E-:� ,- :-�,- .3-/7- .-B*3,27> B*17-3 w1

,5 29-6 π/2<  3*E26>757*.-62)5*: w2 = {−2; 3}<
*,73 130B-� ,5C-D07/8 0E /0/7*:A 235B,*,0� �¶²�� :5730½5 1-7-3-�-+35E-B5,5 DB2:8 .*3BA:0 /73-15:0 :5730½A (aαβ)< �751� ½*,73 ,5C-D07�/8 0E /0/7*:A 235B,*,0� 5x+ 6y − 11 = 0� 6x− 6 = 0 0 0:**7 1--3D0,57A

xC = 1� yC = 1< �*3*,*/*: ,5)56- 1--3D0,57 B ½*,73< 
68 ¨7-9- .-D/75�B0: B 235B,*,0* 130B-� �-3:26A .3*-+35E-B5,08 1--3D0,57~ x = x̂ + 1�
y = ŷ+ 1< �-62)5*: 235B,*,0* 5(x′ + 1)2 + 12(x′ + 1)(y′ + 1)− 22(x′ + 1)−
12(y′ + 1)− 19 = 0� 1-7-3-* .-/6* .30B*D*,08 .-D-+,AC )6*,-B .30,0:5*7B0D

5x̂2 + 12x̂ŷ − 36 = 0. �I¶�
A+*3*: 7*.*3> B 15)*/7B* ,-BAC +5E0/,AC B*17-3-B *D0,0),A* B*17-3A
965B,AC ,5.35B6*,0� e1′ = 3√

13
e1+

2√
13

e2 �e2′ = − 2√
13

e1+
3√
13

e2 < ³7-� E5:*,*+5E0/5 /--7B*7/7B2*7 .3*-+35E-B5,0* 1--3D0,57 x̂ = 3√
13
x′ − 2√

13
y′ � ŷ =

2√
13
x′ + 3√

13
y′ < �-D/75B688 ¨70 .3*-+35E-B5,08 B 235B,*,0* �I¶�� .-62)0:235B,*,0* 5
13(3x

′ − 2y′)2 − 12
13(3x

′ − 2y′)(2x′ + 3y′) − 36 = 0� 1-7-3-* .-/6*.30B*D*,08 .-D-+,AC )6*,-B .30,0:5*7 B0D 9(x′)2 − 4(y′)2 = 36< �751�15,-,0)*/1-* 235B,*,0* 130B-� 0:**7 B0D
x2

4
− y2

9
= 1.

³7- �* 235B,*,0* .-62)5*7/8 .30 0/.-6>E-B5,00 �-3:26A �I±�<  D5,,-:/62)5* I3 = det(aαβ) = 362 � 5 I2 = det(aij) = −36<ª�Z�«� �Þ^ �5 *B160D-B-� .6-/1-/70 B .38:-29-6>,-� /0/7*:* 1--3D0�
,57 {O; x, y} E5D5,5 130B58 B7-3-9- .-38D15 235B,*,0*:

x2 − 2xy + y2 − 10x− 6y + 25 = 0.

�5�70 15,-,0)*/1-* 235B,*,0* ¨7-� 130B-� 0 15,-,0)*/12� /0/7*:2 1--3�
D0,57<

Î©



ÈYÉY\]Y^ @5730½A 5//-½003-B5,,AC 1B5D3570),AC �-3: 0:*�7 B0D

(aij) =

(
1 −1

−1 1

)
, (aαβ) =




1 −1 −5

−1 1 −3

−5 −3 25


 .

�:**: I2 = det(aij) = 0< �-¨7-:2 ¨7- 130B58 .535+-60)*/1-9- 70.5< �51151 I3 = det(aαβ) = −64� 7- ¨7- F .535+-65< �53517*30/70)*/1-* 235B,*�,0* 0:**7 B0D (1 − λ)2 − 1 = 0 0:**7 1-3,0 λ1 = 2� λ2 = 0< �- �-3:26*�I²� ,5C-D0: 15,-,0)*/1-* 235B,*,0* 2x2 + 2
√

32y = 0< 
68 ,5C-�D*,0815,-,0)*/1-� /0/7*:A 1--3D0,57 ,2�,- /,5)565 .-B*3,27> -/0 1--3D0,57<*17-3A 965B,AC ,5.35B6*,0� 0:*�7 B0D w1 = {−1; 1}�w2 = {1; 1}<ª�Z�«� �ß^ 
-15E57>� )7- 9*-:*730)*/1-* :*/7- 7-)*1� 35B,-2D56*,,AC-7 DB2C /13*�0B5��0C/8 .38:AC� */7> 90.*3+-60)*/10� .535+-6-0D<ÈYÉY\]Y^ A+*3*: /0/7*:2 1--3D0,57� B 1-7-3-� .*3B58 .38:58 F -/>
Ox1 � -+�0� .*3.*,D012683 .38:AC F -/> Ox3 � 5 B7-358 .38:58 0:**7235B,*,08 x1 = t cosα� x2 = t sinα� x3 = a = const< �B5D357 35//7-8,08 -77-)10 M(x1; x2; x3) D- -/0 Ox1 35B*, (x2)2 + (x3)2 � 5 1B5D357 35//7-8,08-7 M D- B7-3-� .38:-� 35B*, 1B5D3572 :-D268 B*17-3,-9- .3-0EB*D*,08
B*17-3-B {cosα; sinα; 0} 0 {x1; x2; x3 − a}< �3035B,0B58 DB5 ¨70 )0/65� .-�62)0: 235B,*,0* (x3−a)2+(x1 sinα−x2 cosα)2 = (x2)2+(x3)2 <  5��0,,-�/0/7*:* 1--3D0,57 2x3′ = −2ax3 + a2 � x1′ = x1 sinα − x2 cosα � x2′ = x2 ¨7-
235B,*,0* .30,0:5*7 B0D 2x3′ = (x2′)2 − (x1′)2 <

Î´



� �QNOéSLUMNO PQNRSQTMRSUN(
VWXYZY[Y\]Y^ �fgmviakbcd efghifjbhikgd fjldmfbghia n bjn egomd
kmqmhikmbbcr sahmo R bjlckjmiht ifguvj (Pn,Vn+1, p)w hghigtqjt albmvgigfgxg dbgymhikj Pn w kmvigfbgxg efghifjbhikjVn+1

fjldmfbghia
n+ 1 bjn egomd R a h{fömviakbgxg gig|fjymbat

p : Vn+1 \ {0} → Pn
�I·�

ijvgxgw sig p(v) = p(w) ⇐⇒ v = λw �
³6*:*,7A :,-�*/7B5 Pn

,5EAB5�7/8 7-)15:0 .3-*170B,-9- .3-/735,�
/7B5< �-9D5 ,* B-E,015*7 ,*D-35E2:*,0�� .30 -+-E,5)*,00 .3-*170B,-9-.3-/735,/7B5 +2D*: 0/.-6>E-B57> -D0, /0:B-6 Pn < *17-3,-* .3-/735,/7�B- Vn+1

,5EAB5*7/8 5//-½003-B5,,A: / .3-*170B,A: .3-/735,/7B-: Pn <�30 ¨7-: 9-B-387� )7- gig|fjymbam �I·� ljnjmi bj dbgymhikmPn
hif}vp

i}f} efgmviakbgxg efghifjbhikj<VWXYZY[Y\]Y^ Ôig|fjymbam ϕ̃ : P ′
m → Pn

bjlckjmiht dgf`aldgd
efgmviakbcr efghifjbhikw mhoa h}qmhik}mi oabmubgm gig|fjymbam ϕ :

V′
m+1 → Vn+1

jhhg�aafgkjbbcr kmvigfbcr efghifjhik ijvgmw sig vgdpd}ijiakbj homn}{qjt najxfjddj¿
V′

m+1 \ {0}
ϕ

//

p′

��

Vn+1 \ {0}

p

��

P ′
m

ϕ̃
// Pn

�II�

�-::27570B,-/7> D05935::A �II� -E,5)5*7� )7- p ◦ ϕ = ϕ̃ ◦ p′ <�E -.3*D*6*,08 :-3�0E:5 .3-*170B,AC .3-/735,/7B /6*D2*7� )7- ϕ 8B�68*7/8 :-,-:-3�0E:-: �kerϕ = {0}
�� .-/1-6>12 0,5)* B*3C,88 /73-15D05935::A +2D*7 ,* -.3*D*6*,5< @-3�0E: .3-*170B,AC .3-/735,/7B ,5�EAB5*7/8 algdgf`aldgd� */60 -, 8B68*7/8 BE50:,--D,-E,5),A: -7-+35�*�,0*:< �30 ¨7-:� -)*B0D,-� 0 60,*�,-* -7-+35�*,0* ϕ +2D*7 0E-:-3�0E:-:B*17-3,AC .3-/735,/7B �*/60 v ∈ Vn+1
,* .30,5D6*�07 -+35E2 .3-/735,�

/7B5 V′
m+1 � 7- p(v) ∈ Pn+1

,* :-�*7 .30,5D6*�57> -+35E2 .3-/735,/7�
B5 Pn

�< �7/�D5 /6*D2*7� )7- .3-*170B,A* .3-/735,/7B5 0E-:-3�,A 7-9D50 7-6>1- 7-9D5� 1-9D5 -,0 0:*�7 -D,2 0 72 �* 35E:*3,-/7><
Î¼



ì2D*: 9-B-307>� )7- 60,*�,-* -7-+35�*,0* ϕ egfgynjmi :-3�0E: ϕ̃<
Ý^� �X]�YX� WX�Y��]�\�× WX���X�\���^
�< Pn = Vn+1 \ {0}/∼� 9D* ∼ F -7,-�*,0* ¨1B0B56*,7,-/70 ,5 :,-�*/7B*
Vn+1 \ {0}� -.3*D*68*:-* /6*D2��0: -+35E-:~ v ∼ w ⇐⇒ v = λw < �7-+�35�*,0* p 0:**7 B0D p : v 7→ [v]� 9D* [v] F 165// B*17-3-B� ¨1B0B56*,7,ACB*17-32 v < )5/7,-/70� .3-/735,/7B- RPn = Rn+1 \ {0}/∼ +2D*: ,5EAB57> hijbpnjfibcd .3-*170B,A: .3-/735,/7B-: 35E:*3,-/70 n<G<Pn

F :,-�*/7B- -D,-:*3,AC .-D.3-/735,/7B B*17-3,-9- .3-/735,/7�
B5 Vn+1 < �7-+35�*,0* p 0:**7 B0D p : v 7→ L(v)<±<Pn = B(O)F :,-�*/7B- .38:AC 5��0,,-9- .3-/735,/7B5 (An+1,Vn+1, ψ)�.3-C-D8�0C )*3*E �01/03-B5,,2� 7-)12 O ∈ An+1 < �51-* :,-�*/7B- .38�:AC ,5EAB5*7/8 hktlvgu� 7-)15 O ,5EAB5*7/8 �mbifgd /B8E10< �7-+35�*�,0* p -7,-/07 B*17-32 v ∈ Vn+1\{0} .38:2� / ,5.35B68��0: B*17-3-: v �.3-C-D8�2� )*3*E O �

p : v 7→ `(v) = {M ∈ An+1 | rM = rO + tv}.
²< Pn = Sn/∼� 9D* Sn = {x ∈ En |x2 = 1} F /�*35 35D02/5 1 B *B�160D-B-: .3-/735,/7B* En � 5 -7,-�*,0* ¨1B0B56*,7,-/70 ∼ -.3*D*6*,-

/6*D2��0: -+35E-:~ x ∼ y ⇔ x = ±y < �7-+35�*,0* p -7,-/07 B*17-32
v ∈ Vn+1 \ {0} .532 7-)*1 .*3*/*)*,08 .38:-� x = tv /- /�*3-� Sn <

O
v

`(v)

�B8E15

x

−x

Sn/{x ∼ −x}ª��Y«�\]Y^ �-/1-6>12 .3-*170B,A* .3-/735,/7B5 -D,-� 35E:*3,-/700E-:-3�,A� 7- .30B*D*,,A* BA�* .30:*3A ,5EAB5�7 751�* dgnmotda.3-*170B,-9- .3-/735,/7B5 35E:*3,-/70 n<
ÎÀ



Ý^µ Ó��]\\�® ��ZY[¥ WX�Y��]�\�Ú� WX���X�\����^
�2/7> Pn = B(O) F /B8E15 .38:AC 5��0,,-9- .3-/735,/7B5 An+1

/ ½*,�
73-: B 7-)1* O � π = An

F 90.*3.6-/1-/7> B An+1
/ ,5.35B68��0: .-D�

.3-/735,/7B-: Vn(π)� ,* .3-C-D8�58 )*3*E 7-)12 O � 5 π′ = {O,Vn(π)}F 90.*3.6-/1-/7>� .3-C-D8�58 )*3*E 7-)12 O 0 .53566*6>,58 π < �38�:A*� .3-C-D8�0* )*3*E O 0 6*�5�0* B 90.*3.6-/1-/70 π′ � -+35E2�7 /B8E12
Bπ′(O) = Pn−1(π

′) F (n− 1)�:*3,-* .3-�*170B,-* .3-/735,/7B-<�/60 .38:58 a ∈ B(O)

A
B

O

π

π′

c

a
b

,* 6*�07 B 90�
.*3.6-/1-/70 π′ � 7- -,5 .*3*/*15*7 π =

An
B -D,-� 7-)1* A< �7,-/8 15�D-� .38�:-� a ∈ B(O)\Bπ′(O) 7-)12A = a∩π � .-�62)0: BE50:,--D,-E,5),-* /--7B*7/7B0*

hπ : Pn \ Pn−1(π
′) → An,

�Iº�
,5EAB5*:-* j``abbgu vjfigu<�7-�D*/7B688 Pn \ Pn−1(π

′) ≡ An � .-62)5*: .3*D/75B6*,0* .3-*170B�,-9- .3-/735,/7B5
Pn = An ∪ Pn−1(π

′) �I»�
151 5��0,,-9- .3-/735,/7B5 π = An � D-.-6,*,,-9- :,-�*/7B-: Pn−1(π

′)<
³7- :,-�*/7B- Pn−1(π

′) 8B68*7/8 90.*3.6-/1-/7>� B Pn
�-.3*D*6*,0* 90�

.*3.6-/1-/70 B .3-*170B,-: .3-/735,/7B* .30B*D*,- ,0�*�� ,5EAB5*:-�|mhvgbmsbg }njombbgu� 5 751�* bmhg|hikmbbgu� 90.*3.6-/1-/7>� D68 D5,�,-� 5��0,,-� 1537A< /8158 7-)15 C ∈ Pn−1(π
′)� 7- */7> .38:58 c ∈

Bπ′(O)� ,5EAB5*7/8 +*/1-,*),- 2D56*,,-� 060 ,*/-+/7B*,,-� 7-)1-� 5���0,,-9- .3-/735,/7B5 An ⊂ Pn < �-)10 .3-*170B,-9- .3-/735,/7B5 Pn �.30,5D6*�5�0* An
.30 ¨7-: ,5EAB5�7 /-+/7B*,,A:0 7-)15:0 5��0,,-�

9- .3-/735,/7B5 An <�3*D/75B688 .3-*170B,-* .3-/735,/7B- Pn−1(π)� 5 E57*: 0 15�D2� B,-B>.-8B68��2�/8 +*/1-,*),- 2D56*,,2� 90.*3.6-/1-/7>� B B0D* �I»�� .-62�)0: D0EÖ�,17,-* -+Ö*D0,*,0*
Pn = An ∪ An−1 ∪ An−2 ∪ . . . ∪ A0.

�ºH�
ÎÇ



Ý^Ë �[������] � Pn
^

VWXYZY[Y\]Y^ �oghvghi�{ fjldmfbghia m (mpeoghvghi�{) k Pn
bjlcp

kjmiht egndbgymhikg πm ⊂ Pn
ijvgmw sig πm = p(Vm+1 \ {0})w xnm

Vm+1 = Vm+1(πm) � egnefghifjbhikg k kmvigfbgd efghifjbhikmVn+1 wjhhg�aafgkjbbgd h Pn ��)*B0D,-� -7-+35�*,0* p� -935,0)*,,-* ,5 Vm+1 \ {0}� ,5D*68*7 .-D�:,-�*/7B- πm ⊂ Pn
/7321723-�m�:*3,-9- .3-*170B,-9- .3-/735,/7B5Pm <�-¨7-:2 .6-/1-/70 B Pn

,5EAB5�7 751�* egnefghifjbhikjda B Pn < 
68-+-E,5)*,08 .6-/1-/70 πm = p(Vm+1 \
{0}) +2D*: 0/.-6>E-B57> 751�* -+-E,5�)*,0* π(Vm+1)<

0�.6-/1-/70

O

Pn

Vm+1

Pm = πm

B .3-*170B,-: .3-/735,�
/7B* Pn

F ¨7- 7-)10 ¨7-9- .3-/735,/7B5<
1�.6-/1-/70 .3-/735,/7B5 Pn

,5EAB5�7�
/8 eftdcda� 5 (n − 1)�.6-/1-/70 F xap
emfeoghvghitda<
�2/7> π(Vm+1)

0 π(V′
k+1)

F DB* .6-/1-/70 B Pn < �/60 Vm+1 ∩ V′
k+1 6=

{0}� 7-� -)*B0D,-�
π(Vm+1) ∩ π(V′

k+1) = π(Vm+1 ∩ V′
k+1).�/60 Vm+1 ∩ V′

k+1 = {0}� 7- .6-/1-/70 π(Vm+1)
0 π(V′

k+1)
,5EAB5�7/8

hvfmqakj{qadaht< �510: -+35E-:� DB* .6-/1-/70 B Pn
60+- .*3*/*15�7/8

.- .6-/1-/70 60+- /13*�0B5�7/8< �6-/1-/70 πm
0 πk

B Pn
:-927 /13*�0�

B57>/8 7-6>1- .30 (m+ 1) + (k + 1) 6 n+ 1 ⇔ m+ k 6 n− 1< )5/7,-/70�

O

M

a

b

V1(M)

V2(a)
V2(b)

,5 .3-*170B,-� .6-/1-�
/70 �751 ,5EAB5�7 .3-*170B,-* .3-/735,�
/7B- 35E:*3,-/70 2

�
P2
6�+A* DB* ,*/-B�

.5D5��0* .38:A* a 0 b .*3*/*15�7/8 B-D,-� 7-)1*< ³75 7-)15 M = a ∩ b -.3*�D*68*7/8 1�:*3,A: .-D.3-/735,/7B-:
V1(M) = V2(a) ∩ V2(b).

 :-D*60 P2 = S2/∼ ¨7- /B-�/7B- .38:AC .3-*170B,-� .6-/1-/70 066��
ÎÎ



/73032*7/8 .*3*/*)*,0*: DB2C +-6>�0C
-132�,-/7*� /�*3A B DB2C D05:*7356>�
,- .3-70B-.-6-�,AC 7-)15C<�5//:-730: DB* .38:A* a 0 b B Pn �.*3*/*)*,0* 1-7-3AC / An

0E 5��0,,-�
:-D*60 �I»� Pn = An ∪Pn−1(π) .3*D/75B�68*7 /-+-� .53566*6>,A* 5��0,,A* .38�
:A* / ,5.35B68��0: B*17-3-: v < �51 151
V2(a) ∩ V2(b) = L(v)� 7- ¨70 .38:A* .*�3*/*15�7/8 B +*/1-,*),- 2D56*,,-� 7-)1*
p(v) ∈ Pn−1(π)<ª��Y«�\]Y^  .3-*170B,-: .3-/735,/7B* Pn

,5D .-6*: B*�*/7B*,,AC)0/*6 :-�,- BB*/70 751-* .-,870* :57*:570)*/1-9- 5,560E5 �7-),**� 7-�.-6-900� 151 .3*D*6 .-/6*D-B57*6>,-/70 7-)*1 Ai � i = 1, 2, . . .< ³7- :-�,-/D*657>� ,5.30:*3� /6*D2��0: -+35E-:~ 7-)15 A 8B68*7/8 .3*D*6-: .-/6*�D-B57*6>,-/70 Ai � */60 B ,*1-7-3-� 5��0,,-� 1537*� D68 1-7-3-� 7-)15
A ,* 8B68*7/8 +*/1-,*),- 2D56*,,-�� 7- */7> 751-�� )7- A ∈ An � ,5�D*7�/8 751-* ,572356>,-* )0/6- k � )7- .30 i > k B/* 7-)10 Ai

.30,5D6*�57
An

0 lim
i→∞

Ai = A< �30 ¨7-: B/8158 .38:58 .3-*170B,-9- .3-/735,/7B5-15EAB5*7/8 E5:1,27-� 130B-� �7-.-6-90)*/10 ¨1B0B56*,7,-� -132�,-�
/70�< �3*D*6-: /73*:8�*�/8 1 +*/1-,*),-/70 .-/6*D-B57*6>,-/70 7-)*1
Ai � i = 1, 2, . . . .38:-� ` / ,5.35B68��0: B*17-3-: v 5��0,,-9- .3-/7�35,/7B5 An

0E 5��0,,-� :-D*60 �I»� 8B68*7/8 7-)15 p(v) ∈ Pn−1(π)<
Ý^Ù VZ\�X�Z\�Y ���XZ]\��� � Pn

^
�-)15 A ∈ Pn

-D,-E,5),- -.3*D*68*7/8 6�+A: B*17-3-: a 0E B*17-3,-9-.3-/735,/7B5 Vn+1 � 5//-½003-B5,,-9- / Pn � 7510:� )7- p(a) = A< ì2D*:0/.-6>E-B57> /6*D2��** -+-E,5)*,0*~ A = [a]< �30 ¨7-: [a] = [b] ⇔ b =

λa< �2/7> {eα}� α = 1, . . . , n + 1� F +5E0/ B Vn+1
0 a = aαeα < �-9D5 7-)15

A -D,-E,5),- -.3*D*68*7/8 ,5+-3-: )0/*6 aα � α = 1, . . . , n+1< 
B5 ,5+-35
aα 0 bα E5D5�7 -D,2 0 72 �* 7-)12 .3-/735,/7B5 Pn

7-9D5 0 7-6>1- 7-9D5�1-9D5 bα = λaα � α = 1, . . . , n+ 1<
ÎÏ



=0/65 aα � α = 1, . . . , n+1� -.3*D*6*,,A* / 7-),-/7>� D- -D,-B3*:*,,-�9- 2:,-�*,08 ,5 )0/6-� ,5EAB5�7/8 efgmviakbcda vggfnabjijda 7-)10
A = [a] ∈ Pn

-7,-/07*6>,- +5E0/5 {eα}< �3-*170B,A* 1--3D0,57A 7-)10 A+2D*: -+-E,5)57> /6*D2��0: -+35E-: [a1 : a2 : . . . : an+1] = [aα]<-E,015*7 */7*/7B*,,A� B-.3-/~ B 151-: /62)5* DB5 +5E0/5 {eα} 0 �2/7>
{eα′} -.3*D*68�7 -D,2 0 72 �* /0/7*:2 .3-*170B,AC 1--3D0,57 B Pn ��7B*7-: 8B68*7/8 /6*D2��**
�XYZ[�¡Y\]Y^ ¸ggibg¾mbam [a1 : a2 : . . . : an+1] = [a1′ : a2′ : . . . :

a(n+1)′] kcegobtmiht not khmr igsmv [a] ∈ Pn
igxnj a igo�vg igxnjw vgxnjh}qmhik}mi λ ∈ R ijvgmw sig eα′ = λeα

not khmr α = 1, . . . , n+ 1 �£���¤��Y[¥����^ �� �/60 eα′ = λeα � 7- a = aαeα = aα′

eα′ = aα′

λeα �-712D5 aα = λaα′ D68 B/*C α = 1, . . . , n+ 1<
G� �-)15 Eβ′ = [eβ′] B +5E0/* {eα′} 0:**7 1--3D0,57A [

1
0: . . . :

β

1: . . . :
n+1
0 ]�9D* *D0,0½5 /7-07 ,5 :*/7* / ,-:*3-: β < �/60 ¨75 7-)15 0:**7 7510* �*1--3D0,57A B +5E0/* {eα}� 7- eβ′ = λeβ <  .-/6*D,*: /--7,-�*,00� -D,5�1-� 1-¨��0½0*,7 λ E5B0/07 -7 ,-:*35 β � 7- */7> B*17-3A +5E0/-B /B8E5,A/--7,-�*,08:0 eα′ = λαeα < =7-+A .-15E57>� )7- ,5 /5:-: D*6* B/* 1-¨���0½0*,7A λα

/-B.5D5�7� D-/757-),- 35//:-73*7> 7-)12
E = [e1′ + e2′ + . . .+ e(n+1)′] = [λ1e1 + λ2e2′ + . . .+ λn+1e(n+1)′].

�-/1-6>12 ** 1--3D0,57A [1 : 1 : . . . : 1] 0 [λ1 : λ2 : . . . : λn+1]
-7,-/07*6>,-

35//:5730B5*:AC +5E0/-B /-B.5D5�7� 7- λ1 = λ2 = . . . = λn+1 < �VWXYZY[Y\]Y^ �kj |jlahj {eα′} a {eα} kmvigfbgxg efghifjbhikj Vn+1jhhg�aafgkjbbgxg h efgmviakbcd efghifjbhikgdPn w bjlgkmd zvkakjombipbcdaw mhoa h}qmhik}mi λ ∈ R ijvgmw sig eα′ = λeα

not khmr α =

1, . . . , n+ 1 �
Ðig gibg¾mbam zvkakjombibghia fjl|akjmi dbgymhikgB(Vn+1)

khmr
|jlahgk efghifjbhikjVn+1

bj vojhhc zvkakjombibghia� äjyncu al vojhphgk zvkakjombibghia bjlckjmiht efgmviakbcd fmemfgd� �fgmviakbcufmemfw gefmnmotmdcu |jlahgd {eα} g|glbjsjmiht homn}{qad g|fjlgd [eα] �äggfnabjijda igsva A ∈ Pn
gibghaimo�bg fmemfj [eα] bjlckj{iht mmvggfnabjic [aα] gibghaimo�bg |jlahj {eα} �

ÎÑ



�3-*170B,A� 3*.*3 [eα]� α = 1, . . . , n+ 1� -.3*D*68*7 n+ 1 7-)12 Eα =

p(eα) B .3-/735,/7B* Pn < �D,51- -+357,- .- 7-)15:Eα
3*.*3 [eα] ,* B-//75�,5B60B5*7/8� .-/1-6>12 7-)15:0 Eα

15�DA� 0E B*17-3-B eα
-.3*D*68*7/8

/ 7-),-/7>� D- 2:,-�*,08 ,5 /B-� :,-�07*6> λα < ³7-7 ,*D-/757-1 :-�,-2/735,07>� E5D5B *�* -D,2 7-)12 E = [e1+e2+. . .+en+1]� 1-7-358 B /0/7*:*1--3D0,57� -.3*D*68*:-� 3*.*3-: [eα]� 0:**7 1--3D0,57A [1 : 1 : . . . : 1]<�5+-3-: 7-)*1 {Eα;E}

O

E1 E E2

e1

e2

.3-*170B,A� 3*�
.*3 [eα] -.3*D*68*7/8 -D,-E,5),- �/:<D-15�E57*6>/7B- .3*D6-�*,08�< �- ¨7-� .30)0,*D68 ,5+-35 {Eα;E} 751�* 0/.-6>E2*7/8 ,5�EB5,0* efgmviakbcu fmemf< �-)10 Eα � 0:*���0* 1--3D0,57A [

1
0: . . . :

α

1: . . . :
n+1
0 ]� ,5EA�B5�7/8 kmf¾abjda fmemfj� 5 7-)15 E � 0:*���58 1--3D0,57A [1 : 1 : . . . : 1]� ,5EAB5*7�/8 mnabasbgu igsvgu<ª��Y«�\]Y^ �--7B*7/7B0*� -7,-/8�** 7-)1* .3-*170B,-9- .3-/735,/7B5** 1--3D0,57A -7,-/07*6>,- .3-*170B,-9- 3*.*35� :-�,- 35//:5730B57>151 0E-:-3�0E: h : Pn → Rn+1 \ {0}/ ∼ .3-/735,/7B5 Pn

,5 /75,D537,-*
.3-*170B,-* .3-/735,/7B- RPn <
�3-*170B,A* 1--3D0,57A [x1 : x2 : . . . : xn+1] ,5EAB5�7/8 751�* gnbgpfgnbcda vggfnabjijda< 
68 5��0,,-� 1537A �I»�� -.3*D*68*:-� 90.*3�.6-/1-/7>� π ⊂ An+1

/ 235B,*,0*: xn+1 = 1� 2 7-)*1 0E An ⊂ Pn
.-/6*D�

,88 1--3D0,575 xn+1 -760),5 -7 ,268� .-¨7-:2 7510* 7-)10 -D,-E,5),--.3*D*68�7/8 )0/65:0 {X i = xi/xn+1}� i = 1, . . . , n< �30 ¨7-:� -)*B0D,-�
[x1 : x2 : . . . : xn+1] = [X1 : X2 : . . . : Xn : 1]< =0/65 {X i}� i = 1, . . . , n� ,5�EAB5�7/8 bmgnbgfgnbcda vggfnabjijda 7-)*1 0E An ⊂ Pn < �*-D,-3-D,A*1--3D0,57A F ¨7- 5��0,,A* 1--3D0,57A B π = An

-7,-/07*6>,- 5��0,�
,-9- 3*.*35 {Q, ei}� i = 1, . . . , n� 9D* Q ∈ π F 7-)15 / 35D02/�B*17-3-:
rQ =

−→
OQ = en+1 <

ÏÕ



O

Q

e1

en

e1

en

Vn(π)

An = π

M = [x]

Ý^Û ÒX��\Y\]® m¯W[������] πm(Vm+1)
^

�-)15 [x] .30,5D6*�07 m�.6-/1-/70 πm(Vm+1)
7-9D5 0 7-6>1- 7-9D5� 1-9D5B*17-3 x .30,5D6*�07 .-D.3-/735,/7B2Vm+1 < �-¨7-:2 235B,*,08m�.6-/�1-/70 πm(Vm+1)

B .3-*170B,AC 1--3D0,575C� -.3*D*68*:AC 3*.*3-: [eα]�0:*�7 7-7 �* B0D� )7- 0 235B,*,08 .-D.3-/735,/7B5 Vm+1
B +5E0/* {eα}<�< �/60 Vm+1 = L{a1, . . . , am+1}� 9D* {aA}� A = 1, . . . ,m + 1� F +5E0/B Vm+1 � 7- [x] ∈ πm(Vm+1) ⇐⇒

x = t1a1+ . . . tm+1am+1 = tAaA ⇐⇒ xα = t1aα
1 + . . . tm+1aα

m+1 = tAaα
A.
�º��

	35B,*,08 �º�� ,5EAB5�7/8 ejfjdmifasmhvada 235B,*,08:0m�.6-/1-/70
πm(Vm+1)< =0/65 [t1 : . . . : tm+1] = [tA] F .3-*170B,A* 1--3D0,57A B
πm(Vm+1)

-7,-/07*6>,- .3-*170B,-9- 3*.*35 [aA]� A = 1, . . . ,m+ 1<G< �/60Ann(Vm+1) = L{b̃1, . . . , b̃n−m} ⊂ V∗
m+1 � 9D* {b̃a}�a = 1, . . . , n−m�F +5E0/ B Ann(Vm+1)� 7- [x] ∈ πm(Vm+1) ⇐⇒

b̃a(x) = 0, a = 1, . . . , n−m, ⇐⇒ baαx
α = 0, a = 1, . . . , n−m, �ºG�

9D* baα F 1--3D0,57A 60,*�,-� �-3:A b̃a -7,-/07*6>,- +5E0/5 {eα}< �510:-+35E-:� B .3-*170B,AC 1--3D0,575C [xα] m�.6-/1-/7> πm(Vm+1)
E5D5*7/8

/0/7*:-� -D,-3-D,AC 235B,*,0� �ºG�<
Ý^Ü �XY�X�¤���\]® WX�Y��]�\�× ���XZ]\�� � Pn

^
�2/7> D5,A DB5 .3-*170B,AC 3*.*35 [eα] 0 [eα′]< ì5E0/A {eα} 0 {eα′} 5//-�½003-B5,,-9- B*17-3,-9- .3-/735,/7B5 Vn+1 � -.3*D*68��0* ¨70 3*.*3A�

Ï 



/B8E5,A /--7,-�*,0*:
eα′ = pα

α′eα.
�º±�

�--7B*7/7B2��** .3*-+35E-B5,0* .3-*170B,AC 1--3D0,57 [xα] 0:**7 B0D
xα = pα

α′xα′

. �º²�
�5�DA� 0E +5E0/-B {eα} 0 {eα′} -.3*D*68*7/8 /--7B*7/7B2��0: .3-*170B�,A: 3*.*3-: / 7-),-/7>� D- 2:,-�*,08 ,5 B*�*/7B*,,-* )0/6-~ {eα} ∼
{ẽα = λeα}� {eα′} ∼ {ẽα′ = λeα′}< �/60 ẽα′ = p̃α

α′ẽα � 7- p̃α
α′ = νp̃α

α′ � 9D*
ν = λ/µ< �510: -+35E-:� :5730½5 (pα

α′)� -/2�*/7B68��58 .3*-+35E-B5,0*1--3D0,57 �º²�� -.3*D*6*,5 / 7-),-/7>� D- 2:,-�*,08 ,5 ,*,26*B-* B*�*�/7B*,,-* )0/6-<@5730½2� E5D5,,2� / 7-),-/7>� D- 2:,-�*,08 ,5 ,*,26*B-* )0/6-� ,5�EAB5�7 ehmkngdjifa�mu< �-),**� ./*BD-:5730½5 F ¨7- 165// ¨1B0B56*,7�,-/70 :5730½ [P ] = [pα
β ] .- /6*D2��*:2 -7,-�*,0� ¨1B0B56*,7,-/70~

P = (pα
β) ∼ Q = (qα

β ) ⇐⇒ P = λQ D68 ,*1-7-3-9- λ ∈ R<
Ý^Ý �XY�X�¤���\]® ÊZ�]¡Y\]®Ì WX�Y��]�\�Ú� WX���X�\���� Pn

^
VWXYZY[Y\]Y^ �kaymbamd (efgmviakbcd efmg|fjlgkjbamd) efgmviakbgpxg efghifjbhikj Pn

bjlckjmiht algdgf`ald zigxg efghifjbhikj bj hmp|tw ig mhi�w ijvgm kljadbggnbglbjsbgm gig|fjymbam ϕ̃ : Pn → Pn w notvgigfgxg h}qmhik}mi oabmubcu algdgf`ald ϕ : Vn+1 → Vn+1
jhhg�ap

afgkjbbgxg kmvigfbgxg efghifjbhikj Vn+1
ijvguw sig vgdd}ijiakbjnajxfjddj

Vn+1 \ {0} ϕ
//

p

��

Vn+1 \ {0}

p

��

Pn
ϕ̃

// Pn

�º¶�

�3-*170B,-* .3*-+35E-B5,0* ϕ̃� .-3-�D5*:-* 60,*�,A: .3*-+35E-B5,0�*: ϕ� +2D*: -+-E,5)57> 751�* /6*D2��0: -+35E-:~ ϕ̃ = [ϕ]< .3-*170B,AC 1--3D0,575C� -.3*D*68*:AC 3*.*3-: [eα]� .3*-+35E-B5�,0* [ϕ] : Pn 3 [x] 7→ [y] ∈ Pn
.30,0:5*7 B0D
yα = ϕα

βx
β, �º·�

Ï©



9D* (ϕα
β) F :5730½5 60,*�,-9- .3*-+35E-B5,08 ϕ B +5E0/* {eα}<�3-*170B,A* .3*-+35E-B5,08 [ϕ] 0 [ψ] /-B.5D5�7 7-9D5 0 7-6>1- 7-9D5�1-9D5 ϕ = λψ � λ ∈ R< 
*�/7B07*6>,-� */60 ϕ = λψ � 7-� -)*B0D,-� [ϕ] = [ψ]<

�2/7> 7*.*3> [ϕ] = [ψ] 0 ψ : eα 7→ e′α � 7-9D5 ϕ : eα 7→ λαe
′
α � 9D* λαE5B0/07 ��.30-30� -7 α = 1, . . . , n + 1< �-� 751 �*� 151 0 B D-15E57*6>/7B*.3*D6-�*,08 ,5 /< I»� .-/1-6>12 ϕ : e1+e2+ . . .+en+1 7→ λ1e

′
1+λ2e

′
2+ . . .+

λn+1e
′
n+1 = µ(e1+e2+. . .+en+1)� .-62)5*: λα = µ .30 B/*C α = 1, . . . , n+1<�7/�D5� B )5/7,-/70� /6*D2*7� )7- :5730½5 (ϕα

β) .3-*170B,-9- .3*-+35E-�B5,08 �º·� -.3*D*6*,5 / 7-),-/7>� D- 2:,-�*,08 ,5 )0/6-� 5 .3-*170B,A�3*.*3 [eα] 2/75,5B60B5*7 BE50:,- -D,-E,5),-* /--7B*7/7B0* :*�D2 .3-*1�70B,A:0 .3*-+35E-B5,08:0 .3-/735,/7B5 Pn
0 ./*BD-:5730½5:0 [ϕα

β ]<@,-�*/7B- .3-*170B,AC .3*-+35E-B5,0� .3-/735,/7B5Pn
-+35E2*7 932.�

.2 GP (Pn)� 0E-:-3�,2� �517-3932..* �/:< ÂºÃ� Í·¶� GL(Vn)/H
932..A

GL(Vn)
60,*�,AC �,*BA3-�D*,,AC� .3*-+35E-B5,0� B*17-3,-9- .3-/7�

35,/7B5 Vn
.- ,-3:56>,-� .-D932..* H � /-/7-8�*� 0E 9-:-7*70� λ id :

x 7→ λx< �-/1-6>12 B 1--3D0,575C 60,*�,A* .3*-+35E-B5,08 E5D5�7/8,*BA3-�D*,,A:0 :5730½5:0� 932..5 GP (Pn)
0E-:-3�,5 �517-3932..*

GL(n,R)/H .-6,-� :5730),-� 932..A .- ,-3:56>,-� .-D932..* H � /-�/7-8�*� 0E /15683,AC :5730½ (ϕα
β) = (λ δα

β )<
�3*-+35E-B5,0* .3-*170B,AC 1--3D0,57 �º²� .3*D/75B68*7 /-+-� .3-*1�70B,-* .3*-+35E-B5,0* /75,D537,-9- .3-*170B,-9- .3-/735,/7B5 RPn <�-/1-6>12 60,*�,-* .3*-+35E-B5,0* ϕ : Vn+1 → Vn+1

2/75,5B60B5�
*7 BE50:,--D,-E,5),-* /--7B*7/7B0* :*�D2 B*17-35:0 x 0 x′ � 0:*��0�:0 -D0,51-BA* 1--3D0,57A xα .- -7,-�*,0� 1 +5E0/5: {eα} 0 {e′α}� 9D*
e′α = ϕ(eα)� /--7B*7/7B*,,-~

ϕ : x = xαeα 7−→ x′ = xαe′α,

7- .3-*170B,-* .3*-+35E-B5,0* ϕ̃ : Pn → Pn
2/75,5B60B5*7 BE50:,--D�

,-E,5),-* /--7B*7/7B0* :*�D2 7-)15:0 [x] 0 [x′]� 0:*��0:0 -D0,51-BA*1--3D0,57A [xα] .- -7,-�*,0� 1 3*.*35: [eα] 0 [e′α] /--7B*7/7B*,,-< �7�/�D5 /6*D2*7 �/:< .3*D6-�*,0* ,5 /< I»� )7- .3-*170B,-* .3*-+35E-B5�,0* ϕ̃ : Pn → Pn
-D,-E,5),- -.3*D*68*7/8 /--7B*7/7B08:0 Eα 7→ E ′

α �
α = 1, . . . , n + 1� E 7→ E ′ :*�D2 7-)15:0� E5D5��0:0 .3-*170B,A* 3*�

Ï´



.*3A {Eα;E} 0 {E ′
α;E ′}<�XYZ[�¡Y\]Y^ }̧qmhik}mi mnabhikmbbgm efgmviakbgm efmg|fjlgkjbam

ϕ̃ : Pn → Pn w vgigfgm emfmkgnai gnab }egftngsmbbcu bj|gf {A1, . . . , An+2}al n+2 igsmvw bjrgntqarht k g|qmd egogymbaa (bavjvam n+1 al ziarigsmv bm efabjnomyji gnbgu xaemfeoghvghia) k nf}xgu }egftngsmbbcubj|gf {A′
1, . . . , A

′
n+2} al n+ 2 igsmvw bjrgntqarht k g|qmd egogymbaa�£���¤��Y[¥����^ 
*�/7B07*6>,-� ϕ̃ F ¨7- .3*-+35E-B5,0*� .*3*B-D8�0*B*3�0,A 3*.*35 {Eα = Aα;E = An+2} B B*3�0,A 3*.*35 {E ′

α = A′
α;E =

A′
n+2}< � )5/7,-/70� 0E ¨7-9- .3*D6-�*,08 /6*D2*7� )7- .3-*170B,A: .3*-+�35E-B5,0*: .6-/1-/70 P2

:-�,- .*3*B*/70 -D0, .3-0EB-6>,A: -+35E-:
BA+35,,A� )*7A3*C29-6>,01 A1, A2, A3, A4

B D329-� .3-0EB-6>,A� )*7A�
3*C29-6>,01 A′

1, A
′
2, A

′
3, A

′
4 <

C∞

B∞

A1 A2

A3A4

A′
1

C ′

A′
2A′

4

B′
A′

3

Ý^Þ Ó\Ú�X��\]«Y���Y ��\�ÉY\]Y «Y��XY× ��«Y� WX®��°^
VWXYZY[Y\]Y^ �}hi� A = [a]w B = [b]w C = [c]w D = [d] � smicfm fjloaspbcm igsvaw efabjnomyjqam gnbgu eftdgu ` ⊂ Pn w a

c = λa + µb, d = αa + βb. �ºI�
_bxjfdgbasmhvad gibg¾mbamd gibg¾mbamd igsmv Aw B w C a D bjlckjp
miht homn}{qmm sahog¿

(A,B,C,D) =
µ

λ
:
β

α
. �ºº�

Ï¼



ç*91- B0D*7>� )7- A B C D

O

a b c
d

)0/6- (A,B,C,D),* E5B0/07 -7 BA+-35 B*17-3-B� -.3*D*�68��0C 7-)10 A� B � C 0 D < �5.30:*3�*/60 E5:*,07> B 35E6-�*,08C �ºI� a ,5
νa� 7- λ 0 α E5:*,87/8� /--7B*7/7B*,,-�,5 λ′ = λ/ν 0 α′ = α/ν < �30 ¨7-: )0/6-�ºº� ,* 0E:*,07/8<
=0/6- (A,B,C,D) ,5EAB5�7 751�* hogybcd gibg¾mbamd 7-)*1 A�B �

C �D <ª�Z�«� µà^ �2/7> {E1, E2;E} F .3-*170B,A� 3*.*3 ,5 .3-*170B,-� .38�:-� �-D,-:*3,-: .3-*170B,-: .3-/735,/7B*� P1 � 5M F 7-)15 ¨7-� .38:-�
/ 1--3D0,575:0 [x1 : x2]< �3-B*307>� )7- (E1, E2, E,M) = x1/x2 <ª�Z�«� µ�^ �2/7> 7-)10 A� B � C � D .3-*170B,-� .38:-� P1

E5D5,A
/B-0:0 1--3D0,575:0 �/--7B*7/7B*,,-� [a1 : a2]� [b1 : b2]� [c1 : c2]� [d1 : d2]-7,-/07*6>,- ,*1-7-3-9- .3-*170B,-9- 3*.*35 [e1, e2]< 
-15E57>� )7-

(A,B,C,D) =

∣∣∣∣∣
a1 c1

a2 c2

∣∣∣∣∣
∣∣∣∣∣
c1 b1

c2 b2

∣∣∣∣∣

:

∣∣∣∣∣
a1 d1

a2 d2

∣∣∣∣∣
∣∣∣∣∣
d1 b1

d2 b2

∣∣∣∣∣

�º»�

ÈYÉY\]Y^ �*3B-* 0E 35E6-�*,0� �ºI� :-�,- 35//:5730B57> 151 /0/7*:260,*�,AC 235B,*,0� -7,-/07*6>,- ,*0EB*/7,AC λ 0 µ� 5 B7-3-* F 151 /0/7*�:2 60,*�,AC 235B,*,0� -7,-/07*6>,- ,*0EB*/7,AC α 0 β < �5.0/5B 3*�*,0*¨70C /0/7*: .- �-3:265: �35:*35 0 .-D/75B0B .-62)*,,A* BA35�*,08 B
�ºº�� .-62)0: �-3:262 �º»�<ª�Z�«� µµ^ AB*/70 0E �-3:26A �º»� /6*D2��0* /--7,-�*,08~
(A,B,C,D) = (C,D,A,B) = (B,A,C,D)−1 = (A,B,D,C)−1 = (B,A,D,C).�»H�
�-/1-6>12 .30 60,*�,AC .3*-+35E-B5,08C 60,*�,A* 1-:+0,5½00 B*1�7-3-B .*3*C-D87 B 60,*�,A* 1-:+0,5½00 -+35E-B ¨70C B*17-3-B / 7*:0

�* 1-¨��0½0*,75:0� 7- 0E -.3*D*6*,08 .3-*170B,AC .3*-+35E-B5,0� �/:<D05935::2 �º¶�� /6*D2*7� )7- .30 .3-*170B,AC .3*-+35E-B5,08C /-C35,8�*7/8 5,953:-,0)*/1-* -7,-�*,0* )*7A3*C 7-)*1 .38:-�< �,953:-,0)*/1-*
ÏÀ



-7,-�*,0* )*7A3*C 7-)*1 .38:-� ,5EAB5�7 ghbgkbcd abkjfajbigd efgp
mviakbgu xmgdmifaa<
Ý^ß �X�Y��]�\�Y WXY�X�¤���\]® � ���]\\�° ��X�Y^
�5//:-730: .3-0EB-6>,-* .3-*170B,-* .3*-+35E-B5,0* ϕ̃ : Pn → Pn

0
.3*D/75B6*,0* �I»� .3-/735,/7B5 Pn

B B0D* -+Ö*D0,*,08 5��0,,-9- .3-�
/735,/7B5 0 ,*/-+/7B*,,-� 90.*3.6-/1-/70 Pn = An ∪ Pn−1(π

′)� /--7B*7�/7B2��** ,*1-7-3-� 5��0,,-� 1537* �Iº�< A8/,0:� 1510:0 235B,*,08�:0 E5D5*7/8 -935,0)*,0* ϕ̃|An : An → Pn
.3*-+35E-B5,08 ϕ̃ B 5��0,,AC�,*-D,-3-D,AC� 1--3D0,575C B .3-/735,/7B*An < �751� B Pn

35//:5730B5*:
3*.*3 [eα]� .- -7,-�*,0� 1 1-7-3-:2 An

-.3*D*68*7/8 2/6-B0*: xn+1 6= 0�An
:-�,- -7-�D/7B07> / 90.*3.6-/1-/7>� π ⊂ Vn+1 � 0:*��*� 235B,*,0*

xn+1 = 1
�< �E �º·�� .*3*C-D8 1 ,*-D,-3-D,A: 1--3D0,575: X i = xi/xn+1 0

Y i = yi/yn+1 � .-62)5*:

Y i =
yi

yn+1
=

ϕi
αx

α

ϕn+1
β xβ

=

ϕi
αx

α

xn+1

ϕn+1
β xβ

xn+1

=
ϕi

jX
j + ϕi

n+1

ϕn+1
k Xk + ϕn+1

n+1

. �»��

�510: -+35E-:� B 5��0,,AC 1--3D0,575C .3-*170B,A* .3*-+35E-B5,08 E5�D5�7/8 D3-+,-�60,*�,A:0 �2,1½08:0 B0D5

Y i =
ai

1X
1 + . . .+ ai

nX
n + ai

n+1

b1X1 + . . .+ bnXn + bn+1
. �»G�

	35B,*,08:0 �»G� E5D5*7/8 -7-+35�*,0* ϕ̃|An : An → Pn < �30 ¨7-: 90�.*3.6-/1-/7> π ⊂ An � 0:*��58 235B,*,0* b1X1 + . . . + bnX
n + bn+1 = 0�-7-+35�5*7/8 B ,*/-+/7B*,,2� 90.*3.6-/1-/7>< �-¨7-:2 .3-*170B,A* .3*�-+35E-B5,08 :-�,- 35//:5730B57> 0 B 5��0,,-: .3-/735,/7B* An � ,- -+�65/7> -.3*D*6*,08 ¨70C .3*-+35E-B5,0� :-�*7 ,* /-B.5D57> /- B/*: .3-�

/735,/7B-: An <A8/,0: 7*.*3>� 151-� B0D 0:*�7 .3-*170B,A* .3*-+35E-B5,08 ϕ̃ :

Pn → Pn � .30 1-7-3AC ,*/-+/7B*,,58 90.*3.6-/1-/7> Pn−1
-7-+35�5*7/8

,5 /*+8< �30 ¨7-:� -)*B0D,- 0 5��0,,-* .3-/735,/7B- An = Pn \ Pn−1
+2�

D*7 -7-+35�57>/8 ,5 /*+8< �*/-+/7B*,,58 90.*3.6-/1-/7> 0:**7 235B,*,0*
ÏÇ



xn+1 = 0� .-¨7-:2 B 235B,*,08C �º·� 0E xn+1 = 0 D-6�,- /6*D-B57> yn+1 = 0�.30 6�+AC x1, . . . , xn
�< �-/1-6>12 yn+1 = ϕn+1

1 x1+ . . .+ϕn+1
n xn+ϕn+1

n+1x
n+1 �¨7- B-E:-�,- 7-6>1- .30 ϕn+1

1 = ϕn+1
2 = . . . = ϕn+1

n = 0<  ¨7-: /62)5*
ϕn+1

n+1 6= 0 �0,5)* -7-+35�*,0* ϕ +2D*7 BA3-�D*,,A:� 0 235B,*,08 �»��.30,0:5�7 B0D
Y i = ai

1X
1 + . . .+ ai

nX
n + ai

n+1,
9D* ai

α =
ϕi

α

ϕn+1
n+1

.

@A D-15E560 /6*D2��** .3*D6-�*,0*<�XYZ[�¡Y\]Y^ Æhoa efgmviakbgm efmg|fjlgkjbam ϕ̃ : Pn → Pn
gig|fjp

yjmi bmhg|hikmbb}{ xaemfeoghvghi� Pn−1
bj hm|tw ig mxg gxfjbasmbambj j``abbgm efghifjbhikg An = Pn \ Pn−1
tkotmiht j``abbcd efmg|fjp

lgkjbamd zigxg efghifjbhikj��7/�D5 /6*D2*7� )7- 9*-:*7308 .3-*170B,-9- .3-/735,/7B5 / 932..-�.3*-+35E-B5,0�� .*3*B-D8�0C B /*+8 ,*1-7-32� �01/03-B5,,2� 90.*3.6-/�1-/7>� 8B68*7/8 5��0,,-� 9*-:*730*�<
Ý^�à á��W[Y��]�]��â]® �YãY���Y\\�× WX�Y��]�\�× WX���X�\���^
�51 �* 151 0 B /62)5* B*17-3,-9- 0 5��0,,-9- .3-/735,/7B� B -.3*D*6*,00.3-*170B,-9- .3-/735,/7B5 �/< I²� .-6* B*�*/7B*,,AC )0/*6 R :-�,- E5�
:*,07> ,5 6�+-* D329-* .-6* F<  )5/7,-/70� B /62)5* F = C 0:**7 :*/7-
/6*D2��** -.3*D*6*,0*<VWXYZY[Y\]Y^ �fgmviakbcd efghifjbhikgd fjldmfbghia n bjn egomdvgdeomvhbcr sahmoC bjlckjmiht ifguvj (Pn(C),Vn+1(C), p)w hghigtqjtal bmvgigfgxg dbgymhikjPn(C)w kmvigfbgxg efghifjbhikjVn+1(C) fjlpdmfbghia n+ 1 bjn egomd C a h{fömviakbgxg gig|fjymbat

p : Vn+1(C) \ {0} → Pn(C) �»±�
ijvgxgw sig p(v) = p(w) ⇐⇒ v = λw

not bmvgigfgxg λ ∈ C �
68 -+-E,5)*,08 .3-*170B,-9- .3-/735,/7B5 (Pn(C),Vn+1(C), p) 0,-�9D5 +2D*: 0/.-6>E-B57> -D0, /0:B-6 Pn(C)<ª�Z�«� µË^ �3-*170B,-* .3-/735,/7B- P3(F2)
35E:*3,-/70 ± ,5D .-6*:

F2
-/7571-B -7 D*6*,08 ,5 G /-/7-07 0E 1-,*),-9- )0/65 7-)*1< A8/,07>�

ÏÎ



/1-6>1- 7-)*1 B ¨7-: .3-/735,/7B* 0 ,5�70 B/* .38:A* 0 B/* .6-/1-/70
¨7-9- .3-/735,/7B5<VWXYZY[Y\]Y^ ägdeomvha`avj�amu npdmfbgxg kmqmhikmbbgxg efgmviakpbgxg efghifjbhikj Pn = (Pn,Vn+1, p)

bjlckjmiht bj|gf (PC
n , ν, ν̃)w hghigptqau al vgdeomvhbgxg efgmviakbgxg efghifjbhikj (PC

n ,V
C
n+1, p

C)w oapbmubgxg gig|fjymbat ν : Vn+1 → VC
n+1

a abömviakbgxg gig|fjymbat
ν̃ : Pn → PC

n
ijvarw sig ejfj (VC

n+1, ν)
tkotmiht vgdeomvha`avj�amu

jhhg�aafgkjbbgxg kmvigfbgxg efghifjbhikj Vn+1
a vgdd}ijiakbj hompn}{qjt najxfjddj¿

Vn+1 \ {0} ν //

p

��

VC
n+1 \ {0}

pC

��

Pn
ν̃ // PC

n

�»²�

�fa zigd ahrgnbgm efgmviakbgm efghifjbhikg Pn
gigynmhikotmiht

h mxg g|fjlgd ν(Pn) ⊂ PC
n �

�-/73-07> 1-:.6*1/0�015½0� .3-*170B,-9- .3-/735,/7B5 Pn
:-�,-�,5.30:*3� /6*D2��0: -+35E-:< �.3*D*60: PC

n
0 pC 151 B .30:*3* � ,5/< I¶� .-65958 PC

n = VC
n+1 \{0}/ ∼� 9D* (VC

n+1, ν)
F 1-:.6*1/0�015½08 B*1�

7-3,-9- .3-/735,/7B5 Vn+1 � 5//-½003-B5,,-9- / Pn � v ∼ w ⇐⇒ v = λw � 5
pC : v 7→ [v]� 9D* [v] F 165// B*17-3-B� ¨1B0B56*,7,AC B*17-32 v < �7-+35��*,0* ν̃ � E5:A15��** D05935::2 �»²�� .30 ¨7-: -.3*D*607/8 /--7,-�*,0*:
ν̃(A) = [ν(a)]� 9D* A = p(a)<
�*3*C-D 1 1-:.6*1/0�015½00 .-EB-68*7 /)0757>� )7- 1--3D0,57A 7-)*1.3-/735,/7B5 Pn

:-927 .30,0:57> ,* 7-6>1- B*�*/7B*,,A*� ,- 0 1-:.6*1/�,A* E,5)*,08<ª��Y«�\]Y^ �5//:5730B58 5��0,,A* 1537A� D68 1-:.6*1/,-9- .3-*1�70B,-9- .3-/735,/7B5 Pn(C) :-�,- .-62)07> .3*D/75B6*,08 5,56-90),A*�I»� 0 �ºH�< �*3*C-D8 B /--7B*7/7B2��*: .3*D/75B6*,00 �ºH� 1 -B*�*/7B�6*,08: 1-:.6*1/,AC 5��0,,AC .3-/735,/7B� .-62)0: /6*D2��** .3*D�/75B6*,0* 1-:.6*1/,-9- .3-*170B,-9- .3-/735,/7B5 151 �D0EÖ�,17,-9-�
-+Ö*D0,*,08 B*�*/7B*,,AC 5��0,,AC .3-/735,/7B~

Pn(C) = A2n ∪ A2(n−1) ∪ A2(n−2) ∪ . . . ∪ A0.
�»¶�

ÏÏ



 )5/7,-/70� .30 n = 1 .3*D/75B6*,0* �»¶� .30,0:5*7 B0D P1(C) = A2∪A0 �7- */7> P1(C) .-62)5*7/8 0E A2
D-+5B6*,0*: -D,-� +*/1-,*),- 2D56*,,-�

7-)10 A0
0 7-.-6-90)*/10 �151 ,*.3*3AB,-* :,-�*/7B- 7-)*1� P1(C) ¨1�B0B56*,7,- /�*3* S2 <ª�Z�«� µÙ^ �.3*D*607* 1-:.6*1/0�015½0� .3-*170B,AC -7-+35�*,0�

0 .-/73-�7* 151-��,0+2D> �2,17-3 1-:.6*1/0�015½00 .3-*170B,AC .3-�
/735,/7B<
Ý^�� �]WYXW��YX×\���] ���X�Ú� W�X®Z�� � Pn

^
VWXYZY[Y\]Y^ þaemfegkmfrbghi�{ kigfgxg egftnvj k Pn

bjlckjmiht dbgp
ymhikg igsmv Φ ⊂ PC

n w vgigfgm k hahimdm vggfnabjiw gefmnmotmdgubmvgigfcd efgmviakbcd fmemfgd [eα]w ljnjmiht }fjkbmbamd kigfgu himpemba
aαβx

αxβ = 0. �»·�
�E ¨7-9- -.3*D*6*,08 /6*D2*7� )7- 90.*3.-B*3C,-/7> Φ F ¨7- :,-�*�

/7B- .38:-60,*�,AC -+35E2��0C 1-,2/5 Φ̃� E5D5,,-9- 235B,*,0*: �»·� B5//-½003-B5,,-: B*17-3,-: .3-/735,/7B* Vn+1 <

Φ

Φ̃

ÏÑ



Φ′

Φ

An

=5/7> Φ′ = Φ∩An
90.*3.-B*3C,-/70 Φ� /-D*3�5�58/8 B 5��0,,-: .3-�/735,/7B* An = Pn \ Pn−1 � .3*D/75B68*7 /-+-� 90.*3.-B*3C,-/7> B7-3-9-.-38D15 B An < �/60 -7,-/07*6>,- ,*1-7-3-9- 3*.*35 B Pn

90.*3.6-/1-/7>
Pn−1

0:**7 235B,*,0* xn+1 = 0� 7- B /--7B*7/7B2��0C 5��0,,AC 1--3D0�,575C B An
90.*3.-B*3C,-/7> Φ′ 0:**7 235B,*,0*

aijX
iXj + 2ai n+1X

i + an+1n+1 = 0. �»I�
�0. ¨7-� 90.*3.-B*3C,-/70 E5B0/07 -7 BA+-35 5��0,,-� 1537A �/:< E5D5)0G¶ 0 G·�<
á[���]�]��â]® Ú]WYXW��YX×\���Y° ���X�Ú� W�X®Z�� � Pn

^
VWXYZY[Y\]Y^ �km xaemfegkmfrbghia kigfgxg egftnvj Φ a Ψ k Pn

bjp
lckj{iht efgmviakbg zvkakjombibcdaw mhoa h}qmhik}mi efgmviakbgmefmg|fjlgkjbam [ϕ] ∈ GP (Pn)w efa vgigfgd [ϕ](Φ) = Ψ k PC

n �
�3*-+35E-B5,0� .3-*170B,-9- 3*.*35 B Pn

/--7B*7/7B2*7 .3*-+35E-B5�
,0* +5E0/5 B 5//-½003-B5,,-: B*17-3,-: .3-/735,/7B* Vn+1 < �3*-+35E28+5E0/ B Vn+1 � 1B5D3570),2� �-3:2 B 6*B-� )5/70 235B,*,08 �»·� :-�,-.30B*/70 1 -D,-:2 0 7-6>1- -D,-:2 15,-,0)*/1-:2 �,-3:56>,-:2� B0D2
�/:< Â�Ã� 965B5 �?�� Í·�

p∑

α=1

(xα)2 −
p+q∑

α=p+1

(xα)2, p+ q 6 n+ 1.

ÑÕ



�-/1-6>12 [ϕ](Φ) = Ψ B Pn
7-9D5 0 7-6>1- 7-9D5� 1-9D5 ϕ(Φ̃) = Ψ̃ B Vn+1 �7- 165//0�015½08 90.*3.-B*3C,-/7*� B .3-*170B,-: .3-/735,/7B* Pn

¨1�
B0B56*,7,5 165//0�015½00 1-,2/-B BAn+1

0 ¨1B0B56*,7,5 165//0�015½00
1B5D3570),AC �-3: B 5//-½003-B5,,-: B*17-3,-: .3-/735,/7B*Vn+1 < �-�¨7-:2 B/8158 90.*3.-B*3C,-/7> B7-3-9- .-38D15 B Pn

B .3-*170B,AC 1--3�
D0,575C :-�*7 +A7> E5D5,5 -D,0: 0 7-6>1- -D,0: 0E 235B,*,0� B0D5

p∑

α=1

(xα)2 −
p+q∑

α=p+1

(xα)2 = 0, 1 6 p+ q 6 n+ 1, p > q. �»º�
�65//0�015½08 130BAC B7-3-9- .-38D15 B P2 <	Y�XY��^ �km vfakcm kigfgxg egftnvj k P2

efgmviakbg zvkakjombibcigxnj a igo�vg igxnjw vgxnj k bmvgigfcr efgmviakbcr hahimdjr vggfpnabji gba ljnj{iht gnbad a imd ym }fjkbmbamd al homn}{qmxg heahvj
1◦. (x1)2 + (x2)2 + (x3)2 = 0 (dbadcu gkjo)�
2◦. (x1)2 + (x2)2 − (x3)2 = 0 (kmqmhikmbbcu gkjo)�
3◦. (x1)2 + (x2)2 = 0 (ejfj dbadcr emfmhmvj{qarht eftdcr)�
4◦. (x1)2− (x2)2 = 0 (ejfj kmqmhikmbbcr emfmhmvj{qarht eftdcr)�
5◦. (x1)2 = 0 (ejfj hgkejnj{qar eftdcr) �ª�Z�«� µÛ^ �-15�07*� )7- -935,0)*,08 B*�*/7B*,,-9- -B565 2◦ ,5 A2 =

P2 \ P1
D68 .38:AC P1 � 0:*��0C 235B,*,08 x3 = 0� x2 = 0 0 x2 + x3 = 0�.3*D/75B68�7 /-+-� ¨660./� 90.*3+-62 0 .535+-62 /--7B*7/7B*,,-<ÈYÉY\]Y^  .*3BAC DB2C /62)58C ,2�,- .-D*607> 235B,*,0* 2◦ � /--7B*7�/7B*,,-� ,5 x3 0 x2 � .-/6* )*9- B 5��0,,AC 1--3D0,575C X1 = x1/x3, X2 =

x2/x3 0 X1 = x3/x2, X2 = x1/x2 .-62)5*:� /--7B*7/7B*,,-� 235B,*,08
(X1)2 + (X2)2 = 1 0 (X1)2 − (X2)2 = 1<  73*7>*: /62)5* ,2�,- /,5)565-/2�*/7B07> .3*-+35E-B5,0* 1--3D0,57 y1 = x1 � y2 = x2 − x3 � y3 = x2 + x3 < ,-B-� /0/7*:* 1--3D0,57 -B56 0:**7 235B,*,0* (y1)2 + y2y3 = 0� 5 .38�:58 P1

F 235B,*,0* y3 = 0< �-D*60B ,5 y3 � B 5��0,,AC 1--3D0,575C
X1 = y1/y3, X2 = y2/y3 .-62)5*: 235B,*,0* .535+-6A (X1)2 +X2 = 0<á[���]�]��â]® W��YX×\���Y° ���X�Ú� W�X®Z�� � P3

^
	Y�XY��^ �km vfakcm kigfgxg egftnvj k P3

efgmviakbg zvkakjombibcigxnj a igo�vg igxnjw vgxnj k bmvgigfcr efgmviakbcr hahimdjr vggfpnabji gba ljnj{iht gnbad a imd ym }fjkbmbamd al homn}{qmxg heahvj
Ñ 



1◦. (x1)2 +(x2)2 +(x3)2 +(x4)2 = 0 (dbadjt gkjo�bjt egkmfrbghi�)�
2◦. (x1)2 + (x2)2 + (x3)2 − (x4)2 = 0 (kmqmhikmbbjt gkjo�bjt egkmfrpbghi�)�
3◦. (x1)2 + (x2)2 − (x3)2 − (x4)2 = 0 (oabmusjijt vgo��mkanbjt egpkmfrbghi�)�
4◦. (x1)2 + (x2)2 + (x3)2 (dbadjt vgbasmhvjt egkmfrbghi�)�
5◦. (x1)2 + (x2)2 − (x3)2 (kmqmhikmbbjt vgbasmhvjt egkmfrbghi�)�
6◦. (x1)2 + (x2)2 = 0 (ejfj dbadcr eoghvghimuw emfmhmvj{qarht egkmqmhikmbbgu eftdgu x1 = x2 = 0)�
7◦. (x1)2 − (x2)2 = 0 (ejfj kmqmhikmbbcr emfmhmvj{qarht eoghvgphimu)�
8◦. (x1)2 = 0 (ejfj hgkejnj{qar eoghvghimu) �ª�Z�«� µÜ^ �-15�07*� )7- D68 BA+35,,-� .-DC-D8�0: -+35E-: ,*/-+�/7B*,,-� .6-/1-/70 P2 ⊂ P3 � )5/7> .-B*3C,-/70 2◦ � .30,5D6*�5�58 A3 =

P3 \ P2 � :-�*7 -15E57>/8 ¨660./-0D-:� DB2.-6-/7,A: 90.*3+-6-0D-: 060¨660.70)*/10: .535+-6-0D-:� )5/7> .-B*3C,-/70 3◦ F -D,-.-6-/7,A: 90�.*3+-6-0D-: 060 90.*3+-60)*/10: .535+-6-0D-:� 5 )5/7> .-B*3C,-/70 5◦F 1-,2/-: 060 ½060,D3-:<�5 /6*D2��*: 30/2,1* .-15E5,- 7-.-6-90)*/1-* /73-*,0* .-B*3C,-/7*�
2◦ � 3◦ 0 5◦ <

2◦ 3◦ 5◦

Ý^�µ £��°���Y\\�Y WX�Y��]�\�Y WX���X�\���� P∗
n
^

�5//:-730: :,-�*/7B- 90.*3.6-/1-/7*� B .3-/735,/7B* Pn < �+-E,5)0: ¨7-:,-�*/7B- /0:B-6-: P∗
n
< �5�D58 90.*3.6-/1-/7> π ⊂ Pn

.3*D/75B68*7 /-�
+-� -+35E p(Vn(π))� 9D* Vn(π) ⊂ Vn+1

F .-D.3-/735,/7B-� 5//-½003-B5,�
Ñ©



,-* / π < @,-�*/7B- n�:*3,AC .-D.3-/735,/7B B Vn+1
,5C-D07/8 B- BE5�

0:,--D,-E,5),-: /--7B*7/7B00 / :,-�*/7B-: 0C 5,,2687-3-B F 1�:*3,AC.-D.3-/735,/7B B /-.38�*,,-: .3-/735,/7B* V∗
n+1 < �7,-/8 60,*�,-� �-3�:* w̃ 90.*3.6-/1-/7> π(Ann(w̃))� 9D* Ann(w̃) = {x ∈ Vn+1|〈x, w̃〉 = 0} F

n�:*3,-* .-D.3-/735,/7B-� 5,,26032��** �-3:2 w̃ �5,,26032*:-* �-3�
:-� w̃

�� .-62)0: -7-+35�*,0*
p∗ : V∗

n+1 \ {0} −→ P∗
n,

E5D5��** ,5 :,-�*/7B* P∗
n
/73217232 n�:*3,-9- .3-*170B,-9- .3-/735,�/7B5� ,5EAB5*:-9- nkguhikmbbcd efghifjbhikgd efghifjbhikj Pn <V�\�ÉY\]Y ]\â]ZY\�\���]^ �-)15 [a] .30,5D6*�07 90.*3.6-/1-/70 [w̃]�90.*3.6-/1-/7> [w̃] .3-C-D07 )*3*E 7-)12 [a]

� 7-9D5 0 7-6>1- 7-9D5� 1-9D5
〈a, w̃〉 = 0 060 aαwα = 0. �»»�

�-/1-6>12 B7-3-* DB-�/7B*,,-* .3-/735,/7B- (V∗
n+1)

∗ B*17-3,-9- .3-/7�
35,/7B5 Vn+1

15,-,0)*/10 0E-:-3�,- 0/C-D,-:2 .3-/735,/7B2 Vn+1 � 7-B7-3-* DB-�/7B*,,-* .3-/735,/7B- (P∗
n)

∗ .3-*170B,-9- .3-/735,/7B5 Pn
15�

,-,0)*/10 0E-:-3�,- 0/C-D,-:2 .3-/735,/7B2 Pn < �-¨7-:2 7-)15 [a] .3-�/735,/7B5 Pn
-.3*D*68*7 90.*3.6-/1-/7> .3-/735,/7B5 P∗

n � /-/7-8�2� 0EB/*C 90.*3.6-/1-/7*� [w̃] .3-/735,/7B5 Pn
7510C� )7- 〈a, w̃〉 = 0� 7- */7>0E 90.*3.6-/1-/7*� [w̃]� .3-C-D8�0C )*3*E 7-)12 [a]< 	/6-B0* �»»� 8B68*7/8.30 ¨7-: -D,-B3*:*,,- 2/6-B0*: 7-9-� )7- 7-)15 [w̃] ∈ P∗

n
.30,5D6*�07

90.*3.6-/1-/70 [a] .3-/735,/7B5 P∗
n
<

Ñ´



[a]
[w̃]

[a] [w̃]

�7,-�*,0* .30,5D6*�,-/70 7-)10 [a] 90.*3.6-/1-/70 [w̃] ,5EAB5�7 -7�,-�*,0*: ab�anmbibghia< �30 ¨7-: 2/6-B0* �»»� 8B68*7/8 2/6-B0*: 0,�½0D*,7,-/70 7-)10 [a] 0 90.*3.6-/1-/70 [w̃]<�X]\â]W Z��°���Y\\���]^ �E 35//:-73*,,AC BA�* BE50:--7,-�*,0�
:*�D2 7-)15:0 0 90.*3.6-/1-/78:0 .3-*170B,-9- .3-/735,/7B5 BA7*15�
*7 /6*D2��0� .30,½0. DB-�/7B*,,-/70~
Æhoa admmiht vjvgmpoa|g kmfbgm }ikmfynmbamw h`gfd}oafgkjbbgm k imfpdabjr igsmv a xaemfeoghvghimu efgmviakbgxg efghifjbhikj a gibg¾mp

bat ab�anmbibghia dmyn} badaw ig eghom ljdmbc vjyngxg hogkj ðigspvjñ bj hogkg ðxaemfeoghvghi�ñw j vjyngxg hogkj ðxaemfeoghvghi�ñ bj hogpkg ðigsvjñw ego}saiht mqm gnbg kmfbgm }ikmfynmbam�
�3-/7*��*� 066�/735½0*� .30,½0.5 DB-�/7B*,,-/70 8B68�7/8 /6*D2���0* DB5 27B*3�D*,08~�� D68 6�+AC DB2C 35E60),AC 7-)*1 ,5 .6-/1-/70 P2

0:**7/8 *D0,/7B*,�
,58 .38:58� 0,½0D*,7,58 15�D-� 0E ¨70C 7-)*1�G� D68 6�+AC DB2C 35E60),AC .38:AC ,5 .6-/1-/70 P2

0:**7/8 *D0,�
/7B*,,58 7-)15� 0,½0D*,7,58 15�D-� 0E ¨70C .38:AC<
	Y�XY�� £Y¤�XÚ�^  15)*/7B* .30:*35 7*-3*:A .3-*170B,-� 9*-:*7300

D-15�*: /6*D2��2� 7*-3*:2 
*E5395<
	Y�XY��^ ¹ Pn

ljnjbc nkj ifm}xgo�bavj ABC a A′B′C ′ ijvarw sigkhm igsva A w B w C w A′ w B′ w C ′ fjloasbcw j eftdcm AA′ w BB′ a CC ′ fjlp
oasbc a emfmhmvj{iht k gnbgu igsvm S � �}hi� U � igsvj emfmhmsmbateftdcr AB a A′B′ w V � igsvj emfmhmsmbat eftdcr BC a B′C ′ w j W �igsvj emfmhmsmbat eftdcr AC a A′C ′ � ¢gxnj igsva U w V a W omyji
bj gnbgu eftdgu�

Ñ¼



S

A
V A′

B

U

B′

C C ′

W

£���¤��Y[¥����^ �/60 G�.6-/1-/70 π2
0 π′2 � B 1-7-3AC 35/.-6-�*,A� /-�-7B*7/7B*,,-� 73*29-6>,010 ABC 0 A′B′C ′ � ,* /-B.5D5�7� 7- 7-)10 U � V0 W 6*�57 ,5 .38:-� ` = π2 ∩ π′2 <�2/7> 7*.*3> 73*29-6>,010 ABC 0 A′B′C ′ 6*�57 B -D,-� .6-/1-/70<@-�,- /)0757>� )7- 7*-3*:2 ,5D- D-15E57> D68 .3-/735,/7B5 P2

35E:*3�
,-/70 DB5< �2/7> A = [a]� B = [b]� C = [c]� A′ = [a′]� B′ = [b′]� C ′ = [c′] 0
S = [s]< �:*�7 :*/7- /6*D2��0* 60,*�,A* E5B0/0:-/70 B*17-3-B

s = λa + λ′a′, s = µb + µ′b′, s = νc + ν ′c′.

A)0758 0E .*3B-9- 35B*,/7B5 B7-3-*� .-62)0: U = [u]� 9D* u = λa−µb =

µ′b′ − λ′a′ � .-/1-6>12 .30 ¨7-: 7-)15 [u] .30,5D6*�07 15�D-� 0E .38:AC
AB 0 A′B′ < �,56-90),-� BA)0758 0E B7-3-9- 35B*,/7B5 73*7>*� 5 .-7-: 0E73*7>*9- .*3B-*� .-62)0: V = [v]� 9D* v = µb− νc = ν ′c′ − µ′b′ �W = [w]�9D*w = νc−λa = λ′a′−ν ′c′ < �165DAB58 7*.*3> B*17-3A u�v 0w � .-62)0:
u+v+w = (λa−µb)+(µb−νc)+(νc−λa) = 0< �510: -+35E-:� B*17-3A
u�v 0w 60,*�,- E5B0/0:A� 0 .-¨7-:2 7-)10 U �V 0W .30,5D6*�57 -D,-�
.38:-�< �ª�Z�«� µÝ^ 
-15�07* 7*-3*:2 
*E5395� -+Ö8B688 .38:2� ` = UW ,*/-+�
/7B*,,-� .38:-� 5��0,,-9- .3-/735,/7B5 A2 = P2 \ `<ÈYÉY\]Y^ �30 ¨7-: .-62)5*: B A2

DB* .53A .53566*6>,AC .38:AC
AB‖A′B′ � AC‖A′C ′ 0 73*+2*7/8 D-15E57>� )7- BC‖B′C ′ <

ÑÀ



S

A

A′

B

B′

C
C ′

ª�Z�«� µÞ^ �30:*,88 .30,½0. DB-�/7B*,,-/70� D-15�07* -+357,2� 7*-�3*:2 
*E5395 B P2
~ 
5,A DB5 73*29-6>,015 ABC 0 A′B′C ′ 7510C� )7- B/*7-)10 A�B �C �A′ �B′ �C ′ 35E60),A� 5 7-)10 U = AB∩A′B′ � V = BC∩B′C ′

0 W = AC ∩ A′C ′ 6*�57 ,5 -D,-� .38:-�< �-9D5 .38:A* AA′ � BB′ 0 CC ′

.*3*/*15�7/8 B -D,-� 7-)1* S <ÈYÉY\]Y^
-/757-),- 5112357,- /�-3:2603-B57> 7*-3*:2 
*E5395 B 7*3�
:0,5C 7-)*1� .38:AC 0 -7,-�*,08 0,½0D*,7,-/70� 5 .-7-: E5:*,07> 15��D-* /6-B- 47-)15; ,5 /6-B- 4.38:58; 0 ,5-+-3-7<�*-3*:5 
*E5395~ �-)15 S 0,½0D*,7,5 73*: 35E60),A: .38:A: a� b 0 c<�-)10 A 0 A′ 35E60),A 0 0,½0D*,7,A .38:-� a� 7-)10 B 0 B′ 35E60),A 0
0,½0D*,7,A .38:-� b� 7-)10 C 0 C ′ 35E60),A 0 0,½0D*,7,A .38:-� c< �0-D,5 0E ¨70C 7-)*1 ,* /-B.5D5*7 / 7-)1-� S < �38:A* AB 0 A′B′ 0,½0D*,7�
,A 7-)1* U � .38:A* BC 0 B′C ′ 0,½0D*,7,A 7-)1* V � .38:A* AC 0 A′C ′

0,½0D*,7,A 7-)1* W < �-9D5 /2�*/7B2*7 .38:58 s� 0,½0D*,7,58 7-)15: U �
V 0 W <�YY��[]Z��� ÚY��Y�X]]^�51 +A6- .-15E5,- BA�* �/:< /< ºI� 9*-:*7308 .3-*170B,-9- .3-/735,/7�B5 / 932..-� .3-*170B,AC .3*-+35E-B5,0�� .*3*B-D8�0C B /*+8 ,*1-7-32��01/03-B5,,2� 90.*3.6-/1-/7>� 8B68*7/8 5��0,,-� 9*-:*730*�<�5//:-730: 7*.*3> B .3-/735,/7B* Pn

,*1-7-32� 90.*3.-B*3C,-/7> B7-�
3-9- .-38D15 Φ< �3-*170B,A* .3*-+35E-B5,08 ϕ̃ : Pn → Pn � .*3*B-D8�0*90.*3.-B*3C,-/7> Φ B /*+8� 7- */7> 7510*� )7- ϕ̃(Φ) = Φ� -+35E2�7 .-D932.�.2 G(Φ) ⊂ GP (Pn)< �2/7> B /0/7*:* 1--3D0,57� -.3*D*68*:-� ,*1-7-3A:3*.*3-: [eα]� 90.*3.-B*3C,-/7> Φ 0:**7 235B,*,0*

aαβx
αxβ = 0 ��HH�
ÑÇ



0 .2/7> [x] ∈ Φ< �3-*170B,-* .3*-+35E-B5,0* ϕ̃ / 235B,*,08:0 yσ = ϕσ
αx

α

.*3*B-D07 90.*3.-B*3C,-/7> Φ B /*+8� */60 0E [x] ∈ Φ /6*D2*7 [y] ∈ Φ� 7-*/7> */60 0E aαβx
αxβ = 0 /6*D2*7 aστy

σyτ = 0 060 aστϕ
σ
αx

αϕτ
βx

β = 0< �510:-+35E-:� 90.*3.-B*3C,-/7> Φ :-�*7 +A7> E5D5,5 DB2:8 235B,*,08:0 B7-�3-� /7*.*,0 F 235B,*,0*: ��HH� 0 235B,*,0*: aστϕ
σ
αϕ

τ
βx

αxβ = 0< �7/�D5/6*D2*7 �/:< .3*D6-�*,0* ,5 /< ¶I�� )7- ¨70 235B,*,08 .3-.-3½0-,56>,A�7- */7>
aστϕ

σ
αϕ

τ
β = λaαβ, λ ∈ R. ��H��

�510: -+35E-:� .-D932..5 G(Φ) ⊂ GP (Pn)
E5D5*7/8 235B,*,08:0 ��H��<�*-:*7308 .3-/735,/7B5 Pn

/ 932..-� DB0�*,0� G(Φ) ,5EAB5*7/8 bmmkpvoangkgu xmgdmifamu< �5158 9*-:*7308 0E2)5*7 /B-�/7B5 -+Ö*17-B BPn � 1-�7-3A* -/75�7/8 ,*0E:*,,A:0 .30 .3*-+35E-B5,08C 0E 932..A G(Φ)< �30¨7-: 90.*3.-B*3C,-/7> Φ ,5EAB5*7/8 j|hgo{igd /--7B*7/7B2��*� ,**B�
160D-B-� 9*-:*7300� 5 .3*-+35E-B5,08� /-C35,8��0* 5+/-6�7� ,5EAB5�7/8nkaymbatda B ¨7-� ,**B160D-B-� 9*-:*7300<�**B160D-B5 9*-:*7308� /--7B*7/7B2��58 5+/-6�72 / 15,-,0)*/10: 235B�,*,0*:

(x1)2 + . . .+ (xn+1)2 = 0, ��HG�
,5EAB5*7/8 zooaeiasmhvgu 9*-:*730*� 060 xmgdmifamu óadjbj< �+/-6�7��HG� ,* 0:**7 B*�*/7B*,,AC 7-)*1< �3-*170B,-* .3-/735,/7B- / 5+/-6��7-: ��HG� 0 /--7B*7/7B2��*� 932..-� DB0�*,0� ,5EAB5*7/8 zooaeiasmphvad .3-/735,/7B-:<	35B,*,0* ��H�� D68 5+/-6�75 ��HG� .30,0:5*7 B0D

δστϕ
σ
αϕ

τ
β = λδαβ,

9D* (δστ)
F *D0,0),58 :5730½5<�510: -+35E-:� DB0�*,08 ¨660.70)*/1-9- .3-/735,/7B5 E5D5�7/8 :57�30½5:0 A = (ϕα

β)� 2D-B6*7B-38��0:0 235B,*,0� AA> = λE < �-/1-6>�12 :5730½5 A -.3*D*6*,5 / 7-),-/7>� D- .3-.-3½0-,56>,-/70� 7- DB0�*�,0* ¨660.70)*/1-9- .3-/735,/7B5 :-�,- E5D57> :5730½*�� 2D-B6*738��*�235B,*,0� AA> = E � 7- */7> -37-9-,56>,-� :5730½*�< �/60 .3-*170B,-*.3-/735,/7B- Pn
35//:5730B57> 151 /�*32 B En+1

/ -7-�D*/7B6*,,A:0
ÑÎ



D05:*7356>,- .3-70B-.-6-�,A:0 7-)15:0� 7- DB0�*,08:0 ¨660.70)*/1-�9- .3-/735,/7B5 -15EAB5�7/8 .3*-+35E-B5,08 Pn � 0,D2½03-B5,,A* .-B-�3-75:0 �DB0�*,08:0� /�*3A Sn < �510: -+35E-:� ¨660.70)*/158 9*-:*7308F ¨7- -+A),58 9*-:*7308 /�*3A� 2 1-7-3-� -7-�D*/7B6*,A D05:*7356>,-.3-70B-.-6-�,A* 7-)10<�**B160D-B5 9*-:*7308� /--7B*7/7B2��58 5+/-6�72 / 15,-,0)*/10: 235B�,*,0*:
(x1)2 + . . .+ (xn)2 − (xn+1)2 = 0,

,5EAB5*7/8 xaemf|goasmhvgu 9*-:*730*� 060 xmgdmifamu íg|jsmkhvgxg<�-+/7B*,,A:0 7-)15:0 9*-:*7300 ç-+5)*B/1-9- ,5EAB5�7 7-)10 .3-�
/735,/7B5 Pn � 6*�5�0* B,2730 5+/-6�75� 7- */7> 7-)10� 2D-B6*7B-38��0*�B 15,-,0)*/1-� /0/7*:* 1--3D0,57� ,*35B*,/7B2

(x1)2 + . . .+ (xn)2 − (xn+1)2 < 0.

@,-�*/7B- Hn
/-+/7B*,,AC 7-)*1 -+35E2*7 751 ,5EAB5*:-* xaemf|goasmp

hvgm .3-/735,/7B- 060 efghifjbhikg íg|jsmkhvgxg<
�38:A:0 0 .6-/1-/78:0 .3-/735,/7B5 ç-+5)*B/1-9- 8B68�7/8 )5/70.38:AC 0 .6-/1-/7*� .3-/735,/7B5 Pn � 6*�5�0* B .3-/735,/7B* Hn � 7-*/7> B,2730 5+/-6�75< �5//7-8,0* :*�D2 7-)15:0 A 0 B .3-/735,/7B5 Hn-.3*D*68*7/8 �-3:26-�

dist (A,B) =
k

2
| ln(M,N,A,B) |, ��H±�

9D*M 0 N F 7-)10 .*3*/*)*,08 .38:-� AB � 5+/-6�7-: Φ� 5 (M,N,A,B)F 5,953:-,0)*/1-* -7,-�*,0*� -.3*D*6*,,-* �-3:26-� �ºº�<ª�Z�«� µß^ �3-B*307>� 0/.-6>E28 �-3:262 �ºº�� )7- */60 -D,5 0E 7-�)*1 A 060 B +2D*7 /73*:07>/8 1 5+/-6�72� 7- 35//7-8,0* :*�D2 A 0 B �BA)0/68*:-* .- �-3:26* ��H±� +2D*7 ,*-935,0)*,,- B-E35/757><�510: -+35E-:� 7-)10 5+/-6�75 :-�,- 35//:5730B57> 151 +*/1-,*),-2D56*,,A* 7-)10 .3-/735,/7B5 ç-+5)*B/1-9-<
�38:A* .3-/735,/7B5 Hn � .*3*/*15��0*/8 B 7-)1*� .30,5D6*�5�*� 5+�/-6�72� ,5EAB5�7/8 ejfjoomo�bcda B /:A/6* ç-+5)*B/1-9-<
�38:A* .3-/735,/7B5Hn � .*3*/*15��0*/8 B 7-)1*� 6*�5�*� B- B,*�,*�-+65/70 .- -7,-�*,0� 1 5+/-6�72� ,5EAB5�7/8 fjhrgntqadaht<
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�-D3-+,** / 9*-:*730*� ,**B160D-BAC .3-/735,/7B :-�,- -E,51-:07>/8.- 1,095: Â�·Ã� Â±Ã� Â�±Ã<
 PLRNé êLSOQTS�Q�
Â�Ã �6*1/5,D3-B �<�< ä}fh jbjoaiasmhvgu xmgdmifaa a oabmubgu joxm|pfc< @< �5215< �»I»< ¶�G /<
ÂGÃ ì5EA6*B <�<� 
2,0)*B �<�<� �B5,0½158 <�< þmgdmifat �< @< �3-�/B*�*,0*< �»I²< ±¶G /<
Â±Ã ì5EA6*B <�<� 
2,0)*B �<�< þmgdmifat ��< @< �3-/B*�*,0*< �»I¶<±·º /<
Â²Ã ì5CB56-B �<<� @-D*,-B �<�<� �53C-:*,1- �<�< ¸|gfbav ljnjs eg jbjpoaiasmhvgu xmgdmifaa< @< �5215< �»·²<
Â¶Ã ��0:-B �<<� �-E*,D-3, ³<�< íabmubjt joxm|fj a dbgxgdmfbjt xmgpdmifat< @< �5215< �»IH< ¶Gº /<
Â·Ã �6>0, <�<� �-E,81 ³<�< _bjoaiasmhvjt xmgdmifat< @< �5215< �»º�<G±G /<
ÂIÃ �-/73010, �<�<� @5,0,�<�< íabmubjt joxm|fj a xmgdmifat< @< �5�215< �»º·< ±H² /<
ÂºÃ �23-� �<�< ä}fh kch¾mu joxm|fc< @< �5215< �»I�< ²±G /<
Â»Ã @565C56>½*B @<�<� Á-:0, <�<��5.21-B ì<�<��23A90, << ÷jnjpsa eg imblgfbgd} jbjoal} a fadjbgkgu xmgdmifaa< 	)*+,-* .-/-+0*<�ED<�B- �5E5,/1< 2,�75< �»»±< �·H /<
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Â�HÃ �-/7,01-B @<@< _bjoaiasmhvjt xmgdmifat (ímv�aa eg xmgdmifaa�¸mdmhif �)< @< �5215< �»I»< ±±· /<
Â��Ã �-/7,01-B @<@< þf}eec a joxm|fc ía (ímv�aa eg xmgdmifaa� ¸mpdmhif �)< @< �5215< �»ºG< ²²º /<
Â�GÃ �-/7,01-B @<@< íabmubjt joxm|fj (ímv�aa eg xmgdmifaa� ¸mpdmhif ��)< @< �5215< �»º·< ²HH /<
Â�±Ã �35/-6-B << þmgdmifat íg|jsmkhvgxg< @�@�< GHHH< ºH /<
Â�²Ã �3-/12381-B �<< ¸|gfbav ljnjs eg oabmubgu joxm|fm< @< �5215< �»·I<±º² /<
Â�¶Ã �-E*,�*6>D ì<�<  bgxgdmfbcm efghifjbhikj< @< �5215< �»··< ·²º /<
Â�·Ã �-E*,�*6>D ì<�< �mmkvoangkc efghifjbhikj< @< �5215< �»·»< ¶²º /<
Â�IÃ ¸|gfbav ljnjs eg xmgdmifaa< �-D 3*D< ì5EA6*B5 <�< @< �3-/B*�*,0*<�»ºH< G²H /<
Â�ºÃ 2+*3+066*3 �<�< ÷jnjsa a }efjybmbat eg jbjoaiasmhvgu xmgdmipfaa< @< �5215< �»·²< ±±· /<
Â�»Ã �23A90, << ¹mvigfbjt joxm|fj a mm efadmbmbam k jbjoaiasmhvguxmgdmifaa eoghvghia< 	)*+,-* .-/-+0* 1 123/2 4�,56070)*/158 9*-�:*7308;< �5E5,/1< 2,�7< GHH�< ²· /<
ÂGHÃ �23A90, << ¹mvigfbjt joxm|fj a mm efadmbmbam k jbjoaiasmhvguxmgdmifaa efghifjbhikj< 	)*+,-* .-/-+0* 1 123/2 4�,56070)*/1589*-:*7308;< �5E5,/1< 2,�7< GHHG< IG /<
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